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ON HOMEOMORPHISMS OF INFINITE-DIMENSIONAL BUNDLES. 1
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RAYMOND Y, T. WONG(1)

ABSTRACT. In this paper we present several aspects of homeomorphism
theory in the setting of fibre bundles modeled on separable infinite-dimensional
Hilber t (Fréchet) spaces. We study (homotopic) negligibility of subsets, separa-
tion of sets, characterization of subsets of infinite-deficiency and extending
homeomorphisms; in an essential way they generalize previously known results
for manifolds. An important tool is a lemma concerning the lifting of a map to
the total space of a bundle whose image misses a certain closed subset pre-
sented as obstruction; from this we are able to obtain a result characterizing
all subsets of infinite deficiency (for bundles) by their restriction to each fibre.
Other results then follow more or less routinely by employing the rather standard
methods of infinite-dimensional topology.

1. In this paper we extend the results on infinite-dimensional separable
Hilbert spaces (manifolds) to fibre bundles modeled on them. The main results
of this paper deal with bundles modeled on s = (- 1, 1)* (the countable infinite
product of open intervals (- 1, 1)) and on the Hilbert cube Q = [- 1, 1], (It is
known that any separable infinite-dimensional Fréchet space is homeomorphic to
s [1].) In a later paper the author and Chapman [19] are able to use results of
this paper to extend all the results to bundles modeled on s-manifolds, and in a
certain appropriate manner, to bundles modeled on Q-manifolds [20].

A main result of this paper is the following characterization of projective
Z-sets which then serve as an essential tool to obtain other results. We first need
several conventions.

Fibre bundles (E, p, B) are denoted by their total space E. Each bundle is
defined to have a single fibre and for our purpose only the topological structure
(Iocal triviality) of a bundle is important, Bundle maps (or morphisms) and
isomorphisms are defined as usual [12A] (isomorphisms are sometimes called
bundle homeomorphisms). In particular they will have the same base space B
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and will be the identity on B. Bundle maps are also called B-preserving maps;

in fact, we shall use such a term to describe a map from a subset A of some pro-
duct space B x X into another B X Y for which the map keeps the B-coordinate

of each point unchanged. A bundle is trivial if it is isomorphic to a product bundle.

A polybedron is space homeomorphic (&) to |K| where K is a locally
finite simplicial complex (Ifsc). A subset A of a polyhedron X is a subpolybedron
in case there is a triangulation of pairs (X, 4)— (|K|, |L|).

A closed subset K of a space X is a Z-set provided, for each nonempty
homotopically trivial open set U in X, U\K remains nonempty and homotopically
trivial. A subset A of a product space X x Y is an X-projective Z-set provided
there is a closed Z-set KC X for which AC K x Y.

We say a space X is Y-stable, for some space Y, if there is a homeomor-
phism of X onto X x Y. Suppose X is F-stable, F a homogeneous space, a sub-
set KC X is F-deficient if there is a homeomorphism f: X — X x F such that
f(K) C X x {y} for some point y € F. Similarly we say KC B x X is F-deficient
in bundle B x X = (B x X, p, B) provided there is a B-preserving homeomorphism
of Bx X onto B x X x F sending K into B x X x {y} for some point y € F,

Hypothesis. All spaces, unless stated otherwise, are assumed metrizable.

Theorem 1.1 (characterization). Let (B x s, p, B) be a product bundle over
polybedron B and let KC B x s be closed. Then these are equivalent:

(A) K Np~Yb) is a Z-set in each p~1(d).

(B) K n p~Y(b) is s-deficient in each p=1(b).

(C) K is s-deficient in bundle B x s.

(D) There is an isomorphism ¢ of B x s such that ¢(K) is an s-projective
Z-set.

Moreover, the same is true if B is a retract of a polybedron.

Proof. (A) = (B) is in [2]; (C) = (D) is in [9A]. Obviously (C) or (D)
implies (A).

The second half of Theorem 1.1 follows easily from the first. To see this
let B be a retraction of a polyhedron, say P, then let r: P — B be a retraction
map. Let (P x s, py, P) be the pull-back induced by . Let r,:Pxs — B xs
denote the induced map and K, =r. 1(K). Then K, satisfies (A) in bundle
P x s. By (D) there is a bundle isomorphism &' of P x s that sends K, onto
an s-projective Z-set. Denote by g the map jx id: Bx s — P x s, where j is
the inclusion. Then ¢: B x s — B x s defined by ¢ = r,¢’|
bundle isomorphism for (1).

