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ABSTRACT.    Our object here is to study pointwise bounded limits, decom-

position of orthogonal measures and distance estimates for R(K. x KA where

K. and K- are compact sets in the complex plane.

1. Introduction and main results. When X is a compact subset of C   , then

R(X) denotes the algebra of continuous functions which can be approximated uni-

formly on X by rational functions with singularities off X.   A measure p on X is

called orthogonal to R(X), we write p e R(X)1, if ¡f dp = 0 for all / 6 R(X).   A

positive measure A on X is a representing measure for x e X if jfd\ = f(x) tot all

/ e R(X).   The restriction of a measure p. to a subset F of X is denoted pE, and F

is called a nullset for F(X)   if pE = 0 whenever p e R(X) .  We refer to [6] for

further details on terminology.

First we will obtain the following decomposition theorem.

Theorem 1.  Let K. be compact subsets of C (z = 1, 2), aTza" let Q. be the

set of non peak points for R(K.).   If p is a measure on Kx x K2 orthogonal to

R(KX x KA, then p decomposes uniquely into p = pQ + px + p2 where the p.'s

(j = 0, 1, 2) are pairwise mutually singular and orthogonal to R(KX x KA).   The

measure pQ belongs to the band of measures on /C x K2 generated by represent-

ing measures for points in Q. x Q2.  px is supported on a set Ex x K2, and p2

is supported on a set Kx x E2 where E. are nullsets for F(/C)x.

Such a decomposition theorem has been obtained by B. Cole (unpublished)

for the bidisc algebra.   His proof carries over to the algebra A(U x V), but not to

R(KX x KA.   Here we make the appropriate modifications, using Vitushkin's tech-

nique, to obtain this extension of Cole's decomposition.

When Q is a subset of X, we introduce the algebra B(Q, R(X)) of pointwise

bounded limits as follows.
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BÍQ, RÍX)) = j/: Q -» C; there is a bounded sequence {fj

z'tz 7?(X) such that f^z) -*fiz) for all z £ Q].

Our second main result is now

Theorem 2. Let 7Ç and Q. ii = 1, 2) be as in Theorem 1.   Let f: Qj x Q  —»

C ¿e bounded.   The following are equivalent,

ia) f£BiQ1xQ2,RÍKlxK2)).

(b) /(z, ) € BiQ2, RiK2)) for all z £ Qv and fi , w) £ BiQv R(Xj)) for all

w£Q2.

(c) There is a sequence {fj in 7?(X, x K2) with ||/J| < ||/|| an¿ /n(z, w) -*

fiz, w)foriz,w)£QlxQ2.

Hete ||  || means the uniform norm over the respective sets of definition.

The proof of Theorem 2 employs Vitushkin techniques, especially the char-

acterization of BÍQ, RiK)) fot compact K C C, in terms of analytic capacity due

to Gamelin and Garnett [8], and also Davie's theorem in [4] telling that BiQ, R(/0)

is uniformly closed.  We also here rely heavily on some unpublished ideas of

B. Cole.

When a is a positive measure on K. x 7C, we define H  ia) as the weak-star

closure of 7?(7C x K ) in L   (a).   Our third main result is

Theorem 3.  Let K. and Q. (7 = 1,2) 7>e as in Theorem 1.   Let a be the

measure a= dxdyQ   x dxdy^.  .   Assume Q. is dense in K. for i = 1, 2, and let

u'. K.x K2 —► C be continuous.   Then

dist(z», H°°ia)) = dist(zz, 7?(Xj x K2)).

Distance equalities like those in Theorem 3 have been obtained first by

Sarason [lO] for the disc algebra, and more recently by Gamelin and Garnett [8]

for A(E) and 7?(X).   Our proof of Theorem 3 employs a general criterion in [8].

This research is part of the author's Ph.D. dissertation at U.C.L.A.  The

author wants to express his gratitude to A. M. Davie, T. W. Gamelin and J. Gar-

nett for many valuable conversations, and to B. Cole for making his work available

prior to publication.

2. A-measures and the B-norm. A-measures were introduced by Henkin [9]»

and were employed to pointwise bounded approximation for AiD) when DCC     is

strictly pseudoconvex by Cole and Range [31.

Here let A be a uniform algebra on a compact metric space X, and 6 be a
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fixed Borel set in X.  A measure v on X is called an A-measure for A on Q if

/   —» 0 weak-star in jL.°°( 1 »^|) whenever í/ i is bounded in A and /   —» 0 pointwise

on Q.   To verify that certain measures are A-measures, the following property (cf.

