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CHARACTERIZATION OF PRIVILEGED POLYDOMAINS
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YUM-TONGSIU(l)

ABSTRACT. This paper gives a number of equivalent conditions for a

bounded polydomain to be privileged with respecr to a coherent analytic sheaf

in the sense of Douady.   One of the equivalent conditions is in terms of the

homological codimensions of the sheaf at the boundary of the polydomain.   In

the case of a polydisc, this condition about homological codimensions coin-

cides with a conjecture of Douady.   The other equivalent conditions concern

some weaker concepts of privilegedness and the existence of privileged sets at

the boundary.

0.   In this paper we give a number of equivalent conditions for a bounded

polydomain (with reasonable boundary) to be privileged with respect to a coherent

analytic sheaf in the sense of Douady 11 ]. One of the equivalent conditions is

in terms of the homological codimensions of the sheaf at the boundary of the

polydomain.   In the case of a polydisc, this condition about homological codimen-

sions coincides with a conjecture of Douady.   The other equivalent conditions

concern some weaker concepts of privilegedness and the existence of privileged

sets at the boundary.

To state the results, we have to introduce some notations and definitions.

For a subset E of a topological space,  E~  and BE denote respectively the

topological closure and the topological boundary of E.    £ denotes the sheaf of

germs of holomorphic functions on C.

(0.1)  For a bounded open subset G of C, denote by BÍG) the set of all

uniformly continuous holomorphic functions on G.   BÍG) is a Banach space and

is topologically isomorphic to the Banach space of all functions continuous on

G~  and holomorphic on G.

(0.2)  Suppose Í2 is a Stein open subset of C", G is a relatively compact

open subset of fi,  and J   is a coherent analytic sheaf on 0.   Suppose J   admits

a finite free resolution on ÎÎ, i.e. there exists on Q an exact sequence of sheaf-
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homomorphisms of the form:

n n n

Let

(*) 0^BÍG)Pm^...^BÍG)Pl^BÍG)P°

be induced by the preceding sequence.   We introduce the following definitions of

privilegedness.

(i) G is said to be weakly J-privileged if (*) is exact and Im cu is closed

in BiG)P0.

(ii)  G is said to be J-privileged if (*) is direct-exact, i.e. (*) is exact and,

for 0 < z < ttz, Im af.  j  is   closed in Biß) ' and there exists a closed subspace

E. of BiG)Pi such that BÍG)Pi = E. © Im a.+1.

(iii) G is said to be strongly J-privileged if (*) is direct-exact and the nat-

ural map Coker a.     ► VÍG, J ) is injective.

If G is weakly J-privileged, define BÍG, j) to be Coker a...

These three definitions of privileged sets and the definition of BÍG, J ) ate

independent of the choice of fl and the choice of the finite free resolution of J

on Í2, because, by using Theorem B of Cartan-Oka, we can easily prove that any

two finite free resolutions of J" on a given Stein open subset of ÍÍ become iso-

morphic finite free resolutions after we apply to each of them a finite number of

modifications [4, Definition VI.F.l], i.e. after we apply to each of them a finite

number of times the process of replacing it by its direct sum with some finite

free resolution of the zero-sheaf which has only two nonzero terms (cf. [4, p. 202,

VI.F.3D.

Note that BÍG,   CP)=BÍG)P.
n

In the case where G is a polydisc, the definition of G being J-privileged

agrees with the definition given by Douady [l, p. 54, §7, Definition l].

We introduce the following definitions of local privilegedness for bounded

open subsets of C":

(iv) G is said to be locally weakly J-privileged it every point of dG admits

a basis H of open neighborhoods in C" such that G O U is weakly J-privileged

for every U e U.

(v) G is said to be locally A-privileged it every point of dG admits a basis

tt of open neighborhood in C" such that G O U is J-privileged for every   U e XL.

(vi)  G is said to be locally strongly J-privileged if every point of dG ad-

mits a basis U of open neighborhood in C"  such that G <"> U is strongly J-priv-

ileged.
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(vii) G is said to be semilocally weakly J-privileged if every point of dG

admits an open neighborhood U in C" such that G H U is weakly 3"-privileged.

(viii) G is said to be semilocally J -privileged if every point of dG admits

an open neighborhood U in C" such that G O U is J-privileged.

(ix) G is said to be semilocally strongly J -privileged if every point of dG

admits an open neighborhood U in C"  such that G O U is strongly J-privileged.

(0.3)  A bounded open subset G of C" is called a polydomain it G = G, x

• ■• x G    and each G. is a connected open subset of C (1 < z < n).   For 0 < k
n i * —    — —

< n, the boundary of order k of G, denoted by <?, G, is defined as the set of all

U,, • • •, z ) £ G~ such that z. £ dG. tot at least k distinct values of z. Note

that dQG = G~, d.G = <?G, and d G is the distinguished boundary of G.

(0.4)  For a bounded open subset D oí C, x e dD is said to be a peak point

of B(d) if there exists / £ BÍD) such that the continuous extension g of f to

D" satisfies gix) = 1 and |g(y)| < 1 for y £ D~ - |x!.

If D equals the interior of D~  and there exists d > 0 such that every com-

ponent of C - D~ has diameter > d, then every point of D is a peak point of

BiD) [3, p. 205, VIII.4.4].

(0.5)  For a coherent analytic sheaf J  defined on an open subset fi of C",

denote by S,(j) the set of all points x e£2 such that the homological codimen-

sion of J     over    G    does not exceed k.   SAj) is always a subvariety of di-

mension < k in Q (see e.g. [7, p. 31, (1.11)]).

Now we are ready to state the results.

(0.6)  Main Theorem.  Suppose Q is an open subset of C" ondú   is a co-

herent analytic sheaf on Í1 admitting a finite free resolution on Q.   Suppose

G = GyX •«• x G    is a polydomain in C* such that G CC Q and every point of

G. is a peak point of BÍG.) for 1 < i< n.   Tèe« /¿e following eleven statements

are equivalent.

(i)  S^?) n r?fe+1G = 0 for 0<k<n.

(ii)  G z's 5-privileged and there exist Xy, • • • , xfe £ G szzci íizzí f&e nai-

ara/ map B(G, î)-* ©. . ?     z's injective.

(iii)  G is strongly J-privileged.

(iv)  G is J-privileged.

(v)  G z's weakly J-privileged.

(vi)  G z's locally strongly J-privileged.

(vii)  G z's locally J-privileged.

(viii) G z's locally weakly J-privileged.

(ix) G z's semilocally strongly J-privileged.

(x)  G zs semilocally J-privileged.

(xi)  G z's semilocally weakly J-privileged.
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(0.7)  Corollary.   Suppose P is a bounded open polydisc in C and J  is a

coherent analytic sheaf defined on some open neighborhood of P~.   Then P is

J-privileged if and only if Sfl) n r)fe+1 P = 0 for  0<k<n.

The "if" part of Corollary (0.7) has also been proved by Pourcin [5].   Results

similar to the "if" part of Corollary (0.7) have been proved by Douady-Frisch-

Hirschowitz [2] for privileged sets which are defined by means of the Hubert space

of square-integrable holomorphic functions instead of the Banach space BÍG).

In this paper all topological spaces are assumed to be Hausdorff and have

countable bases,   fi^. denotes the set of all nonnegative   integers.   Unless speci-

fied otherwise, the coordinates of C" are denoted by Zj, • • • , z .   If 11 = ¡l/.j is

an open covering of a topological space X and J  is a sheaf on X and <f e

C^Ol, 5e), then (.      .    6 riU.   ri... HU. , ?) denotes the value of £ at the sim-
'0"'ip «0 'p '

plex (z'q, • • • , z ) of the nerve of U.   A continuous linear map f: E —* F of Fre-

chet spaces is called direct it Im / is closed in F and there exist a closed sub-

space E   of E and a closed subspace F   of F such that E ©Ker f - E and

F' © Im /= F.   A sequence of continuous linear maps of Frechet spaces is called

direct-exact if it is exact and if each map in it is direct.

1.

(1.1) Suppose R is a local ring with maximal ideal ni and M is a finitely

generated R-module. A sequence /,, • • • « /. em is called an M-sequence if /.

is not a zero-divisor for M/2'T    f.M tot I < i < k.

(1.2) Suppose S and Q are respectively open subsets of C* and C".   Let

77: C* x C" —* C* be the natural projection.   Suppose J   is a coherent analytic

sheaf on Sxß.   For x e S x 0, J  is said to be 77-//a/ at x if Jx as a Zj^¡7(x)"

module is flat over    C
k    77(x)

Let *.»*♦•»*. be the coordinates of C* and 7r(x) = (ty, • • • , tk). Then J

is 77-flat at x if and only if ¿j - z*j. • • • , tk - tk form an J^-sequence.

