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INEQUALITIES FOR POLYNOMIALS WITH A PRESCRIBED ZERO

BY

A. GIROUX AND Q. I. RAHMAN

ABSTRACT. Inequalities for the derivative and for the maximum modulus on

a larger circle of a polynomial with a given zero on the unit circle are obtained

in terms of its degree and maximum modulus on the unit circle; examples are given

to show that these are sharp with respect to the degree (best constants are not

known). Inequalities for Lp norms, in particular L    norms, are also derived. Also

certain functions of exponential type are considered and similar inequalities are

obtained for them. Finally, the problem of estimating P (r) (with 0 < r< 1) given

P (1) = 0 is taken up.
n

1. Introduction and statement of results. If P (z) is a polynomial of degree

n such that max u = 1| P^U) | = 1 then

(1.1) max |P'B(z)| <n,
|*|.l

(1.2) , max      \Pn(z)\ < R".
\x\mR>l

Inequality (1.1) is an immediate consequence of S. Bernstein's theorem on the

derivative of a trigonometric polynomial (for references see [18]). Inequality (1.2)

is a simple deduction from the maximum principle (see [15, p. 346], or [12, vol. 1,

p. 137, Problem III 269]).

In both (1.1), (1.2) equality holds only for P (z) = e'yz", i.e. when all the

zeros of P (z) lie at the origin. Erdös conjectured and later Lax [11] verified that

if P (z) 4 0 in |z | < 1 then (1.1) can be replaced by

(1.3) max    |Pn(z)|<n/2
|z|.l

and in (1.3) equality holds if all the zeros of F„(z) lie on  |z| = 1. Ankeny and

Rivlin [2] used (1.3) to prove that if |Pn(z) | < 1 for |z| = 1 and P¿.z) ¿ 0 in

|z| < 1 then
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(1.4) max     |Pn(z)| <(R"+l)/2
|z|=R>l

which is much better than (1.2). Besides, in (1.4) equality is possible and in fact

holds for Pn(z) = a+ ßz" where  |a| = \ß \ = V2.

Several years ago Professor R. P. Boas, Jr. asked one of us, namely Rahman,

as to what can be said about maxiij | P'(z) |, maxi  iR >. \P (z)\ if we assume

Pn(z) to have precisely k zeros in  \z | > 1 instead of all the zeros as Erdös did.

In particular, what happens if P (1) = 0 or (more generally) if |P (1)| = a? We are

thus led to consider the class f       of all polynomials P (z) of degree n such

that maxi   i = 1 |PnU)| = 1, mini   i   j |Fn(z)| < a where 0 < a < 1. It is clear that

every polynomial Pn(z) with rnaxi2| = 1|P (z)| = 1 belongs to 9       fot some a.

In view of (1.3), one might expect that if P (z) £ 9   Q then maxi  l_i|P'(z)| <

n - c where c is a constant, possibly equal to Vi- But this is far from the truth as

the next two theorems show.

Theorem 1. // P (z)e!?       then for \z\ < 1

(1.5) |P'nU)| < n - (1 - a)ll - a - sin(l - fl)i/4z77z.

Theorem 2. There exists an absolute constant c, > 0 such that

(1.6) max /max   \P'(z)\\>n-(l-a)cJn.

Pn^e<fn,a   \\'\'1 J '

We also prove

Theorem 3. // Pn(z) e 9'       then for R > 1

(1.7) max   |PU)|<R"<1-!--(I - e-n/2)(l - R-1)2).
|z|=R      " (      ([zr/(l-a)] + l)2« )

Theorem 4. There exists an absolute constant c2 > 0 such that for R > n

q 8) max / max   |P (z)|\ > R"U - c2(l - a)/n\.

Pn^e*n,a   \\*\=R )

Theorem 1 says in particular that if P„U) e % 0 tnen

(1 5') max |P' (z)| < n - (l - sinl)/4zr«.

1*1-»
But in this special case namely for polynomials Pn(z) £ 9n0 we obtain the bet-

ter estimate:
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(1,5") max |F„(z)| < n - (2 - \ß)/4n.
|«|.l

We are also able to replace

(1.7') max       /max     \P (z)l\ < R" (l - -L (l _ e~n/2)(l - R"1)2)

obtainable from Theorem 3 by

ar.) max        /max     |P (z)|\ < Rn 11-if-^ (l - R"1)2}.

Coming back to the original question of Boas, namely what happens if p (z)

has k zeros in |z| > 1, we can prove the following theorem:

Theorem 5. Corresponding to every e> 0, there exist a 8 > 0 and an integer

nQ such that for all n> nQ there is a polynomial P (z) £J Q which has at least

d^/n zeros in \z\ > 1 and is such that maxi   i  . |P'(z)| > n - e.

Theorem 2 gives us an idea as to how large maxi   i_j |FU)|  can be if P (z)

is a polynomial of degree n such that maxi|_1|Pn(z)| = 1 and |Pn(l)| = a. It is

natural to ask how small maxi   \_X\P (z)|  can be under these conditions. This

question turns out to be easy. Indeed, from

we obtain, for |z| < 1,

|P (z)| <a+|z-l|   max |P'(z)|<« + 2   max   |P'(z)|
n        — II," II.*

|z|<l |z|sl

that is

(1.9) max \P'n(z)\>(l - a)/2.

We may consider the polynomial

(1.10) P (z) = a+   ya(l-z)\k + (~z)n-l\
" 2(k + 1)

with sufficiently large positive k to see that the bound (1 - a)/2 is best possible.

In fact, P (1) = a, maxi   i_j |P (z)| = 1 and, for every given ( > 0,

ax   |P'(z)|=(l-a)^+Hi>)<l^ + t

if k > (1 - a)(n - 1)A - 1.

Applying Theorem 3 to the polynomial z"P (1/z) we deduce
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(1.11)       max /max      IP (z)|\ < 1-1-   (l _ e'^Kl - p)2.
pA*eKa \\>\-P<l I (U/(l-a)] + l)2nn,a

For polynomials P (z) £ 9   Q we may use (1.7") to get

(1.11') max     |P„(z)|< l-iz^d-pV

Recently, but in quite a different context Halász asked how large

min\z\=l-(o/n) lP77^z^ can De for a given <"> in (0, n] if Pn(z) £ $nly It has

been shown by Rahman and Stenger [14] that for given

A> -  f°°   |log(l - sin2 u/u2)\ du
n J -oo

there exists a positive number A (A) depending on X such that

(112) p.(a>,n) =      max        ¿     max |P (z)|\ > 1 —

provided a> > A(\). On the other hand they showed that if a> is large then for n > 0)

(1.13) fi(<a»«)<l-!/(*&>)+°dA>).

Here we shall prove the following theorem which gives a better estimate for

fi((ù, n) than (1.13). Besides, in lieu of requiring maxi   |_JP (2)| < 1 we only

assume  |P (exp(z'/77/?2))| < 1 for ;' = 1, 2, 3, • • •, 2w - 1 if 1 is the point on |z| =

1 where P  (z) vanishes.
77

Theorem 6. // P (z) is a polynomial of degree n such that P (1) = 0,

|Pn(exp(z'/î7/z2))| < 1 for j = 1, 2, 3, • • •, 2« _ 1 then, ¡or 0<u)<n,

«•»>   KK)h-a-¿>a:¿)H)"-
Inequalities (1.1), (1.2) can be obtained by letting p —» °° in the inequalities

and

respectively. Inequality (1.15) is due to Zygmund [20] who proved it for all trigo-

nometric polynomials of degree n and not only for those which are of the form

P (e1 ). As for (1.16) it is difficult to trace its origin. We can deduce it from a

well-known result of G. H. Hardy [10] according to which for every function f(z)

analytic in |z| < pQ and, for every p > 0,
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'■¿jri/wi»*/*
is a nondecreasing function of p for 0 < p < pQ. If P (z) is a polynomial of degree

n, then /(z) = znPJ^l/z) is again a polynomial, i.e. an entire function and by

Hardy's result    .

p>0,

lot p = R~   < 1. This is equivalent to (1.16).