[9, Theorem 1.4]) turns out to be useful.

Definition 2.1. A measure v on X has property (H) if there is a subfamily S

of C(X) with the algebra generated by A and S dense in C(X), such that for each

g e S and each bounded sequence 1/ ! in A with /   —» 0 pointwise on Ö, there

exists a bounded sequence   \F 1 in A satisfying

(a) F   —»0 pointwise on Q.

(b) Fn -gfn — 0 weak-star in L°°(\v\).

It is easy to prove the following.

Lemma 2.2. // v is orthogonal to A or is a representing measure for a point

in Q, then v is an A-measure if and only if v has property (H).

Let now ÎIL denote the band of measures on X generated by representing

measures for points in Q. We want to show that /4-measures are in Mq. First

however we prove the following Forelli-type lemma (cf. [6, II. 7.3]).

Lemma 2.3. Let A be a uniform algebra on a compact X.   Let q>.  be multi-

plicative linear functionals on A with Mk as the set of representing measures for

tf>,, h ■ 1, 2, •• •,   Let F be an F^-set which is a nullset for M   for k = 1, 2, • • >,

Then there is a sequence [fj in A with \\f || < 1 such that \f \ —» 1 on F, and

/   —» 0 weak-star in L°°(A) for each A e M, for k = 1, 2, • • •.

Proof. Let first F C X be closed, <f> e MA with fM^(F) = 0.  As in [6, IL 7.3],

we eet A   e A with Re A   > 0, Re A   > tz2 on E and with Re <¿(A ) < 1/» and
° n TÎ.TZ— Tl

Imcó(A ) = 0.   Now a   = h'1 e A and satisfies Re a   > 0, Re a   < n~2 on F and
rn n        n n— n —

Rer/S(fl  ) > tz.   Next we return to our situation, and let F = (J F„ whete each F
n n n

is closed and F   C F     ,.   By the arguments above there are ayK' e A with
« n + 1 * ° TT.

Rea(fe)> 0, Rea(fe)< tz-2 on F   and Re<pt(a<As)) > n.   For each tz we put a   =
n     — n    — n rk    n      — n

a(1)+--- + a["\ and /   = exp(- a).
n n ' n n

This now applies to

Proposition 2.4. Assume Q is the union of countably many parts for A.   If v

is an A-measure, then v e MQ.

Proof. Decomposing v relative to the band 3Hn, we may assume v 6 MQ.

Choose one q>,  in each of the countably many parts whose union is Q.  Let M

be as in Lemma 2.3.   By [6, II. 7. 4], there is an Fa-set F with |v|(X\F) = 0

and A(F) = 0 for A e Mk, k = 1, 2, • • •.   Let now \fn\ be a sequence as in Lemma
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2.3.   U x £ Q with representing measure Ax, then there is A in some M   with

Ax « A [6, pp. 143-144], so Xx = gA with g £ L\X).  Now /n(x)- fgfndX — 0,

so /   —♦ 0pointwise on Q.   Then /   —» 0 weak-star in L°°(|v|).   Since  |/ | —» 1

on F, we have |v|(F) = 0, so v = 0.

When a is a positive measure on Q, we define

Bia, A) = {f £ L°°io); there is bounded 1/ ! in A

with f  —» / a.e. a].
n       '

On Bio, A) we introduce a norm, called the B-norm ||  ||ß, by

||/||ß = infisup||/J|;/neA,/n^/a.e. a].

Out of B. Cole's more general scheme of double duals and reducing bands

(unpublished) one obtains the following answer to when the B-norm is a "sup-

norm".   A proof is included in [l].

Theorem 2.5.  Lei a be a positive measure on Q such that /   —» 0 pointwise

on Q whenever {f ! zs bounded in A and f   —► 0 tz.e. a.   If every representing

measure for points in Q are A-measures, then the B-norm on Bia, A) satisfies

ll/2|lß = ll/llß.      fe Bia, A).

3. A-measures for E(7C x K ).   When / is a bounded Borel function on C, and

tp is a smooth function with compact support in C, we define

Tjiz) = cpiz)fiz) +1   f ÎË1 dtdxdyiO.
* n J Ç-zdÇ

For properties of this T .-operator we refer to Chapter VIII of [6].

