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ABSTRACT.  Let A be a semisimple Banach algebra with unit element and

let S.  denote the socle of A.  For an element y in A, let L    [/? ] denote the

operator of left [right] multiplication by y on A.  The operational calculus and A. E. Tay-

lor's theory of the ascent a(T) and descent S(T) of an operator 7"on A are used to show

that the following conditions on a   number X in the spectrum of an element x in

A ate all equivalent. (1) X is a pole of the resolvent mapping  z —• (z — x)~    and

the spectral idempotent /, for x at X is in S.. (2)   X— x — c is invertible in A

for some c in the closure of S.  such that ex - xc. (3)  X —x is invertible mod-

ulo the closure of S.  and 0 < «•(/,.._  .) = ^(Z,..     .) < oo. (4)   X— x is invertible

modulo the closure of SA and 0 < "(R^x^ S^(\-x)' = ^(X-xY* = S^(\-x)'

< oo. Such numbers X are called Riesz points. An element x is called a Riesz

element of A  il it is topologically nilpotent modulo the closure of Sa. It is shown

that x isa Riesz element if and only if every nonzero number in the spectrum of

x is a Riesz point.

Introduction.  Previous authors ([4], [14], [7]) have studied poles of the resol-

vent with finite rank for operators on Banach space. Many of their results are

generalized here to study the spectra of elements in a semisimple Banach algebra

A.

In §1, the generalized Fredholm theory [3] is outlined. It is then used to give

a necessary and sufficient  condition for an arbitrary element x in A to have an

associated element s in the socle such that x + s is invertible. In §2, numbers

which are poles of the resolvent mapping are considered. The theorems from the

first two sections are used in §3 to give several characterizations of Riesz points

of the spectrum of an element. Finally in §4 the Riesz elements of A, the analo-

gous to well-known Riesz operators on Banach space, are considered.
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1. The generalized Fredholm theory. Let A be a semisimple Banach algebra

with unit element 1. The socle oí A is denoted by SA and the elements of the

socle are called finite. Let n: A —» A/S  be the quotient homomorphism and let

/.   denote the Jacobson radical of the Banach algebra A/SA. The pre-image of

/.   in A, n~lijA, is the intersection of all the primitive ideals of A containing

S.. This closed ideal is denoted by ¡A and is called the ideal of inessential

elements. The open semigroup $. = |x £ A: rrix) is invertible in A/S A is called

the set of Fredholm elements. For each two-sided ideal M of A such that SA Ç

M Ç IA, $A = |x £ A: x + M is invertible in A/M] [3]. Then, for all x in <t>A and

y in IA, x and x + y are in the same component of $A. The set of minimal idem-

potents of A is denoted by EA. Of course EA  may be empty, in which case SA =

|0|. The subscripts will be omitted when the algebra A  is understood.

For any subset K oí A, let L[K] = \x £ A: xK = |0|! and RM = fx £ A:

Kx = |0H. The set L[K] ÍR[K]) is a closed left (right) ideal of A. Since A has no

nonzero nilpotent left or right ideals, L[A] = \0\ = R[A], Hence, for each x in A,

E[xA] = |y: yx = 0! and R[Ax] = |y: xy = 0|.

Let K be a right (left) ideal of A contained in S. Any maximal orthogonal

set of minimal idempotents in K has the same cardinality denoted by 6ÍK) and

called the order oí K. Ii n = 6ÍK.) is finite and |e,, e,,*««, e  } is a maximal
L      ¿ n

orthogonal set of minimal idempotents contained in K, then

Z e,A = K
7=1 (?,M

A right (left) ideal K has finite order n if and only if K is the direct sum of n

minimal right (left) ideals of A. If e is an idempotent in S, diAe) = dieA) < 00.

Let fXe) be this integer. For proofs see [2, §2]. The following crucial theorem

was proved by Barnes in [3].

1.1. Theorem. An element x of A is a Fredholm element if and only if there

are idempotents e and f in S such that

(1 - f)A = xA,    Ail - e) = Ax,    A = Ax © Ae,    A = xA® fA.

For each x in 0 let kix) = 0iL[xA]) - 6iR[Ax]). The integer kix) is called

the generalized Fredholm index of x. The mapping x \~*kix) is a continuous

function on 0 [3, Theorem 4.1]. Since k is integer valued, it is constant on com-

ponents of $. Hence, for x in $ and y in /,  kix + y) = kix). Another important

property of the generalized Fredholm index is that it acts as a semigroup homomor-

phism of $ into the integers, that is kixy) = kix) + ¿(y) for all x and y in $ [3, §3].

Let X be a Banach space and let BiX) denote the primitive algebra of bound-

ed operators on X. The socle of BÍX) is the ideal 5(X) of operators with finite-
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dimensional range. The closed ideal of compact operators contains j(X) and is

contained in the ideal of inessential operators ([8, pp. 278-283] and [6, Theorem

l]). The operators  T with closed range, finite nullity tzÍT), and finite defect diT)

ate usually called Fredholm operators. They coincide with the semigroup of Fred-

holm elements of BiX). In [3, p- 91], Barnes shows that, for a Fredholm operator

T, kiT) - diT) - niT) which is the usual index of T in Fredholm operator theory.

Schechter shows in his paper [ll] that if T is a Fredholm operator of index

zero there is an operator U in j(X) such that T + U is invertible. Examples

will be given at the end of this section to show that there are nonprimitive semi-

simple Banach algebras A containing Fredholm elements x of index zero such

that x + 22 is singular for all u in the socle of A. It is natural to ask: "Which

elements of *$A can be carried into the   invertible elements by adding an element

of S?" To answer this question some facts about primitive ideals of A are

needed.

Let Cj be a primitive ideal of A. Since Q is closed, A/Q is a primitive

Banach algebra with unit element. Hence SA ,„ and ®A/q exist. Let kA,Q de-

note the generalized Fredholm index defined on ®A/n an<* ̂ et Cq: A —* A/Q be

the quotient homomorphism. For each / in E, Cn(f) is an idempotent and, if /

is not in Q, Cq(¡) is in Ea.q (the set of minimal idempotents of the algebra

A/Q) since ¡Af is one dimensional. Then clearly ¿,q(Sa) Ç Sa ,q and, since Cq

is continuous, £q(S a) ÇS a ,q, where SA and Sa,q denote the socles of A and

A/Q respectively. Hence Cq($a) Ç ®a/q. Let ¡A/Q be the ideal of inessential

elements of A/Q. Let 77Q: Cq(A) —> Cq(A)/S ^q,A) be the quotient homomorphism.

Then ttq(£q(Ia)) is a quasi-regular ideal in nQ(£Q(A)) because Cq(S~a) Ç ^r0tAy

and so £q(Ia) is contained in ¡A/q. For any minimal idempotent e in E define

Le = {x e A: xA Ç A(l - e)\ and Re = ix € A: Ax Ç (1 - <?)A}. These two ideals

are primitive and in [l] Barnes proves that

Le = Re = L[Ae] = R[eA].

1.2. Lemma. // Q is a primitive ideal of A then either S is contained in Q

or Q = Le for each e in E\Q.

Proof. Suppose Q is a primitive ideal and S is not contained in Q. Let e

be a minimal idempotent which is not in Q. Since L [Le]Le = \0\ Ç Q, either L[Le]

Ç Q or Le Ç Q by [9, 2.2.9]. Now e ¡s in L[Le] but not in Q so Q contains Le.

Also eQ is a right ideal not containing e so eQ 4 eA, and since eA is a minimal

right ideal this implies eQ = {0|. Then eAQ Ç eQ = {0l so Q is contained in
R[eA] = Le.

1.3. Definition.  Let iff = \x £<b: kA/Q(ÇQ(x)) = 0 for all primitive ideals g!.
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For each e in E abbreviate and write Çg for £Le and let k    denote the general-

ized Fredholm index on í>r ,Ay Using Lemma 1.2 it is clear that iff = |x € A:

kei£,eix)) = 0 for all e £E\. Let i/r   = jx £ iff. n = 0(R[Ax])i for each integer n.

