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INEQUALITIES FOR POLYNOMIALS WITH A PRESCRIBED ZERO

BY

A. GIROUX AND Q. I. RAHMAN

ABSTRACT. Inequalities for the derivative and for the maximum modulus on
a larger circle of a polynomial with a given zero on the unit circle are obtained
in terms of its degree and maximum modulus on the unit circle; examples are given
to show that these are sharp with respect to the degree (best constants are not
known). Inequalities for L? norms, in particular L? norms, are also derived. Also
certain functions of exponential type are considered and similar inequalities are
obtained for them. Finally, the problem of estimating Pn(r) (with 0<r<1)given
P"(l) =0 is taken up,

L, Introduction and statement of results. If P_(z) is a polynomial of degree
m such that max | |_, |P ()| =1 then

(1.1) max |P)(2)| < m,
z|=1
1.2) max [P _(2)| <R™.
|z|=R>l

Inequality (1.1) is an immediate consequence of S. Bernstein’s theorem on the
derivative of a trigonometric polynomial (for references see [18]). Inequality (1.2)
is a simple deduction from the maximum principle (see [15, p. 346], or [12, vol. 1,
p. 137, Problem III 269)).

In both (1.1), (1.2) equality holds only for P_(z) = €!”2", i.e. when all the
zeros of P (2) lie at the origin. Erdds conjectured and later Lax [11] verified that
if P (z) #£0 in |z| <1 then (1.1) can be replaced by

(1.3) max |P;(z)l <n/2

z|=1
and in (1.3) equality holds if all the zeros of P (2) lie on |z| = 1. Ankeny and

Rivlin [2] used (1.3) to prove that if |P ()| <1 for |z| =1 and P (z) # 0 in
|z] <1 then
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68 A. GIROUX AND Q. I. RAHMAN

(1.4) max |P_(2)] <(R"+1)/2

lzl: R>1 "
which is much better than (1.2). Besides, in (1.4) equality is possible and in fact
holds for P (z) = a+ Bz" where |a| =B8] =)

Several years ago Professor R. P. Boas, Jr. asked one of us, namely Rahman,
as to what can be said about max|,|_, | P (2)], max|,|_g 1 |P,(2)| if we assume
P "(z) to have precisely k zeros in |z| > 1 instead of all the zeros as Erdés did.
In particular, what happens if P (1) = 0 or (more generally) if |P (1)| = a? We are
thus led to consider the class ¥ na of all polynomials P"(z) of degree n such
that max),)_, |P, ()| =1, min), |-y |P_(2)| <@ where 0<a < 1. It is clear that
every polynomial P_(z) with max‘z|=l|P L(2)| = 1 belongs to fP"’ o for some a.

In view of (1.3), one might expect that if P (z)€ ?n'o then maxlzlgllp':(z)l <
n — ¢ where c is a constant, possibly equal to 5. But this is far from the truth as
the next two theorems show.

Theorem 1. If Pn(z) € ?n o then for |z| <1

(1.5) |P!(2)| <n-(1-all -a-sin(l - a)l/4mn.

Theorem 2. There exists an absolute constant c,> 0 such that
1.6 max max |P!(2)]\ >n~(1-a)c,/n.
(1.6) P (2)€9, (lzlgl " !

We also prove

Theorem 3. If P"(z) € ?n,a then for R > 1

1 /2 -1)2
1.7 P (z)| < R™<1 - (- X1 -R )}.
@n |:‘|a32 IPalell < { ([2/(1 - )] + D?n °

2
Theorem 4. There exists an absolute constant ¢, > 0 such that for R > n

(1.8) max max [P _(z)|} > R"™{1 - c,(1 - a)/n}.
Pn(z)eyn.a |zl=R
Theorem 1 says in particular that if Pn(z) € 9"'0 then
(1.5" max |P/(2)| <n-(1- sinl)/4nn.
z|=1

But in this special case namely for polynomials Pn(z) € ?"’0 we obtain the bet-

ter estimate:
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(1.5") lrnlax [P (2)| <n -2 -2)/4n.
z|=1

We are also able to replace

1.7)  max < max IP"(z)I) <R" {1 - - e - R"‘)’}

P ()9 , |z|=R>1

obtainable from Theorem 3 by

1.7") max max |P (2)]) <R” {l -— 22 V2 a- '1)2}-
P (2)€2, o \|z|=R>1

Coming back to the original question of Boas, namely what happens if pn(z)
has k zeros in |z| > 1, we can prove the following theorem:

Theorem 5. Corresponding to every € > 0, there exist a &> 0 and an integer
n, such that for all n > n there is a polynomial P (z)€ ? n,0 Which bas at least
8\n zeros in |z| > 1 and is such that max|,|_; |P (z)l >n-e

Theorem 2 gives us an idea as to how large max|,|_, |P,(2)] can be if P,(2)
is a polynomial of degree n such that maxlzl__.lan(Z)l =1 and |P (1) =a. It is
natural to ask how small max),| -1/P.(2)| can be under these conditions. This

question turns out to be easy. Indeed, from
z ¢
P(2) =P )+ [P (DL
we obtain, for |z| <1,

[P, <a+|z-1] mlax [P (2)| <a+2 mlax |P! (2)|

z|<l z|<l
that is
(1.9) max |P’ (z)] >(1 -a)/2.

: z|<l

We may consider the polynomial

l-a -1
1.1 P (2) = (1 -2k +(=2)"""}
(1.10) 2 a+2(k+l) z z

with sufficiently large positive & to see that the bound (1 - 4)/2 is best possible.
In fact, P (1) = a, max|,|.1 |P ()| =1 and, for every given ¢ >0,

z:TzllP(z)l—(l—a)( ?1?—;‘11)<15a*‘

if k> -a)n-1)/e-1,
Applying Theorem 3 to the polynomial z"P_(1/z) we deduce
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1.11)  max P @) <1- —L — (1-e="2)1 - p)2.
G, e, <|ﬁi§<; ) /i -als D2 g

For polynomials P (z) € ?n’o we may use (1.7") to get

2-v2 2
1.11’ max |P (2)| <1~ (1 -p)2.
( ) |z|=p<l n 2n P

Recently, but in quite a different context Hal{sz asked how large
B | 21— (aw/n) |P,(2)| can be for a given w in (0, n] if P (2) € ?n'o. It has
been shown by Rahman and Stenger [14] that for given
1 oo .
A> - f_w |log (1 - sin? u/uz)l du

there exists a positive number A(A) depending on A such that
A

(1.12) plw, n) =  max max  |P (2)|% >1 -=

P ()9, o (lz|=1=(w/m)
provided @ > A(A), On the other hand they showed that if @ is large then for 7n > ®
(1.13) o, 7) <1 =1/ (ew)+ oll/w).

Here we shall prove the following theorem which gives a better estimate for
p(®, n) than (1.13), Besides, in lieu of requiring max‘z|=I|Pn(z)| <1 we only
assume |P (exp(ijn/n))| <1 for j=1,2,3,...,2n -1 if 1 is the point on |2| =

1 where P"(z) vanishes.