5e is said to be rr-flat on a subset E of S x Q if 5e is 77-flat at every point

of E.

(1.3) Lemma.   Suppose G is a bounded polydomain in C and V is a sub-

variety of some open neighborhood of G~  in C".   // dim    V > k for some x e G~,

then V ndkG40.

Proof.   We can assume without loss of generality (w.l.o.g.) that  V  is pure-

dimensional.   We use induction on k.   The case k = 0 is trivial.   Suppose k >

0 and V CI r}^G = 0.   Since by induction hypothesis V O (9jfe_ ¡G / 0, by re-

ordering the coordinates of C",we can assume that there exists z   = (z.,*•', z  )
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£ G~      V   suchthat      z*j £ dG¡ fot I < i < k - 1.   Let z' = (z°, • • •, z°_y).

It follows from V O dfeG = 0 that

V n (U'!x<5(Gt + 1x ... x Gn)) =0.

By [4, p. 106, III.B.17], for some open neighborhood D of ÍGk x • • • x G )~ in

C" , dim V O ({z'i x D)< 0.   Hence the dimension of the subvariety

\izv -•-, z) eV|zf»z° for !<»<*-1|

at z° is 0.  This contradicts dim n V > k [4, p. 115, III.C.14].      Q.E.D.

(1.4)   Proposition.  Suppose G is a bounded polydomain in C" and J   is a

coherent analytic sheaf defined on some open neighborhood of G~.   Then the fol-

lowing two conditions are equivalent.

(i)  S ¡A3) n ¿V^jG = 0 for 0 < k < n.

Hi)  If z   = Uj, • • • , zn) £ G~ and iy, • • • , i,   are distinct elements of \ 1,

• « • , n\ such that z.  £ dG. for i = í,, • • •, i., then z.   - z. , • • • , z.   — z     form

an J   „-sequence.
z

Proof,   (ii) "■» (i) is trivial.   Suppose (i) holds.   We use induction on k to

prove (ii).   We can assume w.l.o.g. that i   - p for 1 < p< k.

Consider first the case where k= 1.   Suppose Zy — z.  is a zero-divisor for

J  Q.   By [7, p. 40, (1.18)], for some p > 0 there exists a p-dimensional branch  V

of S (5e) such that z° e V C |zj¡ x C     .   By applying Lemma (1.3) to the sub-

variety   V and the in - l)-dimensional polydomain ¡z"! x G, x • • • x G , we con-

clude that V intersects the boundary Z of order p of the in - l)-dimensional poly-

domain I z. î x G, x ••• x G .   This contradicts SÁj) O à      G = 0, because
l ¿ 77 P p + 1

p < n and Z C ¿V   ,G.

The case where k > 1 is obtained by applying the induction hypothesis to the

sheaf (j/U   - Zj)j)|jzj| x C"~ 1  and the in— l)-dimensional polydomain ¡Zjjx

G, x ••• x G .      Q.E.D.2 77 x-

2.   In §2 we gather together a couple of simple facts we need about holomor-

phic Banach bundles and their applications.   These facts are treated in much

greater generalities and details by Douady in 111.

(2,1)   For Banach spaces E0, F0, we denote by LÍE0, FQ) the Banach space

of all continuous linear maps from EQ to FQ.

Suppose 5 is an open subset of C" and £ is a holomorphic Banach bundle

on S with fiber EQ.   For s £ S we denote by Es the fiber of F at s.   For any

open subset U of S, we denote by E|l7 the restriction of E to U.

Suppose G is a relatively compact open subset of S.   A continuous section /
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of E over G is said to be uniformly continuous it, lot every open subset U of S

fot which there exists a trivialization a: E\U ^* U x EQ and for every relatively

compact open subset W of U, the function paf\W is a uniformly continuous func-

tion from W to EQ, where p: U x EQ —* EQ is the natural protection. A section

of E over G is uniformly continuous if and only if it can be extended to a con-

tinuous section of E over G~. Denote by BÍG, E) the Banach space of all holo-

morphic sections of E over G which are uniformly continuous.

Suppose  F is a holomorphic Banach bundle on S with fiber Fn.  A map y:

E —► F is called a bundle-homomorphism if, for every open subset U of S fot

which there are trivializations a: E\U —* U x EQ and ß: F\U —» U x FQ, there

exists a holomorphic map A(.) from (/ to LÍEQ, FQ) such that (/3ya_1X5, x) =

(s, A(s)x) for s e U and x e EQ.  For any open subset U of S, we denote by y|l/

the bundle-homomorphism E\U —* F\ll induced by y. For s eS, we denote by ys the

map E —» F   induced by y.

A bundle-hrfmomorphism y: E —» F is called direct if both Ker y and Im y

are holomorphic Banach bundles on S and there exist holomorphic Banach bundles

E' and F* on S such that E = E' @ Ker y and F = F' © Im y.  A sequence of

bundle-homomorphisms is called direct-exact if it is exact and each bundle-homo-

morphism in it is direct.

(2.2)  Suppose

0 — E<m)£.E(»-l)__,E(0)

is a complex of bundle-homomorphisms of holomorphic Banach bundles on S.  If

for some sQ e S the sequence

e

s0 s0 s0

is direct-exact, then there exists an open neighborhood U of sn in 5 such that

the sequence

0 _ Eim)\U ^E(m" "| I/-.-. E(0)|(/

is direct-exact.

To prove this, it suffices to prove the case where 772 = 1 and E* ', E* ' ate

both trivial bundles.   Let H be a closed subspace of El  '  which complements

Im 0    .   Let o: E(  ' © (S x H) —* E( } be the bundle-homomorphism induced by

& and the inclusion map

Sx//MSx/i)©(SxIm0)= E(0).*0
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The existence of U follows from the fact that, for some open neighborhood U oí

sQ in S, o\U is a bundle-isomorphism (i.e. there exists a bundle-homomorphism

which is the inverse of o\u), which, in turn, follows from the fact that, if P is a

Banach space and Ai-) is a holomorphic map from  S to LÍP, P) such that âUq)

admits an inverse A(sQ)      in LÍP, P), then there exists an open neighborhood U

of sQ in S such that, for s £ U, Ais) admits an inverse Ais)~    in LÍP, P) and

the map s H-> A(s)      is a holomorphic map from U to LÍP, P).

(2.3) Suppose S. and Q are respectively open subsets of C    and C", and J

is a coherent analytic sheaf on S x 0.   For s = ity, - • • , t.) £ S, we denote by

j"U) the sheaf S/I^y ii{ - t°íf, where fj, • • •, tk ate the coordinates of C*.

J U) can be regarded in a natural way as a sheaf on Q.

For any positive integer p, we denote by BÍÜ, )l.rßp) the trivial Banach

bundle on S whose fiber is B(0,   Cp).

(2.4) Suppose S and Í2 are respectively Stein open subsets of C    and C",

and rr: S x ñ —* S is the natural projection.   Suppose J is a zr-flat coherent ana-

lytic sheaf on S x (Î admitting a finite free resolution

(*) o-.. o*»-....- .+ oPl-.+ o^-y-o
*+7Z * + 7Z fe+7i

on 5x0.   Suppose s £ S and G is a relatively compact open subset of fl such

that G is J (s)-privileged.  Then there exists an open neighborhood U of s in S

such that D x G is J-privileged for every relatively compact open subset D of

U.  Moreover, if G is strongly J (s)-priviliged, then U can be chosen so the D x

G is strongly J-privileged for every relatively compact open subset D of U.

To prove this, consider the following sequence of bundle-homomorphisms in-

duced by (*):

W 0 ->Ö(G, fc+„Ö*-)-» ... - B(G, ̂ O*1) - fl(G, ̂ „0*°).

Since G is J (s)-privileged and since by the zr-flatness of J  the sequence

o-^+B0*«U)->k.n6pHs)-+„neP\s)-.X*-.o

induced by (*) is exact, we conclude that the sequence (#), when restricted to

the singleton \s\, is direct-exact.   By (2.2) there exists an open neighborhood

U of s in S such that (#) is direct-exact on U.   Our assertion follows from the

fact that BÍD, BÍG, .    C ')) is topologically isomorphic to BÍD x G, k+r® ')

fot any relatively compact open subset D of U (0 < i < m).

3.

