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ABSTRACT. Let A be a semisimple Banach algebra with unit element and
let S, denote the socle of 4. For an element y in 4, let L [R_] denote the
operator of left [right] multiplication by y on A. The operational calculus and A. E. Tay-
lor’s theory of the ascent oT) and descent 8(T) of an operator T on A are used to show
that the following conditions on a number \ in the spectrum of an element x in
A are all equivalent. (1) A is a pole of the resolvent mapping z —(z — an:)'l and
the spectral idempotent f, for x at A is in § 4+ (2) A=x —c is invertible in 4
for some c in the closure of S, such that cx =xc. (3) A —x is invertible mod-
ulo the closure of S, and 0 < a'(L(A~x)) =8(L Aex) < (4) A—x is invertible
modulo the closure of SA and 0 < a(R()\-x))= (R(A-x)) = a(L(x_x)) = S(L(x-x))
<00, Such numbers A are called Riesz points. An element x is called a Riesz
element of A if it is topologically nilpotent modulo the closure of S 4+ It is shown
that x is a Riesz element if and only if every nonzero number in the spectrum of
x is a Riesz point.

Introduction. Previous authors ([4], [14], [7]) have studied poles of the resol-
vent with finite rank for operators on Banach space. Many of their results are
generalized here to study the spectra of elements in a semisimple Banach algebra
A.

In §1, the generalized Fredholm theory [3] is outlined. It is then used to give
a necessary and sufficient condition for an arbitrary element x in A to have an
associated element s in the socle such that x + s is invertible. In §2, numbers
which are poles of the resolvent mapping are considered. The theorems from the
first two sections are used in $3 to give several characterizations of Riesz points
of the spectrum of an element. Finally in $4 the Riesz elements of A, the analo-
gous to well-known Riesz operators on Banach space, are considered.
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1. The generalized Fredholm theory. Let A be a semisimple Banach algebra
with unit element 1. The socle of A is denoted by S, and the elements of the
socle are called finite. Let 7t A — A/S be the quotient homomorphism and let
J4 denote the Jacobson radical of the Banach algebra A4/5 A+ The pre-image of
Jq in A, 1 A)’ is the intersection of all the primitive ideals of A containing
S4- This closed ideal is denoted by I, and is called the ideal of inessential
elements. The open semigroup @, = {x € A: #lx) is invertible in A/S ,} is called
the set of Fredholm elements. For each two-sided ideal M of A such that § a4 S
MCI,, @, =ix € A:x + M is invertible in A/M} [3]. Then, forall x in ®, and
y in I,, x and x + y are in the same component of (DA. The set of minimal idem-
potents of A is denoted by E,. Of cowse E, may be empty, in which case Sa4=
{0}. The subscripts will be omitted when the algebra A is understood.

For any subset K of A, let L[K] ={x € A: xK = {0}} and R[K] ={x € A:

Kx = {O}}. The set LIK] (R[K]) is a closed left (right) ideal of A. Since A has no
nonzero nilpotent left or right ideals, L[A] = {0} = R[A]. Hence, for each x in 4,
L[xA] = {y: yx = 0} and R[Ax] = {y: xy = O}.

Let K be a right (left) ideal of A contained in S. Any maximal orthogonal
set of minimal idempotents in K has the same cardinality denoted by &(K) and
called the order of K. If n = (K) is finite and fel, €,r0ee, en} is a maximal
orthogonal set of minimal idempotents contained in K, then

éeiA =K (i:ZlAei= K).

A right (left) ideal K has finite order 7 if and only if K is the direct sum of »
minimal right (left) ideals of A. If e is an idempotent in S, 6(Ae) = HeA) < .
Let 6le) be this integer. For proofs see [2, $2]. The following crucial theorem
was proved by Barnes in [3].

L.1. Theorem. An element x of A is a Fredholm element if and only if there
are idempotents e and [ in S such that
(1-)A=xA, A(l-e)=Ax, A=Ax®Ae, A=2A® [A.

For each x in ® let k(x) = O(L[xA]) - 6(R[Ax]). The integer k(x) is called
the generalized Fredholm index of x. The mapping x Fk(x) is a continuous
function on @ [3, Theorem 4.1]. Since  is integer valued, it is constant on com-
ponents of ®. Hence, for x in ® and y in I, k(x + y) = k(x). Another important
property of the generalized Fredholm index is that it acts as a semigroup homomor-
phism of @ into the integers, that is k(xy) = k(x) + k(y) for all x and y in @ [3, $3].

Let X be a Banach space and let B(X) denote the primitive algebra of bound-
ed operators on X. The socle of B(X) is the ideal F(X) of operators with finite-
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dimensional range. The closed ideal of compact operators contains F(X) and is
contained in the ideal of inessential operators (I8, pp. 278-283] and [6, Theorem
1]). The operators T with closed range, finite nullity 7(T), and finite defect d(T)
are usually called Fredholm operators. They coincide with the semigroup of Fred-
holm elements of B(X). In [3, p. 91}, Barnes shows that, for a Fredholm operator
T, k(T) = d(T) - n(T) which is the usual index of T in Fredholm operator theory.

Schechter shows in his paper [11] that if T is a Fredholm operator of index
zero there is an operator U in F(X) suchthat T + U is invertible. Examples
will be given at the end of this section to show that there are nonprimitive semi-
simple Banach algebras A containing Fredholm elements x of index zero such
that x + # is singular for all u in the socle of A. It is natural to ask: “Which
elements of ®, can be carried into the invertible elements by adding an element
of §2°’ To answer this question some facts about primitive ideals of A are
needed.

Let O be a primitive ideal of A. Since Q is closed, A/Q is a primitive
Banach algebra with unit element. Hence S, ,, and @, /o exist. Let ky o de-
note the generalized Fredholm index defined on @, ,;, and let CQ: A — A/Q be
the quotient homomorphism. For each { in E, {Q(/) is an idempotent and, if f
is not in Q, {Q(/) is in E, /o (the set of minimal idempotents of the algebra
A/Q) since fAf is one dimensional. Then clearly (Q(SA) €S, /0 and, since (Q
is continuous, {Q@A) C §A /Q» Where S4 and S, /0 denote the socles of A and
A/Q respectively. Hence Co@)Cc, 0+ Let 1,5 be the ideal of inessential
elements of A/Q. Let ny: {,(4) — $oA)/S o(4) be the quotient homomorphism.,
Then ﬂQ(CQ(IA)) is a quasi-—regular ideal in nQ(gQ(A)) because (Q(S‘—A) QS.;Q(A)'
and so {,(I,) is contained in I, /- For any minimal idempotent e in E define
L® ={x € A:xA CA(1 - e)} and R® ={x € A: Ax C(1 - e)A}. These two ideals
are primitive and in (1] Barnes proves that

Le = Re = L[Ae] = R[eA].

1.2. Lemma. If Q is a primitive ideal of A then either S is contained in Q
or Q =L® for each e in E\Q.

Proof. Suppose Q is a primitive ideal and § is not contained in Q. Let e
be a minimal idempotent which is not in Q. Since L [L€]L® = {0} C Q, either L[L€]
€Q or L CQ by [9, 2.2.9). Now e is in L[L®] but not in Q so Q contains L€,
Also eQ is a right ideal not containing e so €Q £ eA, and since eA is a minimal
right ideal this implies eQ = {0}. Then eAQ CeQ = {0} so Q is contained in
RleAl=Le®.

1.3. Definition. Let ¢ ={x e ®: k, /0o()) = 0 for all primitive ideals Q}.
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For each e in E abbreviate and write ¢, for {; . and let k, denote the general-
ized Fredholm index on ®y_(4). Using Lemma 1.2 it is clear that ¢ = {x €A:
k(£ (x)) = 0 forall e €E}. Let ¢ ={x € y: n = O(R[Ax])} for each integer n.
Then ¢ is the union of the sets z/fn.

