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ABSTRACT. Let G be a finitely-generated group acting on a set X and
let A be a nonempty subset of X. If G has polynomial growth then there ex~
ists a finitely-additive G-invariant positive extended real«valued measure p
defined on all subsets of X such that u(4)=1. When G is solvable, it has
polynomial growth if and only if it does not contain a free subsemigroup on two
generators. If G contains a free subsemigroup S on two generators, then G has
exponential growth and there does not exist a measure p as above with G act-
ing on itself by multiplication and 4 = S.

Introduction. Let G be a group acting on a set X. Let A C X with A non-
empty. The invariant measure problem here is when does there exist a finitely-
additive G-invariant measure p defined on all subsets of X with values in [0, o]
such that p(A)=1? When the group G is amenable it is well known that this is
equivalent to whenever @,,.++,a, € R and g 4+++,g, € G then E?gl"ixg,-A >0
implies 2:.‘=1a‘. > 0. We say a group G is supramenable if whenever G acts on a set X
and AC X is nonempty, there exists a measure p as above.

For solvable groups supramenability is nicely related to certain growth conditions in
the group. We say the group G is exponentially bounded when for any finite symmetric F
C G with e € F we have (card FN)!/N tendsto 1 as N — . If G is exponen-
tially bounded then it is supramenable. Nilpotent groups have this property and
are therefore supramenable. For finitely-generated solvable groups either we
have a nilpotent subgroup of finite index and the group is supramenable or there
is a subsemigroup on two free generators. These cases are mutually exclusive
since, in the first, for all finite symmetric F C G with e € F there exists K, L >
0 such that card (FY) < KNL for all N >1; while, in the second, if @ and b
generate a free subsemigroup then card ({a, b}¥)> 2" forall N >1. Also, any
group G which contains some free subsemigroup S generated by @ and b is
not supramenable in an obvious way since aSuUbS C S while &S is disjoint from
bS and so there does not exist a G-invariant finitely-additive measure g on G
such that p(§)=1. It follows from this that a solvable group is either
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34 J. M. ROSENBLATT

exponentially bounded and hence supramenable or it contains a free subsemigroup on two
generators but not both, This is also true for connected locally compact groups.

0. Preliminaries. We will let Z, Q, R, and C denote the integers, the ra-
tional numbers, the real numbers, and the complex numbers respectively. Let z*,
Q", R* be the positive elements of Z, 0, and R respectively. For ¢ € C, |c]|
denotes the absolute value of c. We will sometimes extend the real nupbers by
oo with @+ oc = o forall a € RUfec}. For p € z*, RP- {(rl,n-,r’): Ty

r, € R} is p-dimensional Euclidian space.

b

CP=KCI""’ Cp): Cl9"'9 Cp GC} aﬂd ZP=§(21,-~-,zp): 219""20 62‘0

Given a set X and a subset A of X by x, we will denote the characteris-
tic function of A defined on X by x,(x)=1if x € A, x,(x)=0if x ¢ A. ||A]
will denote the cardinality of a finite set A. If S is a finite sequence (sl,u- ,sn)
then |s|| = n. Foraset AC X and a finite sequence S=(sy-++,5,), [|ANS]
= E:.'glx als 1.). This is consistent with the case that § has no repetitions and is
considered as a finite set. For sets A and B, A A B = (A\B)U(B\A).

For general group theory see Rotman [18] and Magnus, Karass, and Solitar
[12]. We say a semigroup S generated by distinct elements Xyseees %, is freely
generated by x,,¢-+, x_ if and only if whenever Xttt K =%t %, then & =
t and (il,o-- , ik)= ('1"" , r‘).

Greenleaf [5] is a good reference for the subject of amenable groups and for
von Neumann’s work introducing the subject of G-invariant finitely-additive mea-
ures. As in Greenleaf [5]a finitely-additive measure on a set X is a function [
defined on all subsets of X with values in [0, =] such that when A and B are
disjoint subsets of X, u(A U B) = p(A) + p(B). When a group G acts on X then p
is G-invariant if p(gS) = p(S) forall SC X and g € G.

1. The translate property. The problem of the existence of a G-invariant
finitely-additive measure on X can be stated in terms of functional analysis. Let
G be a group acting on a set X. Let A be a nonempty subset of X. We say a
subset B of X is A-bounded provided that there exists g, ,++, g, € G with
U;"lgiA D B. Given a function f: X — R by supp [ we denote {x € X: f(x) 4 0}
Let B A(X) denote the linear space under pointwise addition of all bounded functions
f: X — R with supp { A-bounded. G acts as a group of linear transformations of
B4 (X) by letting gf(x) = f(g™!x) forall g € G, [ € BfX),and x € X. A linear
functional ¢ on B,(X) is G-invariant if ¢(gf) = p(f) forall g € G and [ €
BX).

We have the usual vector ordering in B,y(X); /> 0 if and only if f(x) € R* forall x
€X. A linear functional ¢ on B,(X) is then positive if $(f)> 0 whenever /> 0.
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The following two propositions can be found in Greenleaf [5]

1.1 Proposition. There is a G-invariant finitely- additive measure p on X
such that p(A) =1 if and only if there is a G-invariant positive linear functional
¢ on BA(X) such that ¢y =1.

1.2 Proposition. Let S, be the span {ng :8 € Gl If G is amenable there
is @ G- invariant finitely- additive measure p on X such that p(A) =1 if and only
if there is a G-invariant positive linear functional ¢ on S, such that ¢(XA') =1.

1.2 Corollary. There is a G-invariant positive linear functional ¢ on S,
such that ¢(x4)=1 if and only if when a,,+++,a, € R and g s+++»g, € G,
Z?SIaixgiA 2 0 implies 27 _a,> 0.

Proof. The only if part is immediate since ¢(2:.'=laix8i a)= 27,4, The
:"alai' o

We say the translate property holds if the condition of Corollary 1.2 holds.
We will say there is an invariant for (G, X, A) if the condition of Proposition 1.1
holds. An invariant for (G, X, A) will be any linear functional ¢ as in 1.1. It

should be understood that whenever (G, X, A) is written we mean G is a group

converse follows by defining ¢: 27_ja.x eA p

acting on a set X and A is a nonempty subset of X.