(3.1)  Suppose X is a topological space.   A sheaf J  of C-vector spaces on

X is called a Fréchet sheaf if the following two conditions are satisfied.

(i)  For any open subset W of X, FiW,j) carries a Fréchet space structure.
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(¡i)   For open subsets  W C IV of X the restriction map TÍW, 5e) -» T(W", 5e)

is continuous.

If U is a countable open covering of X, then CpiXL,j) has a natural Fréchet

space structure.

If a is another Fre'chet sheaf on X, then a sheaf-homomorphism çS: § —' J

is called a Frechet-sheaf-homomorphism if for every open subset V of X the map

r(W, Lf) -» ViW, J) induced by cp is continuous.

The kernel of a Frechet-sheaf-homomorphism is a Fréchet sheaf.

(3.2) Suppose A is a topological space.   A collection fe of open subsets of

X is said to be a superbasis tot the topology of X if

(i)  fe is a basis for the topology of X, and

(ii)  for any E e fe and any compact subset A of E there exists E' e &

such that A C E' CC E.

A Fréchet sheaf J on X is said to be constructively fine relative to fe if

for every pair E' CC E of members of fe and every finite covering U of E by

members of fe there exists a finite covering U   of E   by members of fe which

refines 11  and there exists for p > 1  a continuous linear map

a:   Z^n, 5e)— ¿»-Ktt'.S)

such that 8a is the map ZpiXL, j) —♦ Zpi>A ,J) induced by the refinement map

IT- 11, where 8: Cp~ HW, 5e) — Zp(ü", 5e) is the coboundary map.

(3.3) Suppose X is a topological space and fe is a superbasis for the topol-

ogy of X.   Suppose

TZ 10

is an exact sequence of Frechet-sheaf-homomorphism s on X.

Introduce the following notations:   For every pair E CC E of members of

fe, denote by <f>$> the map TiE, £^)-» T(E, S^j) induced by <p(,i), and de-

note by Pg) £ the restriction map T(E, X ) —♦ TiE', 1).

The sequence (*) is said to be locally direct relative to fe if for x £ E e fe

there exists. E' £ & with x £ E' C E satisfying the following condition:

There exists a continuous linear map a'B7P:  TiE, £   ) —» ViE1, Ç       )
(#) C   ,c 2i ¿it I

for 0 < p < 72 such that ^»a^» E<pl^+1) = p^ £^M+ n.

The sequence (*) is said to be globally direct relative to fe if for every pair

E' CC E of members of fe the condition (#) holds
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(3.4)   Proposition.  Suppose X is a topological space and

z's an exact sequence of Frechet-sheaf-homomorphisms on X.   Suppose fe is a

superbasis for the topology of X and A    is constructively fine relative to fe for

0 < p < n.   If the sequence is locally direct relative to fe,  then

(i)  the sequence is globally direct relative to fe   and

Hi) for every pair E' CC E of members of fe the image of the map TiE', i. )

~*ViE' ,X.A induced by 4*       contains the image of the restriction map

riE,lm(pil))-+riE',lm<p(1)).

Proof.  By adding a zero term to the left of the sequence, we can assume

w.l.o.g. that a.   = 0.   In this proof we use the notations of (3.3) and the following

notations:   The letter E (with or without primes) denotes always an element of

fe.   ctg, g always denotes a map satisfying (#) of (3-3).   For a collection <1 of

open subsets of X and a sheaf J   on X, SP(U, j) denotes the coboundary map

Cp01, 5e) —* Cp + (U, 5e).   If W is another collection of open subsets of X which

refines U by means of an index map r, then rpiW, 11, j) denotes the map

ZP(U, J) -» ZP(U', 5e) induced by r.

Let §M= Im <p(í4+1) (0 < p < n) and, for E' C E, let r^?fi denote the re-

striction map IXE, § ) -* r(E', §fJ).

Since it    is constructively fine relative to fe, the restriction map H (E, XA

-*HviE' ,£„) is 0 for E'CC E, v> 1, and 0 < p < n.   From this we conclude
P- —

that

(A) Im r{g) E C Im rp^,+ "    for E' CC E and 0 < p < n.

Conclusion (ii) of the proposition is proved.

We are going to prove that §0 is a Fréchet sheaf by showing that TiE, yQ)

is closed in T(E, £Q) for all E.   Suppose / eT(E, £Q) belongs to the topological

closure of T(E, §„).   For x e E we can find x C E' C E" CC E such that a^g»

exists.   By (A), <pl¿}  maps a^.p^f  to Pg3,^/.   Hence /, £ (§0)x.  §'„

is a Fréchet sheaf.

We are going to prove the following:

For x £ E there exist x £ E  C E and a continuous linear map

(B) ß$,\E:  HE, §M) - HE', SM+ j)  for 0 < p < n

such that <p#- l'ß$E = r<£>ß.
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We can find x e E' C E" CC E such that cAg]^ exists.   By (A), ß{g) E =

aß»)ß*'E«E   satisfies (B).

For the rest of this proof, /3g",' g denotes always a map satisfying (B).

We are going to prove the following two satements for 0 < p< n by descending

induction on p:

(C)M ßg^g exists for E' CC E.

(D) §u is constructively fine relative to fe.

Since ,£  = 0, (C)    ,  and (D)    , are trivial.  Assume that u<t2-1 and that (C),,., and
n 72—1 72— 1 ' Z-^tI

(D)M+1 hold. We first prove (C) . Fix E' CC E. Take E' CC E" CC E. We can

find Ui efe, 1 < z < *, such that E" C U*=j U{ C E and jS^g exists. By re-

placing U.    by I/, n E" and replacing /3((ji)E by Pzj+n£» n J^^g, we can as-
«      I   12* l# z        »    z       z»

sume that E  = U?_i ff-   Let

Define

by

tt-ll/,4,    and   /S-jS^g.

£ r(E,g/i)-z1(ti,g/i+1)

e(/)iy = (/3y(/)-/3I.(/))|t/; nil.

for 1 < i, j < k.   By (D)^! there exists a finite covering U' = {u! \{ml of E' by

members of ê which refines H by means of an index map t: \l, ... , l\     ►

{1, ..., k\ and there exists a continuous linear map t?: Z ("'D„+i) ~"*

Cdl'.g^j) suchthat S0(Il',§/i+1)77 = r1(lI',ll,§u+j).   The map /3<#B de-

fined by

fot 1 < 2 < / satisfies the requirement.   (C)    is proved.

To prove (D) , fix E' CC E and a finite covering U = i^i*sl  of E by mem-

bers of fe.   Take E' CC E" CC E""CC E.   Choose U"! e fe for 1 < i < k such that

U"! CC I/, and E'" = U* . (/"'.   Let W = {(/?}*!   By (D)Ui. there exists a finite

covering U*   of E" by members of fe such that XV refines XX"4 by means of an

index map t-j  and such that for p > 1 there exists a continuous linear map y. :

Z*(V, g^)- C-HU«, g^j) satisfying ô'-Ktt'.g^V, = rf©", U", §/i+,). Since

5?   . is constructively fine relative to fe, there exists a finite covering 11' of E' by

members of fe such that  U ' refines XX   by means of an index map r2 and such that

for p > 1 there exists a continuous linear map
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V ^(U",£M+1)-cp-Kir,£M+1)

satisfying

fi»-Hr,£M+1)^ = r^u\£M+1).

Fix p > 1.   By (C) , for 1 < z'Q < • • • < i   < k there exists

o(p)
fJt/í"n...nfjí" ,U. "•••<•>(;. •

*0 ip     '0 'p

The collection of these maps defines a continuous linear map ß: Zp(ll,(-f„) —*

CPW,^y).

Let iff: CP-HW,^) "^ Cp~ HU',^) be induced by (p(fl+l).  Define 6:

z*(tt,§it)-c<,-1(H',§M)by

0 = ^ p( W, IT, £^+ ,)£ - yp + l0p(U", £M+ ,)#.

Then Sp~1(Tl',§a)Ö = rp(U,,tl,§ ).   (D)    is proved.
(mi

Fix E   CC E and 0 < p < n.   To finish the proof, we have to show that a£,' E

exists.   Take E' CC E" CC E™ CC E.   We can find Í7. efe, 1 <  i < k, such that

E" = U*_j l/¿ and such that a^g exists.  Let U = W$ml.  Let a¿ =

^f'a^.' Define a: r(E, £¡) - Z » (11 , g^ by

oif)ij = iajif)-aiif))\Ui nuj

for 1 < i, j < k.   By (D)   there exists a finite covering 11' ={!//!.      of E" by mem-

bers of fe which refines U by means of an index map r: \ 1, • • • , l\ —» |1, •.. , k\

and there exists a continuous linear map Ç: Z (U,§  ) —» C (U',§  ) such that

W.g^rUU'.U.g^).   Define A: HE, ZJ -» T(E",g^) by

fot l<i<l.   By (C) , ßE) E»  exists.   The map affi £ = j8g",' ßA satisfies the

requirement.       Q.E.D.