1.4. Theorem. For each x in iy there is an s in S such that x + s is inver-
tible. In particular s can be chosen to be in [Ae for finite idempotents e and f
such that L[xAl = Af and R[Ax] = eA.

Proof. Let x be in ), then R[Ax]={0}. By Theorem 1.1, A = Ax. Ifalso
L[xA] = {0} then, by [9, 1.6.9], x is invertible. Choosing s = 0 would satisfy
the requirements of the theorem. Suppose L[xA]#{0}. Let {f, f,,-++,f } bea
maximal orthogonal set of minimal idempotents in L[xA]. Since f 1 is not in LN,
and Cll(fl)é',l(x) = 4/1(0) it follows that the left ideal {C/l(y): {,l(yx) = (II(O)} =
L[é'/l(x)] has nonzero order. The right annihilator of the primitive algebra 1(A)
is zero and, since Ax = A4, 0(R[€,I(Ax)]) = 0. Then

by (&) () = LI, (<A - ORIE, (A=) 40,

a contradiction. Hence &L[xA)) = 6(R[Ax]) = 0 for all x in Yo

Now suppose g is a nonnegative integer and for all 0 <7 < g the theorem is
true for all elements x of ¢ . Let x bein ¢ ;. Let fe, e,,++, eq+1§ be a
maximal orthogonal set of minimal idempotents contained in R[Ax]. Let {/l,
fys+++sf,} be a maximal orthogonal set of minimal idempotents in L[xA] for some
integer m > 0. Since e, is not in L€1, (el(el) is a nonzero element of R[Cel(Ax)]
so this right ideal has positive order. Let f = 2;."___1 /i' Assume that /]Ael = {0}
forall 0 <j<m. Then fAe, = {0} and Cel(l -N= Cel(l). By Theorem 1.1,
(1 -/)A =xA and it follows that CeI(A) = {el(xA). Since Cel(A) is primitive,
{Cel(o)} = L[Cel(xA)], but this implies

ke (€, () = 6L, (AN - BRI, (40D 4o,

contradicting the fact that x is in . There must be some 1< j<m such that
/]Ael # 10}, Reorder the {/J.};."zl, if necessary, so that f,Ae; # {0},

Let ¢, be an element of A such that ;,e, # 0. Let x, =x +f,¢,e,. Clear-
ly x, is in ®. For each primitive ideal Q of 4, 49(/1‘1%) is a finite element
of A/Q so

kA/Q(CQ(xI)) = kA/Q(gQ(x) + gQ([ltlel))
= kA/Q(gg(x)) =0.

Then x, is in ¢.
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Now we will show that x, is in ¥, by showing that R[Ax,]= 2?:.} eA. Let
y be in R[Ax ], then xy =~/ ¢ e, y. Multiplying by /, on the left we have 0=
f1xy =—=f,t,€,y = %y, so at least it is known that y = 2" <1 €;Y- Since e, is a min-
imal idempotent and f,t,e; #0, A/ t,e, = Ae,. Then e,y =0 because {0} =
Af,t,e,y = Ae,y. This shows that R[Ax,] is contained in Eq + ely. The reverse
inclusion is obvious. Similarly it can be shown that L[x,A]=37 4 {0

Since x, is in ¢ , we know that m-1=g¢ and there is an s in
(2;':21 [JA(Z2}1e) suchthat x, +s is invertible by the inductive assumption.
Then fl 1€+ is in (Zq-l-l/ )A(Zq:ll ey) and x + (f;2,e, +5) =x, +5 is invert-
ible.

1.5. Corollary. Let N be an ideal of A such that SCNC I Anelement x

of A is in  if and only if there is an element z in N such that x + z is invert-.
ible.

Proof. Tt is sufficient to show that if there is a z in N such that x + z is
invertible then x is in . Let Q be any primitive ideal of A. Since {Q(z) is in
N /Q» 88 discussed earlier, it follows that

Q(€Q(x)) = ko({H(x) + $ol2)) =0.
Therefore x is in .

1.6. Corollary. If A is a primitive Banach algebra with unit element, } =
{x € ®: k(x) = 0.

Proof. By Lemma 1.2, {0} = L® for all minimal idempotents e and every non-
zero primitive ideal of A contains S. Then if Q is any nonzero primitive ideal of
A and x isin ®, x + Q is invertible in A/Q and so kQ(x +0)=0.

The following two examples were developed in [3]. They are used here to
illustrate the fact that Corollary 1.6 is not necessarily true if A is not primitive.

1.7. Example. Let A be a compact Hausdorff space and let X be a Banach
space. Let A be the algebra of continuous functions defined on A with values in
B(X). The norm of an element f in A is defined by

|f1 = Sup I/

yeA

bra with unit element. An idempotent e in A is minimal if and only if there is an
isolated point y, in A and a projection E in B(X) with one-dimens ional range
such that e(yy) = E and e(y) = 0 for all y £ Yo+ It follows that S, is the set of
all f in A such that  takes the value zero at all but a finite set of isolated
points of A and f(y) is an operator with finite-dimensional range for all y in A.
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Anelement b of A is Fredholm if and only if 4(y) is a Fredholm operator for all
y in A and is invertible except at perhaps a finite number of isolated points of
A. For a Fredholm element b of A, k(b) = Ey . Ak'(b(y)), where &' is the usual
index on Dy .

Foran e in E, let y, be an isolated point such that e(y) = 0 if and only
if y#y,. Then L€ =1{f € A: {(y) = 0} and the mapping f + L€ = [(y,) is anal-
gebra isomorphism of A/L€ onto B(X). If b € A is Fredholm of index zero mod-
ulo L®, b(y,) is a Fredholm operator of index zero in B(X). If b is in ¥, b(y)
is invertible if y is not isolated and h(y) is a Fredholm operator of index zero at
every point of A.

1.8. Example, For a Banach space X assume that 7 is an index set and
{x i€ n} is a collection of closed subspaces of X with the following properties:

(a) Xaﬁ( > X#>={0} for all aeq,

HETM; ha

) ( Z—x—ﬂ) - X

nen

We define A to be the algebra of all operators T in B(X) suchthat T is invari-
ant on each X, forall p € 7. Then A is a semisimple closed subalgebra of B(X)
containing the identity and S, = F(X) N A, where F(X) is the ideal of operators
with finite-dimensional range. For each a € 5 let Y be the set of bounded
linear functionals f , on X, such that

/a(X#) ={0} forall p# a.
Forany 0# u, in X, such that f,(uy) =1, let E: X — X be defined E(x) =
folx)u,. Then E is a minimal idempotent of A and every minimal idempotent in
A arises in this way. An operator U is in S, if and only if U vanishes on all
but finitely many of the subspaces X, and U is in F(X). ¥ T is a Fredholm
element there exist operators R in A and U and V in S, such that TR=1-U
and RT =1~ V. Then the restriction of T to any of the subspaces X#, T,.n is a
Fredholm operator on X o and T“ is invertible on X “ for all but perhaps finitely
many p in 7. The generalized index of T is given by k(T) =2 kﬂ(Tﬂ), where

nen

k,, is the Fredholm index on QB(X#) forall p in 7. Let E =f,( u, for some

a €7 be a minimal idempotent of A as constructed above. The ideal LE = R[EA]
= L[AE] ={T € A: T(X,) = O}. Then the mapping (T + LE) — T, is analgebra
isomorphism of A/LE onto B(X,). If T is Fredholm of index zero modulo LE,
then T, is a Fredholm operator of index zero in B(X a). Foreach T in ¢,, T# is
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a Fredholm operator of index zero in B(X ) for all g in 7, and T# is invertible
in B(X ) for all but perhaps finitely many p in 7.