Theorem 6. If P (2) is a polynomial of degree n such that P (1)=0,
IP"(exp(ijﬂ/n))| <lforj=1,2,3,...,2n -1 then, for 0<w <mn,

- DG B) GE)G-2)

Inequalities (1.1), (1.2) can be obtained by letting p — o in the inequalities

1 m 'e i 1/p 1 2 i0 1/p
(1.15) (2—17.[0 |Pn(ee)|pdo> 5n<§;fo P (e )|Pd0> . b1,

and
, p 1 , 1/p
2 2
(1.16) <-217-7 _fo" |P_(Re'®)|? d0> < R"<§; fo” P (e aP) , p>0, R>1,

respectively. Inequality (1.15) is due to Zygmund [20] who proved it for all trigo-

(1.14)

nometric polynomials of degree n and not only for those which are of the form
Pn(eie). As for (1.16) it is difficult to trace its origin, We can deduce it from a
well-known result of G. H. Hardy [10] according to which for every function f(2)
analytic in |z| <p, and, for every p >0,
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. /i
(-z-l;fﬁ" el )

is a nondecreasing function of p for 0 <p <p,. If P"(z) is a polynomial of degree
n, then f(z) = z"P (1/Z) is again a polynomial, i.e. an entire function and by
Hardy’s result

. . Y ) 1/,

for p= R™! < 1, This is equivalent to (1.16).
In both (1.15), (1.16) equality holds only if P_(2) is a constant multiple of

z",

It was shown by de Bruijn [8] that if P_(2) £0 in |z| <1 then (1.15) can be
replaced by

) p ‘ b
(1.17) <§1; f§”|P;(e‘9)|Pd0> <nC ( = 27 1P (e '9)|’a19> . p>1,

where

p
c,= <zﬂf |1+e'¢|’d¢> i

The corresponding refinement of (1.16) namely

1 (7 onp 0 )7 1 (o iOv1p
(1.181(.2;f0 |P_(Re*?)| de) <K, 5= |P (Re™)| do » P21, R>1,

where y
Up . (4

1 (2m n_ind|b 1 rom inp|b g >

Kp=<-2;f0 |1 + R"ei"®|? dg —erfo 11+ ei"®|? dg

if P_(z) #0 in |z| <1 was proved by Boas and Rahman (71
Both inequalities (1.17), (1.18) are sharp. Equality holds for all polynomials

of the form A +p z" with [A] = |p|.
If we let p tend to infinity in (1.17), (1.18) we get (1.3), (1.4) respectively.
In the special case p = 2 inequalities (1.17), (1.18) reduce to

(1.17%) lf’”|P('5‘)| d0<( ) fz” (0|2

(1.18") i].;j';ﬂ |Pn(Re"9)|2d05 +l 1 J‘Zﬂ |P (e 19)| 40

respectively, i.e. the hypothesis P (2) £ 0 in |z| <1 allows us to put n%/2 in-
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stead of 72 on the right-hand side of (1.17') and (R?” + 1)/2 instead of R*" on
the right-hand side of (1.18). It may be asked what happens if we simply assume

P (2) to have a zero on |z| = 1. The answer is provided by Corollaries 1 and 2 of
the following theorem.

16
Theorem 7. If P"(z) = :___0 a, z* is a polynomial of degree n with Pn(ez 0=
0 for some 0, in [0, 27) and Ags Apy oee ,)tn are nonnegative numbers such that
A})Ak /Of k=0, l, ---,i— l’j-l- 1, s, N, tbeﬂ

(1.19) T AP <=0 T la,|?
k=0 k=0

where A is the unique root of the equation
n

1
(1.20) pX =10
k=0 i i X

in the interval (0, A = minOSkSn;k;ei(’\j - )\k)).

That equation (1.20) has one and only one root in the interval (0, A) follows
on writing it as f'(x)/f(x) = 0 where

n
1 =TT tx = =Dk
k=0
Since all the zeros of the polynomial f(x) are real and 0, A are consecutive
zeros, Rolle’s theorem shows that f'(x) vanishes once and only once in (0, A).
Inequality (1.19) is sharp and becomes an equality if (and only if) P (2) is a
constant multiple of EZ,O(e'ieoz)k/(hi -A - A

The following two corollaries of Theorem 7 are obtained on setting A, =
k2 (0<k<n), A = R?* (0 < k < n) respectively.

Corollary 1. If P_(2) is a polynomial of degree n with Pn(eieo) =0 for some
0, in [0, 27), then

(1.21) o [P (D20 < (n = 0) = [T 1P (e 0
where a, is the unique root of the equation

“ 1
(1.22) > 5—5—=0

in the interval (0, 2n - 1),

Corollary 2. I P (2) is a polynomial of degree n with Pn(eleo) =0 for some
0, in [0, 27), then for R > 1
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1 (27 6|2 2n 1 (o i6y|2
wL23) o [P RO B < (R =B ) [P ()

where B, is the unique root of the equation
1

. D S
(1.24) k=0 R*" - R%* _ x

in the interval (0, R®"® — R?"=2),

n

Although we do not know the explicit values of @ , 8, we can show that ()
a,~ 2n/(log n) as n — oo, (ii) ﬁn ~ R%"/(n+1)as R — o and 7 is fixed.
(i) That @, ~ 2n/(log n) as n — o may be deduced from the fact that

n-1

1 log n
as n — oo,

(1.25) ~
IE) n? -k = 2n/(logn) 2"

Indeed, if F () denotes the sum 22:3 [1/(n? - k% - %)] then by virtue of (1.25)
we have for every ¢ > 0

2
P Q+en SF 2n N log n
"\ logn n\logn/ @+én

- 1
(229 cp (22 logn
"\ logn "\logn| (2-én

provided 7 is sufficiently large. Thus F_(x) - 1/x changes sign between
(2 - e)n/log n and (2 + e)n/log n, i.e. (2 - )n/log n < a_ <(2 + )n/log n. In other
words, a_~ 2n/(log n) as n — w.

In order to prove (1.25) we write Ez;é[l/(nz —k2_ 2n/log n)] as

and

1 "i’ 1 N 1
2(n? - 2n/log 2% k20 (2% - 2n/log % -k (a? - 2n/log )% + k

which is equal to

n-1
- )2 I
2n(l-2/nlogn)% ro\n—-k n+k

where the positive number 7, remains bounded as # — oo, In fact, the inequalities

N
logN + 1)< Y -l!-<l+logN
I=1

show that (for sufficiently large n)
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n-1 n-1

0< 1 - 1
k=0 (1% = 2n/log n)”% ~ & kw0 Bk

- - % n=-1
" n(1 = 2/n log n) ¥ 1

Tl-n+n(l=-2/nlogn) km-k

< 2 1+logn

= 0(1)
log 1-n+n(l-2/nlog n)%

and that

n=1 n=-1

0<2 1 _ 1
k=0 (n% = 2n/log n)% + & IE) n+k

n-n(l-2/nlogn)% 72l
n(l - 2/n log Y pon+k
2 l+log(2n-1)
log 7 4(1 - 2/n log n)*%

<

< = O(l).

Thus

n-1 2n~1
) : - ! ( > reiar
k=0 n’ - k2= 2n/logn  2n(1 - 2/n log )% \ =0 T7n"'n
~ log n
2n
This proves (1.25), and the gerification of the claim that “a, ~ 2n/(log n) as
n"— oo’’ is complete.
(ii) That, for fixed n, B, ~ R?"/(n + 1) as R — = can be deduced from the
trivial fact:

as n — oo,

-l 1 n+1

S RPRE R GaeD | R R — o,

Remark 1. Theorem 7 is easily seen to be equivalent to the following:

~
Theorem 7' If f(s) =2} _ga, ™ (s =0+ it) where 0< Ag <A <eee<
A,_ <A, and floy) = 0, then

. 1 (T ' .12 . 1 (T 812
_}_‘_'LET T If'log +iD|*de <, =) ;}fw-z—,f _Tll(ao+zt)| dt

where \ is the smallest root of the equation
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n
Z..__L..._.=o,

k=0 An-kk—x

Remark 2. Instead of assuming P n(eieo) = 0 we may assume P n(peieo) =0
for some p > 0 and ask what becomes of (1.19),

Theorem7 Af A > A, >0 for k=0,1,2, --.,1—1,1+l «eeyn and P (2) =

2. akz vanishes at z = pe 00 then

(1.26) z Az |2 <O =X Z: la,|?
k=0
where AP is the unique root of the equation

n 2k

(1.27) y £ =0
k=0 A,] - Ak -X

in (0, A = mingy oo bwi ()»i - )‘k»'

Equality holds in (1.26) for

-if
P(z)-azw(e 0 .