When K C C is compact, and Q is the set of non peak points for E(K), we

also define

/7./(z) = l   f,     OÊlÊtdxdyig),

and H^f £ E(K) (cf. [8]).  We finally define

R   fiz)^_(   ÍÜl^dxdyíO



RATIONAL APPROXIMATION ON PRODUCT SETS 305

and obtain <pj + R^f= T'¿f- H^f e R(K) if / e F(K).

We apply this to

Lemma 3.1. Let K C C be compact and let Q be the set of non peak points

for R(K).   If X is a representing measure for a point in Q, then A is an A-measure

for R(K) on Q.

Proof. We verify property (H).   Let S be the family of restrictions to K of

smooth functions with compact support in C.   S is dense in C(K).   If q) e S and

!/ ¡ is bounded in R(K) with / (z) —> 0 for z e Q, we define F   = d>f   + R,f ,
' n 'n ' n      r'n <p ' n

and obtain a sequence as in 2.1.

In the rest of this section let K. and Q. be as in Theorem 1.   Proceeding as

in Cole's band decomposition for the bidisc algebra (cf. Theorem 1), we introduce

three bands of measures on Kj x K    as follows.

3lL = band generated by representing measures for

points in Ôj x Q2.

M   = measures supported on sets of the form

Fj x K    where Fj is a nullset for R(Kj) .

5lL = measures supported on sets of the form Kx x E

where F2 is a nullset for R(K ) .

It is well known (cf. [7, p. 200]) that a continuous function /: K   x K   —» C

belongs to R(KX x K2) if f(z, ) £ R(K2) fot each z e Kx and /( , w) e R(K{) fot

each w e K~.

Proposition 3.2.  Let v be a measure on K   x K .   If v belongs to %.Q, or v

is orthogonal to R(K. x KA and singular to both 3TÍ   and M , then v is an A-

measure for R(KX x K2) on Q = QxxQ2.

Proof. Again we verify property (H).   Here let S be the family of restrictions

to K   x K   of functions g of the form g(z, w) = q>(z) or g(z, w) = $(w), where q> is

smooth with compact support in C.   The algebra generated by S is dense in

C(Xj x K2).  Let g e S, say g(z, w). <f>(z).   Let 1/ } be bounded in R(Kj x K2)

converging pointwise to zero on Q   x Q .   Define

g'Tl 77 JQX    £ -z     d£

and F   = gf   + R  f .   We will show that |F ¡ satisfies the conditions of 2.1.
n     °'n g'n n
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The comment before Lemma 3.1 implies FJ. , w) £ 7?(Kj) for each w £ K .  When

r is orthogonal to R(/<2), then

(r f (z, w)driw) = l (ÇJL-L^ÊtMuùdxdyÇ) = 0
J    8" "M    Ç-z   <?£

by the Fubini theorem.   Thus Fjz, ) £ 7?(/<2) for each z e K .   Then {F ] is a

bounded sequence in 7?(Kj x K2).   Easily Fjz, w) —» 0 for (z, if) £ Q   x Q ,

and it remains to show that

F - gf  = RJ   —» 0    weak-star in L°°(|i,|).

It is enough to prove fhR   f dv —» 0 for bounded h.   By the Fubini theorem we

have

f 1   râo rfJ£'wï
jhRgfn «A/ = i J S| J JL_ ¿(z, if) <zV(z, if) ¿c ¿y(£)

and since JV|v|(z, if)/|cf - z|) £ L idxdy), it is enough to prove that

f —-biz, w)dviz, w) —» 0    for a.a. ¿;.
J     cf-z

Since furthermore biz, w)/(£ - z) £ L iv) fot a.a. f, it is enough to show that for

each f 6 Q j /n(f, ) —» 0 weak-star in L°°(|i/|).   In fact we show that fj£, ) —» 0

a.e. f.   Put L = |(z, if); fj£, w) ~h 0}. Define hn £ R(K2) by i^i» = fjk, w).

Then ii ! is a bounded sequence in RÍK ) and h   —» 0 pointwise on Ö-.   Put

E2 = {if; i (if) -A Oi.   Lemma 3.1 tells that E2 is a nullset for R^)1, so if t->

is singular to 31L, then |v|(L) = |v|(Kj x EA) =0.   If v is a representing measure

for (zQ, if0) e Öj x Q2, then the projection n: K^x K2 —* K2 induces a repre-

senting measure n*v on /<2 for tfQ w.r.t. R(K2).  Again Lemma 3.1 gives f(E) =

n*uiE ) = 0, and this now completes the proof.