(3.5)  Corollary.   //, z'n addition to all the assumptions of Proposition (3.4),

X z's compact and X e fe,  then the sequence of Fréchet spaces

o -nx, £n) - —. nx, £x) tnx, £0)

induced by the sequence in Proposition (3.4) is direct-exact.   Moreover,  Im iff is

topologically isomorpbic to YiX, Im <p     ).

4.

(4.1)  For a e NJ let a.j, • • • • a    denote the components of a, let Da de-
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note dai+'"+°"/dz? ... dz*", and let Da denote d*1*"'*0»/^*1 ... 0F°».
i n In

For a bounded polydomain G = G. x • • • x G    in C, denote by A(G) the

set of all infinitely differentiate (complex-valued) functions j on G such that,

if a,ß e N", then D D^f is uniformly continuous on any polydomain of the form

Gj x ... x G   , where G.  - G. tot i satisfying a. = 0 and G'. CC G. for / sat-

isfying a. > 0.  A(G) is a Fréchet space.

Denote by Ap(g) the set of all (0, p)-forms on G* of the form
<?

Y" <f.       . dz.   f\ ... A dz. ,
*— *Z."-2. 2, 2    '

is,j<-<2yz,    »    »    » »

where ç. belongs to A(g) and is holomorphic in z„,,»•••» z_ for fixed1 1        2p ° r ÍJ+1 72

z., ... , z .   AP(G) is a Fréchet space.

(4.2) Lemma. // G is a bounded domain in C, then there exists a contin-

uous linear map I: AÍG) — A(g) such that (d/dz)lis the identity map of Aie),

where z is the coordinate of C.

Proof.  For / e A(c) define /(/) by

We are going to prove that / satisfies the requirements.

Let R be a real number > 1  such that G is contained in the open disc of

radius (R - l)/2 centered at 0.   Let B be the open disc of radius R centered

at 0.   For c > 0 let h(c) be the supremum of ffE\d£ A ¿/¿Vid  as E runs through

all measurable sets of measure < c in B.   Since JJß \d£ A zf^l/lz;! < oc, the

limit of h(c) is 0 as c approaches 0.

First we show that /(/) is infinitely differentiable.   Let \G A be an increasing

sequence of relatively compact open subsets of G such that (J    G    = G and

dG     is the disjoint union of a finite number of simple rectifiable closed curves in
772' ■

G.   Define M/) by

!     CCf(OdCAdC
2772   G £-Z

m

Let pm be the measure of G - Gm.   Then  ||/(/)- M/)||G < ¿(itm)||/llG, where

||.||G is the sup norm on G.   A trivial modification of 14, p. 25, I.D. 2] shows

that Im(f) is infinitely differentiable on Gm and (d/dz)l(f)= f on G^.   For k >

m,id/dz)ilAf) - I (/))= 0 on Gm  and hence I¡(f)- 'm(f) is holomorphic on Gm.
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Since p, —» 0 as k —* <*>, ¡kif) approaches /(/) uniformly on G as k —» «¡.  Hence

for a fixed zzz, /^(/) - /  (/) approaches /(/) - /  (/) uniformly on G as k —> oo.   It

follows that /(/) - /  (/) is holomorphic on G    for every 772.   Consequently /(/)

is infinitely differentiable and id/dz)l(f) = Kj) on G.

Next we have to show that id /dz )K/) is uniformly continuous on G for every

fixed k > 0.  When A > 1, this is clear, because id/dz~)Kf) = / on G.   So we need

only show that  /(/) is uniformly continuous on G.   Suppose e > 0.   By the uniform

continuity of / on G, there exists 0 < 8 < 1 such that, if a e C and \a\ < 8, then

|/(£ + a) - fi0\ <f for Ç, £ + a £ G.    We can also assume that S is so chosen

that, for \a\ < 8, the measure of iGia) - G) U (G - Gia)) is < some nonnegative

number c satisfying hie) < e, where Gia) = |z e C|z = w - a for some w £ G\.

Then for \a\ < 8 and z, z + a £ G, we have

|/(/)(z+a)-/(/)(z)|<±^||GJßjllA^lj,

because

2,Tt\G(a)nC C-z

rr   fit+aUt Ad£ ^    rr    fiQdÇ A d£ \

G(a)-G £~z G-G(a) C~ *        /

Therefore  /(/) is uniformly continuous on G.

Finally we have to show that / is continuous.  Suppose a sequence ¡k ~* 0

in Aie) as k —» <*.   We have to prove the following two statements.

(i)   Every partial derivative of /(/. ) converges to 0 uniformly on every com-

pact subset of G as k —» «

(ii)  For every fixed m > 0, dmlif,)/âzm converges to 0 uniformly on G as

k —» ».

Statement (ii) follows from dlif^/dz = f /, and

ff |rf£ r\dl\ii^iig^ii/JgJJ--^---

To prove statement (i), let F be the Fréchet space of all infinitely differentiable

(complex-valued) functions on G.   Since d/dz  maps F continuously onto F, there

exists a sequence igfel in  F  such that dgk/dz = fk on G and gfe —» 0 in F as

k —» oc.   By a trivial modification of [4, p. 24, I.D. l],
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i   r   sAOdt
«*(z)=¿iícm7rr+/»(/*)U)

for z e G   .  Hence for a fixed m, every partial derivative of /  (/, ) converges

to 0 uniformly on every compact subset of G     as k —>°c.   Since ||/(/.) — I  (/t)|lr

< hipm)max.   ||/ ||G, the sequence Af¡)- lm(f¡.) approaches 0 uniformly on G

and uniformly in ¿as m —> oe.   Since K/. ) - /  (/■) is holomorphic on G   , every

partial derivative of AfA- ^m(f¡) approaches 0 uniformly on every compact sub-

set of G     and uniformly in k as m — ■».   Statement (i) follows.       Q.E.D.772 ' J v

(4.3) Lemma.   // G is a polydomain in C" and I <q <n,  then there exists

a continuous linear map J  : A(G) — Aie) such that (d/dz)]    is the identity map

of A(G) and J    commutes with d/dz . for 1 < / < » and i 4 </•

Proof.   We can assume w.l.o.g. that q = 1.   Let G = G.x • • • x G , where

G. C C (l < i < n).   Let G' = G-, x • • • x G .   For any function f on G and for
2 —       — 2 71 ' >

any z' e G', denote by fz, the function on Gj defined by /z,(zj) = f(zy z') tot

Zj e Gj.

By Lemma (4.2) there exists a continuous linear map /: A(Gj) ~~* A(Gj)

such that (d/dzAl isthe identity map of A(Gj).   For / £ Aie) define / j(/) by

J (f) , = /(/ ,) for z' e G*.   It is straightforward to verify that /j  satisfies the

requirements.       Q.E.D.

(4.4) Proposition.   // G is a bounded polydomain in C" and 0 < p < q < n,

then there exists a continuous linear map lp from the kernel Zp   of d: APÍG)

-*Ap+liG) to A1"1  such that dlp is the identity map of Zp.
q q q J        l     '       q

Proof.   We use induction on q for 0 < q < 72.   The case q =0 is vacuous.

For q > 0, there exists /    satisfying the conditions of Lemma (4.3).   Define a

map T: Zp —> Ap~  (G) as follows.   Forr q q

Ç.      . dz.   A ...  Adz.   eZp,
1SZ,<— <«   <q       l       P        l P

7ta= Z (-l)*-1/^ .....       Adz,   A... Adz.
W,*..^.,«, q      *      p-iq        X p-

The map ip: Zp — A^_1(G) defined by

flf>
7tf)    ií P ' q

Pq_A€-dT(€))+n& if P<q

satisfies the requirement.       Q.E.D.
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(4.5) Suppose G is an open subset of Cn.  Denote by C       the sheaf on G
G

defined by the following presheaf :

(i)  For every open subset U of G~, f £ 0   _(f ) if and only if / is a contin-

uous function on U and / is holomorphic on G D U.

(ii) For open subsets U' C U of G~, 0_iÜ) ~* G     ÍU') is the restriction
G G

map.