In both (1.15), {1.16) equality holds only if P (z) is a constant multiple of

z".

It was shown by de Bruijn [8] that if P (z) / 0 in |z| < 1 then (1.15) can be

replaced by

«•"> {TJ\"K^Vsy<,cp(L^Vy^^v\   ,>,,

where

i-íe/r»-*!'*)""*.
The corresponding refinement of (1.16) namely

„   .      WP
1,R>1,

where

if P (z) ^ 0 in |z| < 1 was proved by Boas and Rahman [7],

Both inequalities (1.17), (1.18) are sharp. Equality holds for all polynomials

of the form A + p z" with |A| = \p\.

If we let p tend to infinity in (1.17), (1.18) we get (1.3), (1.4) respectively.

In the special case p = 2 inequalities (1.17), (1.18) reduce to

(«" ¿.C>>/8>l2*í(í)¿.í>>'e>l2*

respectively, i.e. the hypothesis P^U) / 0 in  |z| < 1  allows us to put n /2 iir
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stead of n2 on the right-hand side of (1.17') and (R2n + l)/2 instead of R2n on

the right-hand side of (1.18 ). It may be asked what happens if we simply assume

P(z) to have a zero on |z| = 1. The answer is provided by Corollaries 1 and 2 of

the following theorem.

Theorem 7. // P (z) =  2°     s   z* is a polynomial of degree n with P (e   °) =

0 for some 9Q in [0, 277) azza* AQ, Aj, ...jA   are nonnegative numbers such that

X. > A,  for k = 0, 1, . • •, /' - 1, /' + 1, . •., 72, then

(1.19) t \KI2<VA)£ Kl2
7t=0 *=0

where X is the unique root of the equation
77

(1.20) E----=0
fc.O Ay - Afe - x

in the interval (0, A = minn,, „    ,    .(A. - A,)).

That equation (1.20) has one and only one root in the interval (0, A) follows

on writing it as / (x)/f(x) = 0 where

/to- n u-(A.-A.)i.

Since all the zeros of the polynomial f(x) ate teal and 0, A are consecutive

zeros, Rolle's theorem shows that f'(x) vanishes once and only once in (0, A).

Inequality (1.19) is sharp and becomes an equality if (and only if) P Az) is a

constant multiple of 2£=0(e-,e02)V(Ay - Afe - A).

The following two corollaries of Theorem 7 are obtained on setting Afc =

k2 (0<k<n), X.=R2k (0<k< n) respectively.

Corollary 1. // P (z) is a polynomial of degree n with Pj.e' °) = 0 for some

9Q in [0, 2ît), then

(L21)      s ST \p>i6)\2dd s (»2 - *„> s ST \pn^\2de

where a   is the unique root of the equation

" 1

(1.22) Z   -7—2-^
/i=0   n   -k   - x

in the interval (0, 2« - 1).

Corollary 2. // P (z) is a polynomial of degree n with P(e     ) = 0 for some

90 in [0, 2n), then for R > 1
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1      C2TT ID   f„id\\2 JO
<'-23>   ¿ r ip«(Reiö)i2* *{R2n -^Tnst \*.w

where ß    is the unique root of the equation

(1.24) £-57-751-=0

in the interval (0, R2n - R2n_2).

*=0 R2n-R2k-x

Although we do not know the explicit values of an, ßn we can show that (i)

a   ~ 2n/(log n) as n —► oo, (ü) ß   ~ R "/(n + 1) as R —» « and n is fixed,

(i) That OL   ~ 2n/(log tz) as n —» oo may be deduced from the fact that

"~                  1                         log n
(1.25) ¿Z   —-:- *—*-   as «—>0°-

fe=0   n2 - k2 - 2n/(log n)
2n

Indeed, if F n(x) denotes the sum 2¿~¿ [l/(n2 - k2 - x)] then by virtue of (1.25)

we have for every e > 0

F   ({H^)>F   (±-)>JS*l
" \ log n /        " \log nj     (2 + c)n
77

and

/(2-e-W
F     -   <F

" \ log n

I 2n  \ <   log«

n [log nj    (2-eh

provided n is sufficiently large. Thus F (x) - 1/x changes sign between

(2 - e)n/log n and (2 + f)n/log n, i.e. (2 - e)«/log n < a   < (2 + e)n/log n. In other

words, a  ~ 2n/(log n) as n —» oo.

In order to prove (1.25) we write 2£~¿[l/(n2 - k2 - 2n/log n)] as

i "¿ [ i +        i j

n2 - 272/log nYA    fe=0 ((«2 - 2n/log n)>A -k      (n2 - 2n/log a)5* + k j2(n2-

which is equal to

i        ("¿7jl_ + _i_VJ
2n(l - 2/n log n)H   \ k=0 \n ~ k      n + kJ      " \

where the positive number rn remains bounded as n —» oo. In fact, the inequalities

N   1

log(/V + l)< £ -<1 + log/V
/=1  l

show that (for sufficiently large n)
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and that

77-1 77-1

o < £ -1-£ _i_
7i=0 (n2 - 2«/log n)l/i - k      ¿fe=0 " - k

f  n-n(\-2/n\ogn>A        nz}      i

~ 1 - n + »(1 - 2/n log n)A    k=<fn-k

<ri_1 + logw_= 0(1)

loS » i _ „ + „(i _ 2/« log «)«

n-1 77-1

o<i: _—î-j; j_
A=0   (n   - 2n/log »)** + A;      A:=0 « + A:

< w-n(l _ 2/n log n)*  nz}      l

n(l - 2/n log nYA       k=0 « + *

2       1 + log(2?2 - 1)

log » «(1 - 2/n log n)'A

2       l + log(2»-l)
<-- = o(l).

Thus

77-1

A;=0   n2 - k2 - 2n/\og n      2n(l

log «

_1_(2Tll+i + r\

- 2/n log »)* \ ¿0    I*"*'")

-   as s -» ».
2n

This proves (1.25), and the verification of the claim that "an ~ 2«/(log n) as

n'—* oo" ¡s complete.

(ii) That, for fixed n, ß   ~ R2n/(n + 1) as R —♦ oo can be deduced from the

trivial fact:

77— 1 , ,
Zl                             w+ 1

-/v-    as R —» »o.
*=0   R2"-R2k-R2n/(n+l)      R2n

Remark 1. Theorem 7 is easily seen to be equivalent to the following:

Theorem 7'. // f(s) = 2£=0 ak eS^k (s = o + if) z^ere 0 < AQ < A, < •. • <

A.     , < A    and f(o.) = 0, then
77-1 77 '0

lim    ±-ST\f'(o0 + it)\2dt<(Xn-X)   lim   ¿JIt^O + ̂ I2*
T-oo   Z '        " ' T-oo

«/¿ere A is the smallest root of the equation
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77
1

Z-=0.

Remark 2. Instead of assuming Pn(e     ) = 0 we may assume P (pe     ) = 0

for some p > 0 and ask what becomes of (1.19).

Theorem l".If X. > A, > 0 for k = 0, 1   2, • •., /' - 1, / + 1, • • •, n and P (z)
l'a ' "

^*-0at       vanishes at z = pe   ° then

(1.26) i  X,\a,\2<(X-X^)   ¿   |afc|2

where X^p' is the unique root of the equation

77 2fe

(1.27) £ —£-- = 0
k=o X. -Xk-x

in (0,A = min0^sn.^y(A.-AA)).

Equality holds in (1.26) for

Since fix) ~ II? 0 (À. - À, - xy       vanishes at x = 0, x = A the equation

¿     P2k      ../^,q

fe=o \;-Ak-*        /W

must have at least one root in (0, A) by the mean value theorem. That it has only

one becomes obvious on writing it as

¿i. i    p2k

x       fc.O;*,*,   \-\-*

and noting that the left-hand side decreases whereas the right-hand side in-

creases as x increases from 0 to A.