Since we know that each Q¡ is the union of countably many parts for R(X¿)

(cf. [6, p. 146]), we can combine the Propositions 2.4 and 3.2 to get

Corollary 3.3. A measure v on Kj x K2 is an A-measure for 7?(Kj x K2) on

Q   xQ2 if and only if v belongs to the band 3ïïn.

4. Proof of Theorem 1. Let the bands 3H0, 3R, and 5ll2 be as in §3.   The
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following two lemmas are essentially due to B. Cole (unpublished).

Lemma 4.1. m   and M    are reducing bands (i.e. if p e R(K. x KA1 decomposes

¡i= u.   + p   relative to%., then u.   e F(K, x KA1).   511, and 5ïï    are both singular
'       l a        s i r a 121 2 °

to IV.0.

Proof. Let p e R(KX x KA1 decompose p = p   + p    relative to the band Jlï..

There is an F^-set E   in K , E    being a nullset for R(K A   with p   supported on

Ej x K2 and ImJ(Fj x K2) = 0.   When Fj = U¿F   with each F    closed, then

F k x K2 is a peak set for R(Kj x K2) (cf. [6, p. 56]), s° Pa\ F xK   = P I F xK   €
■ k      2 k       2

R(KX x K2) .   Then pa e R(KX x K y-.   Next let v be representing measure for

some (z, w) e Qx xQ2.   Each F    consists of peak points for R(KA so z 4 F,.

Let feR(Kxx K2) peak at Ffe x K^ Then z/(Ffe x fÇ = limjfdv = limn/(z, w)n = 0.

Thus v(E j x K A = 0, and each measure in m    is singular to 51L.  The proofs are

similar for M2.

Lemma 4.2. 3Kj n R(KX x KJ1 is singular to t2 n F(Kj x KJ1.

Proof. Let p e 5fi    n R(K   x KJ1 decompose p= pa + pg relative to 31Ï .

Then u    is supported on F, x F„ where F. is a nullset for R(K.)L.   Let F.C F.
~a ix »12 z z zz

(z = 1, 2) be closed.   Each F{ is a peak interpolation set for R(K{), and F xx F2

is a peak set for R(Kj x K2).   Then R(F} x K2)IF xF    is closed, and

C(FjxF2)=C(Fj) ®C(F2)=R(KjXr<2)|F xF Î Since 3H2 is reducing,

Ha e R(K   x KA1, and now <ia|F     F   =0.   Thus pa = 0 and p = p^.

Finally we can conclude with

Proof of Theorem 1. Decompose p = px + ps relative to the band Mx, and

decompose Ps = P2 + P0 relative to 3H2.   Then p = pQ + px + p2> px e Dllj and

H   e M , p0, px and p-2 are pairwise mutually singular and orthogonal to

R(K   x K ).   Since p0 is singular to Jtl   and M , Proposition 3-2 says pQ is an

A-measure.   Then p0 £ 5ïlQ by Proposition 2.4.   The decomposition is unique

because of the two lemmas above.   This completes the proof.

A measure is called completely singular if it is singular to all representing

measures for our algebra.   It is well known (cf. [6, p. 47]) that R(K)    has no

nonzero completely singular measures.   This is no longer true for R(KX x K ) .

However, looking for extreme points in the unit ball of R(%x x KA , we have the

following result, which also has been obtained for the bidisc algebra by B. Cole.

Corollary 4.3. ballR(F   x K A1 has no completely singular extreme points.

Proof. Let p e ball/?(Kj x K2)X be a completely singular extreme point.

Being an extreme point, p must belong to one of the bands M0, JKj or Jl¡2, and
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being completely singular, 71 £ 5lL.  Say p. £ M , so p is supported on a set E x K

where E is a nullset for RÍK.)1.  If E   and E    are disjoint with E = E   U E ,

we define p. and 71    as the restrictions of 71 to E   x K   and E   x X   respectively.

Then p = p. + p2, p. and p    ate mutually   singular  and  belong  to

ball7?(7C   x K )K  Since p is extreme, p   = 0 or p   = 0.   Thus the support of p

must be a set of the form {z\ x K2.  When 8z is the point mass at z, we may view

71 as p = 8Z x p0 where p. £ 7?(X )x.   By the Glicksberg-Wermer decomposition

H0 is absolutely continuous to some representing measure for RÍK ), and thus p

cannot be completely singular.   This contradiction proves the result.