2. Free subsemigroups and other examples.

2.1 Examples. The most trivial example is when G is any groupand AC X
is a finite set. Let n=||A||. Then we can define a G-invariant finitely-addi-
tive measure p by p(S) = n~ Y| S| forall SC X and p(4) will be 1. So we will
be interested in general in only infinite subsets A C X. Also, if the group G is
finite and A is arbitrary then we can define a G-invariant finitely-additive mea-
sure p by taking x, € X fixed and letting pu(S) = || SNGx, [ If we choose x, €
A then v = /|| ANGx | will be a G-invariant finitely-additive measure on all
subsets of X with v(4)=1. So in general we will also only be interested in in-
finite groups.

2.2 Examples. Let G be a locally compact Hausdorff topological group.
Let G act on itself by the group multiplication. Let U C G be a measurable set
with 0o >m{(U) > 0 where m is left-invariant Haar measure. Then (G, G, U) has the

translate property since whenever 2:.', 19Xg.0 2 0 then
3 i -
n n n
0< a; dm = amg.lU) = a m(U).
- f <z§l zxgl.U> ,.-.Zi 8 §l i

So 2?:1“:‘ > 0. Hence, if the underlying group structure of G is amenable, then

there exists an invariant for (G, G, U).
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However, not all locally compact T, groups are amenable. It was shown by
von Neumann [19], see also Greenleaf [5], that SO(3, R) is a compact Lie group
which contains a subgroup on two free generators. Hence, SO(3, R) as a discrete
group is not amenable. More is true; if UC SO(3, R) is a nonempty open set
then U has the translate property since, with respect to Haar measure m on
§0(3, R), m(U) > 0. But B,(SO(3, R)) =1 (SO(3, R)) by compactness of SO(3, R).
Therefore there does not exist an invariant @ for (SO(3, R), SO(3, R), U) since a
constant multiple of it would be a left-invariant mean for SO(3, R) as a discrete
group which does not exist.

In general, if G is an amenable groupand B C G with G B-bounded then
there exists an invariant for (G, G, B). Also any subgroup B of an amenable G
will give an invariant for (G, G, B) since subgroups satisfy the translate prop-
erty. To see this assume B is a subgroup of G and @,,:++,a, € R, g,s°++>g,
€ G such that E?ﬂaixgia > 0. We can choose x,,+++,x_ each in a distinct
coset among the cosets {g.B:i=1,-++,n}. Then 0< zz.”glziﬂaixgiB(x’.) =
2:.’31ai. Hence, when G is an amenable group there exists an invariant for
(G, G, B) when B is a subgroup of G. This is only slightly stronger than saying
subgroups of amenable groups are amenable.

2.3 Examples. The nonexistence of an invariant for (SO(3), SO(3), U)
where U is a nonempty open set is due to the existence of a subgroup on two
free generators. A related example is important here. If we consider any
(G, G, S) where § is a free subsemigroup on two generators @ and b then aS U
bSC S and aS§ is disjoint from bS. We write this @S w b5 C S. In this case there
cannot exist an invariant 0 for (G, G, S).

2.4 Proposition. Let G be a group and A C G some nonempty subset. When
there exists a, b € G with aA U bA C A then either a and b generate a free sub-
semigroup or there exists z in the subsemigroup generated by a and b such that
zA C aA N bA.

Proof. Suppose a and b do not generate a free subsemigroup. Then there
exist two formal positive power words W(x, y) # V(x, y) such that W(a, b) =
V(a, b). If both words are nonempty then they may have the same first entry on
the left; but by cancelling on the left we may assume without loss of generality
that this is not the case. Now if one of the words is empty, say W(x, y), then A
= eA = V(a, b)A. Using aA UbAC A we get V(a, b)AC vA where v is the first
entry on the left of V(a, b) which exists since V(x, y) # W(x, y) and is conse-
quently nonempty. Hence, let z=a if v=1>b or vice versa; then zA C aA N bA.
If neither word is empty then let v and w be the first entry on the left of V(a, b)
and W(a, b) respectively. Let z = W(a, b) = V(a, b). Then using aAUbA C A we
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we have zA CvA and zA C wA. Since V(x, y) and W(x, y) were originally re-
duced so that v £ w we have zZA CaANbA. O

2.5 Corollary. G contains a free subsemigroup on two generators if and only
if there exists AC G nonempty and a, b € G such that aA v bAC A. In this case
a, b generate a free subsemigroup.

Proof. Immediate from Proposition 2.4 and Example 2.3 which precedes it. O

2.6 Corollary. A group G contains a free subsemigroup on two generators if
and only if there exists AC G nonempty and g,s+++,g, € G with n>2 and Xa—
z?:lxgiA 20.

Proof. Corollary 2.5 in disguise. O
We can get a slightly stronger version of Proposition 2.4 as a corollary.

2.7 Corollary. Let G be a group and AC G some nonempty subset. Assume
there exist g ,+++,g, € G with U:'. 18;A C A. Then when the subsemigroup S
generated by g,,+++, g, does not contain a free subsemigroup on two generators
there exists x € § with xAC n?,l gA

Proof. Either g,AuUg,A D x,A with x, in the subsemigroup generated by
g, and g, or g, and g, generate a free subsemigroup. This is directly from
Proposition 2.4. So there exists x, € G with x,ACg AN g,A and x, in the
subsemigroup generated by g, and g,. The same argument shows there exists

x, € G with x;ACx,ANg,A and x, in the subsemigroup generated by x, and

gz. Therefore x, is in the subsemigroup generated by g,, g,, and g;. Continue
inductively to get x,,.++, x _ in the semigroup generated by g,,-++, g, such that
x, =g, andeach i>2 x,ACx;_,Ang,A. This gives x=x, such that xAC
n’il.lgiA and x is the semigroup generated by g;»+++>g,. O

Corollary 2.6 lends some support to the conjecture that if a group contains no
free subsemigroup on two generators, then each (G, G, A) has the translate prop-
erty. The difficulty is that more complicated cases than that of 2.6 occur. For
instance, if G does contain a subsemigroup § freely generated by @ and b then
we can let A =aS and let B = AU bA U b%A. Then we have XB *+ X,2p 2 XoB
+XaB *Xp4aB and this does not immediately reduce to the simpler form of X >
Ez.;lxgic for C nonempty except that we know exactly where the free subsemi-
group is in this case. For this reason we have been unable to find a combina-
torial proof of the conjecture above which works for all groups. The purpose of
the next two sections is to describe a wide class of groups for which the conjec-
ture is true besides the trivial example of finite groups.
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3. Exponentially bounded groups. In this section we will be interested in a
certain growth condition in groups which always gives the translate property.