Then i/f is the union of the sets iff .

1.4. Theorem.  For each x in iff there is an s in S such that x + s is inver-

tible.   In particular s can be chosen to be in fAe for finite idempotents e and f

such that L[xA] = Af and R[Ax] = eA.

Proof. Let x be in iffQ, then P[Ax] = |0}. By Theorem 1.1, A = Ax. If also

L[xA] = |0i then, by [9, 1.6-9], x is invertible. Choosing s = 0 would satisfy

the requirements of the theorem. Suppose L[xA] /= \0\. Let l/j. A,»««'»/ ! be a

maximal orthogonal set of minimal idempotents in L[xA]. Since /.  is not in L'l,

and £hify)£fiix) = £   (0) it follows that the left ideal {(jiyU C^iyx) = £  (0)1 =

L[£, (x)] has nonzero order. The right annihilator of the primitive algebra £. (A)

is zero and, since Ax = A, 0(ß[£, (Ax)]) = 0. Then

*, (£, ix)) = 0(L[£, UA)]) - 0(P[£, iAx)]) i 0,
'\    '1 '1 M

a contradiction. Hence 6iL[xA]) = 6iR[Ax]) = 0 for all x in t^ .

Now suppose a is a nonnegative integer and for all 0 < n < q the theorem is

true for all elements x of ipn. Let x be in iff    ,. Let |e     e  ,••., e       i be a

maximal orthogonal set of minimal idempotents contained in P[Ax]. Let {/.,

f2-> ' ' ' > fm\ be a maximal orthogonal set of minimal idempotents in L[xA] for some

integer m > 0. Since e,  is not in L*l, CAeA is a nonzero element of R[C   (Ax)]

so this right ideal has positive order. Let / = S?_   /.. Assume that fAe. - \0\

for all 0 < ;' < m. Then fAe¡ = |0| and £   (l -/) = £c (l). By Theorem 1.1,

(1 - f)A = xA and it follows that CeyiA) = £   (xA). Since £e (A) is primitive,

|£ei(0)} = L[£e UA)], but this implies

A, (C W) = fXL[£e ixA)])-diR[£eiAx)])¿0,

contradicting the fact that  x is in iff. There must be some  1 < / < m such that

fAex ± \0\. Reorder the l/P.p if necessary, so that ¡x^y ¡¿ |0Î.

Let /j be an element of A such thaf/j/jej /= 0. Let Xy=x + fytyCy. Clear-

ly Xy is in 0. For each primitive ideal Q of A, Cçif^^i' is a finite element

of A/Q so

^A/O^Q^l^ - *A/q(¿qW + ¿oVlVlN

= ̂ a/q^qW) = o.

Then Xj is in ip.
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Now we will show that Xj is in iffq by showing that i?[Axj] = 2ZqA2 eA. Let

y be in R[Axj], then xy = -f^^^. Multiplying by /, on the left we have 0 =

f xy = -f,t,eiy = zy, so at least it is known that y = £?_+ ep. Since Cj is a min-

imal idempotent and ¡A\e\ ¿ °' ^Vlel = AeV Then ely = ° because ^ =

A/j/jßjy = Ae^y. This shows that Z?[Axj] is contained in 2?_+2 gjy. The reverse

inclusion is obvious. Similarly it can be shown that L[xjA] = 2™    A/..

Since x,  is in iff , we know that m - I = q and there is an s in

&?*2 f)AiXqA}e) suchthat Xj + s is invertible by the inductive assumption.

Then /^jCj + s is in (2qA1 f MCI?*1 e;) and x + (fxt^ex + s) = Xj + 5 is invert-

ible.

1.5. Corollary.  Let N be an ideal of A such that S C N C I. An element x

of A is in iff if and only if there is an element z in N such that x + z is invert-.

ible.

Proof. It is sufficient to show that if there is a z in zV such that x + z is

invertible then x is in iff. Let Cj be any primitive ideal of A. Since Cq(z) is in

IA/q, as discussed earlier, it follows that

kQ(CQ(x)) = kQ(CQ(x) + CQ(z)) = o.

Therefore x is in iff.

1.6. Corollary.  // A  is a primitive Banach algebra with unit element, iff =

{x £ 0: k(x) = 0!.

Proof. By Lemma 1.2, {0! = Le tot all minimal idempotents e and every non-

zero primitive ideal of A contains S. Then if Cj is any nonzero primitive ideal of

A and x is in 0, x + Q is invertible in A/Q and so kQ(x + Cj) = 0.

The following two examples were developed in [3]. They are used here to

illustrate the fact that Corollary 1.6 is not necessarily true if A is not primitive.

1.7. Example. Let A be a compact Hausdorff space and let X be a Banach

space. Let A be the algebra of continuous functions defined on A with values in

B(X). The norm of an element / in A is defined by

l/l=SuP||/(y)||
y eA

if j) - j)  denotes the operator norm on B(X). Then A is a semisimple Banach alge-

bra with unit element. An idempotent e in A is minimal if and only if there is an

isolated point yn in A and a projection E in B(X) with one-dimensional range

such that e(y0) = E and e(y) = 0 for all y 4 yQ. It follows that SA is the set of

all / in A such that / takes the value zero at all but a finite set of isolated

points of A and f(y) is an operator with finite-dimensional range for all y in A.
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An element h of A is Fredholm if and only if ¿(y) is a Fredholm operator for all

y in A and is invertible except at perhaps a finite number of isolated points of

A. For a Fredholm element h of A, kih) = 2 e^k ihiy)), where k   is the usual

index on $BrXy

For an e in EA  let yQ be an isolated point such that e(y) = 0 if and only

if y ;¿ y0. Then Le =\f £ A: fiyA = 0| and the mapping f + Le \-* fiyA is an al-

gebra isomorphism of A/Le onto BiX). It h £ A is Fredholm of index zero mod-

ulo Le,  biy0) is a Fredholm operator of index zero in ß(X). If h is in i/r, hiy)

is invertible if y is not isolated and hiy) is a Fredholm operator of index zero at

every point of A.

1.8. Example.  For a Banach space X assume that 77 is an index set and

¡X : p £ 77Î is a collection of closed subspaces of X with the following properties:

(a) xan(    £    xm) = {0!   fora11 aerl'
\per);ii*a     /

(b) (Z X )=X.
\/i£7J /

We define A to be the algebra of all operators  T in B(X) such that T is invari-

ant on each X    for all p £ 77. Then A is a semisimple closed subalgebra of B(X)

containing the identity and S. = j(X) n A, where j(X) is the ideal of operators

with finite-dimensional range. For each 0. £ 77 let Ya be the set of bounded

linear functionals f a on Xa such that

faiXß) = ÍOi    for all p ¿ a.

For any 0 /=■ ua in Xa such that /aUa) = 1, let E: X —» X be defined E(x) =

faix)ua. Then F is a minimal idempotent of A and every minimal idempotent in

A arises in this way. An operator U is in SA  if and only if U vanishes on all

but finitely many of the subspaces X    and  U is in ÍF(X). If T is a Fredholm

element there exist operators   R in A and  U and V in SA  such that TR = / - U

and PT = / - V. Then the restriction of T to any of the subspaces X ,  T , is a

Fredholm operator on X    and T    is invertible on X    for all but perhaps finitely

many p in 77. The generalized index of T is given by kiT) = S        A (T ), where

A    is the Fredholm index on ^g/v } for all p in 77. Let F = fai )ua tot some

<x e 77 be a minimal idempotent of A as constructed above. The ¡deal L    = R[EA]

= L[AE] = |T £ A: TiXa) = 0!. Then the mapping (T + LE) — Ta is an algebra

isomorphism of A/L     onto BiX). If T is Fredholm of index zero modulo LE,

then Ta is a Fredholm operator of index zero in B(Xa). For each T in ipA, T    is
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a Fredholm operator of index zero in B(X ) for all p in 77, and T    is invertible

in B(XA for all but perhaps finitely many p in 77.