Yet another consequence of the decomposition theorem is

Corollary 4.4.  If Q. is dense in K. ii = 1, 2), then ball5TC0 O R(Kj x f^)1

is weak-star dense in ballE(X   x K ) .

Proof. By the Krein-Milman theorem it is enough to show that every extreme

point in ballR(K   x K )x is in the weak-star closure of ball JlL n 7?(K   x K )x,

so let /J be such an extreme point.   By the Glicksberg-Wermer decomposition and

Corollary 4.3, then 7t is absolutely continuous to some representing measure A

for a non peak point (z, if).   If (z, if ) e Q j x Q2, then 7t e Jlï0.  Assume z is a

peak point for RÍK ).   Then A and 71 are supported on {z] x K , and we may write

A = s*xAo    and li = SzxliLo

where AQ is representing measure for w w.r.t. RÍK ) and pQ £ RÍK ) .   Let now

z   £ Q. with z   —* z, and let A    be representing measure for z   w.r.t. RÍK ).

Since z is a peak point, and any weak-star cluster point of IA ! must be a repre-

senting measure for z, we have X   —> dz weak-star.   Defining 7^ = An x pQ, we

obtain a sequence !7in! in ball %Q n7?(Xj x K2)x converging weak-star to p.

5. Proof of Theorem 2. Let a. ii = 1, 2) denote the area measure on the set

Q. of non peak points for E(fC), and put a = ffj x a2 = dxdyQ x dxdyQ . Then

a is a positive measure on Q = Qj x £?2, a"d to simplify notation we put

BiQx x Q2) = BiQl x Q2, RÍKX x K.,)),      Bia) = B(a, «(Xj x X2)).

We easily obtain (cf. [4])

Lemma 5.1. If f £ Bia) and {fj is bounded in RiK{ x Xp and fn —» f a.e. a,

then in fact {f ! converges everywhere on £?j x Q2 to a unique f £ B(Qj x Q2).

Moreover ||/1 < ||/||ß.
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Proof. Let í > 0 and (z, w) e Qx x Qr  Define P((z) = \z'; \f(z) - f(z')\ < e,

f e ballR(Kj)!, and similarly P((w) and Pf(z, w) in tetms of F(K.,)and R(KX x KA.

Easily we have Pf/2iz) x ^e/2^ - ^z' w^'   ^Y Brow<ler's metric density theo-

rem (cf. [2]) we have a(P((z, w)) > 0.   Then there is (z', w') e P((z, w) with

fn(z', w') —» f(z', w').  Then \fn(z, w) - f (z, w)\ < (2M + l)e for tz and ttz big

enough, when now M = sup||/ ||.   Thus \f (z, w)\ converges for each (z, w) e

Qj x Q2, and we define

Jiz, w) = lim fniz, w).
n

That /   only depends on / and not on the particular sequence ¡/ Î, is proved

similarly.   Finally, the proof also gives ||/ || < M, which implies  ||/ || < ||/||ß.

Again to simplify notation we let B(Ôj) # B(Q ) be the bounded functions

on Q. x Q    satisfying (b) of Theorem 2.   The following lemma is a trivial conse-

quence of Davie's theorem [4].

Lemma 5.2.  B(Q.) it B(QA is uniformly closed and contains B(Q   x QA).

To show that the two spaces in this lemma in fact are equal, we use the

Vitushkin approximation scheme (cf. [6, p. 210]).   First however let us state the

following version of [6, VIII. 6.3].

Lemma 5.3.  Lei F C C be bounded with analytic capacity y(E) > 0, analytic

center wQ and analytic diameter ß(E).   Then there are functions g and A AorA

analytic off some compact subset of E and satisfying

(i) g(«0 = A(oo) = 0,

(ii)g'(°°)=l, A'(~)=0,

(iii) |8(g, w0) = 0, ß(h,wQ)=l,

(iv) ||g|| < 14/y(E),

(v) ||A|| < 6/y(E)ß(E).

Proof. Let fx and /, be as in the proof of [6, VIII. 6.3], and put g = / /y(E)

and A = fx/y(E)ß(E).