The implication (A) = (D) is an easy consequence of Theorem 3.1 and
Lemma 3.4. Modulo these results we outline an argument in the following. It is

a(Bxs)8 is a required
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known that s & s x Q [8A]. So we may replace s by s x Q. Write O\s as a
countable union of compact sets K, Kj,.+«. Each K, is a Z-set in Q. Then
each L ;=B x s x K, is an (s x Q)-projective Z-set. By Theorem 3.1 there is an
isomorphism b of E = B x s x Q such that A(K) N (L)i21 Li) = &. Hence h(k) C
(B x s)x s. By Lemma 3.4 we can push A(K) further inside by another isomor-
phism b, so that b h(K) C(B x s) x I, [- %, %4l . Let ¢ =h h. Then &(K)is
an (s x Q)-projective Z-set.

2. Lifting. We say a set A C X is homotopy negligible in X provided the
inclusion j: X\4A— X isa homotopy equivalence. (Note that, for manifolds, Z-
sets are homotopy negligible.) Absolute retracts (AR) and absolute neighborhood
retracts (ANR) are for metric spaces defined in the sense of Palais [14]. The
following theorem also generalizes Lemma 4 of [18].

Theorem 2.1. Let E =(E, p, B) be a bundle over Hausdorff space B with
fibre F a metric AR. Let A CE be closed and such that A 0 p~(b) is homotopy
negligible in each p'l(b).

Suppose (K, L) is any simplicial pair (weak topology) and f is a map of |K|
into B. Then each lifting of /||L| into ENA extends to one of f into E\A.

We remark that for A = g, Theorem 2.1 is well known [13, Theorem 9]. As
an application we obtain the following corollaries (Corollary 2.3 generalizes
Theorem 3 of [18]). The proof of Corollary 2.2 follows immediately from inspect-
ing the proof of Theorem 2.1.

Corollary 2.2. Let (E, p, B) be a bundle over simplicial complex B with
fibre F an ANR. Suppose A CE is a closed set such that, for each b € B,
b~ B\ is nonempty and bhas the homotopy type of a point;, then E admits a
continuous cross-section r: B — E satisfying AB) N A = g.

Define, for a closed subset A of any space X, A is strongly homotopy
negligible (SHN) if the inclusion UNA = U isa homotopy equivalence for each open
Uin X; A is locally homotopy negligible (LHN) if each point has a neighborhood
system {U,} for which the inclusion Ua\A — U, is a homotopy equivalence. It
is known (Eells-Kuiper [11]) that for metric ANR, SHN = LHN. In the following
we say X is locally AR (respectively locally ANR) if each point has a neighbor-
hood which is an AR (respectively ANR). It is known that a paracompact space
which is locally ANR is an ANR. The following corollary identifies global
negligible subsets by their restriction to the fibres. (Recall that all spaces
involved are metrizable.)

Corollary 2.3. Let E = (E, p, B) be a bundle over an ANR B with fibre a local
AR (or manifold). Then a closed set A CE is strongly homotopy negligible
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(respectively, a Z-set) if A A\ p~Yb) is locally bomotopy negligible (respec-
tively, a Z-set) in each p~'(b).

Note that E is an ANR and an ANR is necessarily locally pathwise con-
nected. The above corollary follows routinely from Theorem 2.1 and Eells-
Kuiper [11].

For a proof of Theorem 2.1 we need two lemmas. To state them we need
some definitions. Let ¥: X — B be a map into the base space B of a bundle
(E, p, B) and let K CE, A CX be subsets. Then two liftings ¢0’ ¢l of ¥ into
E\K are said to be E-bhomotopic in ENK modulo A provided ¢, and ¢, are
joined by a homotopy {¢ } of X into ENK such that each @, lifts ¥ and, for
all t,7, ¢(x) = (x) for any x € A.

In the following let A = [-1,0Ix 7% A, =[0, 1] x J* where J =[-1, 1],
n > 0, and let A=A0U Al, A =Aon Al.

Lemma 2.4. Let (B x F, p, B) be trivial over a Hausdorff space B with
fibre F an absolute retract. Let K be a closed subset of E=Bx F. Let ¢:
A — B be a map. Suppose, for i=0,1, ¢: A, — E\K are liftings over ¢|Ai:
and ¢ |41, bl 4 are E-bomotopic in E\K modulo Bd(A'); then ¢ can be lifted
toamap ¢ of A into ENK such that ¢(x) = @) for x € Bd(A) N A,

Proof. Let {h,} denote an E-homotopy in E\K modulo Bd(A') between by =
@olar and by =@ |4 . Let X=Ax[0, 1] and define ¢: X — B by Ylx, 1) =
@(x) for all t. Now define a map o of Y = (A x {0} U (Bd(4 x 1 \Int(A <o)
into E\K by

¢yl if (x, 1) €A x {0},
olx, t) = bt(x) if (x,2) €A’ x {1},

?, (x) otherwise.

