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CHARACTERIZATION OF PRIVILEGED POLYDOMAINS
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ABSTRACT. This paper gives a number of equivalent conditions for a
bounded polydomain to be privileged with respect to a coherent analytic sheaf
in the sense of Douady. One of the equivalent conditions is in terms of the
homological codimensions of the sheaf at the boundary of the polydomain. In
the case of a polydisc, this condition about homological codimensions coin-
cides with a conjecture of Douady. The other equivalent conditions concern
some weaker concepts of privilegedness and the existence of privileged sets at
the boundary.

0. In this paper we give a number of equivalent conditions for a bounded
polydomain (with reasonable boundary) to be privileged with respect to a coherent
analytic sheaf in the sense of Douady [1]. One of the equivalent conditions is
in terms of the homological codimensions of the sheaf at the boundary of the
polydomain. In the case of a polydisc, this condition about homological codimen=
sions coincides with a conjecture of Douady. The other equivalent conditions
concern some weaker concepts of privilegedness and the existence of privileged
sets at the boundary.

To state the results, we have to introduce some notations and definitions.
For a subset E of a topological space, E~ and JE denote respectively the
topological closure and the topological boundary of E. "e denotes the sheaf of
germs of holomorphic functions on C”.

(0.1) For a bounded open subset G of C”, denote by B(G) the set of all
uniformly continuous holomorphic functions on G. B(G) is a Banach space and
is topologically isomorphic to the Banach space of all functions continuous on
G~ and holomorphic on G.

(0.2) Suppose Q is a Stein open subset of C”, G is a relatively compact
open subset of @, and F is a coherent analytic sheaf on Q. Suppose F admits
a finite free resolution on Q, i.e. there exists on £ an exact sequence of sheaf-
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homomorphisms of the form:
14 14 14
O—-»"@’”—...._.nﬁl—»"ﬂo—.ff_.o,

Let

(* 0 = Be)™ 2, ... 22, Pt ZL g

be induced by the preceding sequence. We introduce the following definitions of
privilegedness.

(i) G is said to be weakly ?-prwzleged if (*) is exact and Im a, is closed
in B(G)?°.

(ii) G is said to be F-privileged if (*) is direct-exact, i.e. (*) is exact and,
for 0<i<m, Ima,  is closed in B(G)** and there exists a closed subspace
E; of B(G)p' such that B(G) = E;®Ima,,,.

(iii) G is said to be strongly ?-prwzleged if (*) is direct-exact and the nat-
ural map Coker a;, — I'(G, ¥) is injective.

I G is weakly F-privileged, define B(G, F) to be Coker a,.

These three definitions of privileged sets and the definition of B(G,J) are
independent of the choice of @ and the choice of the finite free resolution of ¥
on , because, by using Theorem B of Cartan-Oka, we can easily prove that any
two finite free resolutions of F on a given Stein open subset of Q become iso-
morphic finite free resolutions after we apply to each of them a finite number of
modifications [4, Definition VI.F.1], i.e. after we apply to each of them a finite
number of times the process of replacing it by its direct sum with some finite
free resolution of the zero-sheaf which has only two nonzero terms (cf. [4, p. 202,
VLF.3).

Note that B(G, C?)=B(G)".

In the case where G is a polydisc, the definition of G being ff-pnvdeged
agrees with the definition given by Douady {1, p. 54, §7, Definition 11,

We introduce the following definitions of local privilegedness for bounded
open subsets of C":

(iv) G is said to be locally weakly ¥-privileged if every point of G admits
a basis U of open neighborhoods in C” such that G N U is weakly F-privileged
for every U € U

(v) G is said to be locally F-privileged if every point of G admits a basis
1 of open neighborhood in C” such that G NU is ?vptivileged for every U e W,

(vi) G is said to be locally strongly ¥-privileged if every point of 9G ad-
mits a basis 1l of open neighborhood in C” such that G N U is strongly F-priv-
ileged.
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(vii) G is said to be semilocally weakly ¥-privileged if every point of 9G
admits an open neighborhood U in C" such that G N U is weakly ?-privileged.

(viii) G is said to be semilocally F-privileged if every point of G admits
an open neighborhood U in C” such that G NU is F-privileged.

(ix) G is said to be semilocally strongly F-privileged if every point of 9G
admits an open neighborhood U in C” such that G NU is strongly ?-privileged.