3.1 Lemma. Any (G, X, A) bas the translate property if for all finite FC G
and for all €> 0 there exists a finite sequence S,C X such that for all f € F

Is, A/Al/lS, nAll € -6 1+

Proof. Let X" im1%Xg;A 2 0. Let F= {glw **9 8, } and choose S, as above.
Summing over S, we get that 0< X cs‘i:‘gl Xeg; A(") 32 a8 n ng |. Di-

viding by |, r\A | and taking the limit as ¢ — 0 we get 0< 27 o

3.2 Definition. Let G be a group. We say G is exponentially bounded if for
all finite, symmetric FC G with e € F as n — o, | F" I}/* =1 where F" =

ffl v f i € Fi.

3.3 Theorem. Given (G, X, A) where G is exponentially bounded then
(G, X, A) bhas the translate property.

Proof.. Let x; € A. By Lemma 3.1 we will be done if we show that given a
finite symmetric set F C G with e € F and €> 0 there exists N > 1 such that
for all f{ € F we have that

I/FNxy N AI/IFNzy 0 Al € (1€, 1+ 6

A well-known fact for sequences {a } of positive numbers is that lim inf a4, .1 / a,
< hmmfall < lim supal/". Let b =||F*xyNn Al and @, =b,, . Then a, 21
and aV” < IIFZ” |}/? — 1. Hence, hm inf a, l/a =1 since each Ml/a -> 1.
Therefore there exists a sequence , of positive integers such that lim. b " +2/ =1.

Since
1 IE L \E™) 0 Al IF% 5y 0 4]
+ =
IF %%y 0 Al IF %y n Al
we have
IEE e NERx) A A
h’:n =

n .
IF *x, 0 Al

Hence for all { € F since F is symmetric
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n, +1 n, +1 n, +1
I e S G
- n, +1 = n, +1
1E"* s, nal| 1E"* 5, Al
"Ie+l nk+l
IF* " x AF % x ) 0 Al
<
- n, +1
IF"™* %, o 4l

n, +1 n, +1 n, +1 +1
E" " \E™* ) (Al + 1™ 2 \F™* 5 ) 4

n, +1
IF %" %) n Al

n, +2 n
, I %" % \F %)) (Al
< .

- n
\F kxo nA|

Thus, for all €> 0 there exists k& large enough so that, for all f € F,
NE™** ey A AN/ | F™** e nA] e@-e1+e. D

3.4 Remark. It is worth noting here that we have proved something a lot
stronger. We have shown that when G is exponentially bounded then for any fi-
nite symmetric set F with e € F and any € > 0 there is N>1 and K= FNxoc X
such that for all f € F we have [[(fKAK)n A|/||KnA|l<e It should be under-
stood that implicitly [|[K N A|l > 0. As is shown in [17] this is actually equiva-
lent to the existence of an invariant for (G, X, A).

Also, in the previous proof we used only lim inf | F2%||1/% = 1. But there
was no loss of generality in assuming || F* |1/” — 1 since lim || F* I1/" always
exists. This follows from an observation of Milnor [14]that if y: Z tztis
nondecreasing and y(s + £) < y(s)y(¢) for all s, ¢t € Z* then y(s)!/* always con-
verges as s — o,

3.5 Corollary. If G is an exponentially bounded group then whenever G
acts on a set X and A C X is a nonempty set there exists an invariant for
(G, X, A).

Proof. Combining Proposition 1.2 and Theorem 3.3 we need only show that
an exponentially bounded group is amenable. But given a finite symmetric FC G
with e € F we can apply Rematk 3.4 to (G, G, G) and get for all €> 0 there
exists N>1 such that, forall f € F, | f[FNAFN||/|| FN || < &. This Félner crite-
rion implies G is amenable. O



40 J. M. ROSENBLATT

3.6 Remark. In proving Corollary 3.5 we could have gotten away with prov-
ing less. If a group G is given such that there exist invariants for all (G, G, A)
then whenever G acts ona set X and A C X is nonempty, there exists an invari-
ant for (G, X, A). Let x, € A. Define 7: G — X by 7(g) = gx,. Then 7 is equi-
variaat in the sense that 7(gh) = gn(h) forall g, b € G. Forany SCG let
7~1(s)={g € G: nlg) € S}. Then 7~1(4) is nonempty and there exists a finitely-additive
G-invariant measure y on G such that p(zr~1(A)) = 1. Define S) = (z=1(S)) forall S C
X. It is easy to check using the equivariance of 7 that v is a finitely-additive G-invari-
ant measure on X such that «(A) =1. So we could have considered only triples
(G, G, A) to get Corollary 3.5.

4. Growth conditions in solvable groups. In §2 we saw if a group G con-
tains a free subsemigroup § on two generators, then there does not exist an in-
variant for (G, G, ). In $3 we saw if G is exponentially bounded, then there ex-
ists an invariant for (G, G, A) for any nonempty subset A of G. In this section
we will show that at least for solvable groups, these are the only two cases. Do-
ing this will depend heavily on the work of Wolf [20] and Milnor [15] on growth
conditions in solvable groups.

Assume G is generated by a finite set F with e € F and F = F~1,

4.1 Definition. G has polynomial growth if there exist K,L> 0 constants
such that for all N>1 we bave || FN || < KNE. G has exponential growth if there
exist K> 0.and y > 1 constants such that for all N>1 we bave | F™ | > Ky

These definitions of exponential growth and polynomial growth do not depend
on which finite symmetric generating set we use. This was shown in Wolf [20],
but is originally an observation due to Milnor [14]. It follows that when lim | F"| Vn
=y >1 there exists § >1 and N >1 such that forall > N| F*| > é".
Using Milnor’s observation, we replace the generating set F by FN, and we see
that || (FNY*|| > GN)™ for all m > 1 which implies G has exponential growth. It

is not clear that when lim || F" |1/n

=1 then G has polynomial growth in general.
It is true for solvable groups as we will see later, For other details see Emerson
and Greenleaf [3].

