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LEBESGUE’S DOMINATED CONVERGENCE THEOREM

BY
KONG MING CHONG (1)

ABSTRACT. Using the “spectral’ order relations < and <« introduced by
Hardy, Littlewood and Pdlya, we characterize the uniform integrability of a
family of integrable functions. We also prove an extension and a ‘converse’ of
the classical Lebesgue’s dominated convergence theorem in terms of the ‘spec-
tral’ orders < and «.

1. Introduction. Denote by M(X, p) the set of all extended real-valued mea-
surable functions on a measure space (X, A, p). Let [ € M(X, p), g € M(X', "),
where p(X) = p'(X"). Then f and g are said to be equimeasurable (written {~g)
if p(~ ) = p'g” 1) for all bounded closed intervals I of real numbers, where
I may be the singleton set {—c} or {+eo}.

If { is any measurable (respectively nonnegative integrable) function defined
on a finite (respectively infinite) measure space (X, A, p), then there exists a
unique right continuous decreasing function & , on the interval [0, p(X)], called
the decreasing rearrangement of f, such that 8, and [ are equimeasurable. In fact

8)=infls €R:D ()<, 1elo, uX)],

where D1 R — R is defined by D/(s) =px e X:flx)>sh, s eR.

In what follows, we shall denote the Lebesgue measure on R by m.

If f,g € M(X, p) UMX', 1) and f*, g% € LUX, p) ULYX', p'), where u(X)
= #'(X ") = @ < oo, then we write [<< g whenever

t t
fS8,am< [f5, dm, telo,al,

and < g whenever f<<g and
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foa Sldm = foa Sgdm.
If a =p(X)=p'(X") is infinite, then the ‘spectral’ order relations < and <<
are defined for nonnegative integrable functions f, g € LYX, W) U LYX', p")
analogously (we refer to [1, p. 53] for an explanation of our adoption of the termi-
nology ‘spectral’ order relations for <<and <).
Using a proof similar to that given in [5, p. 152], we can easily obtain the

following.

Theorem 1.1 (Hardy, Littlewood and Pélya). (i) f<<g iff [(f - )" < [lg-u)*
forall u € R. (i) f<g iff f[<<g and [/ =[g.

2. Uniform integrability and decreasing rearrangements. Recall that a col-
lection € of integrable functions defined on a finite measure space (X, A, p) is

said to be uniformly integrable if the limit

l. =
Jim Jijgea V=0

is uniform in [ € C.

It is not hard to see that a family of integrable functions defined on a finite
measure space is uniformly integrable if and only if the corresponding collection
of their decreasing rearrangements is uniformly integrable. Thus uniform integra-
bility is invariant under the operation of equimeasurable rearrangements.

The following theorem characterizes uniform integrability in terms of decreas-

ing rearrangements.

Theorem 2.1. Suppose (X,A, p) is a finite measure space with p(X) = a.
Then a collection C C LY(X, ) is uniformly integrable if and only if the limit
. S
sll_{!:) 0 8‘ / dm=0
is uniform in f € C
Moreover, if C is uniformly integrable then 3|/|(s) is uniformly bounded in
f € C for each s satisfying 0 <s <a.

Proof. It is clear that € is uniformly integrable iff the collection {BI I
f € C} is uniformly integrable since

ff|/|>¢} \fdw = J‘{SM”} 5|,|dm for all £ € R

(cf. Corollary (1.9) in [1]).
Now for ¢ >0 and s €[0, u(X)],
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s +
fO (8'/| - t)dm S f(al/l - l) dm = f{8|/| >t} (8|/l - t)dm S I{SIII >‘} alll dm.

Since {8),: f € C} is uniformly integrable, for any given ¢ > 0, there exists a
T >0 such that

fism L7} d)|dm< /2 forall f€C.

Thus, for all s satisfying 0 <s <¢/2T, we have

s s
oy pdm= [ 1T+ 6 - Dldm< Ts + /25 ¢ forall [€C.

Conversely, suppose that the condition holds. First we claim that sup{sl Il(s):
{ € C} is finite for each s > 0. Suppose by contradiction that this is not the case.
Then there is a point s, >0 such that sup {3|/|(s°): f€Cl=o. Let s, =5S/n
where 7 =1, 2, 3,.... Then, for each n, there exists an f € € such that
Sl /n|(so) >1/s, implying that

S
n
fo all,,l dm > 8"81/,,[(3") > sn8|/”|(so) >1

and so contradicting the uniform convergence of [ 33| j|@m to 0 as s — 0.

