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ON HOMEOMORPHISMS OF INFINITE DIMENSIONAL BUNDLES. II
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ABSTRACT. This paper presents some aspects of homeomorphism theory in
the setting of (fibre) bundles modeled on separable Hilbert manifolds and gener-
alizes results previously established. The main result gives a characterization
of subsets of infinite deficiency in a bundle by means of their restriction to the
fibres, from which we are able to prove theorems of the following types: (a) map-
ping replacement, (b) separation of sets, (c) negligibility of subsets, and (d)
extending homeomorphisms,

1. Introduction. In [7] several aspects of homeomorphism theory are studied
in the setting of (fibre) bundles with separable infinite dimensional spaces (mani-
folds) as fibres. Major results are established for bundles having fibre the Hilbert
space [, or, equivalently, s, the countable infinite product of reals. In this
paper we generalize such results to bundles with s-manifolds as fibres.

Our notation and definition follow that of [7]. In this paper we say a closed
subset K of the total space E of a bundle (E, p, B) is a fibre Z-set provided
K Nnp=Ub) is a Z-set in p~1(b) for each b € B. Fibre bundle (E, p, B) will be
denoted by its total space E. For any KCE, amap f: K— E is B-preserving
(or fibre-preserving) if pfx) = p(x) for all x € K.

Hypotheses. (1) Throughout this paper let (E, p, B) denote a fibre bundle
over base space B with fibre M, where B, M are given as follows.

The base space B. We assume B is either (1) a polyhedron, or (2) a retract
of a polyhedron. If B is in (2), let B, be a polyhedron for which there is a retrac-
tion r: B; — B. Then any bundle (E, p, B) over B induces a pull-back bundle
(El' by B‘) which contains E. With this in mind it is not difficult to observe
that all our results for B in (1) are also valid for B in (2) (see also the proof of
Theorem 1.1 of [7]). Thus we will provide proof only for the case B = polyhedron.
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The manifold M. We assume M is a paracompact manifold modeled on s =
(- 1, 1)*, the countable infinite product of open intervals (- 1, 1). By the results
of [6], M may be considered as an open set in s.

(2) All spaces concemed are metrizable.

Open question. For results of this paper, we do not know whether the hypoth-
eses on B may be replaced by any ANR (for metric spaces). In fact it is not
known even for B = s.

2. In the following we say U is a normal open cover of X\K, where K is
closed in the metric space X, provided each map f: X\K — X which is limited by
U has an extension 7 X — X which is the identity on K.

Lemma 1. Let H, K, K., K,, ---be a collection of closed fibre Z-sets in
E = (E, p, B) with fibre M = s. Then for any open cover U of E, there is an
isomorphism b of E limited by U such that b|y = id and B(K\H) N
U,50 (K,\D] = @.

Proof. By [7, Theorem 5.2] there is a B-preserving homeomorphism f: E\H
°nto E such that f is limited by U. Thus AK\H) is a closed fibre Z-set. Write
U,.o K\ =U »>0 I, Where each T, is a closed subset of E such that T,
CK,, for some m. Thus each T, is a fibre Z-set and so is f(T,). Let U be a
normal open cover of E\H refining U and let [CUl) denote the induced cover of
E. Using Theorem 3.1 of [7] there is an isomorphism g of E such that g/(K\H)
N(U,,oAT,) = @ and g is limited by f(U,). Then /~lgf: E\H — ENH isa
B-preserving homeomorphism which is limited by 111 and satisfies [~ lg/(K\H)ﬁ
[Un>o (K"\H)] = . Since 111 is normal, we may assume b = [‘lg/ is an isomor-
phism of E such that b, = identity. b fulfills our requirements.

Theorem 1 (Strong separation). Let K, K, K,,+++ be closed fibre Z-sets of
E =(E, p, B). Then, for any open cover U of E, there is an isomorphism b of E
limited by U such that H(K) N (U_, K = &.