The sheaf 0   _ is a Fréchet sheaf.
G

Denote by fe(G-) the superbasis for the topology of G~ defined as follows.

E £ fe(G~) if and only if E = G~ O E for some polydomain E in Cn.

(4.6) Proposition.   // G is a bounded polydomain in C, then the Fréchet

sheaf 0   _ on G~ is constructively fine relative to fe(G-).
G

Proof.  Suppose 11 = 1(7.1*.   and ^"[^¿¡¿si  are coverings of G~ by mem-

bers of fe(G~) such that V. CC U. fot 1 < i < k.   Let W. = G O V. Íl<i< k)

and i -11$.!.  Let C*(8,n0) be the set of all ¿f e C«(3B,n0) such that

rf. ,#<.   £ BiW.   n... r\W{ ).   Let (î(p) be the sheaf of germs of infinitely dif-

ferentiable (O.'pMorms on C".   Let rn(G, (î(p)) = A£(C) and let C*(S,(3(p)) be

the set of »J e C*(»,(3(p)) such that »7.      .   £ ApiW.   n...nf,).   Consider

the following commutative diagram of Frechet spaces:

0 0

i I

r0(G,a(0))-r0(c,ö<1))-...

1 1
0 - cg(3B, n0) t* C°(B, (3(0)) - C°(5B, (3(1)) - •••

1 1 1

0 - C¿(8, n0) t« C¿(38, <3(0)) - C0(8, <2(1)) - ...

1   ' 1 i

where (except the inclusion maps) all the horizontal maps are induced by d and

all the vertical maps are coboundary maps.   By Proposition (4.4) all the rows are

direct-exact.   From the usual argument using a partition of unity, it follows that

all the columns except the first are direct-exact.   By diagram-chasing, we con-

clude that the first column is also direct-exact.  Hence, for r > 1 there exists a

continuous linear map iff: ZriU,CG-)~* CT~li"&f 0G~) such that 8ifr is the re-

striction map Z'iU.e   _)^Zr(S,0  _), where 8: CT~lm,G _)-Z'(SS,0 J
G G G G

is the coboundary map.       Q.E.D.
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(4.7)  Corollary.   // G is a bounded polydomain in C,  then HP(G  , G  _) =»

0 for p> 1.

5.

(5.1)   Lemma.   Suppose Gj CC G, are Stein open subsets of C and cp:

Gp —   Gq is a sheaf-homomorphism on G,.   Then there exists a continuous
n 72 ' * ¿

linear map a: F(G2,n&) —» lvGj, r¡Gp) such that cp acp2 = rcf>2, where cf>.:

HG.,   &) ->F(G.,   G") is induced by cfo (2= 1, 2) and r: HG,,   Gq) —
272 272 '      ' ¿72

T(G,,    Gq) is the restriction map.
1      7Z *

Proof.   Let G, be a Stein open subset of C" satisfying Gj CC G, CC G2.

Let TA\G.,   Q ) be the set of all ¿»tuples of square-integrable holomorphic func-

tions on G. (2=1,3; k = p. q).   Let cf>*: r¿Gy nGq) — r¿Gy ß") be in-

duced by cfo.   Let (im <p*)~ be the topological closure of Im cfo* in T^(Gy „G9).

By the closure-of-modules theorem [4, p. 85, II.D.3],   (im <p*)~ is a subset of

r(G,, Im cfo).   Consider the following commutative diagram

HG2,   Gq) Á TAGy   G") Z (In, cfo*)'

IXG3,   GP) - HG3, Im cfo)

£l {v
(K*xr)í<tr¿GVn6P)I.r¿GVnQ*)

r^Gj, nO*)/Kerr,

where y is the orthogonal projection; ß and £ are restriction maps; r¡ is induced

by restriction and by the inclusion map Im <f> c»   0*; zj and r are induced by cp;

(Ker r)    is the orthogonal complement of Ker r in T^G.,   (9*0; p is the quotient

map; X is induced by p; and v is induced by r.  Since a is surjective, by the

open mapping theorem for Fréchet spaces, v~ lr¡ is well defined and continuous.

Let p: TA\GV ß") -*l\Gy nGp) be the inclusion map.   Then a = pifjX-^vfyß

satisfies the requirement.       Q.E.D.

(5.2)   Lemma.   Suppose O is a Stein open subset of C" and

0_ o>»_..._ Qpy£ Qpo

is an exact sequence on Q.   Suppose G is a polydomain in C" zïtzzî G CC iî.   // G
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z's locally strongly (im (p)-privileged, then the sequence

(*) 0-0"- -.-.0*1 -.0P°
G" G" G~

is exact on G~.

Proof.   Let g = Im rp.   Take x £ G~.   Clearly (*) is exact at x if x £ G.   As-

sume that x £ dG.   There exists a basis U of open neighborhoods of x in C

such that C H(J ¡s strongly g-privileged for U £ U.   The sequence

0 - B(G n u,  GPm)-a-^BiG nu, QP !) ~BiG n (/, n0"°)

is exact for 1/ € E (Ker otj = Im a2 follows from the injectivity of BÍG O U, §)—»

F(G n U, g)).   The lemma follows from the isomorphism ind lim^ eU BÍG nii,   0 ')

«(Ö^L)V for 0< i<m.      Q.E.D.
G      *

(5.3)   Proposition.   Suppose Q is a Stein open subset of C" and j~ is a co-

herent analytic sheaf on Q admitting a finite free resolution on Q.   Suppose G is

a polydomain in C" and G CC 0.   // G is locally strongly 5e-privileged, then G is

strongly 5e-privileged.

Proof.   Let 0 - ßPm-► n©P1 - n0p° - ? - 0 be the finite free

resolution of 5e on ß and let

G~ G~ G~

be induced by it.   By Lemma (5.2), (*) is exact.

Let fe = &G-).   For E £ g and 1 < p < m, denote by (p^ the map HE, 0p/i)

~T(E, O^i"1) induced by (f>w.   For E' C E in fe and 0 <p < m, denote the

restriction map HE, 0p/t) -» HE', 0Pl) by p(¿?£.   We are going to prove that

(*) is locally direct relative to fe.

Suppose x £ G~ and E e fe such that x e E.   We have to show that there

exists E' £ fe with x £ E' C E and for 0 < p < m there exists a continuous linear

•nap a«   • Y\E, 0P^ > - HE', 0^_+1) such that r3<wl)aW   ¿OhD =
(  j     P'.B ,c7 G £'        E'.E^£

Pg, grpgU"t"1^.   We distinguish between two cases.

(i)  x £ G.   We can assume that E C G.   Choose E' e fe such that x e E* CC

E.   Then the existence of a^     follows from Lemma (5.1).

(ii) x £ dG. There exists an open neighborhood U oí x in C" such that

(G n U)~ C E and G O U is strongly 5e-privileged. Choose E' efe such that

x £ E' C U.   We claim that cr/^     exists.   Fix 0 < p < m.   Let W = G O U.   Let
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ß: riW-, Gp>t+1) ~* riW~, GpHl) be induced by <p('i+1>.  Since Gfli/is strongly
Vr Vr '

J-privileged, there exists a continuous linear map y: r(W~, Gpft) ~* H"/-, O^1)

such that ßyß = ß.  Let W W

a:  HE, O^-ntV-, 0^)    and    r:  Hr, 0^')-* HE', Ö^+')
G" W" W" G~

be restriction maps.  Then a^y    =» rycr satisfies the requirement.

By Corollary (3.5) and Proposition (A.6), the sequence of Banach spaces

o - hg-, ©S - •. • - nc-, o"! ) - ne-, Gp° )
G" G" G

is direct-exact and Im 0 = I\G~, Im <p(1)).   Since HG-, 0*'_) is topologically

isomorphic to B(G, J)  ') for 0 < i < m, G is J-privileged.

Suppose / e HG", O"0.) and f\G e T(G, Im <p(1)).  To prove that G is

strongly J-privileged, we have to show that / £ Im 6.   Since Im 6 = IXG-, Im (ft   \

we need only show that fx £ (im f")    for x e dG.   Take x e <9G.   There exists

an open neighborhood U of x in C such that G Ci U is strongly J-privileged.

Let W=G HU.   Since f\W e F(W, Im (fo(1)), f\W~ belongs to the ¡mage of the map

r(W-, 6JL) - r(W-, 0*°_) induced by <p(1).   Hence fx £ (im cfo(1))x.       Q.E.D.