4.2 Remark. It follows that if G has polynomial growth, it is exponentially
bounded since || F?|| = O(n") for any finite F C G and if G has exponential
growth, then it is not exponentially bounded.

A solvable group G is polycyclic if every subgroup H of G is necessarily
finitely-generated. Wolf [20] gives other characterizations of polycyclic groups,
one of the most important of which is there exists a normal series for G with fi-
nitely-generated abelian factors. This means there exist G, C G, C+--C G,
with G =(e), G, =G and each G, a normal subgroup of G;,1 With Gi+1/Gi a
finitely-generated abelian group for all i=0,-++,n~1.
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4.3 Remark. Two properties of polycyclic groups which follow from the above
characterization will be important later. One is that if H is a normal subgroup of
G with H and G/H polycyclic, then G is polycyclic. Another is that we can
choose generators y,,:++,y, of a polycyclic group G such that every element of
G is of the form y; ' -.- y:" where 15220, n, €Z.

4.4 Remark. Wolf [20] shows that a polycyclic group either has a nilpotent
subgroup of finite index and has polynomial growth or the group has exponential
growth. These cases are mutually exclusive. He actually proves a thearem on
the polynomial growth of nilpotent groups which shows how to find the constants
K and L in the definition. Another theorem in the same source gives criteria in
terms of eigenvalues for deciding if a polycyclic group has a nilpotent subgroup of
finite index. Milnor [15] shows that if a finitely-generated group is not polycyclic,
then G has exponential growth.

One immediate application of these results is that the class of groups with
nilpotent subgroups of finite index is included in the class of exponentially
bounded groups. In particular, abelian groups are exponentially bounded. A group
G which is locally nilpotent, every finite subset generates a nilpotent subgroup,
or one which is locally nilpotent up to taking a finite index subgroup, will also be
exponentially bounded since our criterion for being exponentially bounded is a lo-
cal one. Thus, there is a large class of groups G which give invariants for all
(G’ X’ A)°

4.5 Definition. A group G is supramenable if and only if whenever AC G
with A nonempty there exists an invariant for (G, G, A).

Remark. By Remark 3.6 this is the same as having an invariant for all
(G, X, A).

We formalize some previous results in this terminology.

4.6 Theorem. All exponentially bounded groups are supramenable. A group
with a free subsemigroup on two generators is not supramenable.

Our conjecture is that a group is supramenable if and only if it is amenable
and has no free subsemigroups on two generators. The only if part is clear. By
the work of Frey [4] an amenable group has no free subsemigroup on two genera-
tors if and only if every subsemigroup is amenable. So our conjecture is that a
group is supramenable if and only if it is amenable and every subsemigroup is
amenable.

Following Wolf [20] and Milnor [15] we will show that at least for solvable groups
this conjecture is true. In fact, we will show that a finitely-generated solvable
group either is polycyclic, contains a nilpotent subgroup of finite index and thus
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has polynomial growth, or it contains a free subsemigroup on two generators and
thus has exponential growth. These cases are mutually exclusive. The conjece
ture for solvable groups will follow from this. Jenkins [11]has parallel results
for connected separable locally compact topological groups. The above also has applica-
tion in the problem of symmetry of the group algebra; see Jenkins [10] and Hulanicki [8].

Remark. We will not need it later, but any group G will be supramenable if
and only if every finitely-generated subgroup is supramenable. To see this first
note that each property implies G is amenable, so by Proposition 1.2 we need
only verify the respective translate properties. Given G is supramenable, the
translate property for (H, H, A) where AC H and H is a finitely-generated sub-
group of G follows immediately. Suppose we know the translate property for all
such (H, H, A). Given A C G which is nonempty we need to check the translate
property. Let g,s+++5g, €G and a,,+++,a € R. Suppose Eg:laixgmzo. Let
H be the subgroup generated by g,,+++,g, and g, where g, € A. Let Ay=
ANH. Then we have 27 | 3Xg.a | > 0. Since we know Xg;a ly= xg,(AnH)
=Xgag Ve have 27 1%iXg;A 2 0. Since (H, H, A) has the translate property,
27 14;20. Since the 37 219X g4 Was arbitrary, we have that (G, G, A) has the
translate property for any subset A C G, A nonempty.

We first consider finitely-generated nonpolycyclic groups.

4.7 Theorem. Let G be a finitely-generated solvable group with no sub-
semigroup on two free generators. Then G must be polycyclic.

The converse is not true as we will see when we consider polycyclic groups.
We need some lemmas before proving the theorem. The proof via the lemmas giv-
en here is identical in form to Milnor [15] replacing ‘‘not of exponential growth’’
with ‘‘no free subsemigroup on two generators.”’ The only difference is in the
following lemma.

4.8 Lemma. Consider an exact sequence e —» A — B — D — e where Ais
abelian and B is finitely-generated. 1f B has no subsemigroup on two free gen-
erators then, for each a € A and b € B, {okab=%: k € Z} spans a [initely-gen-
erated subgroup of A.

Proof. First we show that if G is a group with no free subsemigroup on two
generators then for all x, y € G there exists a nontrivial relation of the form

XLy TSy o LI Rl i o+ m) =20k + 1), ky =0,
n, £04£ ll’ and all n,, m,, k l >0. Todo thlS fmd a nontnvml relanon thh
nonnegative powers of the form X" 1y g sym’ yl x y ! with

k]., li >0 except possibly n,, kl, mg, I,. By cancellmg terms on the left
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and then multiplying on the right by x or y, we can assume without loss of gen-
erality that #; >0, k; =0, and [, > 0. This gives two formal positive power
words Wl(u, v) £ Wz(u, v) with Wl(x, y)= Wz(x, y) such that W, begins on the
left in u, W, begins on the left in v. Let R,(u,v) =W (, v)W, (4, v) and
R,(u, v) = W,(u, vW (4, v). Then R,(x,y)=R,(x,y) and R, # R, as formal
words since one begins in # and the other in v. Also the lengths are the same.
Now for b € B and a € A since we are assuming b and ba do not generate
a free subsemigroup, there exists a nontrivial positive power relation of the form

5 16" 15" 2602 .« 5”560 = (6a) 15" 206) 7 - 570
where 25 (n +m;)= Etsl(k +1.) with k= 0. So we have a nontrivial relation
oftheform bal -b m . bdl . bd™ whete iy7,=0,1and i, =0, j =l
Then for convenience let a, = b*ab=*. We have ba'l ... ba'™ = a ’ 2--- a ™ym,

1 2
Therefore our relation becomes

i i i i iy=j i =j
alloocamgalloooa: or all 1cooamm m=e
where not all i —j = 0. Choosing m as small as possible and conjugating by b1 if
necessary, We may assume i, £ jy and 7 # j+ Note that without loss of gener-
ality m>2 since m=1 implies a% = e implies a=e.