Proof. First suppose E is the product bundle (B x M, p, B). Let {U,} bea
countable star-finite open cover of M which refines U and is ordered as in
Anderson-Henderson-West [2, Theorem 2] for which there is a homeomorphism &
cl(U,) °2%° cl(V)), where V, is a basic open set in s. Note that ¢,(cl(U))) is
homeomorphic to s and ¢(Bd(U))) is a Z-set in ¢{cl(U))). Thus B x Bd(U)) is
a Z-set in B x cl(U i)° By Lemma 1 there is a B-preserving homeomorphism f, of
Bx cl(U)) satisfing f,|pypaq,)=id and /(K N (Bx U NN IU,,4K,)

N(B x Ul)] =@. Then extend f , to an isomorphism 7‘1 of B xM such that

/1|(BxM)\(Bxcl(u m= id.
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Applying the same procedure we have an isomorphism 72 of B x M such that
Tl By \Bxel(uy = 14 and 75K N (B x U) N LU,,0K,) N (B x U]
= @. Continue this process in the same manner to get isomorphisms [, f,,
of Bx M such that [;,(f; - (KN N [WU,.oK,) N(BxU,)l=g. The con-
vergence procedure of [2, Theorem 2] implies that b = lim s n 71 gives
an isomorphism of B x M. We now claim that A(K) N (U >0 K ) = @. To this
end choose x € K and let #0) be the smallest integer such that x€Bx U, oy
Then 7:(0) A / (x) = x. This implies /1(0) 1 /(x) €B x U;(gy- Thus

7;(0) LA 7l(x) ¢ (UYI>0 Kﬂ) If 7’(0) LI (x) 9’ B X U (0)+l’ then 7’1(0).,,1 L
71(x) ¢Un>0 K. If 7}(0) ?l(x) € Bx Ui(0)+1’ then 7;-(0),,1 acts to move
?‘:'(0) / (x) away from Un>0 o In any case we have 7(0)+k 7l(x)

¢ U,,.0K, forall k. But since each point is moved only finitely many times,
which follows from the ordering of {U ;| provided by [2, Theorem 2], we have

Kx) ¢U, oK, Since by Lemma 1 each 7" can be obtained limited by any open
cover of E, b can be required to be limited by U.

For the general case we may take B to be equal to |A| for some Ifsc A.
By giving A a finer triangulation we may suppose each p~X|0]), o €4, is trivial.
Fnrthermore it suffices to assume |A| is connected. Thus |A| can be written as
Ui»olA,| such that each A, is a subcomplex and p~'(A)) is trivial. We can use
the special case proven above to obtain an isomorphism b, of E limited by an
open cover ‘ul of E, where s:3(‘lJl) refines 1, such that bl(K Nnp~ l(Al)) n
(Un>o(K,, Nnp- A 1))) = @. Inductively we can obtain isomorphisms b,+«+, b,
so that bn is limited by an open cover LU", where sé(‘lln) refines 11"_1 and

oK 0 p »n(u K np X »)
n>0
where ?(" =A,U-.-UA_ . By the convergence procedure of [1] we can obtain
an isomorphism b for the theorem.
The following theorem characterizes all subsets of infinite deficiency of a
bundle by means of their restriction to the fibres (compare with Theorem 1.1 of
[7D. For any product space X x Y we denote the projection X x Y — X by py.

Theorem 2 (characterization). Let K be a closed set in B x M of product
bundle (B x M, p, B). The following are equivalent statements:

(A) K is a fibre Z-set;

(B) KN p~Wb) is s-deficient in each p~1(b);

(C) there is an isomorphism ¢ of B x M such that K) is an M-projective
Z-set; and

(D) there is a B-preserving homeomorphism b of Bx M onto Bx Mx s
which carries K into B x M x {0}.
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Moreover, if K satisfies any one of the above conditions and B is compact,
then, for any cover u of B x M, we may choose b in (D) so that the projection
Ppymb: Bx M — B x M is limited by U,

Proof. (A) = (B), (C) «= (D) are well known (see, for example, Chapman [5]).
Obviously (C) or (D) implies (A). If B is a polyhedron, using Theorem 1 of this
paper and Lemma 3.4 of [7], a proof for the implication (A) = (C) may be given in
exactly the same way as Theorem 1.1 of [7]. If B is not a polyhedron but satis-
fies (2) in the hypothesis for base space B, the proof follows easily from the
discussion there.