(6.1) Lemma.   Suppose G is an open neighborhood of 0 ¿72 C 227222' Vn, ••• ,

V     , are subvarieties in G such that dim V. < k (O < k < n).   Then there exists
72—1 k — —

Z2T2 opeT2 polydisc P 4 0  in C" centered at 0 such that P CC G £2722/ V. O r).   jP

= 0 /or 0 < 7e < 72.

Proof.   Use induction on 72.   The case 72 = 0 is trivial.   Identify C"       with

C" fl \z   = 0}.   Let V/_ j be the union of branches of V. 0\zn = 0\ of dimension

<k - I.   By induction hypothesis, there exists an open (72 - l)-dimension polydisc

P' 4 0 centered at 0 such that  P' CC G O |zn = 0!  and Vk' Cl o^jP' = 0  for

0'< k < 72 - 1.   For 8 > 0 let D^ be the open disc in C with center 0 and radius

»5.   There exists 8 > 0 such that  P' x Dg CC G and   WO (W/t+1P') x Dg) =0

for any branch W of Vk not contained in izn = o!.  Then P = P' x D s satisfies

the requirement.    Q.E.D.

(6.2) Proposition.   Suppose fl is a Stein open subset of C and J z's 21 co-

herent analytic sheaf on fl admitting a finite free resolution on fl.   Suppose G

is a bounded polydomain in C" and G CC fl.   // S. (j) O <9,   .G = 0 for 0 < k < n,

then G is locally strongly J-privileged and hence strongly J-privileged.

Proof.   Use induction on ?2.   The case 72 = 0 is trivial.   Take x e G and
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take an open neighborhood  U of x in C".   Let k be the largest integer such that

x e d, G.  We can assume w.l.o.g. that x = (z,, ..., z ) with z: £ dG. fot 1 <

i < k.   Let  x' = iz°y, ..., z£) and let

$-(*fkbt-#*Ix'jxC 77-fe

By induction hypothesis and Lemma (6.1), there exists a nonempty open (n - l)-

dimensional polydisc P centered at U,   j, • • •, z ) such that P C Gfe  j x • » •

x G , |x'i x P CC I/, and |x'| x P is strongly g-privileged.   By Proposition (1.4)

and (2.4), there exists an open neighborhood D of x' in C    such that D x P C U

and ((G, x • • • x G.) flD)xP is strongly J-privileged.       Q.E.D.

(6.3) Lemma.   Suppose Q z's an open subset of C" and V is a subvariety of

pure dimension k in ÎÎ.   Suppose G is a polydomain in C such that G CC ÎÎ.   //

V n r9,   ,G = 0; then V O G has only a finite number of branches.

Proof.   The cases where k < 0 or k > n are trivial.   We can assume that 0 <

k<n.   There exists G.' CC G. (l < i < n) such that, for   l<i<U, G.-iG'.)~ has

only a finite number of components and, for any distinct elements z'.,  •• •, Í.   ,

of |l, •• «, n\, the set

iizy, - • •, z) £ G~ n V\z. £ GT - G\    for i = i y, • •., z'¿+ y\

is empty.   Let

D¿ —i   = ^zl' '*•' z77^ e Glz¿ e G;-(G¿)~    for im i y, ..., z'fe¡.

Then, for any distinct elements z'., •, •, i.  of |1, ••., n\, the projection U.,

.«., z ) H» (z. , .,., z. ) makes D.      ,   O V an analytic cover over (G.   -
1 k 1 fe * 1

(G. )~) x ... x (G.   - (G.  )_).   Hence, it suffices to show that every branch of

V d G intersects some D.
H""k ,

Suppose W is a branch of V n G.   Let G =G,x.««xG.   We can choose

a polydomain C  in C" such that G' CC G    CC G and W O (G")~ ¿ 0.   By Lemma

(1.3), W n r}feG" 7^ 0.   Hence W intersects some D.   ^. .      Q.E.D.

(6.4) Proposition.   Suppose Q z's a Stein open subset of C" anil1 J   is a co-

herent analytic sheaf on fl admitting a finite free resolution on Q.   Suppose G

is a polydomain in C and G CC Q.   // Sfí) n dk  {G = 0 for 0 < k < n, then G

is J-privileged and there exist Xy, •,,, x, £ G such that the natural map BiG, î)

—>©'_, J   . is injective.

Proof.   By Lemma (6.3), we can choose x., . • •, x. £ G such that, for 0 <
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k < tj, every ¿-dimensional branch of G Cl S,(j) contains   some x..   The proposi-

tion follows from Proposition (6.2) and [7, p. 49, (2.3)].       Q.E.D.

7.   For a holomorphic Banach bundle E, denote by 0(E) the sheaf of germs

of holomorphic sections of E.

(7.1)  Lemma.   Suppose fl z's an open subset of C, E^1' is a globally triv-

ial holomorphic Banach bundle on fl (0 < i < m), and

(*) o-Efe)-Ä...-E<1>-±ÜB<°>

is a complex of bundle-homomorphisms on fl.   Let

W O-0(E(m))^i...-0(E(1))-^0(E(O))

be induced by (*).   Suppose G = Gj x • • • x G    is a polydomain in C" such that

G CC fl and every point of dG. is a peak point of BÍG ) for 1 < i < n.   Suppose

the following three conditions are satisfied.

(i)   For 1 < i < m and z° £ dnG, <p( 'J is direct.

(ii)  For l<i<m, the map BÍG, Eu^) — BÍG, E(l'-°) induced by cf>U) has

a closed image.

(Hi)   There exists an open neighborhood D of d G in fl such that the complex

(#) is exact on D.

Then the complex (*), when restricted to d G,  is exact.

Proof.   Use induction on 772.   The case ttz = 0 is trivial.   Assume ttz > 0.   Let

B*iG~, E"') be the Banach space of all sections of £"' over G~  which are con-

tinuous in G~   and holomorphic on G (0 < f < ttz).   Let ov1': B*ÍG~, E"     ') ~~*

B*iG~, E(''_1)) be induced by rp(f) (0< z< ttz).  Since B*(G~, EU)) is topologically

isomorphic to B(G. E(¿)) (0< i<m), Im 0(í) is closed in B*(G~, E^^1') (0<i< 772)

Fix z   = (zj, • • • , z ) e d G.   By induction hypothesis and (2.2), for some

open neighborhood U of z    in D, lm(fo   '\U is a holomorphic Banach bundle and

there exists a holomorphic Banach bundle F on U such that

(+) E(1)l(;= F ©(Im0(2)|(i).

Let a: F —» E(  '|i/ be the restriction of çS(1 .   We need only show that (Ker a) Q

= 0.   Suppose the contrary.   Then there exists e e F Q such that e 4 0 and

a 0(e) = 0.   Since E(1) is globally trivial, there exists / e B*(G~, E(1)) such that

f(z°) - e.   We have ?(1)(/Xz°) - a „(e) = 0.
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Since z.  is a peak point of BiG), there exists a function X. on GT which is

continuous on GT and is holomorphic on G; such that A¿(z¿ ) = 1 and |A.U.)| < 1

for z. £ GT - \z.\ il < i < n).   Let X = X. -- - X .   Let H be the fiber of the trivial

bundle E(  ' and let ||-||H be the norm of H.   The sequence <pl   iXßf) approaches

0 in B*iG~, E^0') as p —» », because, for any given f > 0, there exists an open

neighborhood W of z° in C" such that  |$( 1)(/)U)||H < ( for z e G" O W and

there exists pQ  such that

csup      |A(z)|Y7sup    ||^(1\/)U)||f/\<e
£G   -W /  \zeG

for p > p0.   Since <pv     has a closed image, by applying the open mapping theorem

to the map B*iG~, E(1))—»Im cS(1) induced by <p(1), we conclude that there

exists g^ £B*iG~, E(1)) (l < p < ») such that g   -> 0 in B*(G", E(1)) as p-»

» and <p(1)(gM) = # "(A'*/) (1 < p < »).

Let p: El  '|t/ —» F be the projection obtained from the direct sum decomposi-

tion (t).   Let ¡3: 0(E(1))|(7 -» ©(F) be induced by j8.   Since ft1^ - gfj) = 0,

we have

(V7- g)\G nUeHCni/, Ker <A(1))

for 1 < p < ».   Since the complex (#) is exact in D,

(A'V- g )|G n (/ e T(G n [/, Im <A(2))

forl<p<».   By (t),ß(lmfp(2 >|l/)- Im <p(2)|(L   Hence ßiiX^f - g )\G O U) = 0

for 1 < p< ».   Since ßiiX^f - g A\G~ ^ (7) is a continuous section of F over

G~ O (7, we have ßiiX^f - gß)\G~ n u) = 0 fot 1 < p < ».  Hence

ß   0igiz0)) = Xiz°)^ß  0(/(z0)) = e       (1 < p < »).
■z      ^ z

Since g   -» 0 in ß*(G", E(1)) as p -> », we have ß^g^)) -» 0 as p -» »,

contradicting that e / 0.       Q.E.D.