It is easy to check that ¢ is well defined and po = . Since E is uivial, F an
AR and o(Y) N K = &, it follows that o can be extended to a map 0, of a
neighborhood V of Y (in X) into ENK such that po, = .

Let A be an A-preserving imbedding of A, x {1} into V such that Xx, 1) =
(x, 0) forall x € A". Define ¢': A — E\K by

¢'( ) al)\(x, 1) when x € Al’
X)) =

o, (x) otherwise.

¢' is the desired lifting.
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In our next lemma we let E = (B x F, p, B) be a product bundle over a
Euclidean space (sufficiently large dimension) B with fibre F an AR and let K
be a closed subset of E. We let C, denote a homeomorphic copy of J* (C, a
single point). Let m,(n, k) denote the projection map of C, x C, onto C,.

Ve say E satisfies property P(n) if for any C, C B, k20, every lifting of
7y B gcc xcy) © E\K can be extended to a lifting of m;(n, &) to E\K.

Lemma 2.5. If E satisfies property P(n) for some n >0 then E satisfies
P(n + 1).

Proof. Let k>0 be given. Weregard C,4; x C, as U, ¢lt}x (C, x C})
and let ¢ be a lifting of 7,(n + 1, k)| Bd(Cp+1xCh) © E\K. It follows from the
hypothesis that, for each ¢, there is a map ¢, of {t}x C_ x C, into E\K such
that pg, = m (n+1, k)litlxcnxck and ¢t|Bd({tb<C,,ka) = ¢. Since the fibre F
is an AR we can extend ¢, to a map ¢: of a neighborhood V, of fe} x C,xC,
into E\K satisfying pg, = 7,(n+ 1, &) and ¢ly npyc,epxcy) = ¢ It follows
from compactness of ] that there are points - 1=4¢,<q; <...<@q_,; =1in ]
and maps {¢}}7; such that for A =[a, a;,,]1x C, x C}, each ¢*: 4, — E\K
satisfying p@* = m,(n + 1, k) and ¢?|Aian(Cn+lXCk) = ¢.

Let us consider A, A,. At Al = AgNA = {aI}x C, x C,, there are two
maps ¢%|4+ and @%|,+ agreeing at Bd(A"). Define y: Bd(fa,}x C, x C x I)
— E\K by

{qﬁ’g(al, xpp %) if t<1,

Ylag, %y 8) = s

#1(a;; x5 x,)  otherwise.
¢ is clearly a lifting of 7,(n, & + 1| 4c, wc, 4q) iCO E\K, vhere Crep = CpxL
E satisfies P(n) implies that iy can be extended to a lifting of ”1(”' E+1)
to E\K. It follows that &8lar, p3l4¢ are E-homotopic in E\K modulo Bd(4").
Hence, by Lemma 2.4, n,(n, k + 1)|AOUA1 can be lifted to a map ¢'l of Agu A,
into ENK such that ¢}(x) = ¢¥(x) when x € Bd(AjU A) N A, i=0, 1. Next
consider the pair {A;, A,} and so on. It is clear that we can obtain the desired
lifting.

Proof of Theorem 2.1. First we suppose E is trivial and (|K|, |L|) is the
pair (|o|, |&), where |o] is an n-simplex and |6| = Bd|o|. Let E' = (Jo| x F, p',
|o]) be the product bundle which is the pull-back of E induced by f.

f'

lo| x F———>Bx F

)

P P
f

lol —— B
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to E\A induces a continuous cross-section over |
—(lo] x F)N/""!A) such that p'h = idjs. If b

extends to a continuous selection b, of |o| into(|o} x F\/' ~!A), then it is clear
that /'bl is a desired lifting. To show b, exists we note that by hypothesis of

The lifting (f||01)* of flis]
in E', that is, a map b: |o

F and A, E' satisfies P(0) as defined above. Lemma 2.5 implies that E' satis-
fies P(n) for each n. Hence b, exists and the theorem is proved. For the
general case we merely observe that by taking a finer triangulation, we may
assume that, for each o € K, E is trivial over flo). We then construct the lifting
inductively on K, the i-skeleton of K. By considering one simplex of K; at a
time we reduce to the special case above.