To prove the last part of Theorem 2 we now suppose B is compact and the
covering condition is imposed on B x M. Using compactness of B it is evident
that there is an open cover C of M such that any isomorphism of B x M is limited
by U provided it be limited by Bx C={Bx v: v € }. It follows from [4] that
there is a homeomorphism f: M — M x s x O such that the projection pyf: M — M
is limited by @1, where C‘l is any open cover of M such that stz(ol) refines C.
Write Q\s as a countable union of compact sets Ll, Lz’ ¢+, Let K;=Bx
UM x s x L). Then each K; is a fibre Z-set in B x M. By Theorem 1 there is
an isomorphism f, of B x M limited by B x Ol such that /l(K) n (Un>0 K)=g.
Thus K'=(idg x Nf,(K)CBx Mx (s x s) and K' is closed in Bx Mx s x 0.
Using Lemma 3.4 of [7] there is a (B x M)-preserving homeomorphism f, of (Bx M)
x sx Q onto (Bx M) x sxQx s such that f,(K) C(Bx M) x sx Qx {0}. Let
f3=idgx ["Ixid: Bx(Mx sx Q) xs—=BxMxs. Then b=/,f,(idgx f)f;
is a B-preserving homeomorphism of B x M onto B x M x s sending K into B x
M x {0} and the projection ppg yb is limited by U

Since we can always choose convex open covers for M (recall that M is being
considered as an open subset in s), we have

Corollary 1. If B is compact, then the projection pg y: Bx Mx s — Bx M
can be approximated by B-preserving homeomorphism b: Bx Mx s — B x M (that
is, for any open cover U of B x M, we can choose b so that b is U-close to

Ppsu)-

Corollary 2. Let K be a closed fibre Z-set in B x M of bundle (B x M, p, B).
Then there is an open imbedding b of B x M into B x s such that KK) is closed
in B x s.

Proof. By Theorem 2 and the open imbedding theorem of Henderson [6], there
is an open imbedding f=idgx f; of Bx M onto Bx (Ux sy % 52) such that f(K)
CBx Ux s, x {0}, where U is open in s, and {s;}%_, are copies of s. Since
B x M is topologically complete, so is K. Thus there is a closed imbedding g of



HOMEOMORPHISMS OF INFINITE DIMENSIONAL BUNDLES, II 265

(Ppy s ox SII(x), g(x)) is a closed imbedding. Since f(K) can be regarded as a
closed subset of B x U x sy, the map ¢: f(K) — g(K) defined by (f(x)) = g(x)
extends to amap ¢; of B x U x s, into s,. Now regard s, as a linear space
with addition ‘‘+”’. Define f; of (B x Ux s,) x s, onto itself by /](x, y) =
(x, ¢,(x) +y). [, is a B-preserving homeomorphism such that f,/(K) = 8,(K),
which is closed in B x s, where s=s;x s, xs,. Then b= {,f is a required
imbedding.

K into s,. Then the map g,: K— Bx sy x s, x s, defined by g,(») =

Theorem 3 (extraction). Let K C E be locally closed such that cl(K) is a
fibre Z-set in bundle (E, p, B). Then K can be strongly extracted from E.

More generally if K is a countable union of locally closed sets K, K,, .-
such that each cl(Kl.) is a fibre Z-set in E, then for any open cover U of E,
there is an (E, U)-extraction of K from E.

Proof. Let K be given by the first half of the theorem. If E is the product
bundle (B x M, p, B) we can apply Theorem 2 of this paper and Lemma 5.1 of [7]
to obtain a strong extraction of K from E. In general we can, by hypothesis of
E, write E as U,,,;p~(B,) where each B, is a subpolyhedron of B and
b~ l(Bi) is trivial. Thus there is, for each i, a strong extraction of K N p~ I(Bi)
from p~ l(Bi). Using the convergence procedure of [1] we can, in a straight-
forward manner, obtain a strong extraction of K from E. Once this is done, the
convergence procedure also provides an (E, U)-extraction of K from E, where K
and U are given by the second half of the theorem.