1.9. Example. Let /2(Z ) denote the square summable sequences. Let H

be the Hilbert space direct sum H = /2(Z ) © l2(Z). Let A be the subalgebra of

BW) leaving each of the two direct summands invariant, constructed as in Exam-

ple 1.8. For two operators U and W in ß(/2(Z+)) define U © W({x.!~_j,{y }°°_1)

= (fixt.|°°=1, W\y.Y?al). Then 1/ ©W is in A. Define T, F and P in B(/2(Z*))

as follows:

T(xj, x2, Xy •••) = (0, Xj, x2, x3, • • • ),

F(xj, x2, Xy • • • ) = (x2, x3, • • • ),

P(Xj, X2, Xy • • • ) = (xj, 0, 0,  • • • ).

Let / be the identity element of Bin). Then

(T©F)(F©T) = /-(P©0)    and    (F © T)(T © F) = / - (O © P).

The operators (O ©P) and (P © 0) are in EA and

L[(T © F)A] = A(P © 0),       R[AiT © F)] = (O © P)A.

Hence T © F is in $A and ^(T © F) = 1 - 1 = 0. Suppose there is a V in 5^

such that ÍT (BF) -V is invertible in A. Let Vj and V2 be the restrictions of

V to the first and second coordinate spaces respectively.   Then V = V\ © V2

and Vj and V2 are in B(/2(Z+)). Since (7/ © F) - V = (T - Vj) © (F - V2) is

invertible, each of the operators T -V ^ and T - V2 is invertible in B(l (Z^).

Clearly Vj and V2 are in the socle of ß(/2(Z )). Since the index is invariant on

components of ^b(Z2(Z+))'

and

0 = k      ,    + (T - V.) = k      .     .   (T) = 1
B(/Z(Z   )) * B(/2(Z+))

0 = /e (F-V,) = A     .     .   (F) = -l.
B(Z2(Z+)) 2 B(Z2(Z+»

Hence T © F is an element of ^  with index zero which cannot be carried into

the invertible elements by adding an element of 5..

1.10. Example. Let A be a compact Hausdorff space containing exactly two

isolated points yt and y2. Let H, T and F be as in Example 1.9. Let A be

the algebra of continuous functions on A with values in B(H) constructed in Ex-

ample 1.7. Define

T   if y-yv

/(y)=     F    ify=y2,

/     it y 4 y i d = 1, 2).
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Clearly / is in <¡>A and kAif) = k'iT) + k'iF) = 1-1 = 0. Suppose there is an

element u in SA suchthat / + a is invertible. Then if+u)iy) is invertible and

uiy) is in 9:(/2(Z+)) for all y in A and uiy) = 0 if y is not in lyj, y2\. Since

k is constant on components of ®bu2(z+))'

0 = *'((/+ u)iyy)) = k'iT + uiyy)) = k'iT) = 1

and

0 = k'iif+u)iy2)) = *'(F + zz(y2)) = k'iF) = - 1.

We must conclude that no such element u exists. Therefore / is an element of

$A of index zero which cannot be carried into the invertible elements by adding

a finite element.

2. Poles of the resolvent. Let 0 be any open subset of C containing a com-

pact set K. If y: [0, l]—»0 is a piecewise continuously differentiable mapping,

y is called an admissible cycle for (O, K) if

(a) y[0, l] is contained in 0\K, and

(b) Wiy, z) = 0 if z is not in 0, and Wiy, z) = 1 if z is in K,

where Wiy, z) is the winding number of y at z. For any x in A and z a complex

number not in the spectrum of x, spU), define Rzix) to be the inverse of z - x.

The function zl-»PzU), called the resolvent mapping lot x, is analytic onC\sp(x).

If 0 is an open set containing spU) and y is an admissible cycle for (0, spU))

define

tot each complex-valued function / analytic on 0. If y y and y2 are both admis-

sible cycles for (0, spU)), one can use the general Cauchy theorem to show

that fy.ix) = fy Ax). We will write fix) to denote this element of A.

If / and g ate complex-valued analytic functions in a neighborhood U oí

spU) and g is a complex-valued function analytic in an open set V containing

sp(/U)) then (g °/)U) = g(/U)). The proofs of these facts can be easily gener-

alized from the usual operational calculus where A is ß(X) for some Banach

space X; see [5].

2.1. A construction. Let x be an element of A. In the special case that

sp(x) contains  an isolated point A, we use the operational calculus to show

necessary and sufficient conditions that A is a pole of the resolvent mapping

z *-♦ Pzix). The following construction will be used repeatedly in our arguments.

Let r be a positive number such that

\z: \z-X\ <2r\ Osp(x)= {A}.

For each integer m < -1 let
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For each integer m > 0 let

/«w =

0 if |z-A| >r,

(z-A)-(ffl+1)   if |z-A|<r.

(z-A)-(m+1)   if |z-A| >r,

0 if |z - A| < r.

For all integers ttz, / (z) is a function analytic in the open set

U = {z: \z-\\ <r or |z-A| > r\

which contains sp(x). For any z in U,

(a) (z - A)/m+1(z) = /m(z) for ttz > 0,

(b) (z - A)/  (z) = /     Az) tot m < -I,
' m ' m— L —       *

(c) (z-A)/0(z) = l-/_j(z),

(d) U-A)-*"*"/    (z)=/  (z) for 772 <-l.
' — 1 ' m —

Using the operational calculus defined above wè have the following relations:

(a) (x - A)/     Ax) = f  (x) fot 772 > 0,

(b) (X - A)/   (x) = /        .(x)  for   772 < -1,

(c) (x-A)/0(x)=l-/_j(x),

(d) (x-A)-(m+1)/   ,(x)=/  (x) for 772 <-l.
' — i 'm —

(e) /_j(x) is a nonzero idempotent.

For 0 < \z — A| < r we have the Laurent expansion

Rz(x) = £ - (z - A)*/4(x) + £ U - A)-*/_à(*)î
k=o k^i

see [12, p. 3O5]. The nonzero idempotent f_,(x) is called the spectral idempo-

tent for x at A. If p is a positive integer and f_t_,(x) = 0 but /    (x) 4 0, then

A is called a pole of Ri.x) of order p. If in addition, /_j(x) is a finite element

with 0(/_j(x)) = 72 < 00, then the pole A is said to have finite rank 72.

For any bounded operator T on A, define aiT), the ascent of T, to be the

smallest nonnegative integer 72 such that

\y£A: Tn+1y = 0i={yeA: r^,^

or + 00 if no such 72 exists. Define SiT), the descent of T, to be the smallest

nonnegative integer 772 such that

\Tm+1y:y£A\=\Tmy:y£A\,

or + » if no such ttz exists. For any element x in A let L   and R    denote the

left and right multiplication operators of x on A, and define

aTix) = aiRx),      8Tix) = 8(RX),

az(x)=a(Lx),      8¡(x) = 8(Lx).
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2.2. Theorem (Taylor [13, Theorems 3-6 and 3.7]). Let X be a Banach space

and let T be in BiX). If aiT) and 8iT) are both finite, then aiT) = 8ÍT). Let

a . aiT) = SiT).  Then

\x£X: T*x = OiniTVyeX! = {0.

ana"

IxeX: T«x = Oi©|T?y:yeXi = X.

Applying this theorem to the case of operators of left and right multiplication

on a semisimple Banach algebra A we have the following useful corollary.

2.3. Corollary. // a Ax) and Six) are both finite, then they are equal and

for p = a Ax) = S.ix) we have

(a) xpA nR[Axp] = {0} and R[Axp] ®xpA = A.

// a ix) and 8 U) are both finite, then they are equal and ¡or m = a ix) = 8 ix)

we have

(b) Axm n L[xmA] = |0i and L[xmA] ©Axm = A.