3. Separation. Let (E, p, B) be a bundle. We say G: ExI —E isa
bundle homotopy provided each g, = G|g,y,} is a bundle map; that is, pg (x) =
p(x) for any x € E. We say G is a bundle isotopy provided in addition the
induced map E x I — E x I is a homeomorphism. A homotopy g,: X — Y is
limited by an open cover U of Y provided each orbit {gt(x)itel is contained in
some member U of U. Let A C X be closed and U be an open cover of X\A.
We say Ul is normal (ot normal with respect to A) if each map f: X\A — X which
is U-close to the identity has an extension to X which is the identity on A. Let
U CE be open, E as above, and let U be any open cover of U. Then by a
(U, W-isotopy iut} we mean a bundle isotopy on E such that each p, has sup-
port in U (that is, g, is the identity outside U) and {g |} is limited by . Let
U be a collection of subsets of a space X. We define the star of U, denoted
St(1), to be the collection of all V such that for some U €U, vV = U{w € U:
WNU#@L Inductively we define St™(U) to be the star of St”=L(U).

The main purpose of this section is to prove the following theorem.

Theorem 3.1. Let (E, p, B) be a bundle over polybedron B with fibre s.
Suppose A, A, are closed sets in E such that, for each i=0, 1, A, n p-l(b)
is a Z-set in each p~ '(b); then for any open neighborhood U of A, and any open
cover U of U, there is a (U, W-isotopy {u,} of E such that p,=id and pl4y)
NA, = 4.

Moreover, the same is true if Al (not necessarily closed) is a countable union
of ilosed sets \J,, L, such that, for each i, L N p~ Yb) is a Z-set in each
p~(b).

The proof will be given at the end of the section.

The second part of Theorem 3.1 follows routinely from the first by applying
the convergence procedure of Anderson-Bing [4].

By exact analogy from the proof of Theorem 3.1 we also have
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Theorem 3.2 Theorem 3.1 is true when fibre = s is replaced by
fibre = Q.

To give a proof of Theorem 3.1 we need several lemmas.

Lemma 3.3. Let B be any metric space and let K be a closed set in E =
B x Q of the bundle (B x Q, p, B). Then for any open cover U of E there is a
bundle homotopy ¢ = {¢l} of E into itself limited by U satisfying b = id,
&,(E) is closed in E, ¢ | =id for each t and ¢I(E\K) c (B x s)\K.

Remark. We actually construct ¢ so that each ¢, is an imbedding.

Proof. We write Q as I, J,, J,=[-1,1]. Let O be a locally finite open
cover of E\K normal with respect to K and such that O refines U. Fix an i >1.
Ve write Q as Q; x ], where Q, = l'lk#i]k and let E; denote B x Q.. It is clear
we can construct a cover 0 of (E;x {1D\K such that each W, el has the
form W! x[t,, 1], 1/3<t,< 1, where W is an open subset of E; and the

collection W’;i is a locally finite refinement of 0. Define a function
/7 (E;x 11 D\K — Reals by

/i((x, 1)) = (l/3)(max§ta: x € W;} +2)

It is easily seen that [, is lower semicontinuous satisfying 1/3<f;<1. By
Dowker’s theorem (Dugundji, p. 171) there is a map /: (E; x {1 D\K — Reals for
which f; < /: < 1. Hence, using normality of T, there is a map G;: E; - Reals
such that 1/3 <G (x) <1 whenever (x, 1) € (E; x f1D\K, G/{x) =1 whenever

(x, 1) € K and each segment {x}x [G,(x), 1] is contained in some member of O.
Similarly there is a map g;: E; — Reals such that - 1 < g(x) <~1/3 for any

(x, 1) €(E; x {- 1D\K, 8{x) = =1 for any (x, ~ 1) € K and each segment {x}x
[-1, gi(x)] is contained in some member of . Let b;, H: E; — Reals be maps
satisfying ~ 1< b;<g,, G;<H; <1 and - 1 <h,(x) <g(x) whenever (x, 1) ¢ K,
Gl.(x) < Hi(x) <1 whenever (x, 1) ¢ K.

Denote by {(}Sit} the homotopy of E; x ]; into itself such that for any x € E,,
{¢,,} moves {x}x J; piecewise linearly onto {x}x [b(x), H(x)] while keeping
{x} x [g/(x), G(x)] pointwise fixed in the entire motion. Let ¢ denote the homo-
topy by applying {qSl .}» which is followed by {952,}, etc. Evidently ¢ exists and
since at each step we may choose U to be arbitrarily small, we may require the
homotopy to be limited by U. Finally we note that any bundle map of B x Q into
itself is necessarily a closed map. ¢ is what we wanted.