Next we claim that pf|f] > ¢} can be made uniformly small as ¢t — . To
this end, we first note that the integrals [|f|dp for f € C are uniformly bounded
since

J\du= [3 oy dm= [0 oy dms [0y dn< [ 8)dm + (a5} (s)

which is uniformly bounded in f € € by virtue of the given condition and the pre-
ceding paragraph. Now pf|f| > ¢} <t~ lf{|/|>t}l/| dp < t™1f)7] du which can there-
fore be made uniformly smallin f € € as ¢t — o,

Finally, given any €> 0, there exists an s > 0 such that [ '38 / dm < € for
all f € C. But there then exists a positive T such that p|f| >t} < s for all feC
and all ¢t > T. Hence we have :

#‘”/|>t} s
f”/|>t}|/|dy=fo allldmgfo 5|, dm < ¢

forall fe€ C andforall t>T, showing that € is uniformly integrable.

The following theorem gives a new proof of a well-known result given in [8,
p. 181.

Theorem 2.2. Let X and X be two uniformly integrable subsets of L'(X, p)
where (X is finite. Then the sum X + X is also uniformly integrable.
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Proof. By Theorem (2.1), we need only prove that

sup{fos Sl“gldm:/e}(, g GK}

converges to 0 as s — 0. But, by Theorem 10.1 in [7, p. 108] (cf. [2, p. 88])
8|/+g| < 8|/|+|8| < 3|,| + Blel and so the result is immediate since both

supl [, dm: [ € H} and supl[55||dm: & € K} converge to zero as s — 0, by
Theotem (]2-1).

3. A natural setting for establishing uniform integrability. As a corollary to
Theorem (2.1) we have the following theorem conceming the uniform integrability
(and hence the relatively weak compactness) of a special collection of functions
which we call el and which is defined to be the set {g: g € LY (X, p), lel << ft
for some [ € Li(x’, ll') where p(X) = #'(X')< oo, As we shall see in the next
section, the sets c/, where f € Li(x', ') for some nonatomic finite measure p’,
characterize the uniformly integrable and hence relatively weakly compact subsets
of L1(X, p) for all measure spaces (X, A, p) with p(X) = p'(X'); in fact, a sub-
set of L1(X, ) is uniformly integrable if and only if it is a subset of e/ for some
f € LYX', p'). This theorem also contains as a particular case a theorem of J. V.
Ryff [9, Theorem 2, p. 971 regarding the weak compactness of another special col-
lection of functions which he called Q /- Thus, the set e [ as well as the set
Q,, provides a natural setting in which to establish the uniform integrability of a
family of functions.

Theorem 3.1. Suppose (X, A, p) and (X', A', ') are two measure spaces
with equal finite total measures. If 0< f € LY (X', 1", then the set @/ ={g:ge
LY(X, p), |g|l << f} is convex, uniformly integrable and (L', L*)-closed.

Hence G, is a (LY, L™)-compact convex set.

Proof. Assume that { does not vanish almost everywhere, otherwise there is
nothing to prove, for then e, =10} since 0< g << [ =0 implies g =0 a.e.

The fact that C, is convex is easy (cf. Theorem (4.3)(xv) in [1]).

To prove that d/ is 0(L, L™)-closed, we need only prove that it is Ll
closed since €, is convex and L! is a convex space. It is also easy to see that
e, is L'-closed (cf. Theorem (4.3)(xxiv) in [1]).

It remains to prove that C is uniformly integrable. This follows easily from
Theorem (2.1) since 0< ff)ﬁlgl dm < f;&,dm forall g € @, and the last integral
tends to 0 as s tends to O by the absolute continuity of the integral of an inte-
grable function, i.e. 3.

The last assertion is an immediate consequence of the compactness criterion
of Dunford and Pettis for uniform integrability [4, p. 2941,
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Corollary 3.2 (J. V. Ryff). Let (XA, p) and (X', ', p') be finite measure
spaces with p(X) = p'(X"). If f € LYX', p"), then the set Q -{g:ge LY, p),
g < f} is convex and o(L', L*)-compact.