2.4. Lemma.  // A is a pole of R ix) of order p and if f   ,U) is the spectral

idempotent for x at A, then

(a) p = a^A - x) = 8AX - x) = aiX - x) = 8ik - x),

(b) (l-/_j(x))A = (A-x)M,

(c) A(l-/_1(x)) = A(A-x)i',

(d) \0}¿R[AÍ\-x)p] = f_yix)A,

(e) |0l^L[(A-x)M] = A/_1(x),

(f) (A - x)pA and A(A - x)p are closed,

ig) (A - x)pA © P[A(A - x)p] = A,

(h) A(A-x)fi©L[(A-xi'A] = A.

Proof.  For each integer n construct / U) for x at A as in (2.1). Since

/_,U) is an idempotent

(1) A = (l-/_1(x))A©/_1U)A,

(2) A = A(l-/_1U))©A/_1(x),

and each of these one-sided ideals is closed. For each n > p, 0 = /_      jW =

U-A)n/_jU) so we have f_yix) contained in P[A(A-x)"]. If y is in

P.[A(A - x)"] for some positive integer n,

0 = fn_ jU) (A - x)"y = (A - x)/0(x)y = (1 - /. yix))y.

Hence P[A(A-x)n] is contained in /_j(x)A for all positive integers n. Then

P[A(A - x)n] = (_yix)A tot all n>p and a^A - x) = p since 0 4 /_ftU) =

U - \)p~ 1f_lix). Similarly, L[(A - x)nA] = Af_ j(x) for all n > p and af\ - x) =p.

This proves (d) and (e).
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To see that (l - /_j(x))A is contained in (A-x)M, compute 1 -/_j(x) =

(x - A)/0(x) = (x - r\)pf     Ax). If z = (A - x)py tot some y in A then, using (1),

z = (1 - /_ Ax)) (A - x)py + f_ Ax) (A - x)py= (l - /_ j(x))z.

Therefore (l -/_ yx))A = (A - x)pA. Similarly A (A - x)p = A(l - f_ Ax)). Now (b)

and (c) are proved and they imply (f). Using (1), (b), and (d) we have (g), and

using (2),   (c) and (e) we have (h). Since

(A - x)2pA = (A - x)*(l - /_ Ax))A = (1 - /_ j(x))2A = (A - x)pA,

we conclude z5,(x) < p. By Corollary 2.3, <5,(x) = p. Similarly 8 (x) = p. This

proves (a).

2.5- Definition. Let 72 be a positive integer and g a nonzero idempotent in

A. We will say that an element y of A generates an (72, g, R¡-decomposition of

the algebra A if

(a) gy = yg,

(b) R[Ayn]= g A, and

(c) ynA®gA=A.

Similarly, an element y generates an (72, g, L)-decomposition of A if

W) gy = yg,
(e) L[y"A] = Ag,and

(f) Ay" ®Ag^A.

2.6. Lemma.  Let x be in A and let A be a complex number. Assume that

p is a positive integer, g is a nonzero idempotent in A,  (A - x) generates a

(p, g, R)-decomposition of A and p is the smallest positive integer for which

this is true.  Then:

(a) (X - x)pA = il-g)A,

(b) p = afK -x) = S,(A - x),

(c) A is a pole of Rz(x) of order p,

(d) g is the spectral idempotent for x at A

Proof. Clearly (l - g) (A - x)p = (A - x)p = (A - x)p(l - g), and hence (a) is

true. Then (A - x)pA = (A - x)p(l - g)A = (A - x)2pA and so we have Sfk -x)<p.

Assume that (A - x)pz 4 0 but (A - x)^ +1z - 0. Let y = (A - x)pz. Then

(A - x)py = 0 since p > 1. Hence y is in gA O (A - x)pA = ¡0!, a contradiction.

This shows that a. (A — x) < p.

Let B = (l - g)A(l — g). B is a semisimple Banach algebra with unit element

(l - g).   To see that (A - x)(l - g) is an invertible element in B, use [9, Theorem

I.6.9] and the two following computations:

B = (A - x)pAil - g) = (A - x)*+1A(l _ g)

= i\-x)il-g)Ail-g) = i\-x)B
and
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RB[Bi\ - x)] = \y £ A: (1 - g)y(l -g) = y and B(A - x)y = {Oil

ÇlyeA: gy = 0 and (l- g)(A - x)py =0}

= {y e A: gy = 0 and (A - x)py = 0|

= (l+g)A DgA = {0|

where, for any subset W oí B, Rß[W] = {z £ B: Wz = |0j|.

Since 0 = (A - x)pg = ((A - x)g)p, the spectral radius in A of the element

(A - x)g is zero and hence sp^((A - x)g) = |0j. Since g ¿ 0, |0¡ = sp^((A - x)g) =

{0} u sp(U-x)g) [9, p. 35]. Then spgAgixg) is just |A|.

It is easy to check that sp^U) = spßU(l - g)) u sp A ixg). We know that

sps ((l - g)x) is compact and does not contain A. Hence A is an isolated point

of sp^ ix).

For each integer m, construct / ix) at A as in 2.1. Let z H» PzU(l -g)) be

the resolvent mapping for x(l -g) in the subalgebra B. For each z 4 spßU(l -g)),

il-g)=Pzixil-g))iz-x)il-g)=iz-x)il-g)Pzixil-g)).

Then, if z is not in sp^ ix), Pzixil -g)) = (l -g)P-zU) = Rzix)il -g). The map-

ping z —» P_U(l - g)) is analytic on |z: |z — A| < 2r} if r is a positive number

such that {z: \z - A| < 2rî n sp^ ix) = M. Then, by Cauchy's theorem,

= (l-g)/_1(x) = /_1(x)(l-g).

We see that f_yix) = /_tU)g = g/.jU). Then /.^W = (A -*)''/_XU) = 0.

Hence A is a pole of Rzix) of order less than or equal to p.

Now let m <p be the order of the pole of Rzix) at A. By Lemma 2.4,

il-f_yix))A=i\-x)mA and P[A(A -x)m] = f_yix)A. Then since /_,U) com-

mutes with x and m > 1, (A-x) generates an im, /_,U), P)-decomposition of

A, but p is the smallest such integer so p = m. This proves (c). Then (b) fol-

lows from Lemma 2.4. Since

g(l - /_ j(x)) = gix - A)/0(x) = gix - \)pfp_ !(x)

= o.//)_1U) = o,

we see that f = f_yix)g = f_yix). This proves (d).

2.7. Theorem.  Let x be in A.  For a positive integer p and a complex num-

ber A these conditions are equivalent:

(a) A is a pole of Rxix) of order p.
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(b) There is a nonzero idempotent g in A such that (A - x) generates a

(p, g, R)-decomposition of A, and p is the smallest positive integer such that

this is true for x and A.

(c) There is a nonzero idempotent h in A such that (A - x) generates a

(p, h, L)~decomposition of A, and p is the smallest positive integer such that

this is true for x and A.

Proof. Conditions (a) and (b) are equivalent by Lemmas 2.4 and 2.5. By

Lemma 2.4 we know that (a) implies (c). The proof that (c) implies (a) is similar

to that given for Lemma 2.5.

3. Riesz points of the spectrum.  The singularities we are about to discuss

are analogous to those considered by Lay in [7] and by West in [14]. They are

especially easy to handle algebraically and will be important in the work taken

up in §4.

3.1. Definition. For x in A, a number A in sp(x) is called a Riesz point of

sp(x) if and only if A is a pole of R (x)  of finite rank.

3.2. Lemma. // A is in sp(x), A is a Riesz point of sp(x) if and only if there

is a positive integer p and an idempotent g 4 0 in SA such that (A - x) generates

a   (p, g, R)-de compos it ion of A or, equivalently, (A - x) generates a (p, g, L)- de-

composition of A.  For such numbers A, (A - x) is a Fredholm element of index

zero.