We recall the approximation scheme from [6, VIII.7].   For each S > 0 cover

the complex plane with discs Afc = A(zfe, 8) and choose smooth functions <f>k

such that

(i) t/S,  has support in A,,

(ii) \<f>h -J,
(iii) \\d<pk/dÇ\\<4/8,
(iv) no point z e C is contained in more than M of the discs A,, where M

is a universal constant.
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If now f is a bounded measurable function with compact support, and we

define

fjz) = T^jiz) = - J       z_ç      ^-dxdyiO,

then f-\fh'
Employing this approximation scheme we prove the equivalence of (a) and

(b) in Theorem 2, which we here formulate as follows.

Proposition 5.4. B(Ql x Q2) = B(Qj) # B{Q2).

Proof. Let / e BiQy) # B(Q2).   Extend / to be zero off öj x Qr   For each

8 > 0 let A. and q>k be as above.   Define

, ,       v     I   f /(£, w) - fjz, if ) dékj   j(^
fJz, w) „ _. j  -__- _ dxdyiC),

dé
f'Joo)iw) = -l ffiÇ, w)-JLdxdyiO,

ßifk, tk)iw) = -- J/<6 "Xf - ife)^ dxdyiO,

where /.  is an analytic center of E, = A(z     3ö)\Kj.   As usual we get / =

\(k' 11/* II < 32 H/11.   Since /( ,if) £ BiQy), the characterization of B(CTj) in [8]

gives us the estimate  \fj°°)iw)\ < A l \\f\\ yiEJ).   Arguing as in [6, p. 216] we

obtain

l/3(/fe>'feXtf)|<A2||/¡|y(E¿/3(Efe)

where A   and A    ate universal constants.   By Lemma 5.3 applied to E = E , we

have functions gk and ¿fc with the first three coefficients in their Laurent expan-

sions at °° as in (i)—(iii) and with norm estimates as in (iv)—(v) of that lemma.

Now we define

Hk - f'kMH * wh> «A and Fs=çwv

Since g, and i, are in R(K ) for each £, we get Fg( , if) e 7?(K ) for each

w £ K2.  We use Fubini's theorem to verify the condition of [8] characterizing

B(ct2) thus showing f'j°°) £ Bio2) and ßifk, zfe) £ B(ct2) for each k.   Then HJz, )
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and in turn Fs(z, ) e B(a2) fot each * e Kj.  We have ||F8|| < Aj/H, and as in

[8, §3], one shows that for each w e Q2, then Fs(z, w) —» /(z, «/) for o-j-a.a. z.

As in [4] (cf. our Lemma 5.1), we get FgO, w) -*/(*, w) for (z,w)eQxx Qr

Next we do this argument all over again for each Fj, but now in the second vari-

able.   For p > 0 we get gKp e F(Kj x KA with ||gs>p|| < A$||/| and gs>p yFs

pointwise on Qx x Q .   The bounded net igs J has a subsequence igj converg-

ing weak-star in F°°(ff).   We may assume \gn\ converges a.e. a, and then gn —• /

pointwise on Qj x ö2 by Lemma 5.1.   Thus / e B(Qj x Q2), and the proof is

completed.

As a consequence of this result and Lemma 5.2 (cf. [4]) we note

Corollary 5.5. B(Q   x QA) is uniformly closed.

Trivially (c) =» (a) in Theorem 2, and now we turn to (a) =» (c).   Then let

T: B(QX x Q ) —>3(o) be the inclusion map.   Lemma 5.1 tells us that T is one-

to-one and onto, and T~    is continuous from B(a) with the B-norm to B(Qj x Q2)

with uniform norm.   B(a) with the B-norm is complete, and we just established

completeness of B(Q. x QA).   Then T is an isomorphism by the closed-graph

theorem.

Our Lemma 5.1 also tells that the measure a satisfies the condition in Theo-

rem 2.5.  We proved in §3 that each representing measure for a point in Qx x Q2

is an A-measure, so by Theorem 2.5 we can conclude  ¡/ ||ß = ||/||ß, / e B(cr).

Thus T is an isometry, which exactly means that (c) in Theorem 2 is satisfied

for all /eB(Qj xQ2).

This now completes the proof of Theorem 2.

The Krein-Smulian theorem and Theorem 2 give that B(cr) is weak-star closed,

and then must coincide with the weak-star closure F  (o) of R(KX x KA.   Thus we

can note (cf. [8]).

Corollary 5.6.  If f e H  (o), then there is a sequence \f ! in R(K   x K ) such

that ||/J< 11/11 andfn -» / o.e. o.