1 9 Example. Let IX(Z*) denote the square summable sequences. Let H
be the Hilbert space direct sum H = I2(Z*) @ I2(Z"). Let A be the subalgebra of
B(H) leaving each of the two direct summands invariant, constructed as in Exam-
ple 1.8. For two operators U and W in BUX(Z")) define U® Wt 37 _l,iy,};:l)
= (U= 7, W{yj}’.=l) Then U ®W is in A. Define T, F and P in B(2(ZY)
as follows.

T(x), g0 %35 -0+ ) = (0, Xy, %5 %35 ¢+ )y

F(xl, xz, JCS, LI )= ("2' x}, LA )9

P(xl, xz’ x3, s )= (xl’ 0, 0, ce e ).

Let I be the identity element of B(H). Then
(TOF(FOT)=1-(P®0) and (FOTTO®F)=1-(0®P).
The operators (0®P) and (P ®0) are in E, and
L(T®F)Al= A(P®0), RIA(T ® F)]=(0 ® P)A.

Hence T®F isin ®, and k(T ®F)=1-1=0. Suppose there isa V in S,
such that (T ®@ F) -~ V is invertible in A. Let V, and V, be the restrictions of
V to the first and second coordinate spaces respectxvely. Then V=V, ®V,

and V, and V, are in BU*(Z™). Since (T@®@F)-V =(T-V,) ®(F - v ,) is
mvernble each of the operators T -V, and T-V, is mvemble in B( (Z+))
Clearly V| and V, are in the socle of B(IZ(Z+)) Since the index is invariant on
components of (DB(IZ(Z*))'

0=tk (T-V,)=¢k (N=1
Bu%izYy) Y TButzty

and

0=¢% (F-v,) = (F) = -

k
Bu%z*) B(%(zY)

Hence T@® F is an element of ®, with index zero which cannot be carried into
the invertible elements by adding an element of S,.

1.10. Example. Let A be a compact Hausdorff space containing exactly two
isolated points y, and y,- Let H, T and F be as in Example 1.9. Let A be
the algebra of continuous functions on A with values in B(H) constructed in Ex-
ample 1.7. Define

T ify=y;
)= {F if y=y,
I ifyéy, i=1,2).
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Clearly f is in ®, and k,(f) = &'(T) + £'(F) = 1 ~ 1 = 0. Suppose there is an
element z in S, suchthat f+u is invertible. Then (f + #)(y) is invertible and
ly) is in FUHZY) forall y in A and u(y) = 0 if y is not in {y,, y,}. Since
k is constant on components of Py ;5 +y

0=k"((f+u)(y)) = (T + uly,)) = & (T) = 1
and

0=k"(f+u)y)) = k'(F+uly,) = k'(F) = - 1.

We must conclude that no such element # exists. Therefore f is an element of
®, of index zero which cannot be carried into the invertible elements by adding
a finite element.

2. Poles of the resolvent. Let O be any open subset of C containing a com-
pact set K. If y: [0, 11— O is a piecewise continuously differentiable mapping,
y is called an admissible cycle for (0, K) if

() Y10, 1] is contained in O\K, and

(b) Wy, z) =0 if z is not in O, and W(y, 2) =1 if z is in K,
where W(y, z) is the winding number of y at z. Forany x in A and z a complex
number not in the spectrum of x, sp(x), define R_(x) to be the inverse of z - x.
The function z+R_(x), called the resolvent mapping for x, is analytic on C\sp(x).
If O is an open set containing sp(x) and y is an admissible cycle for (0, sp(x))
define

1
10 =52 [ 1R () dz,

for each complex-valued function f analytic on O. If y, and y, are both admis-
sible cycles for (0, sp(x)), one can use the general Cauchy theorem to show
that f,yl(x) = /72(::). We will write f(x) to denote this element of A.

If f and g are complex-valued analytic functions in a neighborhood U of
sp(x) and g is a complex-valued function analytic in an open set V containing
sp(f(x)) then (g /) (x) = g(f (x)). The proofs of these facts can be easily gener-
alized from the usual operational calculus where A is B(X) for some Banach
space X; see [5].

2.1. A construction. Let x be an element of A. In the special case that
sp(x) contains an isolated point A, we use the operational calculus to show
necessary and sufficient conditions that A is a pole of the resolvent mapping
z P Rz(x). The following construction will be used repeatedly in our arguments.

Let 7 be a positive number such that

{z: |z - A] < 27} nsp(x) = (A}
For each integer m < -1 let
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[ @ go if lz=Al>n
Z) =

For each integer m > 0 let

(z=A)~m+D) jf |z-A|<n

(z=-A""+D) jf |z=A>r,
[a(2) = 3

if |z-Al<n
For all integers m, f_(2) is a function analytic in the open set
U={z|z-MN<ror |z=A| >}

which contains sp(x). For any z in U,
@) (z - Nf a2 = {(z) for m>0,
®) (z - A)/m(z) =/m__l(z) for m < -1,
() z-Nf)=1-f_,(2),
(@) (z - A)~Um+Dy &) =7, (z) for m<-1.
Using the operational calculus defined above we have the following relations:
@) k=Nf &) =[ () for m>0,
®b) & - )\)/m(x) = fm_l(x) for m<-1,
) =N f=)=1-f_ ),
@) (x - )\)'("'“)f_l(x) = /m(x) for m <-1.
(e) f_,(x) is a nonzero idempotent.
For 0< |z - A| <7 we have the Laurent expansion

R()=3 - =M+ T (z-D7Ff_ («)

k=0 k=1

see [12, p. 305]. The nonzero idempotent f_,(x) is called the spectral idempo-
tent for x at N. ¥ p is a positive integerand f_, ,(x) =0 but /_p(x) #£ 0, then
A is called a pole of R (x) of order p.If in addition, /_,(x) is a finite element
with 6(f_,(x)) = n <, then the pole A is said to have finite rank n.

For any bounded operator T on 4, define a(T), the ascent of T, to be the
smallest nonnegative integer 7 such that

{yeA: T"*ly=0}={yeA: T"y =0},

or + o if no such » exists. Define &(T), the descent of T, to be the smallest
nonnegative integer m such that

{Tm+ly: y €A} ={T™y: y €A},
or + if no such m exists. For any element x in A let L and R_ denote the
left and right multiplication operators of x on A, and define

a"(x) = a(Rx)’ 8'(x) = S(Rx)a
aI (x) = a(Lx)Q 8l(x) = B(Lx)c
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2.2. Theorem (Taylor [13, Theorems 3.6 and 3.7]). Let X be a Banach space
and let T be in B(X). If a(T) and &(T) are both finite, then o(T) = &T). Let
g = a(T) = &(T). Then

{xeX: T% =0} N {T9: y € X} = {0}
and
{xeX: TI%=0}® {TY%: yeX}=X.

Applying this theorem to the case of operators of left and right multiplication
on a semisimple Banach algebra A we have the following useful corollary.

2.3. Corollary. If a(x) and 8 (x) are both finite, then they are equal and
for p = al(x) = 81(::) we have

(a) x?A NR[Ax?P] = {0} and R[Ax?] ® xPA = A.
If a(x) and 3'(::) are botb finite, then they are equal and for m = a’(x) = ar(x)
we have

(b) Ax™ N L[x™A] = {0} and L[xmA]®Ax™ = A.