Proof. Suppose A is a Riesz point of sp(x). Let p be the order  of the pole

of Rz(x) at A and let / denote the spectral idempotent for x at A. By Lemma

2.4, R[A(X - x)p] = /A and L[(A - x)pA] = Af. Since / is finite, 0(L[(A -x^A]) =

6(f) = 6(R[A(X - x)p]) < oo. Hence A - x is a Fredholm element of index zero. By

Theorem 2.7, the element A-x generates a (p, g, /^-decomposition of A and a

(p, h, L)-decomposition for some nonzero idempotents g and h and, by the preced-

ing remarks, g and h must be finite.

Conversely, if A - x generates a (p, g, Rdecomposition for some p > 1 and

some finite idempotent g then, by Theorem 2.7, A is a pole of R (x) of order p.

Again let / denote the spectral idempotent for x at A. By Lemma 2.4, /A =

R[A(A - x)p] which is a right ideal of finite order. Hence / is in SA and A is a

Riesz point. If A - x generates a (p, h, L)-decomposition for some p > 1 and non-

zero finite idempotent h, the proof that A is a Riesz point is similar.

3.3. Lemma.  Let N be a closed two-sided ideal of A and let cfo: A —* A/N

be the quotient homomorphism.  For each x in A, if f(z) is a complex-valued

function analytic on an open set containing sp(x) then cp(f(x)) =/(<p(x)).
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Proof.  It is sufficient to show sp^ U) C sp^ ,„ ix + N). Let W be an open

set containing sp^ U) and let y be an admissible cycle for (W, spU)). Then y

is an admissible cycle for ÍW, sp^/N(x + A/)). If z is not in sp4/NU + N) let

Pzi(pix)) = Pzix + N) = rpU - x)_1.  Then, it z 4 SpA ix), PJ,x + N) = rp(«z(x)).

Compute

/(<p(x))= —   f   fiz)Pix+N)dz = — f  fiz)i(piRix))dz)
2-ni J y 2í7z J y

= (p(J-fyfiz)R2ix)dz}=(pifix)),

since the quotient mapping r/> is continuous.

3-4. Lemma.  // A is a Riesz point of spU) and N is a closed two-sided

ideal of A such that A/N is semisimple, either A — x is invertible modulo N or

X is a Riesz point in sp^/Nix + N).

Proof.  For N such a closed ¡deal of A, rp: A —> A/N is the quotient homo-

morphism. If rp(A - x) ¡s not invertible A ¡s an ¡solated point of spA/Ni(f>ix)) Ç

sp^ (x). For each integer m construct the function /  U) for x at A as in §2.1.

Since /_j(x) is in SA, <p(/_jU)) is in sa;n~ By Lemma 3-3, /m(rpU)) = (pifmix))

for all m, so f_yi<f>ix)) is in $a/n- If p is the order of the pole of PZU) at A,

0(O)=<?i(/_/).1U)) = /_o.1(«p(x)).

Let Pz(rpU)) = (rpU -x))_1  for all z 4 sp^^ (<p(x)). Then A is a pole of z —»

Pziq>ix)) of order less than or equal to p and rank less than or equal to 0(/_j(x)).

Hence A is a Riesz point of sp^ ,„ (cS(x)).

3-5. Theorem.   Let X be a Riesz point of spU) and let f be the spectral

idempotent for x at X,  Then f is in SA  and X — x — f is invertible in A.

Proof.  Let p be the order of the pole of R ix) at A. By definition of a

Riesz point, / is in SA and it is a nonzero element of P[A(A - x)p] O L[(A - x)pA],

Suppose X — x - f is not invertible. It is at least Fredholm (of index zero) by

Lemma 3-2. There is a minimal idempotent i in A such that either

¿(A - x - /) = 0    or    iX-x- f)h = 0,

by [3, Theorem 2,3]. Assume hiX - x - f) = 0. Then MA - x) = hf. Therefore

0 = MA - x)pf - bfik- x)p- V = MA -x)p-lf

= hiX-x)p~2f=... = hf.

Then 0 = MA - x) and so h is in L[(A - x)A] Ç L[iX - x)pA] = Aj.  Hence h = hf

= 0, which is a contradiction.
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3.6. Definition. Let

<J>^ = jx £ $A: a¡(x) = 8t(x) < ooi,

<Kf = \x£<i>A: ar(x) = z3r(x) < oo|,

<DR = (x £ $A: ar(x) = 8r(x) = a,(x) = 8¡(x) < ~|.

Using the theory developed in this section we will soon show that these three

sets are equal.

3.7. Theorem.  // x is an element of A and X is any complex number such

that X — x is in <t>.   or <$  , then either A - x is invertible or X is a Riesz point

of sp(x).

Proof. Assume A is in sp(x) and that A-x is in $?. Let « = a .(A - x) =

z5.(A - x) < oo. Since A-x isa Fredholm element so is (A - x)n. Let g and h

be idempotents in SA  such that A(l - g) = A(X - x)n and (l - h)A = (A - x)"A.

Then

R[A(X - x)n] = gA    and    L[(A - x)"A] = Ah.

By Corollary 2.3,

gA n (A - x)nA = |0 j    and    A - (A - x)nA © gA.

Hence

gA n (1 - h)A = ¡01    and    A = (l - h)A © gA.

Each of the summands is closed because g and h ate idempotents.

Since A is a Banach algebra, there exist projections Pj and P2 in B(A)

such that

P Agz + (I - h)y) = gz    and    P2igz + (1 - h)y) = (l - h)y

for all z and y in A. Since (A - x)n+tA = (A - x)"A we see that (A - x)(l - b)A

= (1 - h)A. In particular, (A - x)(l - h) = (l - 6)(A - x)(l - h). Then (l - h)A is

invariant under L.^_   ., the operator of left mulitplication by A - x on A. Also

(A - x)gA = (A - x)R[A(A - x)n+1] = i(A - x)y: (A - x)"+1y = 0!

Ç R[A(A - x)"] = gA.

So gA  is also invariant under L.._  .. Then P.L.       . = L..      ,P,  and P-A,.     .

= L(x_ä)P2 . If there is a y in A such that 0 = (A - x)"(l - h)y, then (l - h)y

is in R[A(A - x)n] = gA. We have shown that (l - h)A D gA = {0\, so (l - %

must be 0. Hence L.^_  .„: (l - h)A —» (l - h)A is a bijection. There is an oper-

ator K in B(('l - h)A) such that
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L K((l-h)x) = (l-h)x=KL Ail-h)x)
(X-x)n (X-*)"

for ail x in A. Extend K to be identically zero on gA. Then L ..nKP2 =

KL'\-x)"P2 = P2-
Let B = \T in B(A):P jT = TPj and P2T = TP2\, i.e. the subalgebra of oper-

ators having (l - h)A and gA as invariant subspaces. B is a semisimple Banach

algebra with unit I and with the inherited norm topology. Notice that l-fx     ., L ,

K, Pj, and P2 are all in B.

Now clearly PjB is contained in  Rß[ß(A/ - Lj"]. If T is in Rß[ß(A/ - Lj"]

and if P2T is not zero there is a nonzero z in A such that 0 4 P2Tiz) =

P2TP2(z). For some y in A, P2TP2(z)= (A - x)"y 4 0. But

0 = (A/ - Lx)"TP2(z) = (A/ - LxYP2TP2iz)

= (A - x)"(A - x)"y = (A - x)2ny.

Then 0 / (A - x)"y e R[AiX - x)n] O (A - x)"A = io!, a contradiction. Hence, for

for all T in /?R[ß(A/- L)n], 0 = P.T = (/-P.)T so we see RR[ß(A/ - L V»] =
tS X ¿ 1 OX

PjB. For any T in B,

T= P.T+ P,T= L KP^T+P.T,
2 X (\-x)n       2 '   1

which is in (A/ - Lx)"B © PjB Ç P2B © PjB, so B = PjB © (A/ - Lx)"B. Hence

(A/- Lx) generates an (tz, Pj, /^-decomposition of the algebra B. Let p be the

smallest positive integer such that iXI - L ) generates a (p, G, R)-decomposition

of B tot some nonzero idempotent G in B. By Lemma 2.6, A is a pole of

R (Lx) oí order p and G is the spectral idempotent for L    at A.