The equivalence of (a) and (b) in the following corollary was noted already

in 3.3, but we include it here for completeness.

Corollary 5.7. Let p be a measure on Kx x K   orthogonal to R(K   x K A.   The

following are equivalent:

(a) p belongs to the band 5IL.

(b) p is an A-measure ¡or R(K   x K2) on Q   xQ2.

(c) The inclusion map H  (a + |p|) —* H  (a) is an isometric isomorphism.

Proof.  Let / 6 F^ff), and let ¡/ i be a sequence in R(K   x K A with
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11/ II £ 11/11 and f   ~* f a-e. O".   Let / be a weak-star cluster-point of 1/ } in

E°°(ff + \p\).  Then / = / a.e. a, and ||/1| = ||/||.   Thus (c) holds if and only if / is

uniquely determined by /.   Let B(ff + |tz|) be the bounded weak-star closure of

R(Xj x X2) in L°°(a+ \p\).  We have / £ Bia + \p\), and /is unique in B(ff+ M)

for all f £ H  ia) if and only if p is an A-measure.   In this case Bia + \p\) becomes

weak-star closed, and so coincides with H  ia + \p\).

As a direct consequence of the Corollaries 4.4 and 5.7 we note

Corollary 5.8. If Q. is dense in K. (z = 1, 2), then the inclusion map

H°°ia+ \p\) —> H°°ia) is an isometric isomorphism for a weak-star dense set of

measures p in ballR(Xj x K2)  .

6. Proof of Theorem 3. The localization property. When À is a uniform algebra

on a compact metric space X, a is a positive measure on X, and H   ia) is the

weak-star closure of A in L   (ct), then the fiber over p £ X in the maximal ideal

space M   «j      of H  (er) is the set
H   (a)

\ = {V£M   x     ;Vif) = fip), f£A].
v H   (a)

Theorem 3 will follow by verifying the assumptions in the following general

criterion of [8] for such distance equalities.

Theorem 6.1 (Gamelin, Garnett).   Let A be a uniform algebra on a compact X.

Let a be a positive measure on X whose closed support coincides with X.

Suppose

(L)

(D)

If p £ supp a, u £ C(X), / £ H°°io) and |/| < zz a.e.  a, then

\f\<uip)on%p.

The inclusion map H  ia + \p\) —* H  ia) is an isometric isomor-

phism for a weak-star dense set of measures p in ball A .

For any continuous u: X —» C we then have dist(«, A) = dist(zz, H   ia)).

In Theorem 3 we apply this to X = Xj x X2, A = R(Xj x K2) and a= dxdyQ  x

dxdyQ  , and assuming Q. is dense in  X. (z'= 1, 2).   Property (D) was established

in the proceding section, so the only thing left to verify is now the localization

property (L).  We have identified E°°(a) with B(ôj x Q2), so (L) now follows from
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Proposition 6.2.  Let f e B(QX x Q2), and let W be in the fiber over (zQ, wQ)e

K. x K2  in the maximal ideal space of B(Q   x Q A.   For S > 0 define W- =

A(zQ> 8) x A(wQ, 8).   For any 8 > 0 we have

m\<mtQiXQm

Proof. Put / = 0 outside Q x x Q2.   Choose a smooth function cS with compact

support in A(zQ, 8) satisfying <f> = 1 on A(zQ, 8/2), ||d<p/d£|| < 4/8 and ||cp|| < 1.

Define

R  fiz,w)=1-fl^^doxiÇ)    and    F = <f>f+R  f.
* f J    ç - z  dç

When \fj is bounded in F(Kj x K2) and /   —» / pointwise on Q j x ô2, then we

put Fn = <p7n + R¿fn'  We saw in the proof of Proposition 3.2 Fn e R(K   x K2),

and {Fj is bounded and Fn—> F pointwise on Qx x Q2.   Thus F e B(Qj x Q2).

When |z - z0| < 8/2, then

(i) (F - f)(z, w) = /y(z, ») = L f^^ #^(f )
^ f J   t - z    dt      1

which is analytic in z for each ti> e Q .