Theorem 4 (Mapping replacement). Let A be a separable complete metric
space and let X C A be closed. Suppose [ A — E is a map such that f|y is an
imbedding sending X onto a closed fibre Z-set. Then for any open cover U of
cl(f(A)) there is an imbedding g: A — E U-close to [ such that glx = flx» pelx)
= pf(x) for all x and glA) is a closed fibre Z-set.

The proof is based on the following lemma whose proof resembles Lemma

2.4 of [3].

Lemma 2. Suppose E is trivial and A, X, { and U are given as above.
Then for any closed set Y C A and any open set U for which (X U Y) CU, there
is amap g: A -~ E, U-close to f, satisfying (1) gx) = f(x) for x € X U(A\U),

(2) pe(x) = pf(x) for all x, and (3) gly,y is an imbedding of X UY onto a
closed fibre Z-set.

Proof. By Anderson-Schori [4], Theorem 2 of this paper and Lemma 3.3 of
[7) we may, without loss of generality, assume that M is M x s and cl(f(A)) C
B x M x {0}. By techniques of Anderson-McCharen [3] there is a sequence of
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maps g,, g+ : Bx M— [0, 1), such that (1) for all 7, g{x) >0 whenever x €
cl(f(A)), and (2) for each x € cl(f(A)), there isa U € U for which (x, y) €U when-
ever y=(y,) €5 and |y,| <g(x) forall i. Let ¢: A— [0, 1] be a map such that
¢~ X0) = Xu (A\U). By hypothesis there is a closed imbedding b of A into s
such that, for any @ € A, all coordinates of h(a) are positive. Then g: A — E
defined as follows fulfills all the requirements of the lemma:

gla) = (1(a), f,(a)),

where | l(a) =(¢(a) . 31‘( (d) . .n,-b(a))i € s (n;Ma) = the ith-coordinate of h(a)).

Proof of Theorem 4. Let {T },{V } be locally finite open covers of B such
that, for all i, cl(T,) CV; and p~Hcl(V)) is erivial. Let Y, = f~Np~UcT )
and U, = f~1p~ YV ). Then {Y,} is alocally finite covering of A. Note that
cl(U) C f~1p=Ycl(V)). By Lemma 2 there is amap g, of A; = cl(U,) into E
such that (1) g,(x) = f(x) for x €(X N A, U (4,\U),), (2) pglx) = p/(x) for all
x€A,, (3) 3l|(XnA DuYy is a closed imbedding whose image is a fibre Z-set of
E, and (4) 8, is ‘ul-close to ”AI where 111 is an open cover of cl(f(A)) such
thar S3(U ) refines U. By (1) we can extend the domain of g, to A satisfying
g, = f(x) for x €X, pg, =pf, 31’XUY1 is a closed imbedding whose image is
a fibre Z-set and g, is c|.ll-¢:lose to /. By the same manner we can construct
mappings g,, g3,+++ of A into E satisfying, for each n, g,(x) = f(x) for x €X,
g, = bl 3n|XUY10---UY,, is a closed imbedding whose image is a closed fibre
Z-set and g, is ‘Un-close to f, where ‘ll,, is an open cover of cl(f(A)) such that
s:3(‘ll,,) refines 11"_ y+ The mapping g for the theorem clearly follows.

Theorem 5 (Extending homeomorphism). Let G = {g,} be a homotopy of a com-
plete separable metric space A into E such that (1) gy, g, are imbeddings of A
onto closed fibre Z-sets in E, and (2) pGia} x I) = {point} for all a € A. Then
there is an isotopy {h,} on E such that by =id and bhyg, = g;.

Moreover, if E is trivial, then for any open neighborbood U of cl(G(A x I))
and any open cover U of U for which G is limited, we may choose {bti to be a
(U, st (W))-isotopy.

To give a proof we need the following lemma.

Lemma 3. Let A be a space. Suppose there is a closed imbedding G of
A x I onto a fibre Z-set in B x M of product bundle (B x M, p, B) such that for
any a €A, pG(la} x I) = {point}. Let ¢: A — I be a map.

Then for any closed sets By, B, in B such that B, CInt(B)), there is an
isotopy on B x M such that (a) by = id, (b) b;G((a, Ha))) = Gla, 1) for all
(a, ) €A,, and (c) for each t, h(x) = x for all x € A, where
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A= {Gla, $(a)): a € A, pGlial x I) € B}

and

A, = p7pG(@™1(1) x D U (B\Iat B))).
Moreover, we may choose {h } so that b Gl(a, Ha))) € Glialx 1) for all 4, .