Now spß(Lx) = spg.^ ,(Lx) = sp(x) by [9, Theorem 1.6.9]. The number A is

isolated in this set. For each integer ttz construct the open set U containing

sp(x) and functions /  (z) at A as in (2.1). Let y be an admissible cycle for

(U, sp(x)). For all z not in sp(x) we know RZ(LX) = LR   ... Then, for each in-

teger ttz,

U2ni)-1fyfm<.z)Rz(x)dz)        fm(xY

since the mapping  y —> L    from A  into B(A) is continuous.

Now 04f_p(Lx) andyf_p_,(Lx) = 0, so 0 4 L/j>(x) and L,^^, = 0.

Then f_Ax) 4 0, and since A is semisimple, f_ù_Ax) = 0. Hence A is a pole

of Rzix) of order p. By Theorem 2.7, n = p. So, Pj = f_l(Lx) = L.    ... Then
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for all y in A, Pyiy) = /_yix)y. Hence gA=f_yix)A.  Therefore f_yix) is in SA

and dig) = fX/_jU)). If A - x is a singular element of 0R the proof that A is a

Riesz point of spU) is similar.

3.8. Corollary. $f = $R = <&R.

Proof. Let y be in Of. If y is invertible, 0 = a^y) = 8fy) = a¿y) = 8riy)

so y is in 0R. If y is not invertible, 0 is a Riesz point of sp(y) by Theorem

3.5. Let n be the order of the pole of Rziy) at 0. By Lemma 2.4, n = aAy) =

8t(y) = aiy) = 5r(y). Hence, Of Ç 0R. Similarly, 0R Ç 0R. Clearly 0R Ç 0R n

Of.
3.9. Theorem. For x in A, c in I the ideal of inessential elements of A, and

A in spU) if xc = ex and X — x - c is invertible, then X is a Riesz point of

sp ix).

Proof. Let k = -(A - x - c)~ 1c. Since xc = ex we have also k = -dX-x - c)~*.

Since / is an ideal, ¿ is in /.

1 - k = (A - x - c) - HA - x) = (A - x) (A - x - c) -!.

For all integers m > 0,

A(l - k)m = A((A - x - c)" HA - x))m

= A(A - x - c)'m(A - x)m = A(A - x)m.

Similarly (l - k)mA = (A - x)mA for all integers m > 0. Using a theorem of Barnes

[2, Theorem 3.3], ~ > 0^(1 - k) = 8,(1 - ¿) = ajil - k) = 5/1 - ¿). Let this integer

be p. Since (A-x) is not invertible, p is greater or equal to one. By [2, Theorem

3.5], 1 - k is a Fredholm element of index 0. There are idempotents   e and / in

SA   suchthat <?(/) = 0(e),

A(l - e) = A(l - k) = AiX - x)    and   (l - f)A = (1 - k)A = (A - x)A.

Then A - x is Fredholm of index 0 and p = a (A - x) = 5,(A - x) = a (A - x) =

8AX-x). We see that A-x is in 0R. By Theorem 3-7, A is a Riesz point of spU).

The following corollary is immediate from Theorems 3-5 and 3.9.

3.10. Corollary. A complex number X is a Riesz point of spU) if and only

if there is an element c in ¡A such that xc = ex and X - x - c is invertible in A.

3.11. Corollary. A complex number X is a Riesz point of spU) if and only if

A-x is a singular element of 0R.

Proof. If A-x is a singular element of <Í>R, A is a Riesz point of spU) by

Theorem 3-7. Suppose A is a Riesz point in spU). Then, by Lemmas 3.2 and
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2.6, A-x is a Fredholm element and a¿(A - x) = 8¡iX - x) < ». Then A - x is

inOR.

4. Riesz elements of A.

4.1. Definition. An element y of a normed algebra is called a topological

nilpotent or a quasi-nilpotent if and only if

lim ||yn||1/n=0.
77-.00

If A is a semisimple Banach algebra, SA  its socle, and n: A —* A/S A the quo-

tient homomorphism, an element y of A is called a Riesz element of A  if and

only if niy) is a topological nilpotent. Let Jv,  denote the Riesz elements of A.

T. T. West has shown [14, §§5 and 6] that %A is not closed under the oper-

ations of addition and multiplication if A is B(X) for some infinite-dimensional

Banach space  X, nor is -^Bix\ closed in the uniform topology; but if H is an in-

finite-dimensional Hubert space, BÍH) is the algebra generated by $B/Hy

For each y in A let î   =  |A e C: A - y £ 0^ !. ?    is called the generalized

Fredholm region for y. When A is infinite-dimensional, as we are always assum-

ing it to be, W. Pfaffenberger [8, Chapter 3\ has shown y is in ÍR^ if and only if

J    is the set of nonzero complex numbers. He also showed that lA  is contained

in %A [8].

Several theorems which follow in this section are due to B. Barnes. Some of

them have not been published in this form although they are similar to theorems

given in [2].

4.2. Lemma (Barnes [3, Proposition 2.2]). // u is in the closure of 5. then

1 — u is invertible modulo S..

4.3- Lemma (Barnes). // x is a Riesz element of A then 1 —x is invertible

modulo SA.

Proof. Since X is a Riesz element of A, nix) is a topological nilpotent in

the Banach algebra niA) = A/S A. For all A ¿ 0, nix)/X is quasi-regular. Let v

be in A such that

Ml - x)Ml - v) = Ml) = Ml - t^)Ml - x).

There exist s,  and s2 in SA such that

(l-y)(l-x) = (l-Sj)    and    il- x)il-v) = il-s2).

By Lemma 4.2 there exist Cy and c2 in SA and yt and y, in A such that

il-yy)il -Sy) = il -Cy) and (l -s2)(l - y2) = (l - c2). Therefore

(l-y1)(l-^)(l-x) = (l-c1)    and    (l - x)(l - z,)(l - y2) = (1 - c2).
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The following lemma was proved by Taylor in much greater generality than is

is needed here, and using the notation of operator theory. The proof given below

is merely a translation into algebra notation.

4.4. Lemma (Taylor [13]). a-Xx) <°° if and only if R[Ax] C\ xnA = ¡0} for some

H > 1; and cl{x) < « if and only if L[xA] C\ Ax" = {0! for some n>l.

Proof.  If a;(x) = oo, then R[Ax] 4 R[Axn+1] fot all 72 > 1. So, for each ■ > 1,

we may choose 04y    in R[Ax"+1] which is not in /?[Ax"]. Let z   = x"y   4 0* % 22 72

for all « > 1. Then z    is in R[Ax] n x"A fot all 72 > 1.~ 72 —

Conversely if R[Ax] n x"A 4 \0\ for all « > 1, then for all 72 there is a y

in A such that xnyn 4 0 and x"+1y = 0. Then yn is in R[Axn+1] but not in

R[Axn]. Hence a-Xx) = <*>. The second statement is proved similarly.

4.5. Proposition (Barnes). Let x be a Riesz element of A.  Then <x.(A - x)

and a. (A-x) are finite ¡or all nonzero X.

Proof. It is sufficient to show a 0 - x) and a. il - x) are finite. We prove

o. Xl — x) < 00. The proof that a (l - x) < 00 is similar.

For each positive integer 72 let K   = R[Ail - x)] O (l - x)nA. If a (1 - x) is

not finite then, by Lemma 4.4, K   4 !o! for all 72 > 1. Since (l - x) is  in  $(A)

by Lemma 4.3, R[A(l - x)] is of finite order. We have K    ,CKC R[Ail - x)]
n+1 —    n —

fot all positive 72. By [2, p. 498] there is a p > 1 such that K   = K   fot all n>p.