Next we define Gjt öj x Q2 —♦ C by

G (z, w) =
(F - /)(z, w)-iF- f)izQ, w)

and want to .show that Gj e ß(ß   x QA.   When Í/ I is as above and r e R(K )x,

then ¡R^f^Q, w)dr(w) = 0 by the Fubini theorem.   Thus R^fjz^ ) e R(K2\

and we get a bounded sequence satisfying R , f (zQ, w) —*R,f(z    w) =

(F-f)(z0,w)fotweQ2.   Then (F-/)(z0, )£B(Q2).   Fot each z e Qx, z 4zQ,

then Gj(z, ) e B(Q2).  Furthermore

1    ° *J(f-zn)2d£     l5

and similar use of Fubini gives Gj(zQ1 ) e ß(ö2).  Totally G (z, ) e B(Q ) fot

all z e g j.  Next we fix w e Qr  Now (F - /)( , w) - (F - /)(zQ, w) e B(QX), is

analytic and zero at zQ, and then  G ( , u>) e B(Q A (see [8, 6.l]).
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Define next h: Q j x Q2 —» C by ¿(z, tf ) = (F - /)(zn, w) and put h = 0 outside

öj x Qy.  Choose a new smooth function <f> with compact support in Ä(ifn, S)

satisfying çS = 1 on A(t*„, S/2), Hdf/S/dfl < 4/S and ||<pj < 1.  Define E = cph +

R,h.  As above H £ B(Qj x Q2\ and E - A extends analytically in if to if- for

each z e Qj.

We may define

ÍH - h)iz, if ) - (E - h)iz, if 0)
GÁZ, w) =-

L if - tf.

and we get G? e B(Qj x Q ).  Now we may write

(F - /Xz, if) = (z - z0)Gj(z, if) + (if 0 - w)G([z, if) + Hiz, w) + ih - H)ix, wQ).

The last term here is in fact a constant, and when V £ JlL ,, then

(Ü) |V(F - /)| < |W(E)| + \ib - H)iz, jf0)|.

Here

,   , (F - /Xzn, O -,,
(iii) (* - ffXz, if0) = -L f-i-J-L d±doJ£).

From the integral formulas (i) and (iii) we get the estimates

HF - /HU0!x(Q2nA(«f0,8)) - /4lll/ll(Q1xQ2)n»'s

\ih - H)iz, if 0)| < AX\P -/iljZoîx(o2nA(^0,S)) < /i2ll/ll(Q1xQ2>nH's-

We get

llwllQjxQ2<^ll^löjX(Q2nA(va))

and by (i) we get

IMlQjX(Q2nA(tf0,8)) ^ /44¡l/ll(01xQ2)nH's-

Adding up all these estimates in (ii), we conclude
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(iv) w-rt^rt^Qw

Next we go through the whole argument all over again with F instead of /, but

reversing the order of the R.-operations, i.e. first we choose smooth <f> with com-

pact support in A(w0, 8), <f> = 1 on A(wQ, 8/2), ||dçS/dcf|| < 4/8 and ||<p|| < 1, and

we define G = <pF + R^F e B(QX x Q2).  Next we proceed as above, and finally

we reach the conclusion

(V) ^-^^^(QjxQ^.

Looking at the definition of F we have

(vi) HFl!ßjx02rWs < llFilOjX(Q2nA(U/0.S)) < /U/H(QjxQ2)rWs-

Furthermore

<v") HGI'q1xQ2 ^ A^Fhlx(Q2n^w0M

When we put together the estimates (iv), (v), (vi), and (vii), and by breaking up

*(/) = *(/ - F) + *(F - G) + "P(G), we conclude

(viü) IW<^!l/ll(QjXQ2)nws.

A. to A    are universal constants, and since (viii) holds for all / e B(Q. x QA),

we get

2)nWs|¥(/)| = |¥(f)|Vn<<l/ll(QiXQ:

for each n = 1, 2, • • • which finally proves

and the proof is complete.

This completes the proofs of our theorems. However, let us note the following

simple example to the effect that the conditions on Q ■ being dense in K. (i = 1, 2)

are really necessary.

Let Kj = [z; |z| < lj.  Let zQ 4 Kv and let K2 = Kj U {zn}.  Let a be con-

tinuous on Kj x K   such that

"l/CjXKj^Kl*^'        "l^xLol* R(K1>-
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Then dist(zz, E°°(a)) = 0, but dist(a, R(Xj x X2) > 0.

Finally, we should also note that similar results to those presented here

hold for R(Xj x X2 x • • • x XN) for compacts Xj, X2, •.., XN in C.   More details

on this are in [l].
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