On setting A^ = k2 (0<k<n), Afe = R2k (0 < k < n) in Theorem 7" we ob-

tain sharp estimates for

(¿/:x<^iîY(èJ>-<,,9,|!'*)1

(¿^.«^I'^/fsf.X^i'*)
under the hypothesis that P (z) has a zero on |z| = p. These estimates consti-

tute generalizations of Corollaries 1, 2 respectively which deal with the case

p-1.
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The following corollary is obtained on setting A. = 1 and A, = 0 for k ¿ j in

Theorem 7 .

Corollary 3. // Pn(z) = 2£_0 afe zk has a zero on \z\ = p then ¡or 0 < / < n

If ^„(^) ■ ^'k=-nCke       1S a trlgonometric polynomial of degree n with

Sn(0o) = 0 for somen6>0 in [0, 2*) then ein6Sn(9) = P2n(ei9) where P2n(z) =

^fe=Oßjfez   =^k"ock-nz    ts a polynomial of degree 2n with P- (e' °) = 0. Cor-

ollary 3 is applicable with 2n in place of n giving sharp upper bound for

\ak+J = |cj in terms of ((1/2t7)/277 |5ß((9) |2 d9)Vl. That is how we get

Theorem 8. // S (9) = X?_ncfcelkt> is a trigonometric polynomial of degree n

with Sj,90) = 0 for some 9Q  in [0, 2tt) then for -n <k <n

where equality holds if and only if S (9) is a constant multiple of

i      (e-I'V)'-2„(e-''V)*.
l=-n;l¿k

Theorem 8 is the L2 analogue of a theorem of Boas [6] according to which

(1 jq\ \cn\ < -r     max    \S (9)\.

He, in fact, showed that the maximum on the right-hand side of (1.29) may be

taken only over the points 9 = f?n + 2kn/(n + 1), k = 1, 2, ..., n. It follows from

his argument that

(1.30) k0| < ¡jL, {« + » t max |5„(ö0 + i*L)|}

if \S (9n)\ = a where a is any nonnegative number. Applying (1.30) to the trigo-

nometric polynomial |P„(e! °)|    as Boas [6] did we obtain

1      f277 ,        ,     VX.9 1 Í7 I        / .(Ö   +2fc7r/(n + l))\|2)
(1.31) J_ I271 \P (el9)\2 d9 < —, {a2 + n   max    P(e     ° 1    Í

277 Jo    '   "v     "        -n + l\            i<fes«|   "\                           /I  Í

if P (z) is a polynomial of degree n with |P„(e' °)| = a. In (1.31) equality holds

for all polynomials PR(z) for which
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.„   .,       « -       .1       /   i      sin (n +
„.(.-.IW^-.^-^ —

1)(Ö-Ö0)/2\2|

K(ö-Ö0)     /)

for 0 < 0 < 277. For all such polynomials |P (e     )| = a,

f((9 +2fcir/(B+l)) ,
max   P (e    ° ) = f»   =   max   P (z)     if a < p.

I***«      " |z|=l       "

Hence if ß < p we will not get any improvement in (1.31) if maximum of |P (z)| is

taken on |z| = 1 rather than at the points

,(0 + 2*77/(77+1))
? (k = l, 2, ..., n).

In general

(1.32) \\Pjei0)L   <\\P(*W)\\
"l

U0<pl<p2<<*>. We know from above that

\Py9)\\2<\(a2 + n\\Pn(ei0)\\l)/(n+l)}X

i80\
if \Pn(e     )\ = a for some 0Q in [0, 2?7). It is natural to ask what improvement

results in (1.32) if |Pn(e'ö°)| = a < \\Pn(eie)\\x for some 9Q in [0, 2»), Although

we cannot answer this general question we note that by applying Theorem 8 to the

trigonometric polynomial |P (e:  )|    we get

iß
Corollary 4. // Pjie   °) = 0 for some 0n in [0, 2?r), then

(1.33) l|P>''e)l|2 < (2n/(2n + l))^||Pn(<^)||4.

In (1.33) equality holds for all polynomials P (z) for which

|Pn(e¿e)|2 = n- ¿  cosk(9-9Q)

for 0 < 9 < 2t7.

Entire functions of exponential type. If P (z) is a-polynomial of degree n

such that |P (z)| < 1 for |z| = 1 then f(z) = P (elz) is an entire function of ex-

ponential type n and |/(x)| < 1 for - oo < x < oo. From (1.1) we know that

|/'(x)| <n for -oo<x<oo whereas according to (1.2) |/(x + iy)\ < e"lyl for y < 0.

It was shown by S. Bernstein (see [3, Chapter 11]) that for every entire function

f(z) of exponential type r satisfying |/(x)| < 1 for - oo < x < oo we have \f (x)| <

T for - oo < x < oo. Besides, it is a simple consequence of the Phragmén-Lindelôf

principle (for references see [3, p. 82]) that for all y: \f(x + iy)\ < erly'   for an

arbitrary entire function f(z) oí exponential type r satisfying |/(x)| < 1 for - oo <

X < oo.
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If Pn(z) ¿ 0 in |z| < 1 then Pn(eiz) is an entire function f(z) of exponential

type of a special kind: if h(9) is its indicator, we have h(- n/2) = n and (since

Pn(0) ¿ 0) h(n/2) = 0. Thus Boas [5] extended (1.3), (1.4) to entire functions of

exponential type by proving that for all real x,

(L34) |/'(*)|<r/2

and for y < 0,

(1.35) |/(* + z'y)|<^(/lyl + l)

if f(z) is an entire function of exponential type r with |/W| < 1 for real x,

¿(n/2) = 0 and f(z) ¿ 0 for Im z > 0.

Here we shall prove

Theorem 9. Let f(z) be an entire ¡unction of exponential type r with  \f(x)\ <

1 ¡or real x,

h(n/2) = lim sup y"1 log |/(z'y)| < 0
y—.OO

and ¡(0) = 0. Then for all real x we have

(1-36) |/'d)| <r¡l -(4-zr)/2(r|x| + 2)2i

and for y < 0 we have

(1.37, \^,^\<M\-\,\,\(i-fMU-'\
\      ¿        (ry)2 + (r|x| + 2)2J

We shall show that (1.36) is "essentially" best possible.

Theorem 6 can be reformulated as follows:

Theorem 6'. // the entire ¡unction ¡(z) of exponential type n is periodic on

the real axis with period 2zr (and hence bounded for real x), such that h(n/2) < 0,

/(0) = 0 and \f(jn/n)\ < 1 for j = 1, 2, ..., 2« - 1, then, for 0<co<n,

(1.14')   |/(_z log(l - co/n))\ < 1 - (I/o) - l/2zz) + (i/o - l/2«)(l - o>/n)n.

Indeed, an entire function f(z) of exponential type r is periodic on the real

axis with period 2zr if and only if f(z) = S^__na¿ elkz (n < r). If, in addition,

h(n/2) < 0, then

/(z) = £ a eik* = P V-*)

where P (z) satisfies the hypotheses of Theorem 6. Hence (1.14 ) holds.

We observe that the requirement of periodicity in Theorem 6  can be dropped

with little change in the conclusion if f(z) is bounded on the real axis.



POLYNOMIALS WITH A PRESCRIBED ZERO 79

Theorem 10. // f(z) is an entire function of exponential type r such that

\f(x)\ is bounded on the real axis, h(n/2) < 0, /(0) = 0 and \f(jn/r)\ < 1 for j =

±1, ±2,. • •, then, for 0 < <a < r, we have

|/(-7log(l-g)/7))|<l+1-(l-"/r)r

(1.38) log(l-w/r)r

< 1 - (l/ù> - l/2r) + (l/<y - l/2r)(l - coA)r + cô\l - (l - cù/r)T\/2r2

2. Lemmas. We now prove or simply quote certain results which we shall need

later. First, an interpolation formula:

Lemma 1. '/ P (z) is a polynomial of degree n then for R > 1

(2.1) P (Rei4,) = P (*«'*)+i.  ¿   (-l)*A.P (.«*+**/«>)
" " 2n  r^j *  »

where

A. = (Rn - 1) + 2 "¿   (R"-' - 1) cos / —.

* /tí

The coefficients A,   are positive and

1     2n

(2.2J ~  £ A, =R"-1.