(0.3) A bounded open subset G of C" is called a polydomain if G =G, x
+++x G, and each G, is a connected open subset of C(1<i<n). For 0<k
< n, the boundary of order k of G, denoted by akG, is defined as the set of all
(zl, ceey zn) € G~ such that z; €JG; for at least k distinct values of i. Note
that d,G =G, 9,G = 9G, and 9,G is the distinguished boundary of G.

(0.4) For a bounded open subset D of C, x € dD is said to be a peak point

“of B(D) if there exists / € B(D) such that the continuous extension g of f to
D~ satisfies g(x)=1 and |g(y)| <1 for y € D™ - {x}.

If D equals the interior of D~ and there exists d > 0 such that every com-
ponent of C - D™ has diameter > d, then every point of D is a peak point of
B(D) [3, p. 205, VIIL4.4].

+(0.5) For a coherent analytic sheaf F defined on an open subset @ of C?,
denote by § k(ff) the set of all points x € Q such that the homological codimen-
sion of 3"" over nOx does not exceed k. § k(g") is always a subvariety of di-
mension < k in @ (see e.g. [7, p. 31, (1.11)]).

Now we are ready to state the results.

(0.6) Main Theorem. Suppose Q is an open subset of C* and F is a co-
berent analytic sheaf on Q admitting a finite free resolution on Q. Suppose
G=G,x+++xG,_ is a polydomain in C* such that G CC () and every point of
G, is a peak point of B(Gi) for 1< i< n. Then the following eleven statements
are equivalent.

() $,(F)nd, .G=g for 0<k<n.
(ii) G is F-privileged and there exist Xyseee9x, €G such that the nat-
ural map B(G,F)— @?.1 ¥, . is'injective.
(iii) G is strongly ?-prtivz'leged.
(iv) G is F-privileged.
(v) G is weakly F-privileged.
(vi) G is locally strongly F-privileged.
(vii) G is locally F-privileged.

(viii) G is locally weakly ¥ -privileged.

(ix) G is semilocally strongly ¥-privileged.
(x) G is semilocally F-privileged.
(xi) G is semilocally weakly F-privileged.
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(0.7) Corollary. Suppose P is a bounded open polydisc in C" and Fisa
coberent analytic sheaf defined on some open neighborbood of P=. Then P is
F-privileged if and only if Sk(f}:) N ak“P =g for 0<k<nm.

The *‘if”’ part of Corollary (0.7) has also been proved by Pourcin [5]. Results
similar to the ‘‘if”’ part of Corollary (0.7) have been proved by Douady-Frisch-
Hirschowitz [2] for privileged sets which are defined by means of the Hilbert space
of square-integrable holomorphic functions instead of the Banach space B(G).

In this paper all topological spaces are assumed to be Hausdorff and have
countable bases. N, denotes the set of all nonnegative integers. Unless speci-
fied otherwise, the coordinates of C* are denoted by z;,«++,z,. If U={U} is
an open covering of a topological space X and ¥ isasheafon X and £ €
c?@,%), then in"‘ip el(u; N...nU,. F) denotes the value of ¢ at the sim-
plex (io, ceey ip) of the nerve of U. A continuous linear map f: E — F of Fré-

chet spaces is called direct if Im [ is closed in F and there exist a closed sub-
space E' of E and a closed subspace F' of F such that E'®Ker [ = E and
F'® Im [= F. A sequence of continuous linear maps of Fréchet spaces is called

direct-exact if it is exact and if each map in it is direct.

1.

(1.1) Suppose R is a local ring with maximal ideal m and M is a finitely
generated R-module. A sequence f;,-++,f, €m is called an M-sequence if f;
is not a zero-divisor for M/zij’:i /’.M for 1< i<k

(1.2) Suppose S and Q are respectively open subsets of Ck and C". Let
#: Ck x C* — CF be the natural projection. Suppose J is a coherent analytic
sheaf on Sx Q. For x €SxQ, F is said to be n-flat at x if ?x as a keﬂ(x)-
module is flat over ¢ |

kmix) k 0 0

Let t,,+-+, ¢, be the coordinates of C* and ml(x) = (tl’ ceey tk). Then ¥
is m-flat at x if and only if | = t(l). ceesty - tz form an gx-sequence.

F is said to be 7-flat on a subset E of §x Q if ¥ is m-flat at every point

of E.

(1.3) Lemma. Suppose G is a bounded polydomain in C* and V is a sub-
variety of some open neighborhood of G~ in C". If dim V >k for some x € G~,
then VNI, G# .