Since [(x) = II} ()t’. -A - x)P** Janishes at x = 0, x = A the equation
n p2k /'(x)

Z =~

k=0 A,"Ak"x /(x)

must have at least one root in (0, A) by the mean value theorem. That it has only
one becomes obvious on writing it as

p2k

P _ R
X kaOkgi M-A -x

and noting that the left-hand side decreases whereas the right-hand side in-
creases as x increases from 0 to A.

On setting A, = k2 (0<k <n), A, = R2* (0 < k < n) in Theorem 7" we ob-
tain sharp estimates for

( | RALAC 19)|2d0)/< [ 1 e )
(5 13" e ) (3 [ 1P (e )

under the hypothesis that P (z) has a zero on |z| = p. These estimates consti-
tute generalizations of Corollaries 1, 2 respectively which deal with the case

p=l.
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The following corollary is obtained on setting )\’. =land A, =0 for k#; in
Theorem 7".

Corollary 3. If P (z) = 3} _;a, z% bas a zero on |z| = p then for 0<j<n

n n % i %
< {( E, Y (E ) G lrnsens)”

S 0)=%7__ ckeike is a trigonometric polynomial of degree 7 with
S,(6,) = 0 for some 0, in [0, 27) then e*"%S S0 =P, (e'a) where P, (z) =

Ei"o a, z* = Zi"o Chm nz" is a polynomial of degree 2n with P, (e'e°) 0. Cor-
ollary 3 is applicable with 2n in place of n giving sharp upper bound for
la, .l =lc,| in terms of ((l/2ﬂ)f§”|$n(0) |2d6)”. That is how we get

Theorem 8. If S (6) =2%__ c,e k8 is a trigonometric polynomial of degree n
with Sn(eo) =0 for some 0 in [0, 21) then for —-n <k <n

(1.28) le,] < (-271-2%)% (il; _[ (2)" s (0] de) A

where equality holds if and only if S (0) is a constant multiple of

n -i0, . -i0_ .
z (e ' oele)l—Zn(e oela)k.
I=-n;l,!k

Theorem 8 is the L2 analogue of a theorem of Boas [6] according to which

max |S n(@)lo

(1.29) ool €75 o225,

He, in fact, showed that the maximum on the right-hand side of (1.29) may be
taken only over the points 0 = 0, + 2kn/(n + 1), k=1,2, ..., n It follows from

2km
n(eo + 1) }
if 15,(0,)| = @ where a is any nonnegative number. Applying (1.30) to the trigo-
}
if P_(2) is a polynomial of degree » with |P n(eieo)l = a. In (1.31) equality holds
for all polynomials P_(2) for which

his argument that

1
< —_—
(1.30) lcol 731 {a +n l:;ea;;

nometric polynomial |P (el o)lz as Boas [6] did we obtain

P (e.(eo +2kﬂ/(n+l)))

1 .
(1.31) 3= f;ﬂ |Pn(e'9)|2 d0 S'n_-i—l {az +7 max

1<sksn
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| a2
|Pn(e'9)|2=a2+(yz-az){l-(,,l sinln + 1O %)/2)}

1 sin 46 -6,)

for 0 <6< 27, For all such polynomials an(e10°)| =a,
1(9 +2k7/ (n+1))
max |P (e ° )|=p?= max |P S ifaspu.
1sksn Izlsl
Hence if a <p we will not get any improvement in (1.31) if maximum of |P n(z)l is
taken on |z| = 1 rather than at the points

#(042k/ (n+1))
z=e (k=1,2,00ym).

In general
i i0
.32 1P, < 1P,
if 0<p, <p, <oo. We know from above that

P (e‘e)“z <{@® +n||P (e'9)|| )/(n + D%

if |P, & o)| = a for some 00 in [0, 27), It is natural to ask what improvement
results in (1.32) if |P_ (¢ o)| =a<|P, (€'9)|, for some 6, in [0, 27), Although
we cannot answer this general question we note that by applying Theorem 8 to the
i 9)|2

trigonometric polynomial |P n(e we get

Corollary 4. If Pn(eiao) =0 for some 6, in [0, 2n), then
(1.33) 1P (), < 2n/(2n + DVA||P (e

In (1.33) equality holds for all polynomials P o (2) for which

P, (e®)2=n- 2 cos k(6 - 6,)
k=1

for 0< 6 < 2m,

Entire functions of exponential type. If P_(z) is a-polynomial of degree n
such that |P (z)| <1 for |z| =1 then f(2) = P_(e'®) is an entire function of ex-
ponential type n and |f(x)| <1 for — e < x < 0o, From (1.1) we know that

[f'(#)] <7m for — = < x < = whereas according to (1.2) |f(x + iy)| < e for y <0,
It was shown by S, Bernstein (see [3, Chapter 11]) that for every entire function
f(z) of exponential type r satisfying |f(x)] <1 for — o < x <o we have |f'(x)] <
r for — o0 < x < oo, Besides, it is a simple consequence of the Phragmén-Lindeldf
principle (for references see [3, p. 82]) that for all y: |f(x + iy)| < el for an
arbitrary entire function f(z) of exponential type r satisfying |f(x)] <1 for - = <
x < oo,
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If P (2) #0 in |2z| <1 then P n(eiz) is an entire function f(z) of exponential
type of a special kind: if h(6) is its indicator, we have h(-#/2) = n and (since
P_(0) £ 0) b(n/2) = 0. Thus Boas [5] extended (1.3), (1.4) to entire functions of
exponential type by proving that for all real x,

(1.34) |f'(0)] <7/2
and for y <0,
(1.35) G+ iy <% )

if f(z) is an entire function of exponential type 7 with |f(x)| <1 for real x,
b(7/2) =0 and f(2) £0 for Imz > 0.
Here we shall prove

Theorem 9. Let [(2) be an entire function of exponential type t with |f(x)| <
1 for real x,

b(a/2) = lim sup y~! log |f(iy)| <O

y—o0

and {(0) = 0. Then for all real x we have

(1.36) 1/'(0)] < il = (4 = M)/26 %] + 2)%
and for y <0 we have -

(1..e‘f|y|)(4_”)
(1.37) P+ <Ly ,
Tt 2 T el 27

We shall show that (1.36) is *‘essentially’’ best possible.
Theotem 6 can be reformulated as follows:

Theorem 6. If the entire function f(z) of exponential type n is periodic on
the real axis with period 2n (and bence bounded for real x), such that h(n/2) <0,
f(0)=0 and |f(ju/n)| <1 for j=1,2,...,2n -1, then, for 0 <w <m,

(1.14") |f(=ilog(l = w/n)| <1~ (1/w = 1/2n) + (1/w - 1/2)(1 - w/n)".

Indeed, an entire function f(z) of exponential type r is periodic on the real
axis with period 27 if and only if f(2) =2} __ a, e*Z (s <1). If, in addition,
b(n/2) < 0, then

[&=3 akeikz = P"(eiz)
k=0

where P_(z) satisfies the hypotheses of Theorem 6. Hence (1.14') holds.

We observe that the requirement of periodicity in Theorem 6' can be dropped
with little change in the conclusion if f(z) is bounded on the real axis.



POLYNOMIALS WITH A PRESCRIBED ZERO 79

Theorem 10. If [(z) is an entire function of exponential type t such that
|f (x)| is bounded on the real axis, b(n/2) <0, [(0) = 0 and |f(jn/D)| <1 for j=
*1, £2,... ,then, for 0 <w <7, we have

T
/i tog(1—-w/i) <14+ 20/
(1.38) log(1 -~ w/7)"
<1-/o=-1/20 + 1/0 - 1/2001 = /D + 0l = (1 - /1) }/27?