Proof. Let t(9) = P^e1'9) = S"=0 («v cos v0 + by sin i/o). As

«« = - r    Kfl) cos i/o ¿0,       èv = - r    Kö) sin i/0 ¿0v       77 J  -77 V        77 J  -77

for i/ = 1, 2, ..., n, we have

Pn(Rei4>) - ?„(*''*) = Z (RV - l)(«v cos ^ + bv sin i/#
v=l

lfln t(9 + 0 ( ¿ (Rv - 1) cos id\ dB.

Since ¿(0 + $) is a trigonometric polynomial of degree n in 0 we may add to the

sum terms in e i\v\ > n) without changing the value of the integral. Thus, we

can write

Pn(Rc"*) - Pn(e"*) = lf"_„tto + <f>) ¡(R"-l)cos7I0+ ¿ (Rv-l)|cosi^-cos(2n-i/)o¡l¿o

= i J"^ tie + <¿)(cos 77Ö) J R" - 1 + 2  £ (R"-i -1) cos j6 [ a».

Once again, we can replace cos n9 by h(n9), where h(9) is simply required to be
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continuous, periodic (with period 277) and have a Fourier series of the form A(0)~

cos 9 + c. cos 29 + d2 sin 29 + • • • .If 0 < p < 1, we may choose

h(9)
_i(    iV_i-P2     \

4p \1 - 2p cos 9 + p2      1 + 2p cos 9 + p2/

= cos 9 + p   cos 30 + p   cos 50 + • • •,

the series being uniformly convergent. We will then have

PiRert) - P[ei4>) = lim J- f    Kfl + <f>KRn - 1 + 2 "¿ (R""> - 1) cos #(
" " p-1 4npJ -n v i ~ 'j

\1 - 2p cos n9 + p        I +2p cos «0 + p /

Now, by a well-known property of Poisson's kernel, we have, for every continuous

periodic function F(9) with period 2zr,

imi-r w(_IzjL_lV_y
_!  4zrp J -77 ^ _ 2p cos wö + p2       l+2p cos nö + p2)

lim

272

-r- ¿ (-i)¿f(w»).

Applying this to the function

}Rn-
+ 2    £  (R"-''-l)cos/0!

we get the interpolation formula (2.1). The relation (2.2) follows from (2.1) if we

set P (z) = z" and ó = 0.7J r

The idea of the above proof comes from [19].

The fact that the coefficients A,   are positive is clear from Lemma 2 below.

Lemma 2. For R > 1
77-1 ,

(2.3) A.=(R"-l) + 2  ¿2   (R"->-1) cos j — >Rn-2(R-I)2.
« n —

7 = 1

Proof. If An > 0, An_ j - 2An > 0 and A._ , - 2Ay + Ay+1 > 0 for ; = 1, 2, ...,

n - 1 then (see [17, p. 75])
n

X0+2 ¿2  A. cos /'0 > 0
7=1

for all real 0. This result may be applied with A;. = R"~' - 1 for 1 < ; < « and

A0 = 2 Rn_1 -Rn_2-l.Thus
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77-1

x(0) = (2R"-1-R"-2-l) + 2   £   (Rn-'-l)cos;0>O
7=1

for all real 0 and Afc ■ R"-2(R - l)2 + y(kn/n) > Rn~2(R - l)2.

For the proof of Theorems 1 and 3 we shall need the following

Lemma 3. Let P (z) be a polynomial of degree n. If maxi  \_X\P d)| = 1 and

\Pn(D\ = a, then, for"\9\ < (1 - a)/n,

(2.4) \P (ei9)\ < (1 + a)/2.
77 —*

Proof. Without loss of generality we may suppose that P (z) ^ 0 in |z| < 1.

In fact, if Zj, z2, ..., z    are the zeros of P d) in |z| < 1 then

p*iz)=p(z) n
*L   1-v*

v.l   z~2v

is a polynomial of degree n which does not vanish in |z| < 1 and

|P*d'*)| = |Pn(c'e)| for 0 < 0 < 2t7. Since

P(eie)=P(l)-r(e^P'(z)dz
n n J \        n

\P(eie)\<a + \ei0-l\   max |P'(z)|.
" |z|=l     "

Hence, if maxi   i = 1 |P„d)| < 1 and P^d) ¿ 0 in |z| < 1 (as we may assume),

(1.3) implies

\pn^\ < « + »|sin(0/2)| < a + «|0|/2 < (l + a)/2

provided that |0| < (1 — a)/n. This concludes the proof of Lemma 3.

Whereas the bound in (2.4) is not attained for any 0^0 (unless a = 1) the

following lemma gives sharp estimate for |P (e1 )\ fot every 0 in [-n/n, n/»].

Lemma 4. // P (z) is a polynomial of degree n such that

maXOS*Sn-llP»(e'?<2* + 1)/")i7)l < l   and Pn(X) = °' then f°r  lÖl < "A2

(2.5) |Pnd''ö)|<|sin(»0/2)|.

Proof. This result is, essentially, due to Boas. Consider the trigonometric

polynomial of degree n

S (9) = e-in6P (e2ie).
n n

Since max.   , _     .15 \{2k + 1)77/(2«)]! < 1 and S (O) = 0 it follows from a theo-
usfcs¿7j—i1  n ' — n

rem of Boas (see [6, p. 43]) that |Sn(0)| < |sin «0| for |0| < n/(2n). In terms of

P (z) this says that, for |0| < n/n, \P (e )| < |sin («0/2)| which is the desired

estimate.
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Lemma 5 below will be used in the proofs of Theorems 2 and 4.

Lemma 5. The integral

I._f^.nlog[l--J-   SinHn+l)d\d9
J° g(       (n+1)2        sin20     j

remains bounded as n tends to infinity over the positive integers.

Proof. Break the range of integration [0, 77/2] into two parts, namely

[0, ?7/(2n)], [77/(2n), 77/2]. Let the integral over [O, 7r/(2n)] be denoted by /j and

that over [77/(2n), 77/2] by 12.

In the range 77/(277) < t < n/2 we have

0< |sin(n+ l)t\/{(n + l) sin t\<n/{2(n+ l)t}< 1

so that

T77/2 / 1 sin2(n + 1)A
0 < - n J   f        log   1-   ---\dt

-       J^2»>    g\      (n+l)2        sin2i   /

i.e., for all positive n, \¡2\ <(n/2)ï™=l(l/k(2k - 1)).

On the other hand,

sinOn-l)/_p.,.,t + e-iln.2)i + _ + ei(n-2)t + eint

sin t

so that

sin(n + l)i "^
- =l + 2¿   cos 2kt

sin t k=l

if n is even and

sintn + l)/ <"^)/2        ,„.     ,,
-=2     2-      cos(2*+l)/

sin t ¡¿-o

in case n is odd. For 0 < x < 1,

cos x = 1 - x2/2 + x4/24 - x6/720 + ...<!- x2/2 + x4/24 < 1 - 11 x2/24.
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Hence, for 0 < t < 77/(2»), we have

cos 2kt< 1 -11 k2t2/6       (l<k<j<n/n)

and

cos (2k+l)t<    1-11 (2k + l)2f2/24      (0 <*</< (2« - 7t)/27t).

Thus, for even n and /' < w/7T,

sind + 1)/
<l+2 (/ - T S  t   *2) + 2(«/2 -/) = (« + 1) - ^ t2j(j + 1)(2/ + 1),

sin /

whereas, for odd n and /' < (2re - n)/2n,

sind + l)r

sin t
< 21; + 1 - ~ t2   ¿ (2k + l)2| + 2((« - l)/2 - /)

11
= („ + 1) _ ii t2(2;/3 + 1)(; + 1)(2/' + 1).

In case n is even we may choose ; = [n/n] > (n/n) - 1 to conclude that for 0 <

f < tt/(2»):

sin (» + l)r 11   , (« - tt)»(« - it/2)
(2.6) 0<-<l-~t2  -■-<1    if»>4.