2.4. Lemma. If A is a pole of R (x) of order p and if f_1(x) is the spectral
idempotent for x at A, then

@p=aM-x)=8A-x)=aA-x)=81-x),

®) (1 =f_, DA = (A -x)4,

(c) Al -/_,(x)) = A - x)?,

@) {0} £ RIAMN - 2?1 =7_ (04,

(e) {0} £ LI - x)?PA] = 4f_, (x),

(f) A =x)PA and A\ - x)? are closed,

(g) A -x)?A ® RIAN - x)?] = 4,

(h) A - x)? @ LI - xPA] = A.

Proof. For each integer n construct /"(x) for x at A as in (2.1). Since
f_,(x) is an idempotent

4] A=Q1-f_,NA®f_, (x4,
(2) A=AQ-f_)®Af_(x),

and each of these one-sided ideals is closed. Foreach n>p,0=f__ _l(x) =
(x = M"f_,(x) sowe have f_,(x) contained in RIAM-x)"]. ¥ y is in
R[A(X - x)"] for some positive integer 7,
0=/, (DA =2 = -2fplxly =0 /_;()y.
Hence RIA(A - x)"] is contained in f_,()A for all positive integers n. Then
R[A\ - x)"] = /_l(x)A forall n>p and a (A - x) = p since 04 /_p(x) =
(x = M?~1f_ (x). Similarly, LIA - x)"A] = Af_ (%) forall 2> p and @ (A ~x) =p.
This proves (d) and (e).



RIESZ POINTS A IN SEMISIMPLE BANACH ALGEBRA 313

To see that (1 - /_,(x))A is contained in (A - x)PA, compute 1 -/_,(x) =
(e = Nf ox) = & - )\)p/p_ (&) If 2= (A~ x)Py for some y in A then, using (1),

z=0-f_;DA =Py +f_ (DA -xPy=0-f_,(x)=

Therefore (1-/_ (x))A = (A - x)?A. Similarly A - x)? = A(1 - f_,(x)). Now (b)
and (c) are proved and they imply (f). Using (1), (b), and (d) we have (g), and
using (2), (c) and (e) we have (h). Since

(A= 2)224 = P~ f_ (DA = (L= f_,(:N?A = A - P4,

we conclude §,(x) < p. By Corollary 2.3, 8,(x) = p. Similarly 8 (x) = p. This
proves (a).

2.5. Definition. Let n be a positive integer and g a nonzero idempotent in
A. We will say that an element y of A generates an (n, g, R)-decomposition of
the algebra A if

(@) gy =g,

(b) R[Ay"] =gA, and

(c) y"ADgA=A.
Similarly, an element y generates an (n, g, L)-decomposition of A if

(d) gy =g,

(e) L[y"A] = Ag, and

(f) Ay" ® Ag = A.

2.6. Lemma., Let x be in A and let A be a complex number. Assume that
p is a positive integer, g is a nonzero idempotent in A, (A - x) generates a
(9, g R)-decomposition of A and p is the smallest positive integer for which
this is true. Then:

(@) (A~x)PA =(1-p)A,

M) p= al(/\ -x)= 81(/\ - x),

(c) A is a pole of R, (x) of order p,

(d) g is the spectral idempotent for x at A

Proof. Clearly (1 -g)(A = x)? = (A = x)? = (A = x)?(1 - g), and hence (a) is
true. Then (A = x)PA = (A - x)?(1 - g)A = (A = x)?PA and so we have 3 A -x)<p.

Assume that (A = x)?z £ 0 but (A = x)?*1z=0. Let y = (A = )z, Then
(A = x)?y = 0 since p > 1. Hence y is in gA N(A = x)?A = {0}, a contradiction.
This shows that a (A - x) < p.

Let B=(1-g)A(1 -g). B is a semisimple Banach algebra with unit element
(1-g) Toseethat (A = x)(1 - g) is an invertible element in B, use [9, Theorem
1.6.9] and the two following computations:

B=(0\-x)PA(1-g) = (A - x)P+1A(1- g)

and = -x)(1-gA(l-g =\ -xB
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Rg[B(\ - )] = {y € A: (1-gly(1-g) =y and B(A - x)y = {O}}
Cly€A: gy=0 and (1-g)(A - x)?y =0}
={y€A: gy=0 and (A - x)Py =0}
=(1+g)A ngA=10}

where, for any subset W of B, RB[W] ={z € B: Wz = {0}}.
Since 0= (A - x)?g = ((A = x)g)?, the spectral radius in A of the element
(A = x)g is zero and hence sp,((A - x)g) = {0}. Since g #0, {0} =sp,((A - x)g) =
{0} U sp((A = x)g) [9, p. 35). Then spgAg(xg) is just {Al
It is easy to check that sp, (x) = spg(x(1-g)) U SPeag (xg). We know that
spg ((1 - g)x) is compact and does not contain A. Hence A is an isolated point
of spy (x).
For each integer m, construct /m(x) at A as in 2.1. Let z » P_(x(1 - g)) be
the resolvent mapping for x(1 - g) in the subalgebra B. For each z ¢ spg (x(1 - g)),

(1-g) =P (x(1-g)(z=x)(1-g)=(z - ) (1 - g)P (1~ g)).
Then, if z is not in spy (x), P (x(1 - g)) = (1 - g)R, (x) = R (x)(1 - g). The map-
ping z — P_(x(1 - g)) is analytic on {z: |z = A| <2r} if 7 is a positive number
such that {z: |z - A| <2r} Asp, (x) = {A}. Then, by Cauchy’s theorem,

1 1
0= E j‘Z- Rlsr Pz(x(l- g))dz = 51; f‘z-X|=r Rz(x)(l— g) dz

=(-9f_ ()= f_ )=

Ve see that [_,(x)=/_,(x)g = g/ _,(x). Then [_,_,(x)= (A -x)?/_,(x) =0.
Hence A is a pole of R (x) of order less than or equal to .

Now let m < p be the order of the pole of R (x) at A. By Lemma 2.4,
(1-f_y&NA =(A - x)"A and RIAN - %)™ =f_,(x)A. Then since /_,(x) com-
mutes with x and m > 1, (A - x) generates an (m, /-1(")’ R)-decomposition of
A, but p is the smallest such integer so p = m. This proves (c). Then (b) fol-
lows from Lemma 2.4. Since

g1-/_ (x) = glx = A)fy(x) = glx - AP fp- 1(%)
=0.f,_,(x)=0,
we see that f=/f_,(x)g = f_,(x). This proves (d).

2.7. Theorem. Let x be in A. For a positive integer p and a complex num-
ber A these conditions are equivalent:
(a) A is a pole of R (x) of order p.
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(b) There is a nonzero idempotent g in A such that (A - x) generates a
(p, g R)-decomposition of A, and p is the smallest positive integer such that
this is true for x and \

(c) There is a nonzero idempotent b in A such that (\ - x) generates a
(p, b, L)-decomposition of A, and p is the smallest positive integer such that
this is true for x and A

Proof. Conditions (a) and (b) are equivalent by Lemmas 2.4 and 2.5. By
Lemma 2.4 we know that (a) implies (c). The proof that (c) implies (a) is similar
to that given for Lemma 2.5.

3. Riesz points of the spectrum. The singularities we are about to discuss
are analogous to those considered by Lay in [7] and by West in [14]. They are
especially easy to handle algebraically and will be important in the work taken
up in S4.

3.1. Definition. For x in A, a number A in sp(x) is called a Riesz point of
splx) if and only if A is a pole of R_(x) of finite rank.

3.2. Lemma. If X is in splx), A is a Riesz point of sp(x) if and only if there
is a positive integer p and an idempotent g £ 0 in S, such that (A - x) generates
a (p, g R)-decomposition of A or, equivalently, (A - x) generates a (p, g, L)- de-
composition of A. For such numbers A, (A - x) is a Fredholm element of index
zero.