(7.2)   Lemma.   Suppose 0 —> ̂  —» J -» J\    » 0 z's an exact sequence of co-

herent analytic sheaves and sheaf-homomorpbisms on a Stein complex space

(X, 0),   Suppose y and J have finite free resolutions of length <m on X,   //

Y is a relatively compact Stein open subset of X,  then there exists a finite free

resolution of % on  Y of length < m -\ 1.

Proof.   First we make the following observation.   If



350 YUM-TONG SIU

o-K-0/i/-...-0'io-T-o,

o-K'-Ö^'--»O^-^-o

are two exact sequences of sheaf-homomorphisms on X, then there exist non-

negative integers p and p' such that K © 0^ Ä Jv © ©^   on X, because, by a

trivial modification of the proof of [A, p. 202, VI. F. 3], we can show, by using

Theorem B of Cartan-Oka, that the two sequences become isomorphic sequences

after we apply to each of them a finite number of modifications [4, p. 201, Defini-

tion VI. F. 1].

Construct the following commutative diagram on Y with exact rows and exact

columns:

0 0 0

I     i I
o — n —» Q'™-1->->oT°—► §-<>

■i I II

'1    i II
o Si¿ViAi...VA5!-.o

ii '   !0 0 0 0

By the preceding observation, for some nonnegative integer k, p, and q, there

exist sheaf-isomorphisms

a:   51© 0*  - 6»    and    ß:  % © Gk  - 0*    on  Y.

Define y: 51 @ Gk -» 1 © 0* by y(f © g) = Aj) © g for / © g e )IX © 0* and

x e Y.

We have the following finite free resolution of j( on Y:

o _ Gp 4>m + 1> Gq -2* 0Sm " * © 0fe

where £m+^= jSya" l; ?m. ,(fl © b) = rpm_ j(a) for a © í> e O^"1 © 0* and

x e Y; and gS^ is so defined that <£m/3(c © d) = <f>mAc) © d for c © d e \ ©

0* for x e Y.       Q.E.D.

(7.3)   Lemma.   Suppose S and fl are respectively open'subsets of C* and
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C, and rr: S x ß —* S is the natural projection.   Suppose

o^i+oi,'»^...^t+0pi     ^o^y-o
•jfe+7» fe+71 *+7l

z's an exact sequence of sheaf-homomorphisms on S x ÎÎ.   Suppose s £ S and K is

a compact subset of ß admitting a basis of Stein neighborhoods in ß.   // Ker rp0

is rr-flat on \s\ x K and 5e z's rr-flat on \s\ x dK, then, ¡or some open neighborhood

Q' of K in ß, Sis) admits a finite free resolution on ß'.

Proof. Let § = Ker <pQ. Since g is zr-flat on {s! x K and K has a basis of

Stein neighborhoods in ß, there exists a Stein open neighborhood 0" of K in Û

such that

o-fctll0S*>-..-.-. fct„0'K.)-.§(.)-.<>

is exact on 0".  Hence y(s) admits a finite free resolution on ß '.  Consider the

sequence

§U)-2^+(0*QU)_»?ís)-»0.

Since 5e is 77-flat on |s! x dK, the support of Ker a is disjoint from dK.   For

some relatively compact Stein open neighborhood ß* of K in ß ,   the support of

Ker a|ß* is a finite set.   Ker a|ß* can be trivially extended to a coherent an-

alytic sheaf on C".  Hence Ker a admits a finite free resolution on ß*.   By ap-

plying Lemma (7.2) to the two sequences on ß*:

0 -» Ker a -* gU) -> Im a -* 0,

O^Ima-, k+ß"0is) - fts) -* 0,

we conclude that 5c(s) admits a finite free resolution on any relatively compact

open neighborhood ß   of K in ß*.       Q.E.D.

(7.4)   Lemma.   Suppose ß z's a Stein open subset of C" and J   is a coherent

analytic sheaf on ß admitting a finite free resolution on ß.   Suppose G is a poly-

domain in C": such that G CC ß and G is 5e-privileged.   If nG x —» n©     —» J

is an exact sequence on ß, then the map $: BÍG, n©9 ) —» BÍG, nGq° ) induced

by iff is direct.

Proof.   Let

0^ o*™-»-» QPlt  Qp°-,7^o
H 71 77
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be the finite free resolution of  j" on Q-   By a trivial modification of the proof of

[4, p. 202, VI. F. 3], we can construct the following commutative diagram on fl:

0*1 ©  0rf©  0¿'-  0*° ©  0rf
72 72 72 72 7Z

I» Ï»
GPl © 0e © 0e'— GP° © Ge,

n n n n n      '

where <Aa © ¿> © c) = ^(a) © è for zz © è © c e   Gql ©   0d © 0¿' and x efl;
7/71 Tl      X n      X

and Af © g © h) = çS(/) © g for / © g © h e ¿d^1 © n©* © n©*'   and    x e fl.

Since G is J~-privileged, the map ß(G,   O''1) — ß(G,   0PO) induced by cp is

direct.  Hence, from the commutative diagram above, we conclude that iff is direct.

Q.E.D.

(7.5) Lemma.   Suppose S and fl are respectively Stein open subsets of C*

and C and J  is a coherent analytic sheaf on S x fl admitting a finite free re-

solution

0_     o'»_-... 0*1-.. 0*°-t--o
k+n 7e+7i k + n

on 5 x fl.   Suppose s e S and G is a relatively compact open subset of fl,   // the

sequence

(*)       0 - BUG, k+G"m(s)) - ... - B(G, k+GPlis)) - BiG, k+GP°is))

is exact, then J~ is rr-flat on \s\ x G, where n: S x fl ~* S is the natural projec-

tion.

Proof.   We need only show that the sequence

is exact on G.   This follows from the exactness of (*),  because, for I < i < m,

r(fl,Ker<p;) generates Ker <p¿ on fl.       Q.E.D.

(7.6) Proposition.   Suppose fl is a Stein open subset of C" and J is a co-

herent analytic sheaf on fl admitting a finite free resolution on fl.  Suppose

G = G. x « • - x G    is a polydomain in C" such that G CC fl and every point of

dG. is a peak point of BÍG ) for 1< / <«.   If G is weakly J-privileged, then

S AS) n dk+lG - 0 for o < k < 72.

Proof.   We can assume w.l.o.g. that fl is a polydomain flj x ••• x fl  .   Let
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(*) o-» 0^-^.-~ 0Pl^ 0P°^^-»o

be the finite free resolution of J   on fl.   We are going to prove the proposition by

induction on m.   The case ttz = 0 is trivial.   Suppose m > 0.   Let b = Ker aQ.

Since G is weakly J-privileged, G is weakly y-privileged.   By induction hypothe-

sis, Ski§) D dk+1G = 0  for 0 < k < n.

For distinct elements i., • • •, i.   of Í1, • • • , n! let rr.      . : C"'—» C    be the
l k i\---ik

projection defined by

ni  ...,■ U,, • • •, z ) = (z   ,.-.., z. ).
!l    'k    l 1 k

For s = iz. , • • • , z. ) e ß.   x • • • x ß. , denote the sheaf

ß Cl 77" 1   . is)
ll'"'k

by J .       . (s), and denote the set
z I '"ik

\izy, -. ■, zb) e C"|z. = z? for » = z'r • • •, z'fe;

z. e G. for j 4 iy, ••••. 'k\

by Giv..ikis).
We are going to prove the following (a)fe and (b)fe for 1 < k < n + 1 by de-

scending induction on k.

(a), 5e is zr.      .  -flat on C" n t?" '   . (r9G.   x • • • x r?G. ).
k A-'k A-'k      A 'k

For s e dG.   x • •• x <9G¿ ,
(b), 'l k

k Sl'f.       . (s))n (9...G.       . (s)=0    forO</<n-£
Z     Zj-'-z^ /-<-l    i,-tt

Since (a)    .   and (b)    y  ate vacuous statements, it suffices to prove the following

statements.

(I)   (a)t + ,   and (b)A+1  - (b\.

ill)  (a)fc+1  and (b)t -»(a)fc.

