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ABSTRACT. The I? theories are known of the summation formula involving a,(n), the
sum of the kth power of divisors of n, as coefficients, for all k except k = 1. In this paper,
techniques are used to overcome the extra convergence difficulty of the case k = 1, to
establish a symmetric formula connecting the sums of the form 3 o,(n)n~V2f(n) and
> 0,(n)n~Y2g(n), where f(x) and g(x) are Hankel transforms of each other.

1. Introduction. The summation formulae connecting the sums of the form

So(mf(n) and 3 o(n)g(n)

are known to exist for most values of k, where o, () denotes the sum of the kth
powers of the divisors of n and f(x) and g(x) are Watson or Fourier transforms
of each other. For instance, if k = 0 there is the well-known Voronoi formula
[10]; if 0 < |k| < 1 a formula has been given by A. P. Guinand [5] and if £ > 1
a formula has been given by the author [8]. The author and Guinand use the
theory of transforms of functions of I?-class, but this theory fails when k = 1.
However, A. P. Guinand points out that if I7(0, ), (1 < p < 2) is used, his
result could be extended to include the case |k| < 2, the sum being Riesz
summable (R, n,2). But he does not give any details, and the result then loses its
symmetry. Moreover, higher order of summability has to be used.

In this paper we deal with the case k = 1 and establish a symmetric formula,
using I? theory, connecting the sums

So(mnVf(n) and I o(n)n~V2g(n),

where flx) and g(x) are Fourier transforms with respect to the kernel
—27J,(47xY2) and belong to a class of functions defined below. The series are
summable (R,n,1) by Riesz means. We shall write a(n) for o,(n), the sum of
divisors of n.

Definition. A function f(x) € G{(0, ) if and only if for a fixed A > 1/p and
p > 1 there exists a.e. a function f®(x) such that

() fG) = (YTW) 2 ¢ = )" O@)dr, x > 0,

(ii) x*fN(x) € I#(0, ).
The function f®(x) is the Ath derivative of f{x) where A is an integer. Such a class
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of functions has been defined by A. P. Guinand [4] and J. B. Miller [7]. It can be
shown that if f(x) € G{(0, c0) then,

@ x*V2fO(x) >0 asx—=>00re,0<r<A
@) f(x) € (0, 0).

The class of functions G# is a subclass of I2. In this paper we shall use only the
class G3(0, c0).

2. The kernel. Consider the Hankel kernel

(L1

k(x) = —2mJ; (4mxV?),

where J;(x) is the usual Bessel function of order 1. Its Mellin transform is

K(s) = f k(x)x* dx, -1/2 < R(s) < 3/4,
@n = (1/m)@27)"*T(s — 1/2)I(s + 1/2)cos sm,
= (/2 - $)8(3/2 = 9)/8(s — 1/2)8(s + 1/2),

where {(s) is the Riemann zeta-function.
Now define

1 (VT (s+3/2)(s + 1/2)
T-»eo 27" V2-iT (7/ 2- s)(5/ 2- S)(3/ 2- S)

The integral converges in mean-square and consequently x~!m(x) € I*(0, o),
and m(x) is a generalized Hankel kernel in Watson’s sense [11]. The integral
above can easily be evaluated [3, p. 236] to give m(x) = —xV2J;(4wx"2). To show
the connection between k(x) and m(x), let us define

m(x) =

K(s)x'~*ds.

1 Y/2+iT K(s)

lim l-:
T—beo 21" V2-iT 3/2 - S ds.

A(x) =
Then k(x) is given by
A(x) = xV2 fox tV2k(t)dt.
Now define
B(x) = 3x¥2 [[* A(upuV2du — A(x).

Then m(x) is given by
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m(x) = 5x75/2 j;x B(u)yu?/2du — B(x).

3. The preliminary results. We shall need the following results.

Lemma 3.1. If f(x) € G3(0, o0), then f(x) has a transform g(x) with respect to the
Hankel kernel k(x), defined above. That is, both

g0) = [ k(s f(x) = [7 s@kxia,

where k(x) = —2nuJ;(4mxV/?).

Lemma 3.2. If f(x) and g(x) are as defined in Lemma 3.1, then

F(x) = x5*(d/dx)*(x~V*f(x)} and G(x) = x5/*(d/dx)*{x~"2g(x)}

are m-transforms [2] of the class I*(0, c0), where m(x) = —x~V2J;(4wx"?). That is,

x o 1
[ #1260 = s [ ™ py 4

exists a.e. for x > 0. Also the reciprocal relation holds a.e. for x > 0.