2, Lemmas, We now prove or simply quote certain results which we shall need
later, First, an interpolation formula:

Lemma 1. If Pn(z) is a polynomial o/ degree n then for R > 1

2.1) P (Re’®)= P (e‘¢)+ z (~1)%4 P (e +hm/n))
where

n=1 b

A =(R"=1)+2 Z (R™=7~1) cos j—.

I-

The coefficients A, are positive and
1 2n

(2.2 7 Z

Proof. Let ¢(0) = Pn(eie) = EZ=0 (@, cos v + b, sin 1v0). As

ay=2 [T 40) cos O db, b, == [7 H6)sin vt o

forv=1,2,...,n, we have

P (Re'd’) P (e"b)- 2 (RY ~ 1)a,, cos v¢ + b,, sin veh)

v=l

=%f’_’_ t(0+¢)(z (RY -l)cosv0>d0

v=1
Since t(0 + &) is a trigonometric polynomial of degree 7 in 6 we may add to the
sum terms in €'*? (Jv| > n) without changing the value of the integral, Thus, we
can write

val

PRe®) P () =1 [T 10+ ¢) [(R” -1 cosf + z (R” - 1){cos 18 - cos (2n - v)0]]

-1
--I 0 + ¢)cos n0)$R"-1+2 > (R™i- l)cosjeido

]sl

Once again, we can replace cos nf by h(nf), where h(6) is simply required to be
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continuous, periodic (with period 27) and have a Fourier series of the form 5(6) ~
cos@+c,cos20+d,sin20+....If 0<p<1, we may choose

1-p? 1-
4P l1-2pcos@+p’ 1+2pcosB+p

=cos 0 + p2 cos 30 + p* cos 50 + -+,

the series being uniformly convergent. We will then have

j=l

P (Re'®) - P (%) = lim —f t(G+¢){R"- 1+2 Z (R™7 - 1) cos ,0}

2
1-2pcosnf+p 14+2pcosnl+p
Now, by a well-known property of Poisson’s kernel, we have, for every continuous
periodic function F(f) with period 27,

1 T 1~ 2 1~ 2
tim o [7_FO £ - £ &
p—1 npf-n <l-2p cos n0+p2 1+2p cos 110+P2

-T Z (~1)*F(kn/n).

k=1
Applying this to the function

n=1
F(6) = 0 + ¢) {R" -1+2 X (R*™7-1)cos je}
j=sl
we get the interpolation formula (2.1). The relation (2.2) follows from (2.1) if we
set P (z) =z" and ¢ = 0.
The idea of the above proof comes from [19].
The fact that the coefficients A, are positive is clear from Lemma 2 below.

Lemma 2. For R > 1
n-1 kar
(2.3) =R"-1)+2 ¥ (R™7-1) cos j =2 R 2R -1
j=l
Proof. If A >0, A _; -2\ >0 and A,_ -2\, + A, ;20 for j=1, 2, ...,
n - 1 then (see [17, p. 75])

Ag+2 Z )t cos j0>0
j=1

for all real . This result may be applied with A, = R®™7 _1 for 1<j<m and
Ag=2 R ! _R"2_1. Thus
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n=1
x@) =@R*™1-R™2_1)+2 X (R*™7-1)cos j6>0
j=l

for all real 6 and A, = R"™%(R - 1)? + x (kn/n) > R"™X(R - 1),
For the proof of Theorems 1 and 3 we shall need the following

Lemma 3. Let P _(z) be a polynomial of degree n. If max|,|_y |P(2)] =1 and
|P ()| = a, then, for |6] <(1 - a)/n,
(2.4) |Pn(ei9)| <1 +a)/2.

Proof. Without loss of generality we may suppose that P_(z) £ 0 in |z]| < L,
In fact, if z,, z,, -+, z, are the zeros of P"(z) in |z| < 1 then
1-z,z

k
P*() =P () I]

v=1
is a polynomial of degree #n which does not vanish in |z| <1 and
IP: ()] = an(eie)I for 0 <0< 27, Since

. i0
Pl =P W)+ [} PRd

14
z—zv

we have

IPn(eie)I <a+|ef-1] lm‘ax |P!(2)].
z|=1

Hence, if max|,|_, |P(2)] <1 and P () £0 in |z| <1 (as we may assume),
(1.3) implies
an(eie)l <a+nlsin(0/2)] <a+n|6]/2<(1 +a)/2

provided that |6| < (1 — @)/n. This concludes the proof of Lemma 3.
Whereas the bound in (2.4) is not attained for any 0 # 0 (unless a = 1) the
following lemma gives sharp estimate for [Pn(elg)l for every 0 in [-n/n, n/n].

Lemma 4. If P (2) is a polynomial of degree n such that
maxg_, . _ l|P”(e‘.?(z"“l)/")")l <1 and P (1) =0, then for |6| <n/n

.5) |Pn(eie)l < |sin(n6/2)].

Proof. This result is, essentially, due to Boas. Consider the trigonometric
polynomial of degree n
Sﬂ(e) - e-inepn(eZiG).

Since max_, _, |5 [(2k + 1)7/(2n)]| <1 and S (0) = 0 it follows from a theo-
rem of Boas (see [6, p. 43]) that |S_(6)] < |sia 6] for |6] < 7/(2n). In terms of
P_(2) this says that, for |6] <n/n, |P n(ela)l < |sin (n6/2)| which is the desired

estimate.
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Lemma 5 below will be used in the proofs of Theorems 2 and 4.
Lemma 5. The integral

.2
2 1 sin‘(n + 1)0
1= -nlog{l—(n+l)2 . }av

sin? @

remains bounded as n tends to infinity over the positive integers.

Proof. Break the range of integration [0, 7/2] into two parts, namely
lo, ﬂ/(an], [7/(2n), 7/2]. Let the integral over [0, 7/(2n)] be denoted by I , and
that over [7/(2n), n/2] by 1,.

In the range 7/(2n) <t <7/2 we have

0 < |sin(n + 1)t]/{(n + 1) sin t} < 7/{2(n + e} < 1
so that

. 2
sin®(n + 1)t
0g-n [ logft- —— ~)a
mA2n) n+1) sin® t
2
/2 w
1= ——dt
nnam) %8 < 2a+ 1)2:2>
o0 2k
/2 ~ 1 m 2kl
= —_ t
" fn/(zro {El E (2(n ¥ 1)> }

7 & 2k 1 ©0 2k
=03 5 () a4 <d T s ()

K2k-1) \n+1

IN
!

ie., for all positive #, |I,| <(@/2)Z7_, (1/k(2k - l)).
On the other hand,

sin (ﬂ + 1) emint e...,-(,,..z)t boeed ei(n-2)t + eint
sin ¢t
so that
sin(n + 1)t n/2
- =1+2 ) cos 2kt
sin ¢ k=1
if n is even and
sin(n + 1)t (n=1)72
—_———— =2 ) cos(2k+1)
sint k=0

in case 7 is odd. For 0<x <1,

cos x=1-%x2/2+x%/24-x5/720 + ... <1- %2/2 + x4/24 <1-11 x2/24.
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Hence, for 0< t < n/(2n), we have

cos 2kt <1-11k%2/6 (1<k<j<n/n)

and
cosk+ 1< 1-11Qk+1)2%/24 (0<k<j<(2n-m/20).

Thus, for even n and j < n/m,

. 1 s
sian + Dt l+2(j-—-16}-t2 )3 13) +2n/2 = )= (n s 1) = 35 2G4 D2j + 1,
k=1

sin ¢t
whereas, for odd # and j < (2n - 7)/27,

sin(n + 1)¢ _ 1 , i , ’
sin ¢ 52{“'1'%‘ ,E)(Zk"'l) +2(n-1)/2-))

=0+ 1)~ 13 202i/3 4 D0 + D27 + 1.