(«+.l)sin/~ 9 (« + 1)tt3

Therefore for even » > 4

os i   s        riTA2n\     V    (.     11 2d-7T)n(«-zr/2)\2)

For odd », we may choose ;' = [(« - 7t)/tt] to obtain, corresponding to (2.6),

,„ .,, sin (» + 1)/ H   , (2« - tt)(« - tt)(2« - 3?r)
(2.7) o <-< l _i± i2  -< 1    if » > 5,

(u+Dsinf-       36 0i + i)ff3

and then argue as before.

For the proof of Theorem 2 we shall also need

Lemma 6. The integral

rn/2        / 1        sin2d + l)f\        ¿t

71J 77/4  °g ^      tn + :)2       sin2 t     J l + cos 2r

remains bounded as n tends to infinity over the odd positive integers.

Proof. Write the integral as
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/ rn/2-jr/(2„)      7-77/2 \ / 1        sin2(n + l)t\        dt

[J w/4 J n/2-nA2n)J " " IOg ̂  " j^tf        ̂ 2 f     ) 1 + cos 2t

For the second integral, we have, since n is odd

0
cos 2/

0

<r/2     -~w¿    i   ™2("+»*)  dt
-J 77/2-77/(2*) S\       (a+l)2        ^2 ,      / I + co

_ r77/(2n)        .      / 1        sin2(n + l)M      dt

~Jo °8\ ~(« + l)2~    cos2i     /2sin2/

ff2   f77/(2n) /, Í2        \<fc
<TJo _Mlog^___j_

=^„r^2")êI^^=o(i).
8 J °   ní * cos2¿í

itegral can be estimated as follows.

. rn/2-77/(2«)        ,      /, 1       sin2(n + l)A       ¿i

--^    -sIogr(«+i>2 .^ z1^^

< J»^« - n log (i - —£-r-,\ -JÜ-
-J^4 \      (n + 1)24¿2/ 2 sin20 - 77/2)

772    f-77/(2n) . /. 772 \   ¿i

^tJ-77/4      -Bl0H     (n+l)24(i + 77/2)2j7

J    r-77/(2„)       (y   1/        77 \2k 1 j

8 J-^4      " (¿Í * V2(n + I),/      f20 + 77/2)2*j

<n2.   y \l ( n   \2k f~g/(2n)    A    I
- 8 * ¿Í (* V2(n + 1)/    J -»/I      (n/4)2V  {

™2       -        1      /   2   ^*    0(1).

(n + 1)2 *=0

The next k-mma is, in fact, the well-known interpolation formula of M. Riesz

[16] expressing the derivative of a trigonometric polynomial in terms of the values

of the polynomial at 2n different points.

Lemma 7. // S(0) is a trigonometric polynomial of degree n then

g   _(-Úk

2n ~i  1 -cosí(2¿
(2.8) S'(0) = i-E   - <-iL s(d + ̂ n).

2n tt\  1 -cosí(2¿ + l)/2n|77     \ 2n       I

Besides,
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2*
1 ■■ ».(2.9) 1 £  -

2» fe=l  1 - cosi(2¿ + 1)/2»Î77

There is a corresponding interpolation formula for entire functions of expo-

nential type. We shall need it for the proof of the first inequality appearing in the

statement of Theorem 9 and it reads as follows (see [3, p. 210]).

Lemma 8. // f(z) is an entire function of exponential type r bounded on the

real axis, then for all real x

(2.10) /'d) = r(4/772)    £   J-^Lf(x + %U:n).
77=-oo (2« + l)2    \ 2r       /

Further,
oo

(2.11) (4/tt2)    £    -i-= 1.
77=-oo   (2/2 + 1)2

The next interpolation formula will be needed for the proof of the second in-

equality appearing in the statement of Theorem 9 as well as for the proof of Theo-

rem 10.

Lemma 9. // j(z) is an entire function of exponential type r bounded on the

real axis, such that h(n/2) < 0, then

(2.12) /d+zy) = ry     f   \Z%2¡£¿2¡f(s + *).
¿=-00 (ry)2 + U77)2    V r /

Proof. Suppose first that f(z) = /J elzt<f)(t)dt with <f> £ L2(0, r). Setting

,.      le-yt    ifO</<r, (eixt<f>(t)    if 0 < t < T,
gU) « <   „. and    tf/(t) = < ~   ~

\eyt       if-r<i<0, lO if-r<<<0,

we can write

(2.13) f(x+iy)=jT_Tg(t)i(;(t)dt.

Now let 2?°    „ c, e   ""T't be the Fourier series of the continuous function of

bounded variation g(t) on the interval [-r, r]. Then

i-(-i)Vr"
1   fr      , x  -ik(n/r)t , 1 -(-l)*g~'yr, =— gMe   iw>tdt = ry ——■:-;—~r

*     277J-''6 ' (ry)2 + (Air)2

and

-oo    (ry)2+ d77)2

for - r < t < T, Since the series is uniformly convergent, we may substitute it for

g(t) in (2.13) and integrate term by term to obtain
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fix + iy) = ry     £)    l-(-D*e~ry T e«*+tor/r)^W dt

fc=-oo    (ry)2 + (¿77)2   J °

= ry   ¿*   -;-t f(x + ¿77A),
*=-oo   (ry)2+U77)2

which proves the desired interpolation formula in the special case under consid-

eration. In the general case, consider the function

i$z sin 8z
fB(z) = f(z)e'C

8z

with 8 > 0. It is clear that /g(z) is an entire function of exponential type r + 25

such that

lim sup y     log |/g(7.'y)| < 0.

y—»OO

Besides, it belongs to L    on the real axis. Hence by the Paley-Wiener theorem

(see [3, p. 103]), it has the form fQ*2Seizt tbs(t)dt with 08 6 L2[0, r + 28]. By the

above argument,

It        -\    i      *JA        V    l-(-Dke-^2^y   ,   I       .     ir     \
/5(x + zy) . (r + 2S)y    ¿-   -:-h \x + k —75 )

k~~((r + 28)y)2 + (kn)2      \ ' + 25/

and we obtain (2.12) on letting 8 tend to zero.

This kind of reasoning has been used before for proving certain other inter-

polation formulas (see for instance [4], [13]).

For the proof of Theorem 9 we shall also need:

Lemma 10. Let f(z) be an entire function of exponential type t. If f(0) = 0,

sup     |/(x)|<l    and   h in/2) = lim sup y~l log |/(z>)| < 0
— oo<x<oo ' y—.00

then for all real x

(2.14) |/(x)|<(r/2)|x|.

Proof. An entire function of order less than 1 which is bounded on the real

axis is necessarily a constant. If /(0) = 0 then it is identically zero and (2.14)

is trivially true.

So let fiz) be an entire function of order 1 type r. If h (n/2) = c let

Fiz)=e-iaT-c)/2)zz~lf(z).

The function Fiz) is an entire function of order 1 type Vi(t + c) and hp(n/2) =

hp(-n/2) = Viir + c). Let xQ be a point of the real axis where  |F(xQ)| =

max_oo       00 |FU)|. Such a point exists since |F(x)| tends to zero as |x| —» 00.
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Choose y such that e    F(x„) is positive. If e    F(z) = 2°°_ga   zn then the func-

tion
oo

Cd) - Z (Re a)zn
77=0

is an entire function of exponential type Vi(r + c). Besides it is real for real x

and

iGdihlReie^Fd)!^!*!-1.

The function H(z) = z G(z) is therefore an entire function of exponential type

Vi(r + c) which is real for real x and whose modulus is bounded by 1 on the real

axis. According to a theorem of Duffin and Schaeffer (see [9, p. 555]) we have for

all real x

((t + c)/2)2H2(x) + iff'd)!2 < «r + c)/2)2,

i.e.

((r + c)/2)2x2G2d) + ICd) + xG'(x)}2 < ((r + c)/2)2.

At the point xQ where G(x) attains its maximum we have G (xQ) = 0 and therefore

((r + c)/2)2x2G2d0) + G2(x0) < ((r + c)/2)2

or

G(x0) < ((r + c)/2)/ll + ((r + c)/2)2x2JA < (r + c)/2 < r/2.