It follows that a, is a word in a,,:++,a, _,. Hence, a , isa word in
@,s+++sa, and therefore in a,,-++,a _, also. By induction one can show. that
a, for k>0 isaword in a;5-++5a__,. Similarly, @, isawordin a5+, 4,
so a; isaword in @;,+++5a__,. Then a_, isaword in 4y,-+-,a, _, and
therefore in a@,,+++5a,__,. By inductionall k<0, a, is a word in Ayseecsy

"k y» Hence, @ ,---,a__, generate the subgroup generated by {a, : k € Z} =
{phab=*:r ez} o

We say a group D has a finite presentation when D is presented with a fi-
nite number of generators on which there are a finite number of relations needed to
define D.

4.9 Lemma. Let e = A — B % D — e be exact, A arbitrary, B finitely-
generated. If D has a finite presentation then there exist a,,-++,a, € A such
that every element of A is a product of the conjugates of {aii.

Proof. Choose generators by, -+, b, for B and then (b, ), -+ ,7(b,) gen-
erate D. Since D has a finite presentation, it has a presentation with these ele-
ments as generators subject only to a finite number of relations rl(ﬂ(bl),"' ,ﬂ(bk»
== ((B))se e n(b,)) = e. Define a; = 'i(bl" ++3b,). The normal
subgroup generated by the set of relations {r,@(6,),- -, (6.} in the presenta-
tion of D gives all relations in D. Since this normal subgroup is all products of
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conjugates of {r(m(b,),-«+, w(b,)}, it follows by exactness that every element of
A can be expressed as a product of the conjugates of {a,.L o

410 Lemma. Let e »A—B 5D — e be exact, A abelian, B finitely-

generated, and D polycyclic. If B has no free subsemigroup on two generators
then B must be polycyclic.

Proof. As we remarked 4.3 we can choose y,,:++, yﬂ generatmg D such

that every element of D can be expressed as a product yl oo yp with ’1" ey
i, € Z. Choose bys+++sb, € B such that #(,) =y, By Lemma 4.9 there exists
ay,+++sa, € A such that every element of A can be expressed as a product of
the conjugates of {a }. Since A is abelian each conjugate of a; can be written
as some element (b’l . btp)' (6, ... b P). Let A, denote the subgroup of A
spanned by @,,--+,a_. Apply Lemma 4.8 to see there exists a finitely-generated
group A, spanned by all conjugates bl a; b ! where 1<j<m, i, € Z. Apply
the same lemma again to each generator of A and b, € B to see that all
"'2(1)-11 bl Db’ span a finitely-generated group Az' By induction AjC 4, C

A Coes C A = A gives A finitely-generated. Since A is then polycychc and
since D is polycyclic, B must be polycyclic by Remark 4.3. O

Proof of Theorem 4.7. Let the series G =G DG! D... DG *! = (e) be the
commutator series of a finitely-generated solvable group G. Then e = G°*— G
— G/G° — e is exact, G is finitely-generated, and G° is abelian. So by Lemma
4,10, if G/G°® is polycyclic and G has no subsemigroup on two free generators,
then G is polycyclic. G/G® is a finitely-generated solvable group of one shorter
commutator series and G/G° has no subsemigroup on two free generators if G
has none. From this an easy induction shows that G is polycyclic. O

4.11 Examples. If G is not a polycyclic group but is finitely-generated and
solvable then there exists a free subsemigroup on two generators. This proof is
unfortunately not constructive and so a few examples are in order. Let G =
(a, b| bab=! = a®). That is, G is generated by @ and b with the relation bab~!
= a®, If we let N = subgroup generated by {6*a’b=*: k, I € Z} then it is not hard
to check N is an abelian normal subgroup of G and G/N is cyclic. So G is
solvable. But we can see this without a computation by embedding G in another
group. Let G, be the group of additive reals R extended by an element g such
that 7 2 conjugation by g, is the automorphism of R given by multiplying by 2.
This group is given by the presentation (R, g| for all r € R, grg™ =122/ Itcan
be checked that g has o order and no relations are imposed on R. Thus, we
have G, as described. Note that 0 is the identity of Gp. We get an isomorphism
i of G into Gy by letting i(a)=1, i(b) = g. It is clear G is a solvable group;
therefore G is a solvable group too. The subgroup N of G corresponds to
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{k/2': k, I € Z} under i. This subgroup is not finitely-generated and therefore G
is not polycyclic and must contain a free subsemigroup on two generators. We
will see later in this section why it is natural to suspect & and ba are free
semigroup generators in G. For now though let A={a*:1, k>2 and k=0mod 2}.
Then baA\w bAC A, so ba and b generate a free subsemigroup by Corollary 2.5. The
disjointness requires knowing that @ and b are infinite order. This can be
checked easily but also follows from a theorem of Magnus [12, p. 2521

Another good example of a nonpolycyclic finitely-generated solvable group is
the group H generated by x and {Z,: i € Z} with the relations x"Zix"' =Z; 0
Z,Z,=2,Z. Actually G is generated by x and Z,. Also if N is the subgroup
generated by {Z,:i € Z}, N is a free abelian normal subgroup of G with free
abelian generators {Z;:i € Z} and G/N is cyclic. So H is finitely-generated
solvable but not polycyclic. Here x and Z, generate a free subsemigroup as an
easy argument shows.