In case 7 is even we may choose j = [n/7] > (n/7) - 1 to conclude that for 0 <

t < w/(2n):
(n ~ Mnln - n/2)
BRI Rl itmilesd mnln ~/ <1 if n>4.

sin(n + 1‘)t
? (n+ Da?

(2.6) 0 < ————X<
(+1)sin ¢
Therefore for even n > 4

w/2n 11 5(n = Dnln - 7/2)\?
OSIls—nfo )log{l—( -—9-2 W)}d

w2 11 , (n=mn-a/2)\
== log 4l - | 5~ §° —————5—) ¢ds =001
.
fo 08{ (93 n(n+ s = 0l1)
For odd 7, we may choose j = [(# — #)/n] to obtain, corresponding to (2.6),
2n - -m)\2n -
- @n-nn-m2n-3m 1 s,
3 (n + Da?

sin (n + 1)¢

2.7) 0< ———
(m+1)sint ~

and then argue as before.
For the proof of Theorem 2 we shall also need
Lemma 6. The integral

/2 1

-n log {1 -

L ( (n+1)? sin®¢

remains bounded as n tends to infinity over the odd positive integers.

sin?(n + 1)t dt
1 + cos 2t

Proof. Write the integral as



84 A. GIROUX AND Q. I. RAHMAN

.2
T/2=1/2n) _ (7/2 1 sin®(r+ 1) dt
(fm * fn/z-n/(zn)) - log (1 -

(" + 1)2 sinz t 1 + cos zt'
For the second integral, we have, since n is odd

s 2
/2 1 sin(n+1) dt
”ﬂ_”/(zn)-nlog <l- )

(n+1)2 sin? ¢ 1+ cos 2t

fﬂ/(Zn) 1 sin?(n + 1)t dt
= 0 -n log - )

(n +1)? 2

cos“t
2 2
w n/(2n) t
< g fo - nlog (1 - )

2 sin?t

~
| &

cos”t

2 00 2(k-1)
=%”f”/(zn) P 11 - dt = 0(1).
k=1 k cosZk;
The first integral can be estimated as follows.

. 2
7/2=1/2n) _ 1  sin“(n+1) dt
<fn/4 # lo 8 ( - >

(n+ 1)2 sinzt 1+ cos 2t

2
w2=m/(2n) 4 dt
Sf"“ -nlog(l-— )

(n + 1)24¢%/ 2 sin®(¢ - n/2)

2 2
w’ (=n/(2n) w dt
s"8'.[.17/4 ""l°8<1" )—

(n + 1)%4(¢ + n/2)?
7 cemfam) Jem 1f m  \2* 1
_n dt
8 Jons " {,El E\2Gm + l)) (¢ + n/2)%k
? o)1 w 2k _af2n) dt
g E, {ﬁ (Z(n + 1)) [ (m/4)*ke?

™ 1 2 \2*k
=0 .
<(n+1)2k§o (k+1)(n+1) (1)

The next lemma is, in fact, the well-known interpolation formula of M. Riesz

[16] expressing the derivative of a trigonometric polynomial in terms of the values
of the polynomial at 2n different points.

Lemma 7. If S() is a trigonometric polynomial of degree n then

2n k
2.8) UONER ) Cn

(0 N 2k +1 ”)
7 po1 1~ cosi(2k +1)/2nin 2n '
Besides,
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2n 1

(2.9) L =n
28 k=1 1 - cos{(2k + 1)/2nim

There is a corresponding interpolation formula for entire functions of expo-
nential type. We shall need it for the proof of the first inequality appearing in the
statement of Theorem 9 and it reads as follows (see [3, p. 210]).

Lemma 8. If {(2) is an entire function of exponential type t bounded on the
real axis, then for all real x

—~ (~1)" 2n+1
2.10 ")) = 2
(2.10) /(x)—r(4/n)”§wm/(x+ > n).
Further,
@.11) @ Y —t_ -

namco n+ 1)

The next interpolation formula will be needed for the proof of the second in-
equality appearing in the statement of Theorem 9 as well as for the proof of Theo-
rem 10,

Lemma 9. If {(2) is an entire function of exponential type t bounded on the
real axis, such that b(z/2) <0, then

X 1 (kL TY
(2.12) fx+iy)=ry X {___(_l)_e_.../(xi--,z).
ka~co (ry)? + (km)? T
Proof. Suppose first that [(z) = [{ e’ $(¢)dt with ¢ € LX(0, 7). Setting
<Y 0Lt () i 0<t<
0={ TSI g g {TT0 HOSISH
e¥t  if -7<1t<0, 0 if -=r<t<0,

we can write

(2.13) [Griy) = [T gl ar

Now let 37 _ ¢, e** /Nt be the Fourier series of the continuous function of

bounded variation g(t) on the interval [-7, r]. Then

1 (r ; 1-(=Dke=TY
- (e~ k@Mt gy _ oy ——221 S
%= 27 f-rg € k4 (ry)? + (km)?

and

Z 1= (=1)ke"y oik(m/)E
- (ry)? + (kn)?

for - r <t <. Since the series is uniformly convergent, we may substitute it for

g(t) =Ty

g(?) in (2.13) and integrate term by term to obtain
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IR~ B O VL A P ey
(e B G do 0

[

1-{-1ke~"Y

)2

. (x + kn/r),
W (ry)2+(k1r [{x + kn/7

-_-ry

which proves the desired interpolation formula in the special case under consid-
eration. In the general case, consider the function

fs(2) = [(2)ei®= sin 0z
oz

with 8 > 0. It is clear that f s(z) is an entire function of exponential type 7+ 20
such that

lim sup y~ ! log |/5(iy)| 0.
y—‘“

Besides, it belongs to L? on the real axis. Hence by the Paley-Wiener theorem
(see [3, p. 103]), it has the form fg” seiz‘tés(t)dt with ¢ € L?[0, r + 28). By the
above argument,

(-]

1 - (-1)ke~ 429y
Z F (x +
k==oo ((r + 28)}1)2 + (kn)z
and we obtain (2.12) on letting & tend to zero.

folx + iy) = (r + 28)y k;.}z.g)

This kind of reasoning has been used before for proving certain other inter-
polation formulas (see for instance [4], [13]).
For the proof of Theorem 9 we shall also need:

Lemma 10. Let {(z) be an entire function of exponential type 7. If f0)=0,
sup |f(x)| <1 and b/(rr/2) = lim sup y~ 1 log |f(iy)] <0
y—ooo

-00< X <00

then for all real x
(2.14) |7(0)] < (r/2)'|x|.

Proof. An entire function of order less than 1 which is bounded on the real
axis is necessarily a constant. If f(0) =0 then it is identically zero and (2.14)
is trivially true.

So let f(z) be an entire function of order 1 type 7. If b ,(rr/ 2)=c let

F(z)= e~ i(T- €)2)z,~ 1/(2)°
The function F(z) is an entire function of order 1 type Y(r+c)and b F(ﬂ/ 2) =
bp(-7/2) = %(r + c). Let x, be a point of the real axis where |F(x)| =

max_ ., coo |F(x)|. Such a point exists since |F(x)| tends to zero as |x| — oo.
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Choose y such that e'”F (x,) is positive. If e!VF(z) = 3% ya,z" then the func-
tion
o0
G(z) = Y (Re a)z"
n=0
is an entire function of exponential type % (r + ¢). Besides it is real for real x
and

|G(x)| = |[Re fe!” F(x)}] < |x|~1.