Proof. We can assume without loss of generality (w.l.o.g.) that V is pure-
dimensional. We use induction on k. The case k=0 is trivial. Suppose &>
0 and V N9,G = &. Since by induction hypothesis V N 3J,_,G # &, by re-
ordering the coordinates of (", we can assume that there exists z0= (z;’,u-, z:)
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€G- V suchthat 20 €dG, for 1<i<k-1. Let 2'=(z0,--+sz0_y).
It follows from V N akG = & that

Vﬁ({z'lx&(Gka-uxGn)):ﬁ.

By (4, p- 106, I11.B.17], for some open neighborhood D of (G,e X oo X G")_ in
C" %+l dim Vv N({z'} x D)< 0. Hence the dimension of the subvariety

f(zl, ceey, zn) € V|zi= z? for 1<i<k-1}
at z° is 0. This contradicts dim_o V> & [4, p. 115, II.C.14]. Q.E.D.

(1.4) Proposition. Suppose G is a bounded polydomain in C" and F is a
coberent analytic sheaf defined on some open neighborbood of G~. Then the fol-
lowing two conditions are equivalent.

(@ $5,)N 3, ,,G= & for 0<k<n.

Gi) If 2% = (z(l), ceey zg) €G™ and iy, ++-, i, are dist;’nct elements of {1,

0 . .
oo, n} such that z; eaGi for i=1iseesi,, then z; RERRLEEE

0
i -z form

k
an ffz o-Sequence.

Proof. (ii) = (i) is trivial. Suppose (i) holds. We use induction on k to
prove (ii). We can assume w.l.o.g. that i,=p for 1< p<k

Consider first the case where k= 1. Suppose z, - z(l) is a zero-divisor for
¥ or BY (7, p. 40, (1.18)], for some p > O there exists a p-dimensional branch V
of SPG) such that z% € V.C {29} x C*~ 1. By applying Lemma (1.3) to the sub-
variety V and the (z - 1)-dimensional polydomain {z?} xG,x++xG, , we con
clude that V intersects the boundary Z of order p of the (n — 1)-dimensional poly-
domain {z(l’} x Gy x +++x G . This contradicts SP(S‘.) nda

p<nand ZC GMIG.

The case where &£ > 1 is obtained by applying the induction hypothesis to the
sheaf (?,"(zl - z?ﬁ)ﬂz?} x C"=1 and the (n - 1)-dimensional polydomain {z‘:} X
G,x--+xG. QE.D.

p“G = &, because

2. In §2 we gather together a couple of simple facts we need about holomor-
phic Banach bundles and their applications. These facts are treated in much
greater generalities and details by Douady in (1L

(2.1) For Banach spaces E, F, we denote by L(Eo, Fo) the Banach space
of all continuous linear maps from E; to F.

Suppose S is an open subset of C” and E is a holomorphic Banach bundle
on S with fiber E;. For s €S we denote by E_ the fiber of E at s. For any
open subset U of §, we denote by E|U the restriction of E to U.

Suppose G is a relatively compact open subset of S. A continuous section f
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of E over G is said to be uniformly continuous if, for every open subset U of §
for which there exists a trivialization a: E|U S Ux E o and for every relatively
compact open subset W of U, the function paf|W is a uniformly continuous func-
tion from W to Ej, where p: Ux E; — E is the natural protection. A section

of E over G is uniformly continuous if and only if it can be extended to a con-
tinuous section of E over G~. Denote by B(G, E) the Banach space of all holo-

morphic sections of E over G which are uniformly continuous.

Suppose F is a holomorphic Banach bundle on § with fiber F;. A map y:
E — F is called a bundle-homomorphism if, for every open subset U of § for
which there are trivializations a: E|U S Ux E and B: F|US U x F, there
exists a holomorphic map A(-) from U to L(E;, F;) such that (Bya~™!Xs, x) =
(s, A(s)x) for s €U and x € E. For any open subset U of S, we denote by y|U
the bundle-homomorphism E|U — F|U induced by y. For s €S, we denote by y, the
map E,— F_ induced by y.

A bundle-hémomorphism y: E — F is called direct if both Kery and Im y
are holomorphic Banach bundles on § and there exist holomorphic Banach bundles
E' and F' on S such that E=E' @ Kery and F=F' ® Im y. A sequence of
bundle-homomorphisms is called direct-exact if it is exact and each bundle-homo-
morphism in it is direct.