Proof. Suppose A is a Riesz point of sp(x). Let p be the order of the pole
of R _(x) at A and let f denote the spectral idempotent for x at A. By Lemma
2.4, R[AA = x)?1 = fA and LI - x)?A] = Af. Since [ is finite, § (L[(A - x)?A]) =
&) = 6(RIAN - x)?]) <o Hence A - x is a Fredholm element of index zero. By
Theorem 2.7, the element A — x generates a (p, g, R)-decomposition of A and a
(p, b, L)-decomposition for some nonzero idempotents g and b and, by the preced-
ing remarks, g and b must be finite.

Conversely, if A - x generates a (p, g, R)-decomposition for some p > 1 and
some finite idempotent g then, by Theorem 2.7, A is a pole of Rz(x) of order p.
Again let f denote the spectral idempotent for x at A. By Lemma 2.4, fA =
R[A(\ - x)?] which is a right ideal of finite order. Hence fisin S, and A isa
Riesz point. If A - x generates a (p, b, L)-decomposition for some p >1 and non-
zero finite idempotent b, the proof that A is a Riesz point is similar.

3.3. Lemma. Let N be a closed two-sided ideal of A and let ¢: A — A/N
be the quotient homomorphism. For each x in A, if {(z) is a complex-valued
function analytic on an open set containing sp(x) then (f(x)) = f((x)).
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Proof. It is sufficient to show sp, (x) Csp, , (x + N). Let W be an open
set containing sp, (x) and let y be an admissible cycle for (W, sp(x)). Then y
is an admissible cycle for (W, sp, ,y(x + N)). If z is not in sp, , (x + N) let
P (¢(x)) = P_(x + N) = $(z = x)~1. Then, if z ¢ sp, (x), P_(x + N) = $(R_(x)).
Compute

1 1
1) = — [ 1@P, G+ Nz = = f  [GNR, () d2)

= $(o [, /@R dz) = H7 G,

since the quotient mapping ¢ is continuous.

3.4. Lemma. If A is a Riesz point of sp(x) and N is a closed two-sided
ideal of A such that A/N is semisimple, either A - x is invertible modulo N or
A is a Riesz point in spy , (x + N).

Proof. For N sucha closed ideal of A, ¢: A — A/N is the quotient homo-
morphism. If ¢(A - x) is not invertible A is an isolated point of sp, /N (e(x)) €
spa (x). For each integer m construct the function f, (2) for x at A as in §2.1.
Since /_l(x) is in S,, qS(/_l(x)) isin S, ,n. By Lemma 3.3, /m(¢(x)) = ¢([m(x))
for all m, so /_l(qS(x)) isin Sy ,n. If p is the order of the pole of Rz(x) at A,

$0) = $/_, () = 1_, _,($().

Let P (¢(x) = (¢(z = x)~! forall z ¢ sp, , (¢(x)). Then X is a pole of z —
Pz(qS(x)) of order less than or equal to p and rank less than or equal to &f_ l(x)).
Hence A is a Riesz point of sp, ,, (#(x)).

3.5. Theorem. Let A be a Riesz point of sp(x) and let [ be the spectral
idempotent for x at \. Then [ is in S, and A —x ~ { is invertible in A.

Proof. Let p be the order of the pole of R, (x) at A. By definition of a
Riesz point, f is in S, and it is a nonzero elemeat of R[A(X - x)?] N LI(A - x)?PA].
Suppose A - x - { is not invertible. It is at least Fredholm (of index zero) by
Lemma 3.2. There is a minimal idempotent » in A such that either

BA-x-f)=0 or A=x-[)h=0,
by [3, Theorem 2.3]. Assume h(A —x ~[) =0. Then 5(A - x) = bf. Therefore
0=hA - x)Pf= bf(A - x)P= 17 = B(A — x)P=1f

=bA - P2 = ... < Bf.

Then 0= h(A -x) and so b is in LI(A - x)A] C L[(A — x)?A] = Af. Hence b = bf
= 0, which is a contradiction.
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3.6. Definition. Let

OR —fxe@y o) = 80 <,
@f =f{xe®, : a(x)=5(x) <ol
QR = {X €®A: a.'(x) = 3'(x) = al(x) = 81(::) < 00;.

Using the theory developed in this section we will soon show that these three
sets are equal.

3.7. Theorem. If x is an element of A and A is any complex number such
that A - x is in Qf or (Df, then either A — x is invertible or A is a Riesz point

of sp(x).

Proof. Assume A is in sp(x) and that A - x is in (Df. Let n= al()t-x)=
SI(A - x) < oo, Since A~ x is a Fredholm element so is (A -~ x)?, Let g and b
be idempotents in S, such that A(1-g)=A\ ~x)" and (1 - HA = (A - x)"A.
Then

R[AAX - x)"]=gA and L[(A - x)"A] = Ab.
By Corollary 2.3,
gANn MA-x)"A=§0} and A=(\-2x)"A @ gA.

Hence

gAn(1-hA=1{0} and A=(1-hADgA.

Each of the summands is closed because g and b are idempotents.
Since A is a Banach algebra, there exist projections P, and P, in B(A)
such that

P (gz+(1-hly) =gz and P,(gz+(1-bly)=(1-hly

forall z and y in A. Since (A = x)"*1A = (A = x)"A we see that (A = x)(1 - 5)A
= (1 = b)A. In particular, A = x)(1 = 5) = (1 = BY(A = x)(1 - b). Then (1-H)A is
invariant under L (A—x) the operator of left mulitplication by A —x on A. Also

(A - x)gA = (A - DRIAQ = 2" +1] = {(A = 2)y: (A = x)7+1y = 0}
C R[A - x)"] = gA.
So gA is also invariant under L(A-x)' Then PIL(A-x)= L(A-x)Pl and PZL(x-x)
=L\ _x)P,- K there isa y in A suchthat 0= (A - x)*(1 - h)y, then (1 - hly
is in R[A(A = x)"] = gA. We have shown that (1 - h)A N gA = {0}, so (1 - h)y

must be 0. Hence L(A-x)”: (1-PA—>(1-hA isa bijection. There is an oper-
ator K in B((1 - »)A) such that
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L K(1-b)x)=(1-Hx=KL ((1-5)x)
(A=x)" (A=x)
forall x in A. Extend K to be identically zero on gA. Then L(x_ x)"KPZ =
KL, _ ynP, =P,

Let B ={T in B(A):P T =TP, and P,T = TP,}, i.e. the subalgebra of oper-
ators having (1 - h)A and gA as invariant subspaces. B is a semisimple Banach
algebra with unit Tand with the inherited norm topology. Notice that Loaoxy Ly
K, Pl,and Pz are all in B.

Now clearly P\ B is contained in Rg[B(I-L )*L. ¥ T is in Rg[BOI-L,)"]
and if P,T is not zero there is a nonzero z in A such that 0 # PZT(z) =
PZTPz(z). For some y in A, P,TP (z)= (A =x)"y £ 0. But

0= =L, )'TP,(z) = (\I = L )"P,TP,(2)

== 0" - D%y = (A - x) 2y

Then 0 # (A = x)?y € R[A\ = x)?] N (A = )4 = {0}, a contradiction. Hence, for
forall T in Rg[BAI-L "], 0=P,T =(I- P )T sowe see Rg[BI-L )"]=
P,B. Forany T in B,

T=P,T+P\T=L  KP,T+PT,

which is in W -~ L )"B®P,BCP,B®P B,so B= P,B® (Al - L )"B. Hence
(A= L) gererates an (n, P}, R)-decomposition of the algebra B. Let p be the
smallest positive integer such that (Al - L ) generates a (p, G, R)-decomposition
of B for some nonzero idempotent G in B. By Lemma 2.6, A is a pole of
Rz(Lx) of order p and G is the spectral idempotent for L at A.