The above construction also implies the following result of Chapman [9]
which will be needed later.
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Lemma 3.4 (Chapman). Let (B x Q, p, B) be as above. Suppose K is a
closed subset of B x Q contained in B x s; then K is a Z-set of B x Q and there
is an isomorphism of B x Q sending K into B x Q,, where Q; =11, [}, }4].CQ.

The following lemma follows routinely from techniques of [6, Lemma 2.4].

Lemma 3.5. Let M be an s-manifold and (B x M, p, B) a product bundle over
metric space B. Let X, Y be subsets of a complete separable metric space with
X closed. Suppose there is amap f: X UY — B x M such that (X UY) is an
M-projective Z-set; then for any open cover U of cl(f(X)) there is a homotopy
G= {gt} of X into B x M limited by U and satisfing the following conditions:

(1) 8o = /lx’

(2) pG(ix}x D) = {point} for all x € X,

3) G(X x I) is an M-projective Z-set, and

(4) forall >0, g, is an imbedding of X onto a closed set in B x M such
that g (X) N f(X VY) =4&.

The fact that any s-manifold M is s-stable [7] and can be imbedded as an
open subset of s [12] are all that one needs to apply Lemma 3.3, Lemma 3.5 and
the Anderson-McCharen [6] procedure to obtain the following homeomorphism
extension lemma.

Lemma 3.6. Let (B x M, p, B) be as above. Let G =lg,} be a homotopy of
a complete metric space A into E = B x M such that g, g, are imbeddings onto
closed subsets of E. Suppose G(A x {0, 1}) is an M-projective Z-set and
pG(ix} x I) = {point} for each x € A; then for any open neighborbood U of
cl(G(A x 1)) and any open cover U of U by which G is limited, there is a
(U, Sst4(U)-isotopy {p‘} on E such that p, = identity and p,g8, =g,

Using Lemma 3.3 and the similar argument of Lemma 3.6 (by appealing to the
techniques of Klee [13] and Anderson-McCharen) we can also conclude

Lemma 3.7. Lemma 3.6 is true if fibre = Q and A is compact metric. More-
over, if G(A x10, 1}) C B x s, then we may choose {u} to satisfy additionally that
{plleS} isa (UNs, ‘UI)-isotopy on B x s, where 1.11 is the open coverof UN s
induced by restricting St4(U) to s.

Lemma 3.8. Let E' = (B x Q, p', B) and subbundle E = (B x s, p, B) be
given over metric space B. Suppose K is a closed subset of B x s such that
KN p=(b) is a Z-set in each p=(b), and suppose P is a compact polybedron
in B x s; then for any open set U of B x Q containing P and any open cover Uu
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of U in B x Q, there is a (U, U)-isotopy {u:} on E' such that {y, = F':|Bxs! is a
(Wn s, Un s)isotopy on E and p (KN P =g.

Proof. We may assume P = |T| for some finite simplicial complex T and U
is normal. Choose an open cover O of |T| so that St3(0) refines U and each
V €l has the form V,xV, where V,, V, are open subsets of B, Q respec-
tively with V, convex. We may assume |T| has been given a triangulation so
that each simplex o € T is contained in some V €. Let T; denote the i-skel-
eton of T. Foreach o €T, let Va=n{V1x v, el:ocC vy xV2¥= nVl X
nVZ' Note that an is convex. Let [, be any B-preserving map that carries
IT,| into (B x s)\K so that for each o € T, folo) €V,. Nowlet 0 €T, and
suppose 0y, 0, are its vertices. By hypothesis of V,, V, D (Vcrl U V) and
V., can be written as V(1) x V_(2) with V_(2) open and convex. By hypoth-
esis of K, {x}x (V_(2)n SN\K N V) is contractible (hence an AR) for each
x €V, (1). Thus, by Theorem 2.1, f, can be extended to a B-preserving map f,
of |Tyl U o into (B x s)\K such that f1{6) C V. This process clearly illus-
trates that there is a B-preserving map f of |T| into (B x S\K such that flo) C
V, foreach o € T. Since each V_(2) ns is convex, it follows that f is homo-
topic to identity by a B-preserving homotopy F of |T| into B x s and is limited
by 0. Thus by Lemma 3.5 we may assume [ is an imbedding such that f(|T]) N
K= & and F limited by St(C). (Recall that St>(0) refines U.)

It follows from Lemma 3.7 that there is a (U, St*(St(0)))-isotopy A} on E !
such that')tl||7~' =/, A(Bxs)=Bxs forall t and {A} is limited by se3(©).
Then {u', = X;'} is a (U, Uisotopy on E' such that {u, = p'lp tisa (Uns,
U N s)isotopy on E and p,(K)n |T]| = 2.