By assumption ¡Ol 4 K   , let e  be a minimal idempotent of A contained in K .

For all 72 > p,

e £ R[Ail - x)] n Ae O (l - x)"A C Kn = Kp Ç Kp_ l Ç Ky

Then, for all positive integers 72, e is in K e.

For each tz in A define an operator T : Ae —» Ae by T ixe) = vxe fot all x

in A. Then Tv is in ß(Ae) for all v in A; and clearly \T \ < \\v\\ tot all v in

A, where I. | denotes the operator norm in BiAe).

Choose a sequence fsm!~_i in SA suchthat lim^^^ ||xm - s   \\1/m = 0. Then,

for each 772, Ts    is an operator with finite-dimensional range in BiAe) and

|(T)m-T    \1/m=\T \1/m <\\xm-s  \\1/m.

m

Hence Tx is a Riesz operator in BiAe). The mapping Tj is the identity operator

on Ae. By [10, Lemma 3.2, p. 323] the ascent of Tj - Tx is finite. Then there

is an integer q such that the nullity of T.-T    and the range of (Tj — T )q have

only 0 in common; see [13, p. 22] or Lemma 3.4. Then
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|0| = \ye e Ae: (Tj - Tx)ye = 0\niTy- Tx)qAe

= |ye £ Ae: (1 - x)ye = 0} n (1 - x)qAe

= R[Ail - x)] C\Ae nil- x)qAe = Kqe,

contradicting the fact that 0 ¿ e £ K  e.

4.6. Lemma. Let x be a Fredholm element of A such that a.(x) = m < oo iaix)

m n < oo) then 8 ix) = m (S,(x) = n).

Proof. Since x is Fredholm, xm is in 0(A) where a;(x) = m. There is an

idempotent e in 5^ suchthat R[Axm] = e^A. For all integers n>m, xn — e

is in 0(A).  By [3, Theorem 2.3] if *"- e    is not left invertible in A there is aJ 777

minimal idempotent gn in A such that U" - em)g„ = 0. In this case xm+ng   =

«"««A. - °S„ = °- T^n g„ 6 «[AU""»")] = P[Axm"] = ejl, so that g„ = ejn =

x"gn = 0, contradicting the fact that gn is a minimal idempotent. Hence x" — e^is

left invertible in A for all n>m.

Now fix n> m. For each y in A there is a z    in A such that y = z U" - e  ).— * y "^ y 771

If y is in Axm, 0 - ye    ^ z ixn - e  )e    =-z e  . Then y = z x" € Ax". This
' 'TTjy TTiTTiym X

shows that 8 ix) is less than or equal to m. Let k = 8 ix). Ax* = Axm so we have

R[Axk+1] = R[Axk] = «[Ax7"].

Then k = m by definition of a (x).

4.7. Theorem.  Let x be a Riesz element of A.  Then every nonzero point of

spU) z's a Riesz point.

Proof. Suppose A ¡¿ 0 is in spU). Then x/A is a Riesz element of A. Then,

using Lemma 4.3 and Proposition 4.5, we see that (l -x/A) is in 0(A), so A-x

is also, and aA\ - x) and a./A - x) are finite. Then, by Lemma 4.6, a .(A - x) =

S,(A - x) < oo and a/A - x) = 8/A - x) < oo similarly. Then, by Corollary 2.3,

a;(A - x) = 5/A - x) = ar(A - x) = 8fiX - x) < oo.

So we have (A -x) in 0  . Using Theorem 3-7 we see that A is a Riesz point of

spU).

4.8. Corollary (Barnes). // x is a Riesz element of A, the spectrum of x is

finite or a sequence converging to zero.

4.9. Corollary (Barnes). // x is a Riesz element of A, 1-x is Fredholm of

index 0.
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Proof. If 1 - x is invertible then it is certainly Fredholm of index 0. If 1 is

in sp(x) it is a Riesz point; so, by Corollary 3.11, 1 -x is Fredholm of index 0.

We will show in this section that x is in 31^  if and only if every nonzero

point of sp(x) is a Riesz point. This was shown by A. Ruston in the case that

B(X) = A for some Banach space X; see [14, p. 133]. We will need the following

lemma.

4.10. Lemma.  Let A. and X2 be two distinct Riesz points in sp(x). Let g.

and g2 be the respective spectral idempotents for x at X.  and A,.  Then g,g7 =

o = g,g2.

Proof. Aj and A2 are distinct isolated points of sp(x). There exist positive

numbers r.  and r2 such that

2

{Aj,A2| = sp(x)n U \z: |z-At.|<2r¿|.
2 = 1

Let

W^lz: |*-A.|<r.)      (¿ = 1,2);

V = \z: \z - Aj| > rj and \z - X2\ > r2\.

Let U = V U Wj U W2. Then sp(x) Ç U. If z is in U, let

W. (i = 1, 2),

X ;(Z) =
!1    if z is in

0    otherwise.

Then Xi and x2 are analytic on U. Let y be an admissible cycle for ÍU, sp(x)).

Then

&i = XyW -¿ /y X,WR>) àz      (/ = 1, 2).

Hence gjg2 = XjM^M = (xxx2)(x) - 0(x) = 0.

Let x be an element of A such that every nonzero point in sp(x) is a Riesz

point. Then for any positive « let pf = \z: \z\ > e\ f*l sp(x). p( is either empty or

finite, since Riesz points are isolated. Either p is empty for some í > 0 or else

x is a topological nilpotent in A, in which case x is certainly a topological nil-

potent modulo SA, and hence is a Riesz element.

Suppose that, for some positive e, p{ is nonempty. Let {Aj, A ,•••, A   } =

p(, for some integer m>l. Assume that A. 4 A. if i 4 f and 1 < i, / < m. For each

1 < / < m> let g. be the spectral idempotent for x at A., and let 72. be the order of

the pole of Rz(x) at A.. Let ¿f = x(l - lm=l g.).
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4.11. Lemma, x, e, p   and t   be as above.   Then spit ) Ç |z: \z\ < e\ and

hence lim       I ¿"Il < e.

Proof.  By Lemma 4.10, g ¡g. = 0 if  1 < z, /' < m and i ¿ j. Then Um=l (l -gf)

= 1 - 2?"    g •; and, for ail 1 < i < m, A = g A © (l - g¿)A. Using induction on m

we see

A=glA®g2A®...@gmA ©J] (l-g¿)A.
¿=1

We want to show that, for each \p\ >e, (p - /f) is invertible in A. By [9, (1.6.9)],

it is enough to show that R[Aip - /f)] = |0¡ and (p - t()A = A.

Using the orthogonality of the idempotents Ig-iT',, any element w oí A can

be written in the form w = 11™^ (l - g^w + 2?. g¡w. Compute using this fact

and the definition of /   to see that

(3) i1 -1(=v- z «ia ^+x' n(i - S{)-

Now for any p 4- 0 and for each y in R[Aip - t )] we have

0 = (p - t()y

('     m im       \\  Im Im

v- E «,■ + Q» - *) fi - L «fjj( Z «,-y + fi - Z *,jy

(771 \ 777

l- Z «¿jy + p Z s«y-

This implies !*»_, g.y is in D* , (l -g¡)A. Then S^j g¿y = 0, y is in

n7=1 (1 - gjA, and 0 = (p - *)irf,j (1 - g)y = (p - x)y. Hence P[A(p -*)] Ç

P.[A(p - x)].

Now if |p| > e there are two possible cases: either p - x is invertible or p

is in p(. The lemma will be proved if it is shown that in either case p - /   is in-

vertible. Assume p-x is invertible and p £ 0. Then |0¡ = R[Aip - x)] =

R[Aip - / )]. For all w in A use (3) to see that

P   771 771

Li=i z=i J

Hence A = (p - /f)A. This shows that p - t( is invertible if p-x is invertible.