Since

G(x0)=      max    |G(x)| =    max      |e/7F(x)| =    max      |jc| _ X |/U)|
— oo<x<oo —.oo«rx<roo — oo<x<ioo

we get |/(x)| < (r/2)|x|  for all real x. This proves Lemma 10.

3. Proofs of results announced in §1.

Proof of Theorem 1. Let P d) £ f     . There is no loss of generality in sup-

posing that  |P (1)| = a. If P (z) = aQ + a¡z + ... + anzn then

a, = L F    P (e^)eik*dch       (0 < k < n).
*       277 J -77      « —      —

Hen ce

eWP'(eW)=t   kakeike=Z   if    P (e^e^'^dcp
77 ~"* K ~—     ¿77 J  -77      "

k = l 74 = 1

1    frr„L P7    P (*''<*+»)«-'''L   ke-*k-l)tdt.
277 J-77     » ~,

Since P (ei(9+t))e-it = ane~il + a.eie + a7e2Weu + ... + a eineei(n~ V", we may
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add to the sum ^l=\k e~,(*~ l'1 terms in e~'kt with k > n without changing the

value of the integral provided n > 1. In particular, noting the identity

I ¿J z        I   = 2J kzk~   + higher powers of z
\k=l /       k=i

we can write (also if n = 1)

ei9P' ieid) =J- P    P ie^^e-i'll + e-ü + e~i2t + ...+ e-«"-l)t\2 dt.
» 277 J -77      "

Consequently,

|P'(e<*)| <J_ f77    \P (ei(0+t))\\(sip nt/2)/(sin t/2)}2 dt.
n 2n J -77     "

Since

2nJ-n \ sin f/2 /

we find, using (2.4) together with |P (z)| < 1 (|z| < 1) that

IP'u^i/r + f )|P(e7(g+/))|/^^/2\2^
1   « ' -2?7 \J(l-a)/r7<|e+i|<77      J|0+<|<(l-a)/n/'   » ^sini/2/

<„.j_r u-|p(e'^))nf;sin.wf/af a
277 J|e+i|s(l-«)/» '   » '   Vsini/2  /

4n    J\d+t\<(l-a)/n \ sin (/2 /

1 - ö   r-e+(l-a)/77     .   2nt   ,
<n- sin   — dt

4n   J -0~(l~a)/n 2

= n —-,- i(l - a) - cos n0 sin(l - a)\
47777

<„_i_lf ¡(l-cz)-sin(l-ö)i.
- 4t7«

This proves Theorem 1.

Proof of Theorem 2. Since the trigonometric polynomial

!_i—(±*iM\(±.-A-i_l—sin2("+l)m

(«+l)2\fe=0        /\/=0 / (B+l)2        sin20/2

is nonnegative for all real 0, it follows from a classical result of Fejer and Riesz

(see [1, p. 152]) that the equation

IP (e^)\2 +       1 sin2(n + l)0/2 _ 1

in + l)2      sin20/2

defines a family of polynomials belonging to J    n. Let Pj^z) be the one which

does not vanish in |z| < 1 and assumes a positive value at the origin. For |z| < 1
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(3-D logPn(z) = ̂ J™^log\Pn(e»)\dt.
e   — z

In fact, given zQ   (\zA < 1)

pe    - z

fot \zQ\ <p < 1 by Poisson-Schwarz formula. Since

1 > |pe" - 1| > 2Vp|sin //2| > 2Vp|r| > \ß\t\/n

fot p>xA and hence

|l0g|pe'''-l||<l0g(77/V2)+|l0g|í||,

Lebesgue's dominated convergence theorem allows us to let p tend to 1 under

the integral sign giving (3.1). Besides, the function log |P (e")| being integrable

over [0, 277], we can differentiate (3-1) under the integral sign and get

»•2)       *:«-^w¿jrpr^*i^2*
\e   — z)

fot \z\ < 1. But we are interested in P (-1) and will like (3.2) to hold for z = -1

as well. We observe that for odd n it is indeed the case. For odd », the function

loglPndiz)!2 = !1        sin2d + l)z/2)

d + l)2      sin2z/2        j

is analytic in |z - ?7| < pQ for some p0 > 0 and has a double zero at z = 77. Let

5 = Vi min (pQ, 1). Then for |r - 7z| < 8:

log|P d'0|2 = (/-77)2a0)
n

where a(t) is continuous on  |r -7r| < S. Hence, if

/
(eU + p)2 \       d + 1)2     sin2//2 )

then, forO <p< 1, |/- jt| < S,

(/-7r)2a(í)          (í-77)2a(í) \

\f (t)\ =- <- = i ß(t)
P \e" + p\2      4p sin2 ((/-ir)/2)     P

where the function ß(t) is integrable over |r - »| < 8. For 0 < p < 1, 8 < \t - n\ <

77, we have

,     ..,                   _l                             Í            1        sin2d+l)r/2)
|/  (i)| <-i- log <1-V

1 + 2p cos (n-8) + p2        (      (n + l)2      sin2r/2        j

Once again, Lebesgue's dominated convergence theorem shows that
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i.e.

(3.3) P> <_ D . JL p* _fl_ l0g (l - _i_ 8in2(g,+ lW2l A
277 Jo    (e¡í+l)2      «^        (ß+l)2 s¡n2//2       |

Formula (3.3) can be rewritten as

, + - [n/2       )l -   -—    sin2^" + 1^)_;

*J°       °8{       (n~+l)2        sin2/       }~
,P'(-1)|=-P'(_1) = _

77 J° )       (n + l)2        sin2,       fl+cos2i

Therefore, Lemmas 5 and 6 show that there exists a positive constant c such that

|P'(-1)| <c/n. If n is even and ttz = n/2 is odd, g (z) = (P (z)) is a polynomial

of degree n such that g (1) = 0 and maxi  |_[ |g (z)| = g (-1) = 1. Besides,

|g'B(-l)|-2|P'w(-l)|<4c/».

If n is even and m = n/2 is also even, the polynomial b \z) = P      ,(z)fV , Az) €

y    .  (with h (-1)= l)and
77,0 7!

|è'(-l)|=-A'(-l)<4cn/(722-4).

Thus, there  exist a positive constant Cj and, for each n, a polynomial Pn(z) e

i   n with P (1) = 0, P (-1) = 1, P'(- 1) < 0 and
71,0 7! '71 '7!

(3.4) |P'B(-1)|<^/»»-

Now, let Gn(z) = (-l)"z"Pn(l/z) which belongs to 3^ „ with G"n(l) = 0, Gni-l) =

1. Besides, using (3.4) we see that

\G'ni-l)\=-G'ni-l)>n-c1/n.

Finally, given a £ [0, 1], set Hjiz) = (- l)na zn + U - a)Gn(z). Then H/z) e

y       (with  |H (D| = a and W (- 1) = 1) and
7?,fl '      77 ' 77

\H'ni-l)\ = Ina - (1 - a)G'B(-l)| = na + (1 - a)\G'ni-l)\ >n- Cj(l - «)/«.

This completes the proof of Theorem 2.

Proof of Theorem 3. Let P (z) £ f     . Without loss of generality we may sup-

pose P (1) = a. Let m = [77/(1 - a)] + 1; and consider the polynomial P (z) =

(P iz))m. By Lemma 1, we have for R > 1

.      2mn

P*iRei4>) = P V*) + =¿-    £ (-l)*A.PV(*+to,/,",,))
2777«     J- *

where

-i-  Z A.=Rm"-l,
2mn £-     k
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and according to Lemma 2 A¿ > Rm"(l - R~ )2. By Lemma 3

|P*d,ö)| < ((1 + a)/2)m < ((I + a)/2)am'a) < e'7"2    for |0| < (l - a)/«.