Lemma 3.9. Let E' = (B x Q, p', B) and subbundle E = (B x s, p, B) be
given over compact polybedron B and let K be a closed set in B x.s. Then the
following are equivalent:

(1) Kn p=Xb) is a Z-set in each p~1(b).

(2) There is an isomorphism ¢ of E' such that $(B x s) = ¢(B x s) and
$,(K) is an s-projective Z-set, where ¢, = ¢|g, o

Proof. (2) = (1) is trivial. The proof of (1) =+ (2) is essentially an applica-
tion of Lemma 3.8, the technique used in proving [2, Lemma 7.1], and the results
in [3). We outline an argument in the following.

Let us define a standard k-cell in s to be a set of the form H’:=l [a o b i] X
(0,0,...) where -1<a,<b,<1 and [a;, b,]C ], Let D denote a standard
k-cell in s. It follows from Lemma 3.8 that for any open set U of B x Q con-
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taining B x D and for any € > 0, there is a B-preserving homeomorphism [ of
B x Q onto itself supported in U such that f(B x s)= B x s, d(f, id) <€ and f(K)
NBxD)=g.

f is an exact analogue of the homeomorphism constructed in [2, Lemma 6.1]
and was used to define {f,} in the proof of *, where * = Theorem 7.1 of [2]. In
our case we denote such maps by {f ;l. To define by as in the proof of *, we
firse let {h\} be defined on Q inductively using {/,} as in * and let b, =idg
x by. Let gy = b, [\. Then g=1lim, gy g58" is a B-preserving homeomor-
phism of B x O onto itself such that

Ko =g(K)ucllg(B xs)n(Bx ©@\sNM UcllgB x (Q\s) N B x s]

has infinite partial deficiency (see [2]) with respect to Q. By applying Corollary
3.4 of [2], Lemma 5.1 of [3] and then Lemma 4.3 of [2] there is a B-preserving
homeomorphism b of B x Q onto itself such that hg(B x s) = B x s and hg(K)
has infinite deficiency with respect to Q. ¢ = bg is a desired isomorphism. We
remark that ¢ is obtained similarly to those constructed in [2, p. 378]. We simply
observe, using the construction illustrated in [2] and results in [3], that we may
choose ¢ to be B-preserving.

Lemma 3.10. Let B be a polybedron or be as defined in Theorem 1.1. Then
any bundle E = (E, p, B) over B with fibre s is trivial.

Moreover, the same is true if the fibre is any metric space for which the
structure group G of the bundle E, when regarded as a subspace of the space of
bomeomorphisms of fibre F (C-O topology), is contractible.

Proof of Lemma 3.10. First we suppose B is a polyhedron. Let U = {U}
denote an open cover of B such that each p~ (U o is trivial. We may assume
B = |K| for some lfsc K. Giving K a finer triangulation if necessary we may
assume each o € K is already contained in some member of U. Let Spi20,
denote the ith skeleton of K. Each p~(|o|),0 € S, is homeomorphic to s and
thus there is a bundle homeomorphism b, of p~X|S |) onto |S,| x s. Since each 1-simplex
is contained in some trivialization p~ (U ), the set p~(lo|), 0 €S 1» is homeomor-
phic to |a| x s. Using Theorem 2 of Renz [15] we can extend 5 o to a bundle
homeomorphism of p=1(|Sy| U lo]) onto (|Sy| U |o]) x s for any o €S}, hence to
one of bundle p~ l(ISll) onto |S;| x s. By analogy we then construct a sequence
of bundle homeomorphisms {b, 1, b : p= 1(ISnD —|S,| x s, such that b extends
b,_1- An isomorphism for the lemma clearly follows.

The proof for the second half of the lemma is exactly the same. Finally if B
is not a polyhedron but given as in Theorem 1.1, then we simply observe that if
B CB' is aretraction of some polyhedron B’, then the pull-back bundle E !
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induced by a retraction r: B' — B necessarily inherits the same structure group.
Thus E' is trivial. But E’' contains E; hence E is also trivial.

If F is a topological vector space (TVS) which is homeomorphic to F*, by
West [15A], F has the reflective isotopy property. By Renz [15], H(F) is con-
tractible. Thus we have

Corollary 3.11. Let B be as in Theorem 1.1. Then a bundle (E, p, B) is
trivial provided the fibre F is a TVS homeomorphic to F*,

Similarly by Wong [16] and Renz [15], we have

Corollary 3.12. Let B be as above. Then a bundle (E, p, B) with fibre Q

is trivial.