Proof. We need only prove that Q, is a convex and @ (L', L*)-closed sub-
set of GM’ since em is 0(L, L®)-compact.

The convexity of Q/ and the 0(L!, L®)-closedness of Q, follow as in [7,
Theorem 15.31,

Finally, Q; is in fact a subset of e| /| since, by Luxemburg’s theorem [7,
Theorem 9.5, p. 107], we have

Q,=lgeLlx,p:g<fiCige LYX, w): Jgl << =€

Remark. A generalization of Ryff’s theorem (i.e. Corollary (3.2)) was ob-
tained by Luxemburg in [17, Theorem 15.3] for functions belonging to a rearrange-
ment invariant Banach function space normed by a saturated Fatou norm.

It is not hard to see that the set C / is well defined for integrable functions
defined on infinite measure spaces, and that, in general, e, is o(L!, L™ )-compact

and convex.

4. Uniform integrability of functions and spectral orders. At this point, in
view of Theorem (3.1) and its corollary, one may wonder, given a family H of
uniformly integrable functions defined on a finite measure space (X,A,p), whether
there exists a positive integrable function [ defined on some possibly nonatomic
measure space (X', A', p') with p'(X") = u(X) such that [ dominates in the weak
spectral order sense the modulus of every function in K, i.e., lgl << f forall g
€ X or equivalently, Xce /3 and, if all the functions in X have equal integrals,
whether there exists a function [ € LY(X', 1') which dominates in the strong
spectral order sense every function in K, i.e. g< /[ forall ge Hor equivalently,
Hca / The answers to the above two questions are affirmative, as we shall see
later in Theorem (4.2).

Lemma 4.1. Suppose (X, A, p) is a given measure space, and (X', A, p') is
any nonatomic O-finite measure space with the same (finite or infinite) total mea-
sure as (X, A, p). Let XC LY(X, ) be any family of functions. Then N satisfies

sup{fx lgldu: g e}(}<oo
and

sﬁp{fx (gl -u)+du:g 6}(} —0 as yu—> o



400 KONG MING CHONG

if and only if there exists a positive function | € LY(X', u') such that lel << f
forall g € H,ie HC @,,

If, in addition, the measure spaces bhave equal finite total measures and if
the functions in X bave equal total integrals, the H satisfies the above conditions
if and only if there exists a function f € LY(X', u') such that g<[ forall g e X,
ie,Hca,

Proof. First, suppose X satisfies the conditions. Let p(X)=p'(X")=a
where @ may be «. Let G(s)= supff‘z'o‘lgl dm: g € X} where s €0, al and let
= supl[x (gl - u)*dp: g € H} for each u> 0. Since ]:3|3|de us + [, (|gl~u)* du
for all s € [0, a) and for all > 0, we have

G(s) = sup fos 8|8| dm < us + sup fx (gl - u)+d;1.
g€K g€k

Thus if L (s)=us+ € ,then G(s)< L (s) where s € [0, al.

Define a function F: [0, ]l = R* by F(s)= inf{Lu(s): u> 0} for s €0, al.
Then F is well defined, since Lu(s) is bounded by zero from below for each s €
[0, 2] and for each « > 0, Clearly, the function F satisfies G(s) < F(s) for all
s €lo, al.

By definition, F(s) < sup, e;(,fx|g|a';l < oo forall s € [0, al. We also have
F(0)= 0 since €, — 0 as u tends to % by hypothesis. Moreover, since each
L,: [0, a] — RY is a linear (and hence concave) increasing function for each
fixed u > 0, it is not hard to see that the lower envelope inf{L,: u > 0} of the
collection {L :u > 0} is concave and increasing, i.e., F is a concave and in-
creasing function on [o, al. The derivative F' of F, therefore, exists almost
everywhere on [0, al and is decreasing and positive. Without loss of generality,
we may define F' to be right continuous. Furthermore, F' is integrable and F(s)
=f‘3F' dm where s € [0, al since F is concave and 0< F< supgel(fxlghiu which is
finite.

Since G(s)= sup, e;(ffﬁ‘g‘ dm < F(s), we have f§3|g| dm < [§F'dm for all g
€ H and forall s € [0, &l

Hence |g| << F' forall g € X, i.e. HC Cp/ = {g e L'(X, p): |g| << F'}.