Both groups above are simple examples of solvable and hence amenable
groups with subsemigroups on two free generators. Héchster [6] was the first to
give an example of this phenomenon with a slightly more complicated finitely-
generated solvable group with two elements which he shows generate a free sub-
semigroup. The example he gives is not polycyclic.

Now we consider polycyclic groups. We will show after some lemmas,

4.12 Theorem. If G is a polycyclic group then G either bas a nilpotent sub-
group of finite index or G contains a free subsemigroup on two generators but not
both.

From this we can get the following:

4.13 Corollary. If G is a polycyclic group then either G has polynomial
growth or G contains a free subsemigroup on two generators but not both.

Proof. As in Remark 4.4 we use Wolf [20] to prove that when the group con-
tains a nilpotent subgroup of finite index, then it has polynomial growth. If there
exists a free subsemigroup on two generators @, b then given any generating set
F of G with e€ F=F~! welet Fj=Fula,b,a~',5~}. Then F is the
same kind of generating set and || F7 || > ||{a, 6™ || > 2™. Therefore G has expo-
nential growth. As in Remark 4.2 these cases are mutually exclusive. O

4.14 Corollary. If G is a solvable group then either G is supramenable or
G contains a free subsemigroup on two generators but not both.

Proof. It is clear both conditions do not occur at once. If we take a finite
subset FC G with e € F and F = F~1, then the subgroup H generated by F is
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solvable. If H is not polycyclic then it and G contain a free subsemigroup on
two generators by Theorem 4.7. If H is polycyclic, then Corollary 4.13 implies
that H contains a free subsemigroup on two generators or H has polynomial
growth. As in Remark 4.2, since F was arbitrary, G is exponentially bounded or
contains a free subsemigroup on two generators. Theorem 4.6 completes the proof
of the corollary. O

We see now that everything we claimed depends on Theorem 4.12. As in
Corollary 4.13, the two conditions are mutually exclusive. We will need several
lemmas before giving the proof of Theorem 4.12.

Let RIx] be all polynomials with real coefficients. If I' is a square matrix
and plx) = Ez.’zorixi € Rlx] then P(N) = Ez;oril"i where "0 =1,

4.15 Lemma. Let T" be an n x n real matrix. Let a,,+++,a, be the can-
onical basis in R". Let ¢ be an eigenvalue of I. Then there exists Kys+++» K,
€ C not all zero such that whenever P, Q. € Rlx], i=1,-++,n, with 2}_ PNa,
=327 0,0)a; then 27 PAP)K, = 2" IQ,.(<;!>)1<i.

Remark. We will see that each K; can be taken to be a polynomial in ¢ with
coefficients in the smallest subfield of R containing the coefficients of I'.

Proof. Given an eigenvalue ¢ for I', ¢ is an eigenvalue of the transposed
matrix I'7. There exists a nonzero vector v = 21 1 K;a; with K; € C such that
I'"y = ¢v. We claim these K, are what we want. We need only venfy that if

37 P,(M)o, =57 ra, where r, € R and P,(x) € Rlx], then 27 P(S)K; =

i=zl'i i 1 1714

Efﬂrll( By linearity of the forms and since {a,,-++, a } is a basis, it is easy
to see that we need only verify that when I'™a, = 2?_ r.a. then ¢"K, =

2;' lr,K] for all m >1 and for all i. In this case, J‘wlelw:ute I' as (l" ) where
i denotes the row and j the column, then r; = Pm For m=1, Ty = ¢v tells
us for any i we have $K =27 l"TK 2L K We may therefore assume in-
ductively that m >2 and qS""lK = 2" l"""l K for all s. We then have for

all i

$"K, = o™ HpK ) = ™1 Z K

j=1
-3 r, (¢m-11<)-2‘, r.(X re'k,
j=1 j=l k=1 ]

Z": (z”: Fm-lr\) z";l ImK,. o

j=1 k=

4,16 Lemma. Let X € C,|x|>3. Assume we have two sets of integers
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b.
0<a<a,<e+e<a, and 0< by <b,<+ee<b . If 21 16X 2;"181)( T where

¢; and 8, are +1 forall i and j then n=m and CR ,an) (Bysevesb,)

Proof. If a # b, then without loss of generality a,>b, . Write €, xn
3m 5 3 bi 2"' ex”t
j i

j=1
a-—l a
Ixl -
IxI“" = le x| <2 Z IXI® = 2 ————;
=0 Ixl -1

therefore |x|" < |x|“* - 1 since |x|>3. This is a contradiction and therefore
a,=b . If ¢ #0  then without loss of generality ¢, =1 and 8, =-1. But

then .
a b, n= ,
2X Mme X -8 x ™ Z 8.x > ex't.
j=1 i=1

So 2|x|“" < 2(x|** - 1/(|x| = 1)< |x|®". Therefore e, =9 . Cancelling the
highest terms of the power series and continuing mducuvely, we get n=m and
(“l’ "9a) (blv“‘sb ). O

4.17 Theorem. Consider an exact sequence e = 2" — G — H — e. For
each g € G let rg(x)= ,g:cg"l forall x € Z'. If some g €G, Te bas an eigen-
value ¢ € C with |p| £ 1 then G bhas a free subsemigroup on two generators.

Proof. Let g € G with r, having an eigenvalue ¢ where || #1. Then
r_—1 will have an eigenvalue 1/¢; therefore without loss of generality we assume
|| >1. Let T" be the matrix of 7, with respect to the canonical basis a,,:+,
a,. Choose K,,+++, K for ¢ as in Lemma 4.15. At least one Ko £0, Let a=
a; and K= Kio' Let x = g"a and y = g". We claim that when = is large enough
so that |#|” >3 then x and y generate a free subsemigroup. To prove this let
A be the set of elements of G of the fom [P(I"™)alg™ where m >1 and P is a poly-
nomial with coefficients 0 or 1 and no constant term. Notice we are mixing ad-
ditive and multiplicative notation in G. We claim xA v yA C A. First, given any
[P(T™)alg™ in A we compute x[P(T™)alg™ =[[™P(@") + I'"alg”+™ and
y[PT™)alg™ = [["P(I'™)alg"*™. Thus, xA UyAC A. If xA intersects yA then
for some m;, m, >1 and P, Q polynomials with coefficients 0 or 1 and no con-
stant term, we have: [([T"P(I) + [)alg" *"! = [MQ(T")alg” *™2. Thls implies
that » + m, = n + m, since otherwise there is some M >1 with g € Z" and thus
7, Would have all eigenvalues of absolute value 1. Since n+ m; =n+ m,, we
can cancel g**! and get (™P(I™)+I"™)a = [Q("™)a. By Lemma 4.15, we have
(@"P(p™) + ™)K = ($”Q(p™))K. Cancel K and use Lemma 4.16 to get that the
polynomials zP(z) + z and z2Q(z) are identical. But since P and Q have no
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constant term, this is nonsense. Thus xA and yA are disjoint. This proves the
claim xA u yA C A and Corollary 2.5 implies x and y generate a free subsemi-
group. O