The function H(z) = zG(z) is therefore an entire function of exponential type
Y(r + ) which is real for real x and whose modulus is bounded by 1 on the real
axis. According to a theorem of Duffin and Schaeffer (see [9, p. 555]) we have for
all real x

((r + /2)2H%(x) + {H' (OP < (7 + ©)/2)?,
i.e.

((r + ©/2)22%G2(x) + {G(x) + xG" (D <((r + ©)/2)2.

At the point x, where G(x) attains its maximum we have G'(xo) =0 and therefore

(r + c)/Z)ngGZ(xo) + Gz(xo) <((r+0/2)?

or
Glx)) <7+ €)/2)/11 + ((r + /)2 < e+ /2 <71/2.
Since
Glx))= max |Gx)|= max |e”F(x)]= max P1dl®)]
- 00< X <00 -00< X<O0 -00< Xx<00

we get |f(x)| < (7/2)|x| for all real x. This proves Lemma 10,

3. Proofs of results announced in $1.
Proof of Theorem 1. Let Pn(z) e? n.q- There is no loss of generality in sup-
posing that |P ()| =a.If P (2) =a; + @,z + .+ +a 2" then

21 i$) ik
a, = Eﬂ” P ('®)e'*®dgp (0 <k<n)

Hence

2nJ -1

. . n . n e ] 6
ezep'n(ele) = Z kaketke - Z R Pn(etd))e'k( -) e
k=1 k=1

n
1 (7 i(0 41)\ ,—it -i(k=1)t
= P (e¥9+ ke dt.
5= ) n Le e El

2i6 it in6,iln= 1)t

. i(G+t)y, =it _ -it i6
Since P (e e H =age”H +ae’’ +a,e” et 1. rae , We may
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add to the sum 27 _,k e~ k=1t terms in e~ ¢ with k > n without changing the
value of the integral provided n > 1. In particular, noting the identity

n 2 n
( z*= 1) =2 k*ly higher powers of z
k=1 k=t
we can write (also if n = 1)
e 0PI (e e [T P (KON 4 omit 4 o7i2 g Ly g Hn=DiR2 gy,
Consequently,

P (e®) 5.2!; [ 1P (X0 K(sin nt/2)/(sin 1/D)F s

Since

1 (m (sin m/2>2dt—n
27 Jd -z \sin t/2 -

we find, using (2.4) together with |P ()| <1 (|z| < 1) that

; 1 ; in nt/2\?
P’ (¢i0)| <— P (oi6+t)) (S
Pote )l"21r (f(l-a)/nsle-nlsﬂ + f|¢9+t|s(l-a)/n)| ol ) sin ¢/2 a

(1P (eXE+0n)y (*L“’L‘/_Z)2 d

1
<N =e
=" "2 fla+t|s(1-a)/n sin ¢/2

l-a sin nt/2\?
<n-—=2 '
-7 f|e.u|s(l-a)/n ( sin t/2 ) &

1~ ~ -
aJ‘ 6+(1~a)/n inzy—t-dt

<N - —

= 4o J -9~(1-a)/n 2
= -l-a{(l—a)—cosnOSin(l—a)f
" 4mn
Sn—lga{(l-a)—sin(l—aﬂ.
n

This proves Theorem 1.
Proof of Theorem 2. Since the trigonometric polynomial

1 YA 1 sin’(n+1)0/2
1- e > -ilg) _ 1 -
(n +1)? <kz=:0 ) (‘=° ¢ ) (n +1)? sin%6/2

is nonnegative for all real 6, it follows from a classical result of F ejér and Riesz

(see [1, p. 152]) that the equation

P ()2 +

1 sin(n+1)9/2 _
(n +1)%  sin%0/2

+
defines a family of polynomials belonging to 3’" o- Let Pn(z) be the one which
does not vanish in |z| < 1 and assumes a positive value at the origin. For |z| <1

1
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(3.1) log B,(2) = o f 2we 4z  log 1B (e d.

In fact, given z, (|z,| <1)

1 it .
log ign(zo) = z—;f;" pe“ tz log |ﬁ"(pe")| dt
pe'’ -z
for Izol <p <1 by Poisson-Schwarz formula. Since

1> |pe' = 1| > 2Vp|sin £/2| > 2vple| 2 V2|tl/m
for p > % and hence
|loglpe’ - 1| < log (w/y/2) + |log]t||,

Lebesgue’s dominated convergence theorem allows us to let p tend to 1 under
the integral sign giving (3.1). Besides, the function log |P ()| being integrable
over [0, 2], we can differentiate (3.1) under the integral sign and get

(3.2) Pray=b ) o [ (———-)—1°g|i5 ()| dr

for |z| < 1. But we are interested in P': (~1) and will like (3.2) to hold for z = -1
as well. We observe that for odd n it is indeed the case. For odd 7, the function

log{lg () = log {1 _ 1 sin(n + l)z/Z}

(n+1)?  sin?z/2

is analytic in |z - 7] < py for some p, >0 and has a double zero at z = 7. Let
8 =% min(p, 1). Then for |t —n| <3t

log|P ()2 = (¢ = m)%als)
n
where a(t) is continuous on |t — 7| < 8. Hence, if

i .2
fp(t)=__,i_'__ log {1 _ 1 sin’(n+ 1):/2}

(e + p)? (n+1)? sin%t/2

then, for 0 <p<1, |t - 7| <8,

_ )2 )2
1,001 - (¢ 7) a'(tz < ( 217) alt) 1 ﬁ
leit + p|* ~ 4p sin*((t-m)/2) P

where the function B(¢) is integrable over |t — 7| <8. For 0<p<1, 8<|t-n|<
w, we have

.2 ,
Vp(t)l < -1 log {1 1 sin (n + l)t/Z};

1+2p cos(m-8) +p? (n+1)?  sin’/2

Once again, Lebesgue’s dominated convergence theorem shows that
gain, 8 8
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L1 7 _1 rom
lim 7 | SEACE T~ IFACES

i.e.

‘ in%(n + 1)t/2
(3.3) (__ 1) = 7 e log {1 _ 1 sin (n + 1)t/ }dt.

2" 0 (et 4 1)? (n+1)?  sin®/2

Formula (3.3) can be rewritten as

. 2
b ' 1 (n+ 1)t
|Pn(- | =- ﬁn(..l) =-= J‘:/Z log {1 1 sin“(n + } dt

(n+ 1)2 sins 1 + cos 2¢

Therefore, Lemmas 5 and 6 show that there exists a positive constant ¢ such that
+ +
|P!(-1)| <c/n.1f n is even and m =n/2 is odd, g,(2) = (Pm(z))z is a polynomial
of degree n such that gn(l) =0 and max| | |gn(z)| = gn(— 1) = 1. Besides,
’ '
lel(-1)| = ZIﬁm(—l)l < 4c/n.
+ +
If n is even and m = n/2 is also even, the polynomial bn(z) =P _ l(z.) Pm+1(2) €
$,.0 (with b (-1)=1) and
k! (=1)| = = b (~1) < 4cn/(n® - 4).
Thus, there exist a positive constant ¢, and, for each », a polynomial P ”(Z) €
5’"’0 with P (1)=0, P (-1) =1, P)(-1)<0 and
(3.4) |P (D] < e)/n
Now, let Gn(z) =(- 1)”z"P”(1/z) which belongs to an.o with Gn(l) =0,G,(-1)=
1. Besides, using (3.4) we see that
|G'n(._ )| ==~ G'n(—l) >n-c/n

Finally, given a €0, 1], set H (2) = (-1)"a 2" + (1 - a)G (). Then H (z)€

P (with |H (1)) =a and H (1) =1) and
n,a n n
|H (-1 = |na - (1 - a)G'n(—l)I =na+(1-a)G (-1)| >n-c,(1 -a)/n.

This completes the proof of Theorem 2.