At least two of the points cp. = cp + kn/mn, k- 1, 2, ..., 2?tz« (say <p   , (f>. ) lie
ft 7 1/2

in the angle  |0| < n/mn < (1 - a)/n. Hence from above

- 2 77777

|P*(Re''*)| < 1 + _L    V AAP*(ei{4>+kn/mn))\
1 ~       2z7z»   f7j   * '

- 2t7777 _

<1 + J_   ZAk-±.(l-e-»'2M.   +A.)
2mn   J~.    *    27ZZ» ¡\        7 2

< Rmn\l - (mn)-X(l - e-n/2)(l - R1)2}

and

|Pn(Rel'*)| = |P*(Re!'*)|1/m < R"|l - (nm)"Hl - e~w/2)(l - R"1)2 \1/m

< R"U - (izz^-'d - e-n/2)(l - R-1)2}

by virtue of. the inequality (1 - x)a < 1 - ax valid for 0 < a < 1 and 0 < x < 1.

Since 772 = [77/(1 - a)] + 1 we have, in fact, proved (1.7).

Proof of Theorem 4. We again consider the polynomial

^)=¿«V*e!P7,,0

defined by the relation

1       sin2(» + 1)0/2
|Pnd''*)|2 = l-

d + l)2        sin20/2

not vanishing in |z| < 1 and assuming a positive value at the origin. From (3.1)

+       1  r77/2             !             1         sin2d + l)0l
0 < _ log a„ = - i '   - log <1-—--> d9.

g   °     *Jo g(      d + l)2        sin20    J

Hence according to Lemma 5 there exists a constant c. such that - log aQ <

d2 - l)/n, i.e. aQ > exp l-d2 - l)/n| > 1 - (c2 - 1)/». Now if

Q(z) = z4n(l/z) = ¿ ¿fez"~*
k=0

then

|Qn(-R)|>«+0R»-¿ \ak\R"-k

> a0R" - nRn~l    (since  |Qnd)| < 1 for \z\ = 1)

> R"ji _ (c2 - !)/„ -n/R\> R"(l - c2/n)
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+
if R > n . The polynomial O (z)   is real on the real axis and for odd n,

Qn(-R) <0 if R > 1 (note that Qj,z) does not vanish for \z\ > 1 and Q„(-P)

tends to - oo as R —> oo). Hence, if n is odd and

V„(z) = (1 - a)\la/(l - a)]zn + Qjz)\

then |V (z)| < \ for \z\ < 1, V (-1) = - 1 and V (1) = a. Thus V (z) e ?       and
b- Ä   ' — '   ' —    *     B B n Bta

for R > n2:

|Kn(-R)|=(l-a){r^R»+|ön(-R)|}

> ßR" + (1 - «)R"(1 - c2/n) = R"il - c2 (1 - fl)/nj.

If « is even, we may consider

Wn(z) = (1 - a)K*/(l - a))zn+zQn_1(z)\

instead of V (z). Clearly W (z) £ 'S       and for R > n2
n '      n n,a

\Wn(-R)\ > Rn\l - c2(l - a)/n\.

Proof of (1.5*). Let P (z) £ f   0, where we may suppose P (1) = 0. Since

P_(e   ) is a trigonometric polynomial of degree n we have by Lemma 7

i   2n i

\P'(ei&)\ <— Y_5_ IP    (e<(0+(2fe+l)77/2nh|
1   "        '-2« ¿j  1- cos (2k+l)n/2n '   "* '

One of the points eü6i2k + l)tr/2n) (i <k < 2n) is 1 if 0 is an odd multiple of

n/(2n) and hence for such values of 0

|P' iel6)\ < n - ?---;—- (for some integer /')
»        '-        2ni_cos(2/+l)zr/2n

1 1 1
< «---_—-< n _ J_.

2" 1 + cos (77/2«) 4n

If 0 is not an odd multiple of n/i2n) then precisely two of the points 0 +

(2¿ + l)?7/2n (say 0 + ^(2/^ +- l)/2n, 0 + 77(2/2 + l)/2n) lie in the interval i-rr/n,

n/n) and by Lemma 4

,    il - |sin nid + (2/, + l)rr/2n)/2|     1 - |sin nid + (2/, + l)ir/2n)/2| )
\P'ieie)\ <n-~ <-¡-,-ï-+ -i-i

■ 2" ( l-cos(2/I+ l)ff/2n 1 - cos (2/2 + 1)77/271 J

,    Í 1 - I sin 77(6» + (2/1+ l)n/2n)/2\    1 - |cos 77«? + (2/, + lk/2u)/2| )

~"~2ñ^    1 - cos (2/j + 1)77/277       ~+       1 -cos(2/2 + 1)77/277 j

!    Í2 - I sin 7i(ö + (2/j + 1)77/277)/21 - |cos nid + (2/, + l)i7-/2n)/2| |

~        Ï"  1— 1 + cos (77/277) J

- 4t7

which completes the proof of (1.5").
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Proof of (1,7"). Let Pjiz) £ 9nfi. Clearly, we may suppose Pj.1) = 0. In

this case two and possibly three of the interpolation points in the formula

l    2n
P (Re^) = P (ei<¡>) + ± T, (-l)kA.P ei(cp*knM

n n 2» r^j * »

lie in |0| < tt/» where by Lemma 4 \P (ei6)\ < |sin(«0/2)|. If three of the points

(say <p + /,»/«, <p + /, f/n, 4> + /» ff/«) fall in the interval [-tt/w, zr/n] then they

have to be -»/«, 0, n/n and

IP (Rei<P)\<Rn-L\A. (l-|sin-77/2|) + A. (l - |sin 0|) + A . (1 - lsinir/2)||
'   n < - 2n     ¡i >2 '3

^R^l-d-R-1)2^«!.

If there are only two points (say rp + jl"/n, 4> + j2ff/n) in \.-n/n, n/n], then

|sin w(<p + j2n/n)/2\ = |cos n(cf> + jxn/n)/2\

and hence

|PB(R«''*)| < R" -¿¿\Aj (1 - |aio n(<f> + /,ir/»)/2| + Ay (l - |cos n(d> + j^M/21)]

<Rn{l-(2-y/2)(l-R-1)2/2n\

which completes the proof of (1.7 0.

Proof of Theorem 5. In the proof of Theorem 2 it was shown that for each

positive integer « there exists a polynomial G (z) £ 9       with G  (1) = 0,

Gb(- 1) = 1 and \^n(- 1)| = - G'n (- 1) > » - cjn where Cj is an absolute constant.

Given f > 0, and a positive integer « let ttz = [yfn], k = [f^/n/2c A, j <• » -

[V«][f\/«72t:|]' Tnen P„^2) = lGm(z)i*G.(z) has a zero of multiplicity Á; + 1 >

e\/n/2cl = 8\fn at z = 1. Moreover

|pb(-i)| = |<(-i) + g;(-DI

> k(m - c1/m) + (/' - Cy/j) = n - cAk/m + l/j) > n - f

if » is large enough, say « > »n.

Proof of Theorem 6. If 2nd) = z" P(l/z) then by the hypothesis of Theorem 6

Q(l) = Pn(l) = 0,       |en(exp ijn/n)\ = \P(exP ijn/n)\ < 1

for /' = 1, 2, ••., 2» - 1.

Hence applying Lemma 1 to Q d) we get for R > 1
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Thus

\Q (R)| <i- Ê A.-J-A,   =R"-l-i-A,'*»     [~2nj~1    k    2n    2n 2n    2"

ln-l-~{Rn-l+2nZ (R"_y-l)l

R-l        J

|Pn(l/R)|<{(l-R-«)(l-¿i^)+R-»}.

= Rn-

= R»_1_J_ )(R«_1)R
2n \

If 0 < a) < n then (1 - cu/n)~   > 1 and hence, in particular,

IP (1 - <w/n)| < 1 - (i/o - 1/2«) + (I/o - 1/2«)(1 - w/n)".'71 '   —

The above reasoning also shows that if \P (1)| = a < 1 and \P (exp z';7r/n)| <

1 for j = 1, 2,..., 2n - 1 /¿en /or 0 < <u < n

(3.5) |Pn(l - co/n)\ < 1 - (1 - a)(l/ft) - 1/2«) + (l - a)(l/û) - l/2«)(l - a,/«)".'