Remark. The converse of this theorem is not true without more assumption on
H. For instance let G be Z? @ H, p > 1, where H contains a free subsemigroup
on two generators. Then G contains a free subsemigroup on two generators but
each 7_ = identity on Z? for g € G.

4.18 Lemma. Given a group of real matrices under composition which is soly-
able, there exists a subgroup of [inite index which can be simultaneously upper-
triangulated over the complex numbers.

Proof. See Mal'cev [13].

Proof of Theorem 4.12. Let G be a polycyclic group with G = G® ... D
G3*! = () the commutator series. Assume that G has no subsemigroup on two
free generators. We will show that G has a nilpotent subgroup of finite index. We
have the exact sequence e — G° 4 G — G/G® — e. For what we are to show
without loss of generality GS is free abelian. To see this let T be the subgroup
of torsion elements in G°. Since G is polycyclic, T is a finite normal subgroup
of G. e— G5/T- G/T— G/G° — e is exact if we take i* the quotient of the
map i. G3/T is free abelian and G/T is polycyclic and has no free subsemi-
group on two generators. Also the commutator series for G/T is G/T =G%/T D
«++DG%/T D(e). If we show there exists a nilpotent subgroup N of finite index
in G/T then we have e =T — G % G/T — e is exact and 7~ !(N) is a sub-
group of finite index in G. Let HCm~1(N) be the centralizer of T in 7~ !N
H=1{x € n=1(N): conjugation by x on T is the identity}. Since T is finite, H
is finite index in #~!(N). Therefore H is finite index in G. H is also nilpotent.
To see this, let Z, = Center (H); then T CZ,. The sequence e — Z, — H—
H/Z, — e is exact where H/Z, is a quotient of H/T. But H/TC ~INY/T =
N. Since N is nilpotent, H/Z is nilpotent which implies H is nilpotent.

Now we are assuming we have e — S—G6h G/G5 — e exact and G®
free abelian. G/GS is polycyclic of one shorter commutator series than G and
has no free subsemigroup on two generators since G does not. By induction, the
case S =0 being trivial, we may assume there exists a nilpotent subgroup M of
finite index in G/G°. Then p~'(M) is a subgroup of finite index in G with
p~ M)/ G5 = M which is nilpotent.

Therefore, without loss of generality we have the following to show: given
an exact sequence e — Z* — G — N — e where N is nilpotent and G has no
free subsemigroup on two generators, then G has a nilpotent subgroup of finite
index. Each 7» Conjugation by g € G on Zk, extends to an automorphism of C*
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with respect to the canonical basis a;,+++, a, of Z*. Theorem 4.17 implies all
eigenvalues of 7, are absolute value 1. Let U be {g € G:7, has all eigenvalues
1}. By Lemma 4.18 there exists a subgroup G, of G with ZkC Gy and [G:G, )<
o such that the group 7(G,) can be put simultaneously in upper-triangular form over C.
Let Uy = UN Gy. We claim U, is nilpotent and the index of U, in G=[G: U,]
< oo,

First, we show [G: U,]1< « by showing [G, : U4} < ®. To do this write
each 7 = A8 U, where Ag and U ¢ are polynomials over Q in 7, such that

@) AU, =UA,,

(b) A is diagonalizable over C,

() U has all eigenvalues 1.
A and Ug are also uniquely determined by these properties. When we put 7(G,)
in upper‘tnangular form, A becomes the diagonal and U ~ I the part above the
diagonal. Thus, A = {A g € G,} is an abelian group of automorphxsms of C*
and g A, is a group homomorphxsm on G, with kernel U,. Hence, G,/U, =
A. Each A, € A has diagonal elements which are the eigenvalues of 7 . Since
T is an automorphism of Z* these eigenvalues are algebraic integers of abso-
lute value 1. It follows that each is a root of unity; see Borevich and Shafare-
vich [2, pp. 104—105 or the remark at the end of the proofl. It follows each 4,
has finite order. Since A is finitely-generated abelian, 4 is finite and [G,:U,]
=order of A < o,

In addition we have the exact sequence e — zk U, 5 U,,/Z'e —e.
U,/ zZ* s nilpotent since it is a subgroup of G/ Z* which is nilpotent. Each 7,
for u € U, acts on C* and 7(U,) can be simultaneously upper-triangulated over
C with respect to some basis v,,+++,v,. Since each r_ for u € U, has eigen-
values 1, the matrices when in upper-triangular form have 1’s on the diagonal.
Let C =Cv;® - ®Cy,. Let D =C N Z*. Each D, is a normal subgroup
of U*. Let a € D,,;- Then a=cv, , +b where c € Cand b € C,. So for
u €Uy 7 (0) =7 (cu l)+r (h) =(ev, 1+k)+r (h) for some k € C. Hence, each u,
rla)=cu _amodC Since 7 (a) ae Z"nC D,,, (@) =a mod D,.
Th.lS says, each x € Dr+l/D is in the center of U /D Smce D, = z* and
U, /Z* s nilpotent, we can get a central series eCD, C...CD,CC,C...C
C,=U, where C, =n~'(Z) with Z; the ith element of a central series for
U/ Z*= Uy/D,. Hence, U, is nilpotent. O