Proof of Theorem 3. Let P (z) € J) . Without loss of generality we may sup-
pose P _(1)=a. Let m =[a/(1 - a)] + 1 and consider the polynomial P*(z) =
(Pn(z))”‘ By Lemma 1, we have for R > 1

2mn

P*(Rei®) = PX(ei®) + == T (= 1)*4 P*(eH(® +kn/mm))
2mn Ty k

where
1 2mn
— Z A =R™" -
2mn k=1
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and according to Lemma 2 A, > R™™(1 - R™ )2, By Lemma 3
|P*(e®)| < (1 +a)/2)™ < (1 + a)/2)"/(1=9) < e~ ™2 for 10| <(1 -a)/n.

At least two of the points qSk =¢ +kn/mn, k=1,2, ... 2mn (say ¢il’ ¢i2) lie

in the angle |0| < #/mn <(1 - a)/n. Hence from above

*(p_id 1280 kil sk mm)
|P*(Re™)| <1 + 2 AP )|
k=1

2mn
1 2mn 1
- . _,=m/2
<14 5— EnA" s (L-e )(AJ.1+AJ.2)

<R™{1 = (mn)~ 11 - =™ )1 - RHY}

and

|P_(Re™®)| = |P*(Rei®)| /™ < R7{1 = (mn)~1(1 = e=™2)(1 = R=1)?}}/m

<R™MIL = (m?2)~1(1 - =™ 2)(1 - R=1)?}

by virtue of. the inequality (1 - x)* <1 - ax valid for 0<a<1 and 0<x<1.
Since m = [7/(1 = a)] + 1 we have, in fact, proved (1.7).

Proof of Theorem 4. We again consider the polynomial

n
+ k
ﬁ'"(z) = kzo az € ?n’o

defined by the relation

. 2
|P,,(ei6)|2 1o 1 sin®(n +1)6/2
(n +1)? sin%6/2

not vanishing in |z| <1 and assuming a positive value at the origin. From (3.1)

. 2
sin‘(n + 1)0
o<-10350=1f”’2_1og{1 1 i }do.

mJo (n+1)?  sin%0
Hence according to Lemma 5 there exists a constant c, such that —log ;0 <
(c:2 - 1)/n, i.e. 50 > exp {—(c2 -/a}>1- (r:2 - 1)/n. Now if

0 ) =2mb (1/2)= T &zt
k=0
then

n
+ -
10, (~R)| > dR™ - kz_jl la, |R"=%

+
> EOR" -nR"™ 1 (since 10, <1 for |z] = 1)

> R™1 - (c2 ~1)/n -n/R}> R™1 -- cz,/n)
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if R > n?. The polynomial Q"(z) is real on the real axis and for odd n,
é (-R) <0 if R>1 (note that é (2) does not vanish for |z| >1 and Q _(-R)
tends to — % as R — o). Hence, 1f n is odd and

V(@ =1 - )ila/1 - a)lz" + § ()}

then |V, (z)l <lfor 2| <1,V (-1)=-1 and V (1) =a. Thus V (z)e? . and
for R > n%:

IV (R)| =1 - a){l LN |é"(.m|}
>aR"™ + (1 - a)R™(1 - c,/n) = R™1 - c, (1 = a)/nl.
If n is even, we may consider
W) = (1 - 2i@/( - a))2"+ 20, _, ()}
instead of V (z). Clearly W (2) e fl’".a and for R > n?
W, (=R)| > R™1 - c,(1 - a)/nlk

Proof of (1.5). Let P_(2)e ¥, ,0» Where we may suppose P (1) = 0. Since

p (e'a) is a trigonometric polynomxal of degree n we have by Lemma 7
2n
b i(64+(2k+1)7/ 2n)
P! (%) <_ (ei(O+(2k+ ).
| I< E 1~ cos(2k + 1)a/2n P n !

One of the points ei(0(2k+1)7/2n) (1 < <2n)is 1 if 0 is an odd multiple of
#/(2n) and hence for such values of 6
1 1
P! ()| <n -
Po(e™) <n 2n 1~ cos (27 + Da/2n
1 1 1
<m e < p - L,
=" T2 1 v cos(w/2n) " &
If 6 is not an odd multiple of #/(2n) then precisely two of the points 0 +
(2k + )a/2n (say 0 + (2, +1)/2n, 6 + (2], + 1)/2n) lie in the interval (-n/n,
#/n) and by Lemma 4

(for some integer )

' o 1 - |sin (0 + (2j, + Da/20)/2| 1 - |sin w6 + (2f, + Da/2n)/2|
P'(e! -5
IP(e™ <n 1 ~cos (21 + Da/2n * 1 - cos(2j, + )a/2n
1 Y1 -Isin n(60 + 2+ Da/2n)/2| 1 - |cos n(0 + (2f, + Da/2n)/2|
=n o= +
T In 1 -cos(2j, + D)n/2n 1 - cos(2f, + 1)a/2n
<n

~ |sin (6 + (2j; + D)/2n)/2| - |cos n(0 + (2f, + Dn/2n)/2|
1 + cos (m/2n)

N NI,_.

" 4n

which completes the proof of (1.5").
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Proof of (1,7%). Let P (z)€ .‘Pn.o. Clearly, we may suppose P _(1)=0.1In
this case two and possibly three of the intetpolation points in the formula

P (Re'®)=P (e'¢)+_. Z (~1)k4 P _il#+kn/n)
k:l

lie in |6] < 7/n where by Lemma 4 IPn(e‘e)l < |sin(n6/2)|. If three of the points
(say ¢ + j/n, @ +jm/n, @+, 7/n) fall in the interval [-7/n, 7/n] then they
have to be —n/n, 0, #/n and

i 1 . ; . .
|P"(Re'¢)| <R" -5 {Ail(l - |sin =w/2]) + A’.Z(l - |sin 0]) + Aj3(1 - lsinn/2)|}

<R™M1-(1-R"1H?/24L
If there are only two points (say ¢ + j, 7/n, ¢ + j,m/n) in [-n/n, n/n), then

|sin n(¢ + j,m/n)/2| = |cos nl¢ + jym/n)/2|

and hence

|P_(Re®)| < R™ - il_”_{Ail(l - |sin n$ + j,n/n)/2| + A’.Z(I = |cos (@ + j,m/n)/2])}
<R™M1 = (2 -y2)1 - R=1)2/2a}
which completes the proof of (1.7").

Proof of Theorem 5. In the proof of Theorem 2 it was shown that for each
positive integer n there exists a polynomial G (z)e€ ? o With G_(1)=0,
G(-1)=1 and G-1)] = - G(1>n-c /n where ¢:l is an absolute constant.
Given €> 0, and a positive integer n let m = [\nl, & = [e\/n/2¢ l], j=n-

vallevn/2c ). Then P 22 = {Gm(z)}kGl.(z) has a zero of multiplicity & + 1>
c\/;;-/ch =8y/n at z = 1. Moreover

[P, 1) =[£G, (~1) + G(-1)]
2km=c/m)+(G-c/D=n-ck/m+1/j)>n-¢

if n is large enough, say 7> n.
Proof of Theorem 6. If Q,(z) = z" P_(1/Z) then by the hypothesis of Theotem 6

0,1)=P (1) =0, |Q (exp ijn/n)|= |P_(exp ijn/n)| <1

forj=1,2,++e,2n~1.