Now spg(L,) = sPga)(L,) = sp(x) by [9, Theorem 1.6.9]. The number A is
isolated in this set. For each integer m construct the open set U containing
sp(x) and functions f (z) at X as in (2.1). Let y be an admissible cycle for
(U, sp(x)). Forall z not in sp(x) we know R,(L )= Lg,(x) Then, for each in-
teger m,

1 1
L) =— [ @Ry dz= T [ f(g (,de

= =L ,
@m~ 1, f (@R () dz)  m)
since the mapping ¥y — L_ from A into B(A) is continuous.
Now 0 # /-p(Lx) and /-p-l(Lx) =0,s0 0#£ L,_p(x) and Ll-p-l(x) =0,
Then /_p(x) £ 0, and since A is semisimple, /_p_l(x) = 0. Hence A is a pole

of R (x) of order p. By Theorem 2.7, »=p. So, P, =f_,(L.) = L, (x) Then
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forall y in A, P (y) =f_,(x)y. Hence gA =[_,(x)A. Therefore f_,(x) is in S,
and 0(g) = 6(/_,(x)). T X - x is a singular element of ®F the proof that A is a
Riesz point of sp(x) is similar.

3.8. Corollary. (I)f =R = (Df.

Proof. Let y be in ®F. If y is invertible, 0=a,(y) =8(y) = a (y) = 5,(y)
so y is in ®R. I y is not invertible, 0 is a Riesz point of sp(y) by Theorem
3.5. Let 7 be the order of the pole of R_(y) at 0. By Lemma 2.4, n=a(y) =
3,y) =a (y) =8 (y). Hence, Qf C @R, Similarly, @f C OR. Clearly ®R ¢ @f n
(pR

7-
3.9. Theorem. For x in A, c in I the ideal of inessential elements of A, and

A in sp(x) if xc =cx and A= x - c is invertible, then ) is a Riesz point of
sp(x).

Proof. Let & = ~(A - x = c)~!c. Since xc = cx we have also k==c(A=x-c)~1,
Since I is an ideal, & is in I.
1-k=A=x-)"MA-0)=A-x)(A=x- =1
For all integers m > 0,
A= k)" = A(A = x= )~ 1A - )™
=AM = x = )"\ - x)™ = A\ - x)™.
Similarly (1 - £)™A = (A = x)™A for all integers m > 0. Using a theorem of Barnes
[2, Theorem 3.3], @ > (1- %) =8(1-%) =a (1~ k) =8 (1 - k). Let this integer
be p. Since (A - x) is not invertible, p is greater or equal to one. By [2, Theorem

3.5], 1 =k is a Fredholm element of index 0. There are idempotents e and { in
S4 such that o) = 6le),

Al-e)=A(1-k)=AA-x) and (1-/)A=01-kA=(-x)A.

Then A - x is Fredholm of index 0 and p=a (A -x)=5A-x)=a (A -x) =
8, (A - x). We see that A - x is in ®R. By Theorem 3.7, A is a Riesz point of sp(x).

The following corollary is immediate from Theorems 3.5 and 3.9.

3.10. Corollary. A complex number X is a Riesz point of sp(x) if and only
if there is an element ¢ in 1, such that xc =cx and A= x ~ ¢ is invertible in A.

3.11. Corollary. A complex number A is a Riesz point of sp(x) if and only if
A -x is a singular element of ®R.

Proof. If A - x is a singular element of ®R, A is a Riesz point of sp(x) by
Theorem 3.7. Suppose A is a Riesz point in sp(x). Then, by Lemmas 3.2 and
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2.6, A - x is a Fredholm element and al()\ -x) = SI(A ~x)<oo, Then A = x is
in OR,

4. Riesz elements of A.
4.1. Definition. An element y of a normed algebra is called a topological
nilpotent or a quasi-nilpotent if and only if

lim [ly")|'/" = 0.
72—+00

If A is a semisimple Banach algebra, S, its socle, and m: A — A/fA the quo-
tient homomorphism, an element y of A is called a Riesz element of A if and
only if 7(y) is a topological nilpotent. Let R 4 denote the Riesz elements of A.

T. T. West has shown [14, $§5 and 6] that ‘(RA is not closed under the oper-
ations of addition and multiplication if A is B(X) for some infinite-dimensional
Banach space X, nor is “RB(X) closed in the uniform topology; but if H is an in-
finite-dimensional Hilbert space, B(H) is the algebra generated by FRB(H)’

For each y in A let ffy =AeCir-yed,l ffy is called the generalized
Fredholm region for y. When A is infinite-dimensional, as we are always assum-
ing it to be, W. Pfaffenberger [8, Chapter 3] has shown y is in R 4 if and only if
ffy is the set of nonzero complex numbers. He also showed that I, is contained
in 9(‘4 [sl.

Several theorems which follow in this section are due to B. Barnes. Some of
them have not been published in this form although they are similar to theorems
given in [2].

4.2. Lemma (Barnes [3, Proposition 2.2]). If u is in the closure of S A then
1 - u is invertible modulo S ,.

4.3. Lemma (Barnes). If x is a Riesz element of A then 1 - x is invertible
modulo S ,.

Proof. Since X is a Riesz element of A, 7(x) is a topological nilpotent in
the Banach algebra 7(4) = A/S ;. Forall A£0, n(x)/\ is quasi-regular. Let v
be in A such that

7l - x)a(l - v) = (1) = w1 - V)a(1 - x).
There exist s, and s, in §A such that
(1-2)0-%)=(@1-5s)) and (1-21A-2)=(-s5s,)
By Lemma 4.2 there exist ¢, and ¢, in S, and ¥, and ¥y in A such that

(1-y)0=-s)=0U-c)) and (1- s,)(1-y,) = (1 -¢,). Therefore

1-y)U-2U0-D=0-¢) and 1-0U-2)U-y))=U-¢,)
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The following lemma was proved by Taylor in much greater generality than is
is needed here, and using the notation of operator theory. The proof given below
is merely a translation into algebra notation.

4.4. Lemma (Taylor [13]). a ,(x) < oo if and only if R[Ax] N x™A = {0} for some
n 2 1;and a (x) <o if and only if LIxAlN Ax™ = {0} for some n > 1.

Proof. If & (x) = o, then R[Ax] # R[Ax"*!] for all > 1. So, foreach n> 1,
we may choose 0#y_in R[Ax"*!] which is not in R[Ax"]. Let z, =x"y #£0
forall #2> 1. Then z_ is in R[Ax] N x"A for all n > 1.

Conversely if R[Ax] N x"A £ {0} for all n > 1, then for all n there is a Yn
in A such that x”y_#£ 0 and x"*ly = 0, Then Y, is in R[Ax"*1] but not in
R[Ax"™]. Hence a (x) = 0o, The second statement is proved similarly.

4.5. Proposition (Barnes). Let x be a Riesz element of A. Then a A - x)
and a (A - x) are finite for all nonzero A.

Proof. It is sufficient to show a (1 -x) and a (1 - x) are finite. We prove
a1 - x) <eo. The proof that a (1 - x) < is similar.

For each positive integer n let K =R[A(1-x)] n(1-x)"A. ¥ a(1-%) is
not finite then, by Lemma 4.4, K, £10} for all »> 1. Since (1 -%) is in B(A4)
by Lemma 4.3, R[A(1 - x)] is of “finite order. We have K, C K, CRIA(1-x)]
for all positive n. By [2, p. 498] there is a p> 1 such that K = K for all n > p.