Proof of Theorem 3.1. By Lemma 3.10 we may assume E is the product
bundle (B x s, p, B). First we consider the special case that B is a compact
polyhedron. By Lemma 3.9 we may assume A, U A, is an s-projective Z-set.
Let U be an open cover of U such that St3(C) refines U. By Lemma 3.5 there
is a homotopy G ={g,} of A; into B x s limited by C such that g = id,
pG({x} x I) = {point} for all x € A, G(A0 x I) is a closed s-projective Z-set and
g, is an imbedding for which g,(4j) N A, = . Now apply Lemma 3.6 to obtain
a (U, st%(0)-isotopy {1,} on E such'that #ilag = &1- Thus pAgdn A, =g.
But St>(0) refines U; {1} is a desired isotopy.

Now for the general case we may assume, by considering one component of
B at a time, that B is connected. We of course can assume that B is a lfsc |K|.
Let 0, denote any simplex in K. Define B, = (Ulo € |K|: 0 n o, # &} Induc-
tively we define, for n> 1, B_,, = \Ulo € |K|: 0 n B, # D\Int(B,). It follows
from the assumptions on B (local finiteness and connectedness) that each B, is
a compact polyhedron, B={J;,, B; and B,N B, # & only if |i-j| < 1.

By taking a normal open refinement of U if necessary we may assume. U is
normal.

Let Ky = A, N p~ 1(B;). Applying the special case proven above to each
Ko j=o0dd, it follows that there is a (U, Ug)-isotopy {u,,} on E such that py,(C,)
NA, = & where St(‘uo) refines U and Cy = Uj—o4aKoj- Consider po1(Cy). Let
111 be a suitably chosen covering of U such that 1]1 refines 1]0 and, for each
x € pgy(Cy), V)N Ay = g whenever x €V, V €l;. Now applying the same
process to ¥”01(K0j)‘j=even there is a (U, U,)-isotopy {u;,} on E such that
#11(C)) NA| = &, where C, = Uj=even #01(Kq;)- Define an isotopy {u} on E
by letting {utlo <ts1,2 be the isotopy h‘o:': (by an order preserving homeomor-
phism of [0, %] onto 10, 1]) and {u,};,,., <, be the isotopy {t; oy},

4. Mapping replacement. Let U be an open cover of a space Y. Maps /, g:
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X — Y are U-close provided that for each x € X, there exists a U € U for which
flx), glx) € U.

Theorem 4.1. Let (E, p, B) be a bundle over polybedron B with fibre s.
Let X be a separable complete metric space and Y a closed set in X. Suppose
f: X — E is a map such that {(Y) n p~Yb) is a Z-set in each p~'(b) and | y IS
a closed imbedding; then for any open cover U of cl(f(X)) there is a closed
imbedding g: X — E, U-closed to [, such that g(X) N p~X(b) is a Z-set in each
2~ Ub), pg = pf and g extends | v

Moreover, the same is true when B is a retract of a polyhedron,

Theorem 4.1 follows immediately from Theorem 1.1 and the following lemma.
Before we state the lemma we note that a similar theorem for Q-bundles is true
and may be concluded by exact analogy.

Theorem 4.2. Theorem 4.1 is true when fibre = Q and X is compact metric.
In the following lemma let M denote an s-manifold.

Lemma 4.3. Let (Bx M x Q, p, B) be a bundle over space B. Let X be a
complete metric space and Y C X be closed. Suppose there is a map  of X into
E = B x M x Q such that f(X) is a Q-projective Z-set, {Y) is closed and f| y is
an imbedding; then for any open cover U of cl(f(X)) there is a homotopy {g,} of
X into E limited by U such that (1) g, =/, (2) forall t, g |, = Iy and pg,= pf,
(3) g, is an imbedding onto a closed Q-projective Z-set of E and (4) {g } is
limited by .

Proof. The same as the mapping replacement lemma of [G].

Proof of Theorem 4.1. By Lemma 3.10 we may assume E is the product
oundle (B x s, p, B). The rest of the proof follows routinely from Lemmas 3.3,
3.4, Theorem 1.1 and Lemma 4.3.

5. Negligible subsets. Let U be an open set in bundle E = (E, p, B). Sup-
pose K CU is closed relative to U and U is an open cover of U; then by a
(U, W-extraction of K from E we mean an I-preserving homeomorphism

G:(Ex D\Kx 1) ZSEx 1

such that for each ¢, g, = GlEx{z! is a bundle map supported in U, g, = id and
tg,ly} is limited by U. We say K can be strongly extracted from E provided that
for each pair (U, U) for which K C U is closed relative to U, there is a (U, U)-

extraction of K from E. A subset K CX is locally closed provided K is closed
relative to some open set which contains K.
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First we state a lemma which follows immediately from the technique of [10].