Both of these are known results; they can be obtained as special cases of the
results in Miller [7] and Guinand [5), respectively.
Next, consider the function

o #0= {g o) (s — 1) — T + g amtat = 2mx 41 - e""‘)}x‘sfz

= h(x)x=5/2,
say. It is known that [12, p. 415],
(2) S oln)(x - m) = x4 3xF = O(x¥%) asx = 00,6 > 0.
n<x

Then,
o(x) = O(x~"6+)  asx — oo,
= O(x"?) asx —0.
Therefore ¢(x) € I?(0, o0) and consequently has a Mellin transform
®(s) € I2(1/2 - ic0, 1/2 + i0),

where ®(s) = f5° ¢(x)x*!dx. The integral is absolutely convergent for —1/2
< R(s) < 7/6. Now, for —1/2 < R(s) < 7/6
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29 = [ { 3 o - - T
+ -87’2-(27r2x2 —2mx+1- e""‘)}x"”zdx
= [T {3 et - 2) - Joxt + st Jar
+ gﬁf’ xs2dx — 3—”;L' x=V2dx — 4lﬂf,°° x+=5/2dx

2
- Lﬂz{j: (e"z"" -1+ 2mx — ——(21?) )x"7/2dx +j;°° e'z""x"mdx}

1 a2 1 1
= §() + g2 h(s) = 3gB(s) — 7. 4(s) — 53550,
say. Now in the convergence strip —1/2 < R(s) < 7/6

12(3) = -;Tlg-/i’ I3(S) = rll/i’ L(s) = _s_—l3/—2’

and these expressions give the analytic continuations of these functions for
s # 5/2, —1/2, 3/2 respectively. Now consider

2
]5(3) = ]: {e-qu — 14 27x — (_2172&},‘:—7/2“ +,/l‘°° e~27% =12 gx.

This defines an analytic function within the strip, and gives the continuation for
all R(s) > —1/2. For the part of the latter region where R(s) > 5/2, this can be
rearranged as

L) = f e=2mx 512 gy — f x=V2dx + 2 f X512 dx — 22 f x=32dx

1 + 2r 27
=52 5=32 s-12'
That is, k(s) is equal to (27)?~*T(s — 5/2) less the principal parts at s = 1/2,
3/2, 5/2. Hence the latter expression gives the analytic continuation of k(s) for
all s, except s = —1/2, —3/2, —5/2,.... The analytic continuation of the
contribution of k(s), k(s), L(s), I(s) to ®(s) is therefore given by

= (20)**T(s - 5/2) —

_1 1 11 Qe
Sis=52 36:;712 ms=32 8Z 1652
1 1 1 1 1 1

T8Ps—52 Wms—3/2 4s-1)2

1 1 m?

1 —s
= 35T e 2@ e = 5/2).
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That is, for R(s) < 7/6, s # —1/2, =3/2, —5/2, ..., ®(s) has an analytic contin-
uation given by
o(s) = foo { S o(n)(x —n) - ﬁx’ + lxz}x""/’dx
(T 36 4
I U U
45-1/2 36(s+1/2
Now for R(s) < —1/2,

- %(2ﬂ)v=-=r(s - 5/2).

] m (o 1 feo
®(s) =ﬁ 'gx o(n)(x — n)x*"2dx — %j; xV2dx + zj; x+32dx

+l 1 7
45—1/2 36(s +1/2

= f,m 2, oG — n)xTdx %(Zﬂ)vz"l‘(s -5/2).

The integral in the right-hand side is
[7 3 omar [T xmrax = 5/2- 97 [T 3 oleer2a
= 5/2- 9 Slel) + -+ + o) [ -2
= [(s— 5/2)(s - 3/2)I" §. o2,

- 3 (m)/rT(s — 5/2)

It is well known that

3, om0 = G~ JOXG + 40, RE) > max(l + 1 - 4K).
And if we put k = 1 and replace s by 1 — s, we obtain
3, ol = (V2 - XG/2 -9, R <-4,
Thus, by analytic continuation, we have for all s
o) = [ = 5/2)(6 = 3/ 52 = K G/2 - 9
~ 3@n)/*T(s - 5/2)
Lemma 3.3. Let ¢(x) be a function defined by (3.1). Then