Since (X', A', p') is nonatomic and O-finite, there exists a measure preserve
ing transformation 0: X' = [0, al, by Lorentz-Ryff-Day theorem ([6, p. 60}, [9,
Lemma 2, p. 95} and [3, Theorem (6.16), p. 39)). Define f= F'© 0. Then [ ~F'
(in fact, 5/ = F') and hence eF' =C,.

The converse of the preceding assertion is a trivial consequence of Theo-
rem (1.1).

For the last assertion of the lemma, let p(X) = p'(X') = a< o and let
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Jxgdit=a forall ge H and for some constant o € R. Suppose H satisfies
supi [lgldp: g € Hi< o and sup{fx(lgl—u)+dp: g eH} — 0 as u tends to =.
Since (g’— u)+§ (gl - u)* and (g' - u)+5 (lgl - ), we also have
suplfy (gt - w)'du: g € H} = 0 as well as suplfylg™-w)'du: g € H}—=0 as »

- OC,

As before, we let, for all u € R, s € [0, al,

(%) G(s) = sup fos 8dm < us + sup fx (g - »)* dp.
g€ g€K

Now if u> 0, then fx(g - u)+dp. = fx(g+-— u)+d/.l. If <0, then
fx (g- u)+dy = fx lg-*+ uldp - ua = fx gt g~ A(-u)ldp - ua
= fx gt -g A (-)ldp + fx g - ua= fx @ +w)'dp+a-ua

Hence (¥ implies

us + sup fx " -w'au if u>0
geX
Gs)SL ()=

u(s - a) + o+ sup fx @ +u)dy ifu<o.
gel

If we now follow exactly the same arguments as before, we arrive at a con-
tinuous concave function F: [0, 2] = R which satisfies F(0)= 0, F(a)= o and
GLF= inf{Lu: u € R}, and whose derivative F' satisfies g < F' forall g € It
since F(a) = ng' dm = a.

Hence X C Qpi = {g € LYX, p: g < F'l.

Finally, since (x', A', p") is nonatomic, by Lorentz-Ryff-Day theorem again,
there exists a function [ € LY(X', p') such that f~F'. Thus HCQp, = 9,.

The folldwing theorem gives the promised characterizations of uniform inte-
grability of functions defined on a finite measure space in terms of spectral orders.

Theorem 4.2. Suppose (X, A, p) is a finite measure space with p(X)=a< o
and (X', ', u') is any nonatomic measure space with the same total measure.
Let X be a family of integrable functions defined on (X, A, p). Then the follow-
ing are equivalent:

(i) X is uniformly integrable.

(ii) supiflg|du: g € H}< o and sup{f(|g|- Wdp:g e H} =0 as u— .,

(iii) There exists a positive function [ € LYX', ") such that Hce /=
fg € LYX, p)rlgl << 1k
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1f, in addition, the total integrals of the functions in K are equal, then state-
ment (iii) above may be replaced by the following:

(iii)! There exists a function [ € LY X', ") such that X C Q, ={g e LXX, p):
g< /L

Proof. We need only prove that (i) implies (ii), for the equivalence of (ii) and
(iii) is proven in Lemma (4.1), and the implication (iii) = (i) is contained in Theo-
rem (3.1).

To prove (i) = (ii), we first note that

S teldu= [0y, dm s [ 3y 1m+ o= 90y )

for each s satisfying 0 <s < a. Thus it is immediate from Theorem (2.1) that
supifylgldu: g € H}< w. Next, we observe that

+
OS J-X (lgl - Il) = J;'gl>u} (|g| - ”)S J;‘gl)u} |g|

for all « > 0. Hence supffy(lg| - u)tdu: g € H} = 0 as u tends to .

Corollary 4.3. Using the same notation as in Theorem (4.2), if H C L1(X, p)
is uniformly integrable, then Uie e
€| |=lb:be LYX, p) and |b| <<

: g € H} is also uniformly integrable where
gl

Proof. Since there exists a function f € LY(X', p') such that H C e
{b € LYX, p): |b| << f}, we have U{‘E.l |eelicC,

In the following theorem, we give a new proof of a well-known fact given in
[8, Theorem T20, p. 18] by showing that it is actually a particular case of Theo-
rem (4.2).

Theorem 4.4. Let X be a uniformly integrable subset of LY(X, p), where
W(X) is finite. Then the closed convex hull of H is also uniformly integrable.