Besides, the formula obtained by equating the real parts on the two sides of

(2.1) may be applied to the polynomial 2 (z) = z" P (1/z) to prove in exactly the

same way as above that:

(i) if P (z) is a polynomial of degree n such that |Re P (l)| = a < 1,

|Re P (exp z'/77/«)| < 1 for j = 1, 2,..., 2« - 1 then for 0 < a> < n

(3.6) |Re P„(l - <u/n)| < 1 - (1 - a)(l/<a - 1/2«) + (1 - a)(l/to - l/2«)(l - to/n)n;

(ii) if P (z) is a polynomial of degree n such that Re P (1) = a < 1,

Re P (exp z/77/n) < 1 for j = 1, 2,..., 2n - 1 then for 0 < <u < n

(3.7) Re P (1 - co/n) < 1 - (l - a)U/cü - 1/2«) + (1 - b)(1/û> - l/2n)(l - <a/n)n.
77 —

Proof of Theorem 7. There is no loss of generality in supposing that the point

of the unit circle where the polynomial vanishes is 1, i.e.

71

(3.8) £ a. = 0.
*=0

We write the left-hand side of (1.19) as

È\KI2 = \- i Kl2-  i  (\-VKI2
7e=0 *=0 *=0;fe^y

= \.Z|afe|2-     t     U -Afc-A)|«Jfe|2-A    ¿'    |«fe|2,
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where for the moment A is a constant such that

0 < A < A =      min      (A. - Afe).
0<k<n;kfi

From (3.8) and Schwarz's inequality we obtain

Ki2=   2   -,
\k=0;kfi

( i i-jV
-A,-A)1/2|«.|(A.-A,-A)

k'   j      k

so that

- { i (\
lk=Q;kjlj

<    Z    (Xf.-A.-A)|«.|2    E     (A.-A.-A)"1,

¿     (A-A,-A)|aJ2<-|a.|2(    £     (A -A,-A)-1!"1.

Now if A happens to be the root of the equation (1.20) lying in (0, A), then

= A
|   £     (A -A^A)-'}"1

and we get

Z AJaJ2<A   Z K|2-A|a.|2-A     Z     \*f = U. - A) £   \*h\:
*=0 ;fcj<7fc=0 /i=0 t=0

which is the desired inequality.

Observe that in (1.19) equality is possible only if

Z      a¡
k=0;k¿j

=      I        I«,

and equality holds in Schwarz's inequality, i.e. a, = a(A. - A, - A)~    if k ¿ j

whereas a. = - a/A. Thus the extremal polynomial has the form

P(z) = aZ-r-\-rd"'V.
¿To\-^-A

The proof of Theorem 7   is analogous and we omit it.

Proof of Theorem 9. For an entire function f(z) satisfying the hypotheses of

the theorem we have by virtue of Lemma 8
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\f'(x)\<A4/n2)    Z   —-|/(x + (2« + l)77/2r)|
fe=-oo(2n + l)2

for all real x. According to (2.14) |/(x)| < (r/2)|x| in (-2/r, 2/r). If only one of

the interpolation points (say x + (2m + l)n/2r) falls in this interval it must, in

fact, lie in the subinterval  [- (77 - 2)/r, (77 - 2)/r] and hence by (2.14) in conjunc-

tion with (2.11)

)/'(,)! <r A-i-        1 /l-:U2^lÍ77l)l<r/l-±-iZJ^L\.
-    I      772(2t7z+1)2\     2| 2r        \Jf -   \      ,¿{2m+l)lf

Since

|(2t?7 + l)77/2r| - |x| < |x + (2ttz + l)jr/2r| < (77 - 2)/r

we have

1/(2777 +  l)2 > 772/4(r|x|  +T7-2)2

and hence

|/'(x)|<r¡l-(4-77)/2(r|x|+77-2)2!.

If, on the other hand, two points x + (2z7z + l)77/2r, x +- (2777 + 3)n/2r lie in

(_2/f, 2/r), then

l/'( )l <    /l       4    /I - T\* + (2m + 1 W2r|/2      l-r|x + (2777 + 3)77/2r|/2\\

"'"■I    "   7    \ (2777+1)2 + (2w + 3)2 //'

Since |x + (2tt7 + l)7r/2r| < 2/r and |x + (2tt7 + 3)77/2r| < 2/r, we have

1/(2777 + l)2 > 772/4(r|x| + 2)2,    1/(2ttz + 3)2 > 772/4(r|x| + 2)2

and hence

|/'(x)|<ril-(4-77)/2(r|x|+2)2i

which completes the proof of (1.36).

To prove inequality (1.37), we use formula (2.12) which we may apply to the

constant function 1 to first conclude that

^     1 -(-ire ■'    .
(3.9) ry    £     .   ,2 , ,^2 - *

1 - U)ke-ry

fe^oo   (ry)2 +(kn)2

Now let y > 0. If only one of the interpolation points, say x + n77/r, belongs

to [-2/r, 2/r], we have in fact |x + n?7/r| < (77 - 2)/r so that (nn)2 <(n -2 + t\x\)2

and

I/Í       -V* V        l-(-Dke-'> 1-G-l"«"'*
|/(x+zy)|<ry        2-        -:-- + ry-:- • Ax + nn/r\/2

k=-"o;k/n  (ry)2 + (kn)2 (ry)2 + (nn)2

ry(l-(-l)"e-ry). . ....
= 1 -J.-.-—(1 -rx + «í7/r/2)

(ry)2 + («T7)2

< 1 - *(l - (~ l}"e"ry) (2 - n/2) < 1 - ry    (2 - */2)(l - *"ry) .

(ry)2 + («7r)2 ~ (iy)2+(ff-2+r|*|)2
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If two interpolation points x + »77/7 and x + (« + 1)77/7 are in [-2/r, 2/7], we

similarly obtain

\,(         \\st         (2 - 77/2KI - e-r>)
|/(x + iy)\ < 1 - ry ———.-_

(ry)2 + (2 + r|x|)2

for y > 0. Thus, in any case

\K          M^l     ,   (2 - 77/2)(l - e-fy)
\f\x + zy)   < 1 - ry-_

(ry)2 + (2 + r|x|)2

if y > 0.

Finally, applying this inequality to the function g(z) = f(z)el z which sat-

isfies the same hypothesis as the function f(z) we get

1/U + ,»| < e^l il - ,|y| (1 - --r|y|K2 - T7/2))
( (ry)2 + (2+r|x|)2     j

for y < 0.

We observe that inequality (1.36) is best possible in the sense that there

exists an absolute constant A such that given r and a positive number B, we

can find a function / satisfying the hypothesis of Theorem 9 and a point x > B

where

(3.10) |/'(x)|>r-A/rx2.

In the proof of Theorem 2 it was shown that for each positive integer » there

exists a polynomial P d) £ 9   .  such that P (1) = 0, P (_ 1) = 1, P'(- 1) < 0r       ' 77 71,0 77 '77 '77

and |P'(-1)| > « - c,/n where c,  is an absolute constant. If P   d) is such a1    72 ' 1 1 777

polynomial of degree m - [rß/77] + 1 then

f(z) = P   (exp (irz/m))

c,n

satisfies all the hypotheses of Theorem 9 and

|/W0|-- |P'(-D|>r-      1        = r -      A
" n     » '   " r(7727r/r)2 rdzzr/r)2

where, clearly, x = 71277/7 > B.

We do not make such a remark concerning inequality (1.37).

Proof of Theorem 10. By Lemma 9 we have

/M = ry    £   __—- /WO,
/t=-oo (ry)'1 + d77)z

which in conjunction with (3.9) gives us |/(z'y)| < 1 - (1 - e~Ty)/ry. If 0 < a) < r

we may set y = - log (1 - cú/t) to get the desired inequality

l_(l_w/i-)r
|/l-zlog(l-co/r))| <1 +

log(l -co/t)t
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In very much the same way, inequalities (3.5), (3.6) and (3.7) can also be

extended to entire functions of exponential type.
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