Hence applying Lemma 1 to Q (z) we get for R > 1
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1 1
|Q (R)l<2 ZAk 2 A =R”’l--i—”-A2n
1 n=1
=R"-1-5-dR"-1+2 > (R™i-1)
]:l

=R"—l--—- {(R"—I)R+ll-2n}-

Thus

P (1/R)| < {(1- (-2 1;-%‘:_‘1)”_,,.}‘

If 0<w<n then (1 -w/ 7n)~1>1 and hence, in particular,
|P(1-w/n)| <1-1/0=1/20) + 1/ = 1/20)1 - 0/n)".
The above reasoning also shows that if IPn(l)I =a<1l and IP”(exp ifm/n)| <
1forj=1,2,00.,2n -1 thenfor 0<w<n
(3.5) |P(1-w/n)|<1-01=a)l/w=-1/20) + (1 - a)1/0 = 1/20)(1 = &/n)".
Besides, the formula obtained by equating the real parts on the two sides of
(2.1) may be applied to the polynomial Q () = 2" P _(1/Z) to prove in exactly the
same way as above that:
(@) if P_(2) is a polynomial of degree n such that |Re P (1) =a<1,
|Re P_(exp ijm/n)| <1 for j=1,2,++,2n~1 then for 0<w<n
(3.6) |Re P (1-0/n)|<1=(1-a)l/w-1/20) + 1 - a)l/w - 1/20)1 - ©/n)";
(i) if P _(2) is a polynomial of degree n such that Re P (1)=a<l,
RePn(exp ijm/n) <1 for j=1,2,c.c,2n~1 then for 0<w <n

(3.7) ReP (1-0w/n)<1-(-a)l/w- 1/2n) + (1 = a)(1/w - 1/20)(1 - w/n)".

Proof of Theorem 7. There is no loss of generality in supposing that the point
of the unit circle where the polynomial vanishes is 1, i.e.

n
(3.8) 2 a,=0.
_ k=0
We write the left-hand side of (1.19) as
n
E)\la 1% = )t Z|a |2 - > A -A)a |2
& Ml IR R A

n n n .
=Ai1§)|ak|2- pIRRICUED WPV PACEP WD DI EH L

k=03k#i k=03k#j
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where for the moment A is a constant such that

0<A<A= min ()tj—)\k).
Osksn;k#i

From (3.8) and Schwarz’s inequality we obtain

n 2 n 2
lajlz = Z a, < ( Z lak|)
k=0;k#j k=0 k#j
n 2
=Y A=A -N2g | -2, -2V
{Ie-_-o;kfi Pk KR
n 2 n 1
D DI CYPD WD) | S LD SR F YD WD ik
ThOikgi Foeog "
so that
. 2 2 i: ( )-1 -1
- A=A, =2) <~la, A=A, =M .
k=02'kf] j k lakl - |a]| k:O;k#] i k

Now if A happens to be the root of the equation (1.20) lying in (0, A), then
7 -1
X A= -n"1 =2
0
k=0 ;kf]
and we get

n n n n
kzo Aklaklz < Ai E Iaklz - Ma,-lz -A z ) laklz = (hi -2 2 |ak|2
- k=0 k=0 ;k#j k=0

which is the desired inequality.
Observe that in (1.19) equality is possible only if

n

Z a,

k=0;k#j

n

= 2 'Iakl

k=0;kj

and equality holds in Schwarz’s inequality, i.e. a, = a()t’. -\ - NVt kit
whereas a;=- a/A. Thus the extremal polynomial has the form
n .
1 -if
P (z) = — (e )%
nz) a,g,)tj-)tk-)t i
The proof of Theorem 7" is analogous and we omit it.

Proof of Theorem 9. For an entire function f(z) satisfying the hypotheses of
the theorem we have by virtue of Lemma 8
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11" <d/a?) T —L | + @n+ Da/20)]
le=-oo(2n + 1)2

for all real x. According to (2.14) |f(x)| < (r/2)|x| in (~2/r, 2/). If only one of

the interpolation points (say x + (2m + 1)7/27) falls in this interval it must, in

fact, lie in the subinterval [- (7 - 2)/r, (w - 2)/7] and hence by (2.14) in conjunc-

tion with (2.11)

' 4 1 T 2m + 1 4 2-7m/2
el Sr{l T 7 Qm+ 1)? (1 T "D} Sr{l T 7 (2m+ 1)2}'
Since
|@m + Da/21| = |x| < |x + @Qm+ Da/21| < (7 = 2)/r
we have
1/2m + )2 > 7% /4(r|x| + 7 = 2)?
and hence

If ()] < il = (4 = m)/2(r|x| + 7 = 2)°}.
If, on the other hand, two points x + (2m + D)n/27, x + 2m + 3)n/2r lie in
(~2/r, 2/1), then
') < - % (l ~1lx + @m + D)n/21| /2 . 1 ~r|x + 2m + 3)n/2r|/2 )}
w (2m +1)2 (2m + 3)2
Since |x + 2m + Da/2r| <2/t and |x + 2m + 3)7/2r| < 2/1, we have

1/@m + 1?2 > 02 /4(r|x| +2)2, 1/@m + 3)? > a?/4(r|x| + 2)?
and hence

I/ ()] <l = (4 = 2)/20r|x| + 2%}

which completes the proof of (1.36).
To prove inequality (1.37), we use formula (2.12) which we may apply to the
constant function 1 to first conclude that

D R o VA

ke—oo (ry)? + (km)?
Now let y > 0. If only one of the interpolation points, say ¥ + nm/r, belongs
to [-2/r, 2/1], we have in fact |x + n/7| < (7 - 2)/7 so that (nm)?< (7 = 2 + 1]x))?

and

(3.9)

(-]

. - (=1)ke~"Y 1~ (-1)"e""Y
[fx+iy)| <7 z -
Y ks=-ooikgn (ry)? + (km)? t (ry)? + (nm)?

oD -nne™)
(ry)? + (nm)?

1- fy(l ; (— l)ﬂez"fy) (2 _ ”/2) S 1~ ry (2 - 77/2)(1 - e’ry) .
(ry)* + (nm) (ry)? + (7 = 2 + 7]])?

. 7|lx + nw/r]/2

(1 =7|x + 27 /7/2)




POLYNOMIALS WITH A PRESCRIBED ZERO 97

If two interpolation points x + nm/r and x + (n + D)a/r are in [-2/r, 2/1], we
similarly obtain

2 -n/2)1~e=™)

(ry)? + 2 + 7]4])?

Ifx +dy)| <1 -1y

for y > 0. Thus, in any case
2 -n/2)(1 - e7™)

(x+iy)| <1~
e+ i) <1 =7y )2+ @12

if y >0,

Finally, applying this inequality to the function g(z) = f(?) e''®

which sat-
isfies the same hypothesis as the function f(z) we get

(1 - e~TY)2 = 2/2)
(ry)? + 2 + 1]])?

Ifx + ip)| < €171 {1 ~1ly|

for y <0,

Ve observe that inequality (1.36) is best possible in the sense that there
exists an absolute constant A such that given 7 and a positive number B, we
can find a function [ satisfying the hypothesis of Theorem 9 and a point x > B

where
(3.10) If'()] > 7= A/,

In the proof of Theorem 2 it was shown that for each positive integer n there
exists a polynomial P (z)€ ?n o such that P (1) =0, P (-1=1, P(-1)<0
and |P!(-1)| > 5 - c,/n where c, is an absolute constant. If P_(z) is such a
polynomial of degree m = [rB/n] + 1 then
f(z) = P_(exp(irz/m))
satisfies all the hypotheses of Theorem 9 and
Clﬂz A
=T = 3
r(mm/7)? mn/r)

|f"(ma/0)| = = P, D] > 7=

where, clearly, x = mn/7> B,
We do not make such a remark concerning inequality (1.37).
Proof of Theorem 10, By Lemma 9 we have

oo
=1y 2 s Gl

which in conjunction with (3.9) gives us |f(iy)] <1-(1 - ™)/ry. If 0<w <7
we may set y = — log(l — w/7) to get the desired inequality

1-(1-w/)

log(1 - o/

|f=ilog(1 = /M| <1+
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In very much the same way, inequalities (3.5), (3.6) and (3.7) can also be
extended to entire functions of exponential type.
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