Proof. Let (X', A’, 1) be any nonatomic measure space with p'(X") = p(X). Then,
by Theorem (4.2), there exists an f € L1(X’, p') such that X c@ =1{g: g € X, p)
and |g| << f}. But, by Theorem (3.1), G is Ll-closed, convex and uniformly in-
tegrable, the closed convex hull of X 1s therefore again contained in e, and so
is also uniformly integrable.

5. An application of spectral orders to Lebesgue’s dominated convergence
theorem. In this section, we give an important application of the Hardy-Littlewood-
Pélya spectral order relations < and << to an extension of the classical Le-
besgue’s dominated convergence theorem. We show that, for integrable functions
defined on a finite measure space, the theorem remains valid with the domination
in the usual partial order sense (<) replaced by domination in the weak spectral
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order sense (<<). We also show that a converse of the theorem normally not
achievable using the ordinary partial order < is feasible through the use of the
weak spectral order <<.

The following is an extension of Lebesgue’s dominated convergence theorem
in terms of the spectral orders < and << .

Theorem 5.1. Let (X, A, p) be a finite measure space and let (X', N, p') be
any other nonatomic finite measure space with same total measure. Let {/": n € N}
CLY(X, p) be a sequence of functions converging to a function [ € M(X, p). Then the
following are equivalent:

(a) There exists a positive function g € LY(X', ") such that I, << g n=
1,2,3, 00, dien {f neNxcG

(b) /e LUX, p) and f, —~[zn L! as n — .

If, in addition, the functions {,, n € N, have equal total integrals, then the
following are equivalent:

(c) There exists a function g € LY(X', u') such that [,<8& n€N,ie.,
{f,:n € N} cQ,.

@ feL¥X,p) and [, — [ in L' as n — oo,

Proof. This is a direct consequence of Theorem (4.2) and a well-known ex-
tension of Lebesgue’s dominated convergence theorem given, for example, in [8,
Theorem T21, p. 18],

The following theorem gives a partial extension of Theorem (5.1) (i.e. a gen-
eralization of the implication (b) = (a) in Theorem (5.1) for functions defined on
infinite measure spaces).

Theorem 5.2. Suppose (X, A, p) is a measure space and (X', A', p’) is any
nonatomic 0-finite measure space with the same total measure as (X, A, p). If {
and f , n € N, are functions in LY X, p) such that [,— 1 in L! as n — oo,
then there exists a nonnegative function g € LY (X', u") such that |f| << g and
If,| << g forall n € N, i.e. /e@ and f, eC g " EN

Proof. Since ||f,| - |fll < |f,= /|, it is clear that |f, I, =l as » — e and
so sup, ¢y lIf,Il; <eo. Moreover, (|f]- u)* also converges to (|f| - 2)* in L! as

n — oo for all >0, since we have the inequality
(AR (TP NES AR T

Let ¢>0 be given. Since [ € L1, there exists u, such that > u, implies
fQ7 - )" dy <¢/2. Now there exists an n; such that n > n; implies

f(|/"l - ”)+dll < f(|/| - ul) du +€/2<¢€
and so u>u; and n>n, imply [(f,| - &)"dp < [(f] - u))" du< e Clearly,
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there exists z, such that >z, implies that f(l/n| - u)"d#ﬁc forall 1<n<n,.
Thus u > max (2, z,) implies sup, (y{f(If, |- wdul < e, i.e. suplf(|f,| - u)'du:
n € N} — 0 as u — ». By Theorem (4.2), we therefore conclude that there exists a non-
negative function g € L}(X’, p') such that f ¢ eg ={b e LUX, p): |p| << gl
Finally, we also have |f| << g, since, by Fatou’s lemma, we have, for all z > 0,

- " ap s tim int f 1,1 -0 < [ g - " dpe

Before concluding this section, we give an example showing that the converse
of Theorem (5.2) is not necessarily true for integrable functions defined on an in-
finite measure space, i.e., the implication (a) =+ (b) in Theorem (5.1) does not
necessarily hold if p(X)= 0.

A counterexample. Let f,: R* = R*, n € N, be a sequence of functions de-
fined by f, = X[p=1,n)? ™ € N- Then f, — 0 everywhere on R* and <=
X[ ) for all » € N. But it is clear that the sequence does not converge to 0
in L.
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