Proof. Using Theorem 2 of this paper, the open imbedding theorem of
Henderson [6] together with the techniques of Anderson-McCharen, there is a B-
preserving open imbedding / of B x M into B x s x I such that fG(Ax ) = A’ x
[1/3, 2/3], where A’ is a closed M-projective Z-set in B x M x {0}, and the
imbedding fG takes each {a} x I order preservingly onto {a’}x [1/3, 2/3] for
some a' € B x M.

By techniques of Lemma 4.1 of Anderson-McCharen, there is a bundle isotopy
{f,} of product bundle (B x (s x I), p, B) supported on (B x M) such that f =
id, /,/G((a, ¢(a))) = [G(a, 1) for all a € A; and, for all ¢, f,{(x) = f(x) for all
x €A,. In fact {f,} is a motion such that, for each a' € BxM, ) agrsat is an
endpoints preserving isotopy such that f,fG((a, P(a))) € fG({a} x ]) for all 4, ¢.
th,= " l/t/ } is an isotopy on B x M which clearly fulfills all the requirements
of the lemma.

Proof of Theorem 5. The second half (whete E is assumed trivial) of
Theotem 5 follows immediately from Theorem 2 of this paper and Lemma 3.6 of
[71.

To prove the first half, first suppose gyo(4) Ng,(A) = &. Thus G'Axlo. 1}
is a closed imbedding onto a fibre Z-set of E. By virtue of the mapping replace-
ment theorem we may assume G is a closed imbedding. Let {T}, {V } be star-
finite open covers of B such that, for each i, cl(T) CV; and p"l(cl(Vi)) is
trivial. Let Y, ={a € A: pG(lal x I) € T,}. By virtue of Lemma 3 (in particular,
Lemma 3(c)) there is an isotopy {b,,} on E which satisfies the following proper-
ties: (1) by, =id, (2) h,80(a) = g,(a) forall a € Y,, and (3) for all a, by,80(a)
€ G({a} x I).

by, induces a map ¢;: A — I such that, for any g, Gla, qbl(a)) = bugo(a).
By virtue of Lemma 3 again there is an isotopy {,,} on E such that b, = id,
hy180(@) = g,(@) forall a €Yy, by g(a) €Qlalx D) forall a and byf,-1(7,)

=id for all &
Inductively we can construct isotopies lbn 1‘7;21 on E such that for each n,

bo=id, b, 18,(a) = g,(a) forall a€Y,, b, g,(a) €Gllalx ] forall a and
bl p- U(T U Tpe ) = id for all t. We now define an isotopy on E in the
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following. Fill in the levels E x [0, 1/2] (order preservingly) with {b, }; the
levels E x [1/2, 2/3) with {b, b, !, the levels E x [2/3, 3/4] with {b; b, b .},
and so on. Denote the homeomorphism on E at the #th level by b,. Since each
point x €E can be moved by at most finitely many b,, the limit lim,_; b, =
lim,_ b,y +++ b, exists. Denote the limit by b,. {5} is a desired isotopy.
Finally if go(A) N g,(A) £ &, by Theorem 1 there is an isotopy {p,} on E
such that p, = id and p,(g,(4)) N g,(A) = F. Thus we may use the special case
above to construct an isotopy {A,} on E such that Ay = id and A;(p,g4(a) =
g,(a) forall a €A. {u,} followed by {A} clearly gives an isotopy for the theorem.

Corollary 3. Let K,, K, be closed fibre Z-sets in A, x M of product bundle
(An x M, p, An) over n-simplex A , n> 1, such that K; N p"l(Bd A") =K,n
p-¥Bd A)). Suppose there is a bundle homotopy lg,} of K, onto K, such that

g = id, gy Ky — K, is a homeomorphism and g, -l(IBdA,,) = id for all t;

|’<mp
then there is a (bundle) isotopy b} on B x M such that by = id, bl'Kl =g, and

blp-1(paa, =id forall ¢
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