If p is in pf, without loss of generality assume p = A,. Then

glA = R[A(Aj - x)"1] D R[MXy - x)] D R[AiXy - t()l
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We have already proved that S?=1 g.R[A(X{ - íf)] = Í0}. Since {gj, g2, • • •, gm\

is a pairwise orthogonal set of idempotents this implies Í0Ï = R[A(Aj - t^]. It re-

mains only to show A = (Aj - t£)A. Since (Aj - x)(l - gj) is invertible in

(l -g.)A(l -gj) as in the proof of Theorem 2.6, there is a c in A such that

(Aj - x)(l - gj)c(l - gj) = 1 - gj = (1 - gj)c(l - gjKAj - x).

Since Aj - re = Aj 2™_j g. + (Aj - x)(l - £™=1 g.) we see that, for all w in A,

r m m

(\ - 'A z 8if + n(i- zMi- eM =w-

Hence A = (A, -t{)A.

4.12. Theorem.  Let x be in A such that every nonzero point of sp(x) is a

Riesz point.  Then x is a Riesz element of A.

Proof. We have already noticed that if p   is empty for all positive e, then x

is a Riesz element. Now assume p   is nonempty for some f > 0. Let {Aj, A2,«««

A   ! be the distinct elements of p. and for each 1 < i <m let g. be the spectral

idempotent for x at A. as in Lemma 4.11. Since g. is in S.   for all 1 < / < 772,

we see that, for all positive e, rr(x) = rr(t). By Lemma 4.11,

lim   \\Ax)"\\1/n = lim ||7r(/£)n||1/n <lim \\t"e\\U" <e.
72-O0 n 72

Hence lim _ il77 (x)"¡I1''" = 0.
„-,00 l

4.13. Corollary.  // x is in A these are equivalent conditions:

(a) x is in %A.

(b) Every nonzero point in sp(x) is a Riesz point.

(c) Every nonzero complex number is in ? , the generalized Fredholm region

for x.

(d) For each nonzero complex number, A-x z's z'tz <£r.

Proof. (a)=»(b) Theorem 4.7. (b)=»(a) Theorem 4.12. (a)<=* (c) [8, Chapter

3l. (d)<=> (b) Corollary 3-11.

If x is in A and p(x) is a polynomial with complex coefficients and zero con-

stant term it is possible to have p(x) in J\A without having x in ÍR.. For exam-

ple, let x be the identity element and p(z) = z - z2. Then p(x) = Q e ÍR .  but  1

is not in J\A. (We are assuming A is infinite-dimensional.)

4.14. Theorem.  // x is in A and f is a complex valued analytic on a neigh-

borhood of sp(x) which has no zeroes in the set sp(x) ~ {0¡ and if f(x) £ %A

then x is in ÍK..
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Proof. Let ir: A —> A/SA be the quotient homomorphism. Then sp^.UU))

Ç sp^U) and [0! = spn,AAirfix)) = sp^.^^/UU))) by Lemma 3.3. By the spec-

tral mapping theorem

/(sP^/l/Mx))) = spttlA)ifinix))).

Then sp^. UU)) = |0}. Hence x is in 91^.

Lastly, here are descriptions of Riesz elements in the Banach algebras con-

sidered earlier in §1.

4.15. Example.  Let A = B(X) for some Banach space X, let KÍX) be the

ideal of compact operators and let j(X) be the ideal  of operators with finite-di-

mensional range. A. F. Ruston [10] has shown that an operator is topologically

nilpotent modulo KiX) if and only if it is topologically nilpotent modulo '¡fix).

Since Sß/y\ = j(X), an operator T is topologically nilpotent modulo X(X) if and

only if it is a Riesz element of B(X) [14].

4.16. Example. Let A be a compact Hausdorff space and let X be a Banach

space. Let A be the algebra of continuous functions from A into ß(X) defined

in Example 1.7. Let h be in A. Clearly sp(i) = U  eAsp(My)). Fix A in sp(¿).

Suppose there is a finite set of isolated points F^ = |yj, y2, • • •, yn\ Ç A such

that, for all 1 < i < n, A is a Riesz point in sp(My •)), and if y0 4 \y±> y2> • • • »

y }, X 4 sp (MyQ)). Then A is an isolated point in sp(i). Let r be a positive

number such that spih)Ci\z: \z - X\ < 2r\ = |A|. Then for all 1 < i < n the spec-

tral idempotent for My.) at A is

f-Ùf\*->\=rR*{h{y>)UZ'

a nonzero idempotent in 3"(X). The spectral projection for h at A is / =

Í2rri)~ i\z_,\srRjJ>)dz. Since A is an algebra of continuous functions, and

Rzih)iy) = Rzihiy)) for all z not in sp(¿) and all y in A,

\f.    if y = y. for some 1 < z < n.

Hence / is in the socle of A. By Theorem 3.5, iX-h-f) (y) = XI - My) - fiy)

is invertible in B(X) for all y in A. Let U be the set of invertible operators in

BiX). Let rp: (/—» U be the homeomorphism rp(T) = T"1. Let g: A —>B(X) be

the mapping giy) = (A/ - i(y) - fiy))~l tot all y in A. Then g is the composi-

tion of the two continuous mappings <f> and (A - h — f). Hence g is in A. There-

fore X- h - f is invertible and, by Theorem 3-9, A is a Riesz point in spU).

Now suppose that h is in A and A is a Riesz point in sp(i). Let / be the

spectral idempotent for h at A. Let r be a positive number such that
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ÍAi = sp(i) n|z: |z-A| <2r|.

Then f = (2m)~1 ¡\z_x\_TRz(b)dz. By Lemma 3-4, X-h-f is invertible in A.

Since / is in SA, there is an orthogonal set of minimal idempotents of A, \ey e2,

• • •, e \, such that / = 2"=1 e{. As in Example 1.7, there is a finite set of isolat-

ed points juzj, w2,..., w î Ç A and a finite set of projections with one-dimensional

range \Ey E2, • • •, Ej Ç ß(X) such that if i4f but w. = w., then E{ 4 Ey, and,

for all 1 < 2 < 72 and all y in A,

\Bit      y=wr

(Notice that we cannot assume the sets lw,î"_i or (£,!"_! contain distinct ele-

ments.) Now for each y in A ~ {»¿¡".j, /(y) = 0 and A/ - b(y) = (X-h-f)(y)

is invertible in ß(X) so A is not in sp(My)). For 1 < i < n, f(w) / 0, so A is in

sp(h(w.)) C sp(h). Then A is an isolated point of spihiw)) fot all 1 < i < n. As

before, f(w) is the spectral idempotent for h(w ) at A for all 1 < i < n. Now

XI - h(w) - f(w) is invertible and f(w) eJ(X) so, by (3.10), A is a Riesz point

in sp (h(w )) lot all 1 < i < n.

We see that for b in A and A in sp (h), A is a Riesz point if and only if

there is a finite set of isolated points F^ contained in A such that A is a Riesz

point in sp (h(y)) fot all y in Fx, and if y is not in F^, then A is not in sp (h(y)).

Clearly, the order of the pole of the resolvent mapping z —» R Ah) at A is the max-

imum of the orders of the poles of z —♦ Rz(h(y)) at A for all y in F\.

Therefore an element h of A is a Riesz element of A if and only if hiy) is

a Riesz operator for all y in A and for each 0 / A e spih) there is a finite set

F^ of isolated points of A such that A 4 sp(My)) for all y 4 F\.

4.17. Example. Let A be the algebra defined in Example 1.8. Let T be an

an operator in A. Suppose A is an isolated point in sp^ (T) = spß(X)(T). Let /

be the spectral idempotent for T at A. Since R (T) is in A lot all z 4 sp(T),

/ is also in A. Since SA = A —>ÍF(X), we see that / is in SA if and only if / is

in j(X). Then XI - T - f is invertible in A if and only if it is invertible in ß(X).

Hence, by Theorems 3.9 and 3.5, A is a Riesz point in sp(T) with respect to the

algebra A if and only if it is with respect to ß(X). Therefore iR^ = Äß.x)n A.
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