(3.3)

fox t52¢(8)dt = x5/? fo” Mt)@dt,

where m(x) = —xV2Jy(4mxV?).
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Proof. Since ¢(x) and m(x)/t both belong to L*(0, o), by Parseval’s theorem
for Mellin transforms

x5/2 ‘L‘ B Mt)”@dt
G4 | [V (s +3/2)(s + 1/2)
=i e T ITE G2 - D2 =9 RO

By (2.1) and (3.3)

_$B3/2=s5¢0/2—3)
K@l - ) = <5 Ty

— (20)V2*T(s + 1/2)T(s — 1/2)T(~s — 3/2)cos sw
_G/2- k(W29 _ _ a@m) V2
=G IDe D) GryeT eV
Now, the right-hand side of (3.4) yields

1 [V (832 - K(1/2 = 9) e
% e LG = 526 = 3/2) - 301G 5/2)}7/2

The bracketed expression in the integrand above is the Mellin transform of ¢(x),
and the other factor is /(1 — s) where /(s) is the Mellin transform of the function
t52 if 0 <t < x; 0 if t > x. Therefore, by Parseval’s theorem for Mellin
transform the above integral is equal to fg° ¢(s)¢%/2dt, which proves the lemma.
Thus ¢(x) is self-reciprocal with respect to the generalized Hankel kernel m(x).

4. The summation formula. If the assumptions of Lemmas 3.2 and 3.3 are
satisfied, then by Parseval’s theorem for the pairs ¢(x), ¢(x) and F(x), G(x), we
have f° ¢(x) F(x)dx = f5° ¢(x)G(x)dx, or,

@y Jim [ h(x)(%)z{x-l/zf(x)}dx = Jim [ h(x)(%)z{x-lﬂg(x)}dx.

Let us consider first the left-hand side of (4.1). Integrating by parts twice, we
obtain

“2)  Jm, {h(x)dix(x-'”f(x)} )21 + [ V() dx},

where &’ and h” denote the first derivative and second derivative of A. By (1.1),
the integrated terms are O(x) as x — 0 and consequently vanish. At x = N, the
first integrated term, in (4.2) by (3.2) and (1.1), gives limy_,, O(N-%/3+¢) = 0. The
second term at x = N, however, will be shown limitable to zero by Riesz means
(R,N,1) as N — o0. It is to be noted that [10, p. 413]
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K(x) = Ex o(n) — %xz + 714”-(2wx -1+ ¢e2™)
(4.3) = O(xlogx), x— oo,
=0(x?), x-0.

Also, f(x) = O(x~V2), x = 0 or co.
Thus the second integrated term in (4.2) is Olog N) —» o as N — co.
The expression (4.2) can now be written as
Jim —K(N)N-Vf(N)
. N w2 1
+fim [ x“/zf(x){D[Ex o(n)] ~Txt s- e—w)}dx,
= Jim {S;(V) + S;(V)),

say. We shall show that [’ S;(/)dt = O(N), as N > . Now,

1Y 1V
131_130 v L Si()dt = —131_{1010 ¥ j; K@Ot=V2f () dt.

In the above integral, split the range of integration (0,N), into (0,1) and (1,N). The
integral with the range (0,1), contributes a term which is limy_,, O{(1/N) fg tdt}
= (. By integrating by parts the integral with the range (1,N), we get

@4 iim w{porrrow - [ mopt-ves@la}.

By using the results (1.1) and (3.2), it can be shown that the integrated term
vanishes as N — oo.
Therefore, the expression (4.4) reduces to

~ lim + Nh(t)D[t"/2 ®ldt = 1li Lo f Y w32 de
oo N ), f =N\
| )
= }1}& No(Ns/we) = 'P_{& O(N-V6+e) = (,
by (1.1) and (3.2) again, and consequently
1 [y
Jim Nj; Si(Hdt =0,

that is, S,(N) is limitable (R,N,1) by Riesz means to zero as N = 0. Next,
consider
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Jim " 0 = fim 5{ " [ s 0a( 3, o)
~[Ta x"'/zf(x)(%zx -2+ % e-Z-x) dx}
= i {01 -5) (3. 0)
-2 f" x"'/zf(x)(%—zx 1+ e""‘) (1 - %)dx}