To prove (I), we can assume that /   = p for 1 < p < k.   Take 1 < I <n — k

and take s* £ dfiy^^is).   We can assume w.l.o.g. that s* = Uj. • • •, z ) with

z¿ e dGi tot k + 1 < i < k + I.   We have to show that s* ¿ S^jU'j,   ,(s)).   Suppose

the contrary.   Then the homological codimension of J, , ,(s) at s* is < /- 1.

Since, by (a)fe+1, J  is Ky-#.^  t)-flat on f?Gj x • • • x c5Gfe  y x G^" 7 x • • • x G~,

it follows that zfc  j - zk  .  is not a zero-divisor for Jliiit(s) at s*.   Let s' =
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(zy> .. • , zfe+1).   Since

7l-(7s + 1){S>) * 3:i-fe(s)/(zfe+ 1 - ZU fíl-kf-3''

we conclude that the homological codimension of J|ii)(,   j/s') at s* is < /- 2.

However, since s* e ^/_iG1...(fe+1)(s'), it follows from (b)k ¡, that s* ¿

^/-2^l...(fc+i/s'"*   We nave a contradiction.   (I) is proved.

To prove (II), we can again assume that i   = p tot 1 < p < k.   Let G' = Gj x

• • • x Gk and G" = Gfe+1 x • • • x Gn.   Let EU) = BÍG", „©^Iflj x • • • x Q¿ for

0 < i < m.   Let

(#) 0 - E<»>Ä ...Ä Eü>-*ülE(0)

be induced by (*).   We will apply Lemma (7.1) to (#) to obtain (II).

In the rest of this proof, for s £ d G'', j(s) stands for Jj.   ,(s).  j"(s) is regarded

as a sheaf on A^.j x ■ • • x fl .  g(s) and    0 As) have meanings similar to Sis).

Since 5¿(g) n 5. j G = 0  for 0 < ' < n, it follows from Proposition (1.4) that

(t) g is TTj.^-flat on (dkG') x (G")-

and

(tt) SA§(s)) O (9/+1G" = 0    for 0</<72-fe and s e r)feG'.

By Proposition (6.2) and (tt),

(**) G" is strongly §(5)-privileged for s € dfeG'.

By (2.4) and (t), there exist Stein open subsets Uy, • • • , Uf of C* such that

d. G' C U'_i  U.    and D x G" is strongly g-privileged for any open subset D of

any (/..

We claim that the complex

0 - ^(»lÄ-» 0(E(1)) -^ 0(E(O>)

induced by (#) is exact on  Ur_j l/,-.   To verify the claim, take  1 < / < r and open

subsets DCQ D'C U..  Take /' e T(D', C(E(/))) for some 0 < i < m such that

i/z(l)(/') = 0.  f'\D corresponds uniquely to an element / £ B(D x G", nG ') and /

satisfies a.(f) = 0.   If 2 = ttz, from Ker am = 0 it follows that / = 0 and f'\D = 0.

If  1 < 2 < 772,  since D x C is strongly g-privileged, the sequence

BiDxC, nQPi+1) - BiDxG",   QPi) -*BiDx C, fl1-1)

induced by (*) is exact (the exactness for the case i = 1 comes from the injec-
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tivity of the natural map BÍD x G", g) —» TÍD x G", §)). Therefore there exists

g e BÍD x G", G l+ ) such that a. yig)= f. g corresponds uniquely to an ele-

ment g   £ TiD, 0(E(i+1))).  >>(,+1>(gî = f'\D.   The claim is verified.

Next we claim that iffj   is direct for 1 < i < m and s e <^,G'.   By virtue of

(**), we need only verify that ifZ-J' is direct for s £ dkG'.  Fix s £ afí'.  Since, by

^fc+l» ^ is ul...ki'aat on G~ ° n~\.-kPG\ x " ''x ^Gfe x dG) tot k+ l<i<n, it

follows that

(?) ? is zr^.^-flat on ¡s{x(9G".

By (t) and Lemma (7.3), Ais) admits a finite free resolution on an open neighbor-

hood of (G")_ in ß^ , j x • • • x ßß.   By applying Lemma (7.4) to the exact sequence

QP\s)^   0P°(s) - 7(s) - 0
77 77

on ß. , x ••• x ß , we conclude from (b), and Proposition (6.2) that iffg is

direct.

Since G is weakly J-privileged, for 0 < i <m the map BÍG , E    ) ~*

BÍG', E"-1') induced by (p      has a closed image.   By Lemma (7.1), the sequence

(#), when restricted to any point of <?feG', is exact.   It follows from Lemma (7.5)

and CO that (a)¿ holds.  (II) is proved.

The proposition follows from (a)j, • « •, (a) .       Q.E.D.

8.

(8.1)   Proposition.   Suppose ß is an open subset of C" and J   is a coherent

analytic sheaf on ß admitting a finite free resolution on ß.   Suppose G is a

polydomain in C" such that G CC ß.   // G is semilocally weakly J-privileged,

then G is weakly J-privileged.

Proof.   Let

o- GPm^-» 0Pl t Qp°->cf->o
77 77 77

be the finite free resolution of J on ß. We prove by induction on tzz. Let g =

Ker <p. By induction hypothesis and Propositions (7.6) and (6.2), G is locally

strongly ^-privileged.   By Lemma (5.2), the sequence

(*) o-»©'™ -h-,0Pi   toPo
G G~ G~

is exact on G~.   Since BÍG, n©P0 « TÍG~, GPL) for i = 0, 1, to finish the

proof, we need only show that the map ^: T(G_, C   _) —» TiG~, G   _) has a
G G

closed   image.
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Suppose / e (im iff)   .   Since G is semilocally weakly J~-privileged, there ex-

ist open subsets  l/j, • • • , l/fe of C such that dG C U*_! U. and G O (J. is

weakly J~-privileged (1 < i < k).   For 1 < i < k let   a.: BÍG Ft (/.,   0"1) —

ß(G n {/., nGP0) be induced by <p.   f\G O J_/¿ e Im af for 1 < z < k, because f\G

n U. e (Im af)~ and Im a. is closed.   It follows that f\G~ n z7. e T(G~ n (7., Im ̂ )

for 1 < i < k.   By [A, p. 85, II.D.3], f\G e T(G, Im iff).  Hence / e HG", Im iff).

By Corollary (4.7) and the exactness of (*), / € Im iff.       Q.E.D.

(8.2) Proof of Main Theorem.   The Main Theorem follows from Propositions

(6.2), (6.4), (7.6), and (8.1).

(8.3) Remark.   The Main Theorem does not hold in its full strength if the fol-

lowing condition is not included in its hypotheses:

(*) Every point of dG. is a peak point of ß(G.) for 1 < i < n.

A trivial counterexample is the following:   Let A be the 1-dimensional open unit

disc and let A' = A - [0, 1).   Let G = A' x A' and 5e be the maximum sheaf ideals

on C    whose zero-set is Í0¡.   Sj(j~) O d2G 4 0, but G is strongly J-privileged,

because ß(A' x A', 2©) « ß(A x A, 20).

However, without (*) some implications of the Main Theorem still hold, e.g.

(i) "■* (ii), and (i) =» (vi).

9.  Finally we conclude this paper by a simple proposition concerning extending

uniformly continuous holomorphic functions on a subvariety of a polydomain to the poly-

domain.  This proposition follows easily from arguments analogous to those given in [6]

and from the preceding results and techniques of this paper.

(9.1)   Proposition.   Suppose G is a bounded polydomain in C, fl is an open

neighborhood of G~ in C",  and iX, ü„) z's a subvariety of pure division r in

fl endowed with the reduced complex structure.   Suppose the following three con-

ditions are satisfied.

(i) xndr+1c = 0.

(ii)  Sk(Gx) C\dkG = 0  for l<k<r.
(iii) // i., • • • , i are distinct elements of 11, • • • , n\ and x = (zj, • • • , zr)

£ G~ n X such that z. e dG. for i = fj, • • • , /,., then the map C" — C defined

by (z,, . -. , z ) ►"-» (z.  , • • • , z. ) maps some open neighborhood of x in X hi-
•^1 72 Z \ If

holomorphically onto an open subset of C.

Then B(G, ©x) z's canonically topologically isomorphic to the Banach space of

all uniformly continuous holomorphic functions on G O X.

There is an analog of Proposition (9.1) for uniformly bounded holomorphic

functions.
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Added in proof.   According to the Autorreferat written by G. Pourcin for the

Zentralblatt für Mathematik (Vol. 211 (1971), p. 395), Douady has obtained, at the

same time as I, a proof for Corollary (0.7).
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