By assumption {0} # K p» let € be a minimal idempotent of A contamed in K,
Forall n>p,

e€R[A1-x)] NAe n(1-x)"ACK =K, CK, ;CK,

Then, for all positive integers n, e is in K e.

For each v in A define an operator T,: Ae — Ae by T (xe) = vxe forall x
in A. Then T is in B(de) for all v in A; and clearly IT,| <ol for all v in
A, where |.| denotes the operator norm in B(Ae).

Choose a sequence {sm}:ﬂ in S, such that lim __[x™ - s, [*/™ = 0. Then,
for each m, Ts,,, is an operator with finite-dimensional range in B(Ae) and

|(Tx)m - Tsmll/m =T |l/m <|lvm - sm"l/m.

"=s )
Hence T, is a Riesz operator in B(Ae). The mapping T, is the identity operator
on Ae. By [10, Lemma 3.2, p. 323] the ascent of T, - T, is finite. Then there
is an integer ¢ such that the nullity of T, ~ T and the range of (T, —T,)? have
only 0 in common; see [13, p. 22] or Lemma 3.4. Then
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{0} ={ye € Ae: (Tl ~-T,)ye=0}n(T, - T, )?Ae
={ye€de: (1- x)ye=0} N (1- x)%e

=R[A(1-x)]NnAen(1-x)%e = K e,

contradicting the fact that 0 £ e € K ®

4.6. Lemma. Let x bea Fredbholm element of A such that a'l(") =m< oo (a.'(x)
=n < ) then 8'(x) =m (81(::) =n).

Proof. Since x is Fredholm, x™ is in ®(4) where a (x) = m. There is an
idempotent e_ in S, such that R[Ax™] =e_A. For all integers n > m, x™ - e,
is in ®(A). By [3, Theorem 2.3] if x"- e,, is not left invertible in A there is a
minimal idempotent g in A suchthat (x” —e_)g =0. In this case x™*"g =
x™e g, =0g, =0. Then g € R[AG™*)] = R[Ax"] =e _A,sothat g =e g =
x"g, =0, contradicting the fact that g is a minimal idempotent. Hence x” - e, is
lefe invertible in A for all n > m.

Now fix » >m. For each y in A there is a z, in A suchthat y = zy(x” - em).
Ifyisin Ax™,0-ye =z (x" -e ) = -z e, . Then y =z x" € Ax". This
shows that 8 (x) is less than or equal to m. Let k=8 (x). Ax* = Ax™ so we have

R[Ax*+1] = R[Ax*] = R[Ax™].
Then k = m by definition of a (x).

4.7. Theorem. Let x be a Riesz element of A. Then every nonzero point of
sp(x) is a Riesz point.

Proof. Suppose A #0 is in sp(x). Then x/A is a Riesz element of A. Then,
using Lemma 4.3 and Proposition 4.5, we see that (1 - x/A) is in ®(4), so A -x
is also, and al()t - x) and @ (A - x) are finite. Then, by Lemma 4.6, al()t -x)=
8,(A —x) <o and @ (A - x) = §,(\ ~ x) < & similarly. Then, by Corollary 2.3,

aA-x)= &~ x) = ar(/\ -x) = 8’()t - x) < o0,

So we have (A - x) in ®R. Using Theorem 3.7 we see that A is a Riesz point of
sp(x).

4.8. Corollary (Barnes). If x is a Riesz element of A, the spectrum of x is
finite or a sequence converging to zero.

4.9. Corollary (Barnes). If x is a Riesz element of A, 1 - x is Fredholm of
index 0.
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Proof. If 1 - x is invertible then it is certainly Fredholm of index 0. If 1 is
in sp(x) it is a Riesz point; so, by Corollary 3.11, 1 - x is Fredholm of index 0.

We will show in this section that x is in R 4 if and only if every nonzero
point of sp(x) is a Riesz point. This was shown by A. Ruston in the case that
B(X) = A for some Banach space X; see [14, p. 133]. We will need the following
lemma.

4.10. Lemma. Let A, and A, be two distinct Riesz points in sp(x). Let 3
and g, be the respective spectral idempotents for x at A, and A,. Then 8,8, =
0=g,8,.

Proof. A, and A, are distinct isolated points of sp(x). There exist positive
numbers 7, and 7, such that

2
I ad=spn Ytz |z <2r .
i=1
Let
={z|z-Al <} (i=1,2)

={z: |z~ A >r and |z - A, > 7,k

Let U=VUW, UW,. Then splx)CU. ¥ z is in U, let

1 if zisin W, (i=1,2),
x{2) =
0 otherwise.

Then X, and Y, are analytic on U. Let y be an admissible cycle for (U, sp(x)).
Then

g = X,() = z_lm [, x@R Wz (=1,

Hence g,g, = x,(x)x,(x) = (x;x,) *) = 0(x) = 0.

Let x be an element of A such that every nonzero point in sp(x) is a Riesz
point. Then for any positive € let p, = {z: |z| > el Nsp(x). p, is either empty or
finite, since Riesz points are isolated. Either b is empty for some €> 0 or else
x is a topological nilpotent in A, in which case x is certainly a topological nil-
potent modulo § A» and hence is a Riesz element.

Suppose that, for some positive ¢, p, is nonempty. Let {A;, A,,eee, A Y=
b for some integer m > 1. Assume that A # A if i#jand 1<4i, j<m. Foreach
1<j<m, let g; be the spectral 1dempotent for x at A , and let n; be the order of
the pole of R (x) at A, Let t =x(1-37_ g;)-
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4.11. Lemma. x, ¢ p, and t, be as above. Then sp(t)) C{z: |z| <€} and

bence lim 7l <e

oo |
Proof. By Lemma 4.10, 88;=01if 1<i, j<m and i#£j. Then o, (1 -g,.)

=1-27, g,; and, forall 1<i<m, A=gA® (1-g)A. Using induction on m
we see

m
A=gA®g,A®...0g AD]] (1-g)A.
i=1
We want to show that, for each |pu| > ¢, (u— tf) is invertible in A. By[9, (1.6.9)],
it is enough to show that R[A(u~12)]1=1{0} and (p-2)A = A. '
Using the orthogonality of the idempotents {gJ7_, any element w of A can

=
m

be written in the form w =117, (1 - g Jw + 27 | 8;w- Compute using this fact

and the definition of t, to see that

p-te=p Y g +@+x) J] 1-g).

i=1 i=1

3

Now for any p # 0 and for each y in R[A(z-t,)] we have
0=(u-t)y

(R (-Ea)) (e (£ e))

m m
= (u-x)(l- )3 g,->y rp X gy
i=1 i=1
This implies 7 _, gy is in 07, (1-g)A. Then 27, gy =0,y isin
07, (1-g)A, and 0=(p-x)07_ (1 -g,)y = (u-x)y. Hence R[A(u-2)]C
RlA(p - 0.

Now if |u| 2 € there are two possible cases: either p - x is invertible or p
is in p,. The lemma will be proved if it is shown that in either case p - t is in-
vertible. Assume p-x is invertible and g # 0. Then {0} = R[A(u - x)] =
R[A(g~t)). Forall w in A use (3) to see that

w= (g~ te)[z giuﬁl +]1 (l-gi)(#-x)-lw].
i=1 i=1

Hence A = (p - te)A' This shows that p ¢, is invertible if p - x is invertible.
If p is in p,, without loss of generality assume p = )\l. Then

g,4 = RIAQ\ - 2 112 RIAQ - 2] 2 RIAQ ~ )],
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We have already proved that 21.';1 gl.R[A()tl - te)] ={0}. Since {gl. 8520 gm}
is a pairwise orthogonal set of idempotents this implies {0} = RIAQ\, - £)). Tt re-
mains only to show A = (A, ~tJA. Since (A - x)(1 - g,) is invertible in

Q1 -gl)A(l - 31) as in the proof of Theorem 2.6, there is a ¢ in A such that

()‘1 -x)(1- gl)c(l - gl) =1l-g,= (1- gl)c(l— gl)()\l - x).