Remark. We can give a simple proof here that the group A in the above is
finite. We need only show that when 7 is an automorphism of Z" with eigen-
values A,,++-,A all absolute value 1 then each A; is a root of unity. In this
case we have Trace A* is an integer for all k> 1. Since Trace A* is )t’l‘ + oo
+A'° )tk+ --~+)t’° is an integer forall > 1. If S'={\ € C:|A| =1} then
S!x.eex S! is compact. So the sequence {()\1,- ey )\f’): k € Z*} must have a
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subsequence {()tl se e e, ”')} which converges. It follows that (\| kiy1-ki seoey
akist=kiy g o), Thus, there exxsts a sequence {1} C Z*\{O} such that
A {51 forall j. But since )t Ty )\n’ is an integer for all i, there exists
k I, for i sufficiently large such that )t Hooot )tk =n. But then Re )t ++:++Re )t"
=Re n=n with k&> 1. Since each )\ has absolute value 1, Re )t"( 1 and Re )t"- 1
if and only if )\k 1. Hence, we must have forall j, Re )t =1 and t]herefore )\" = l]
where k> 1. Thus each )\ is a root of unity. We quoted Botewch and Shafarevmh in
the proof of 4.18 because they prove the stronger result, which is interesting in
itself, that any algebraic integer of absolute value 1 is a root of unity.

Examples 4.19. We can see now what was going on in Example 4.11 where
we considered a special case of (a, b| bab~!=a™). If |m|#1 then G isa
nonpolycyclic finitely-generated solvable group. It therefore contains a free sub-
semigroup on two generators. In fact, b2 and b2a generate a free subsemigroup
since b2ab=? = a"‘z, m?>1; and so if A={a'’: i,j>1 and i= 0 mod m®},
then 524 v b%aA C A. But another way of looking at this which compares with
Lemma 4.17 is the following. We embed G in G, where G, = (R, g| grg™! =
mr for all r € R) by mapping @ 1, b - g. This makes it clear that for |m| #
1, the normal subgroup generated by @ in G is not finitely-generated since it
corresponds to {k/m': k, 1 € Z} in G g Which is not finitely-generated. Thus, G
is not polycyclic. Also, 7_ on R has an eigenvalue m, |m|#1. So as in Lemma
4.17 g" and g"l generate a free subsemigroup on two generators if |m|* > 3.
Since |m|>2, we need only take 7 =2. This says b and b2a generate a free
subsemigroup in G. Also, if |m|=1 then G and G have nilpotent subgroups
of finite index. )

Indeed, whenever we have an exact sequence e — R — G — H — e and some
7, With g € G has an eigenvalue As A > 1, then for A" >3 we can argue that
g"1 and g" generate a free subsemigroup. The argument is easier than in Lemma
4.17 because we can let A be all elements of the form kg’ where i >1 and & is
a sum of positive powers of A”. Then g"lA W g"A C A with disjointness follow-
ing by an argument about power series analogous to the one in Lemma 4.17.

Similarly, if we are given e — C* — G — H — e exact and e ck
with eigenvalue A such that |A|>1 then we choose b € G such that 7, has
eigenvalue y, |y| >3, and choose any eigenvector v € C* for 7o With respect
to y. Then an argument as above will show bv and b generate a free subsemi-
group. These examples are simpler than Lemma 4.17 because we can choose ei-
genvectors in G itself,

4.20 Corollary. If G is a connected locally compact group, then G either

contains a free subsemigroup on two generators or is supramenable but not both.
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Proof. In [21], Balcerzyk and Mycielski show that G is solvable or it con-
tains a free group on a continuum of generators. So if G contains no free sub-
semigroup on two generators, then G is solvable and Corollary 4.14 finishes
the proof. O

Remark. We have seen there is some support for the conjecture that an am®a-
able group is supramenable if and only if it has no free subsemigroup on two gen-
erators in Corollary 4.14 and Corollary 4.20. For general amenable groups this is
unresolved. Even for groups G which are periodic, every element of finite order,
this is unknown. These groups have no free subsemigroup on one generator, but
it is not known if they are even amenable. It is possible to construct periodic
groups with exponential growth. Another discouraging aspect of this conjecture
concerns some common constructions in the category of groups. Both classes, the
supramenable groups and the groups with no subsemigroup on two free generators,
are closed under factor groups and subgroups. The only part of this that is per-
haps not clear is G supramenable implies G/H supramenable for a normal sub-
group H. But if #: G — G/H then G acts on G/H by gm(k)=n(gk). Since G is
supramenable by Remark 3.6 there exists an invariant for (G, G/H, A) for any A.
By the definition of the G action on G/H this shows G/H is supramenable since
A is arbitrary.

We have not been able to show that G @ H is supramenable if G and H are
supramenable. It is clear if G and H are solvable. But the following proposi-
tion is true:

4.21 Proposition. If G and H have no free subsemigroups on two generators,
then G @ H bas no free subsemigroup on two generators.

Proof. Let a, b € H. Then as in Lemma 4.8 there exist positive power
words S, and S, with §,(a, b)=S,(a, b) and with equal lengths such that S,
and §, begin on the left with different entries. So let (x, y) and (w, z) € G ® H.
For i=1,2 let W[y, &)= Si(Rl(n’ ), RZ(T], £)) where we choose R; and then
S, as follows:

(a) R, and R, are positive power words with R, (x,w)=R,(x, w) but R,
begins with 7 and R, begins with &.

(b) $;(R,(y>2), R,(y, z)) = §,(R,(y, 2), R,(y, 2)) where S, and S, are
positive power words with lengths the same number [ but S, begins with R, and
S, with R,.

Then
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W,((x y); (w, 2)) =S, (R, (x, w), Ry(y, 2)), (Ry(x, w), R,(y, 2))
= (5,(R,(x, w), R,(x, w)), §,(R,(y, 2), R,(y, 2)))
= (R,(x, ), $,(R,(y, 2), R,(y, 2)))
= (R,(x, W), $,(R,(y, 2), R,(y, 2)))
= (5,(R,(x, w), R,(x, w)), S,(R,(y, 2), Ry(y, 2))) = W,((x, y), (w, 2)).

Also, W,(n, &) £ W,(n, &) since one begins with 7 and the other with £. Since
(x, y) and (w, z) were arbitrary, G @ H has no free subsemigroup on two gen-
erators. O
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