SR

-1/2 foN x"/zf(x)(%zx -1+ e‘z")(l - %)h},

by Stieltjes integration since 3, <, o(n) is a steadily increasing step function. Thus
the left-hand side of (4.1) is reduced to the above expression. On treating the
right-hand side of the equation (4.1) in the same manner, we obtain an expression
similar to the last one in g(x). Hence our main theorem:

Theorem. Let f(x) € G3(0, o), and define a function g(x) by
g0) = [ 7 fOk(ar, x>0,
where k(x) = —2J,(4nxV2). Then g(x) € G3(0, 0), and

i oo eso1-3)

N
—1/2];N x“/zf(x)(%zx -1+ e'z"")(l - I%’) dx}

- {3 soreuin(1-3)

-1/2 ](;N x“/zg(x)(-g—zx -1+ e""‘) (l - %)dx}
Also, f(x) = f55° g(Dk(xt)dt, x > 0.
5. Examples. 1. Let f(x) = (e72" — ¢~2*)x-V2, g, b > 0. Then
g(x) = (e—2'x/a - —2nx/b) x-l/2.

It can be verified that f(x) and g(x) satisfy the conditions of the main theorem.
Thus
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g (3 28— (1-5)

- 1/2";” %(e‘z"‘"‘ — e7bx) (%zx -1+ e‘z")(l - %) dx}

- jin {3 e - ) (1- £

v l ﬂz —LuX x
~1/2 ﬁ L (e-texe — gmae) (-3—x 14 )(1 - N) dx},

provided one of the limits exists. It is obvious that the above identity exists and
without the convergence factors, therefore, it can be written as

2 o(n) o) -2man _ g-2eim) _ 2 o(n) o) (-2en/a _ g-2enps)

=12 f _[(e-Zm — 2bx) — (g~2ex/a — e-zn:/b)]("’_2 x—1+ e"") dx.
The right-hand side yields
% j; ® (e — g=2mr) gy — T f (e-27+/a — =2mx/b) g
-12 fo ® (e~2rex — e-21bx)%dx
+1/2 f % (e~2wsla — e-21x/b).l_ dx +1/2 f % (e-2rat)) — e’"‘(“‘))%dx
-12 f (e-2mx(1+Va) — —2-x(l+l/b)) dx = _(l Ny iﬂi(" -b)

12\a b

b b+1 alb + 1)
‘°g +3 I° £ 21°ga+1"lgb(a+1)

{9 (o)t

$ ooy 3
1) "= .

5G9}t
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A special case of this formula is a known result [6], and is derived below. Let
b = 1; then

(5.2) 2 0(") e~2man _ 2 0(”) e~2mla — l_qrz.(l a) + % log a.

n=1 n=1

Now,

2 o(n) e~ — i i 1’;:e-2wlm - i log(1 — e2ram)

n=1 I=]1 m=1 m=1

—log ﬁ; (1 — ¢~2mam),

Il

Similarly,

2 o(n) e~2mfa = _log H (1 _ e—21rm/a)

Therefore, (5.2) becomes
= 2em/ (1 1 * —2ema
logmll[l(l—e"'"“')=-ﬁ(z-a)+§loga+logml'_ll(l— )

or,

ﬁ(]_ —Zm/a)— 1/2 o l_ )ﬁ(l_ —2m)

I e =alexp 13\ ;- a) IL e .
This is a well-known result in the theory of elliptic modular functions [6]. Also
the above formula can be considered as a transformation formula for n(ia) where
n(z) is Dedekind’s eta-function.

2. Let f(x) = x¥2exp(—2max), a > 0. Then

glx) = —2n fow tV2exp(—2mat)J, (4mxV2¢Y2) dt
= —a72xV2exp(—2nx/a).

On substituting the values for f{x) and g(x) in the main theorem, and evaluating
the integrals, we get the identity A

2 o(n)exp(—2man) + a2 2 o(n)exp(—27nn/a) = 24(1 + ) 4:”1

Now let a = 1 and obtain

2 2 o(n)exp(—2mn) = LZ - %
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If we write

g}l o(n)exp(—2mn) = § § me=2nim

I=]1 m=1

0 © o L m
= m e""'=2-————
Z lgl et — |’

m=] m=1

the above identity becomes

S~ m 1 1
2§

m=1

We note that many identities of the type given in [1] can be established as
special cases of the main theorem but in most cases the integrals involved cannot
be evaluated explicitly.
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