Since A -t = A 2:."=1 g;+ ()tl -x)(1 - 2;’;1 gi) we see that, for all w in A,

@A - Q[Z 81"% +11 (1‘3i)°(1‘81)“’] =w.

i=1 1 i=1

Hence A = ()tl - te)A.

4.12. Theorem. Let x be in A such that every nonzero point of sp(x) is a
Riesz point. Then x is a Riesz element of A.

Proof. We have already noticed that if P, is empty for all positive ¢, then x
is a Riesz element. Now assume p, is nonempty for some €> 0. Let {)\l, Ayyeee,
Ami be the distinct elements of p, and for each 1 <i<m let g; be the spectral
idempotent for x at )tl. as in Lemma 4.11. Since g is in S, forall 1<j<m,
we see that, for all positive €, 7(x) = n(tc). By Lemma 4.11,

lim [l?||17 = Lim [|ae, )| 2/" < Lim ||£2)]*/" < e
n 00 n n
. R w1/
Hence lim , jlz(x)"|*/'" = 0.

4.13. Corollary. If x is in A these are equivalent conditions:

(a) x is in R ,.

(b) Every nonzero point in sp(x) is a Riesz point.

(c) Every nonzero complex number is in 3"", the generalized Fredholm region
for x.

(d) For each nonzero complex number, \ - x is in ®R,

Proof. (a) == (b) Theorem 4.7. (b) = (a) Theorem 4.12. @)es (c) [8, Chapter
3]. (d)es (b) Corollary 3.11.

If x isin A and p(x) is a polynomial with complex coef ficients and zero con-
stant term it is possible to have p(x) in R A Without having x in R A+ For exam-
ple, let x be the identity element and p(z) = z - z2. Then p(x)=0 € R 4 but 1
is not in R - (We are assuming A is infinite-dimensional.)

4.14. Theorem. If x is in A and [ is a complex valued analytic on a neigh-
borbood of sp(x) which has no zeroes in the set sp(x) ~ {0} and if f(x)e RA
then x is in “RA'
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Proof. Let m: A — A/S, 4 be the quotient homomorphism. Then SPm( A)(n(x))
Cspy(x) and {0} =sp; oy, (f(x) = sp,s,(f(#(x))) by Lemma 3.3. By the spec-
tral mapping theorem

1P T = sp (G,

Then spﬂm)(n(x)) ={0}. Hence x is in "RA'

Lastly, here are descriptions of Riesz elements in the Banach algebras con-
sidered earlier in $1.

4.15. Example. Let A = B(X) for some Banach space X, let K(X) be the
ideal of compact operators and let F(X) be the ideal of operators with finite-di-
mensional range. A. F. Ruston [10] has shown that an operator is topologically
nilpotent modulo K(X) if and only if it is topologically nilpotent modulo F(X).
Since Sp xy= F(X), an operator T is topologically nilpotent modulo K(X) if and
only if it is a Riesz element of B(X) [14].

4.16. Example. Let A be a compact Hausdorff space and let X be a Banach
space. Let A be the algebra of continuous functions from A into B(X) defined
in Example 1.7. Let b be in A. Clearly sp(b) = Uy€A sp(b(y)). Fix A in sp(b).
Suppose there is a finite set of isolated points F) = {yl. Yaretes ynl CA such
that, forall 1 <i<n, A is a Riesz point in sp(b(y)), and if y, ¢ {y}, y,50+,
Y} A € sp(b(yy)). Then A is an isolated point in sp(h). Let r be a positive
number such that sp(b)N{z: |z = A| < 2r} = {A}. Then forall 1 <i<n the spec-
tral idempotent for A(y) at A is

1

i

e 2 S R

a nonzero idempotent in F(X). The spectral projection for b at A is f =
(Zﬂi)'lflz-"‘:'Rz(b)dz. Since A is an algebra of continuous functions, and

Rz(b)(y) = Rz(b(y)) forall z not in sp(h) and all y in A,
0 if y¢F,
1) = { if y¢

f; if y=y,; forsome 1<i<n

Hence f is in the socle of A. By Theorem 3.5, (A = b - f)(y) = Al = b(y) - /(3)
is invertible in B(X) for all y in A. Let U be the set of invertible operators in
B(X). Let ¢: U— U be the homeomorphism ¢(T) = T=1. Let g: A — B(X) be
the mapping g(y) = (\[ = h(y) = /(y))=! for all y in A. Then g is the composi-
tion of the two continuous mappings ¢ and (A = b - /). Hence g is in A. There-
fore A~ b~/ is invertible and, by Theorem 3.9, A is a Riesz point in sp ().

Now suppose that 5 is in A and A is a Riesz point in sp(b). Let { be the
spectral idempotent for » at A. Let r be a positive number such that
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M =sp®) niz: |z~ A <2r}.

Then [ = (2mi)~! flz_)":rRz(b)dz. By Lemma 3.4, A - b - f is invertible in A.
Since f is in S4, there is an orthogonal set of minimal idempotents of 4, fe,, e,,
see, en}, such that f = 2:.‘=1 e; As in Example 1.7, there is a finite set of isolat-
ed points {w,, w,,+++, w } CA and a finite set of projections with one-dimensional
range {E,, E,,+++, E } C B(X) suchthat if i #] but w, = w;, then E, £ E;, and,
forall 1<i<mnandall y in A,

ely) = {

(Notice that we cannot assume the sets {wi}:.'=l or {E i‘?:l contain distinct ele-
ments.) Now for each y in A~{w J?_, () =0 and M=b(y) = (A= b -))(y)

is invertible in B(X) so A is not in sp(h(y)). For 1<i<m, fw)#0,s0 A is in
sp(b(w,)) Csp(h). Then A is an isolated point of sp (h(w ) forall 1<i<n. As
before, f(w)) is the spectral idempotent for h(w)) at A forall 1<i<n. Now

M - hw) - [(w) is invertible and f(w) €F(X) so, by (3.10), A is a Riesz point
in sp(bw)) forall 1<i<n,

Ve see that for b in A and A in sp(h), A is a Riesz point if and only if
there is a finite set of isolated points F) contained in A such that A is a Riesz
point in sp(b(y)) for all y in F,, and if y is not in F,, then A is not in sp(h(y)).
Clearly, the order of the pole of the resolvent mapping z — R z(b) at A is the max-
imum of the orders of the poles of z — R (b(y)) at A forall y in F,.

Therefore an element b of A is a Riesz element of A if and only if h(y) is
a Riesz operator for all y in A and for each 0 £ A € sp(h) there is a finite set
Fy of isolated points of A such that A ¢ sp(h(y)) for all y ¢ F,.

4.17. Example. Let A be the algebra defined in Example 1.8. Let T be an
an operator in A. Suppose A is an isolated point in sp, (T) = sP(x)(T)- Let f
be the spectral idempotent for T at A. Since Rz(T) isin A forall z ¢ sp(T),

f is also in A. Since S4 =A—>F(X), we see that fisin S, ifandonlyif f is
in F(X). Then A\I-T - / is invertible in A if and only if it is invertible in B(X).
Hence, by Theorems 3.9 and 3.5, A is a Riesz point in sp(T) with respect to the
algebra A if and only if it is with respect to B(X). Therefore R a4 =Rg N Al

0, y#w;,
E., y= wi.

B(X)
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