Lemma 5.1. Let B be any space and let K be a subset of E = Bx M of
bundle (B x M, p, B) with fibre M an s-manifold. Suppose K is a countable union
of locally closed sets K, K,,+++ such that each K, is an M-projective Z-set;
then for any open cover U of E, there is an (E, U)-extraction of K from E.

Employing Theorem 1.1, Lemma 3.10 and Lemma 5.1 we obtain the following
general statement of negligible subsets for bundles,

Theorem 5.2. Let B be the same as in Theorem 1.1 and let (E, p, B) be a
bundle with fibre s. Suppose A is a locally closed set in E such that cl(A) N
p~1b) is a Z-set in each p='b); then A can be strongly extracted from E.

Moreover, if instead A is a countable union of locally closed sets, then for
any open cover U of E, A can be extracted from E by an (E, U)-extraction.

The second half of Theorem 5.2 follows routinely from the first by employing
an appropriate (but straightforward) refinement of the Anderson-Henderson-West
techniques [S] together with the convergence procedure of Anderson-Bing [4].

6. Extending homeomorphism.

Theorem 6.1. Let (E, p, B) be a bundle over polybedron B with fibre F = s.
Let G = {gt} be a homotopy of a complete separable metric space A into E such
that (i) g, g, are imbeddings onto closed sets in E, (ii) for i =0, 1, g(A) N
p~Ub) is a Z-set in each b~ 1(b), and (iii) pGUx} x I) = {point} for each x € A.
Then there is an isotopy {yt} on E such that 18, =8y Moreover, if U is an
open neighborbood of cl(G(A x I)) and U is any open cover of U for which G is
limited by U, we may choose {#t} to be an (U, St(“)(‘ll))-isotopy.

Furthermore, the same is true if B is a retract of a polyhedron.

Proof. This is a simple consequence of Lemma 3.10, Theorem 1.1 and Lemma
3.6.

As a corollary we obtain an extension theorem which generalizes Theorem 2.1
in [17] and answers a question raised there.

Corollary 6.2. Let (A xs, p, A) be trivial over n-simplex A, n>1,and
let G=1{g,} be a bomotopy of a closed set K, in A xs into A x's such that
8 = id, g, is an imbedding onto closed set K,, pG({x}x I) = {point} forall' x and

gtl(Bd(An)x:)ﬁKl =id

for all t. Suppose, for i=1,2, K. N p=Yb) is a Z-set in p=Yb) for each b€
InA)); then for any open cover U of A, x s by which G is limited, there is a
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(An x s, St‘(U))-isotopy {ut} on A x s such that po = identity, ”llKl =g, and

™ Bd(a,xs = 19 for all .

As another application we obtain the following isotopy lemma. For a subset
A of any space X, let H,(X) denote the space of all homeomorphisms (compact-

open topology) of X leaving A pointwise fixed.
Corollary 6.3. Let A be a closed Z-set in s. Then HA(s) is homotopically

trivial.

It is known that, for A= @, H A(s) is contractible [15]. W. Barit in [8] has
shown that in general the first homotopy group of H ,(s) is trivial and in fact, for
X =s or Q, H,(X) is contractible provided A is compact. Thus we ask the
following:

Open question. Is H ,(s) contractible?

Corollary 6.3 is an immediate consequence of Corollary 6.2. For if f:
Bd(A ) — H ,(s) is a map we can interpret [ as an isomorphism of the bundle
Bd(A) x s =(Bd(A)) x s, p, BA(A))) such that ] Bd(a,xa = id- By Renz [15] or
Wong [16] we can extend f to an isomorphism F on the bundle A xs= (A" X S,
p, A). Ve then use Corollary 6.2 to obtain another isomorphism F yon A xs
such that Fll BA(A XS = id and Fl'A,,xA = F'A,,xA' FT IF is a required extension
of fto A xs.

By analogy we have

Theorem 6.4. Theorem 6.1 is true if fibre = Q and A is compact metric.
Proof. This follows from Corollary 3,12, Theorem 3.10 and Lemma 3.7.
Corollary 6.5. Corollary 6.2 is true if fibre = Q.

From this we can conclude a corollary similar to Corollary 6.3, and give a
different proof (a weaker version) of the result by Barit.
Corollary 6.6. H,(Q) is homotopically trivial provided A is a closed Z-set
in Q.
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