(2.2) Suppose
0— Em &, pm-1) _, .., _ O

is a complex of bundle-homomorphisms of holomorphic Banach bundles on S. If
for some s; € § the sequence
9so
0— B S0, ptm=1) _, .. _, (O
S0 o o
is direct-exact, then there exists an open neighborhood U of s, in S such that
the sequence

0 _,E(m)'u '-"E(m-l)IU—-b oo — E(O)IU

is direct-exact.

To prove this, it suffices to prove the case where m =1 and ED, E©) are
both trivial bundles. Let H be a closed subspace of Eg%) which complements
Im 6 0° Let 0: E‘V @ (5 x H) = E©) be the bundle-homomorphism induced by
0 and the inclusion map

SxHO(SxH) @ (SxIm0, )= E©,
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The existence of U follows from the fact that, for some open neighbothood U of
sy in §, olU is a bundle-isomorphism (i.e. there exists a bundle-homomorphism
which is the inverse of 0]U), which, in turn, follows from the fact that, if P isa
Banach space and A(-) is a holomorphic map from § to L(P, P) such that A(s,)
admits an inverse A(s))~! in L(P, P), then there exists an open neighborhood U
of s, in § such that, for s € U, A(s) admits an inverse A(s)~! in L(P, P) and
the map s > A(s)™! is a holomorphic map from U to L(P, P).

(2.3) Suppose S.and Q are respectively open subsets of C* and C?, and
is a coherent analytic sheaf on S x Q. For s = (t?, ceey tg) €S, we denote by
F(s) the sheat F/3% (1, - 19)F, where #,, -+, t, are the coordinates of Ck.
F(s) can be regarded in a natural way as a sheaf on Q.

For any positive integer p, we denote by B(Q, & M@p ) the trivial Banach
bundle on S whose fiber is B(Q, nCP ).

(2.4) Suppose S and Q are respectively Stein open subsets of C* and C”,
and 7: Sx Q — S is the natural projection. Suppose J is a m-flat coherent ana-
lytic sheaf on § x Q admitting a finite free resolution

o1, 070 =F =g

)
m
O —eeim ) k+n

(x) 0—

on §Sx ). Suppose s €S aad G is a relatively compact open subset of @ such
that G is ?(s)-privileged. Then there exists an open neighborhood U of s in §
such that D x G is F-privileged for every relatively compact open subset D of
U. Moreover, if G is strongly f}'(s)-priviliged, then U can be chosen so the D x
G is strongly F-privileged for every relatively compact open subset D of U.

To prove this, consider the following sequence of bundle-homomorphisms in-
duced by ():

#) 0 —B(G.

o, p »
) k+n® ) — «.¢« = B(G, k+n® 5 B(G, k+n® 0),

Since G is ?(s)-privileged and since by the 7-flatness of  the sequence

0— “"Op”'(s) — eee — GP I(s) - k_,_nopo(s) - F(s)—> 0

ktn

induced by () is exact, we conclude that the sequence (#), when restricted to
the singleton {s}, is direct-exact. By (2.2) there exists an open neighborhood
U of s in § such that (#) is direct-exact on U. Our assertion follows from the
fact that B(D, B(G, ,, €%)) is topologically isomorphic to B(D x G, ,, 0%
for any relatively compact open subset D of U (0< i< m).

3.

(3.1) Suppose X is a topological space. A sheaf J of C-vector spaces on
X is called a Fréchet sheaf if the following two conditions are satisfied.

(i) For any open subset W of X, I'(W,J) carries a Fréchet space structure.
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(ii) For open subsets W' C W of X the restriction map I'(W, F) = (W', F)
is continuous.

If U is a countable open covering of X, then C?(1,F) has a natural Fréchet
space structure.

If § is another Fréchet sheaf on X, then a sheaf-homomorphism ¢: G—F
is called a Fréchet-sheaf-homomorphism if for every open subset W of X the map
(W, 8) = I'(W, ¥) induced by ¢ is continuous.

The kernel of a Fréchet-sheaf-homomorphism is a Fréchet sheaf.

(3.2) Suppose X is a topological space. A collection & of open subsets of
X is said to be a superbasis for the topology of X if

(i) & is a basis for the topology of X, and

(ii) for any E €& and any compact subset A of E there exists E' €&
such that AC E'CCE.

A Fréchet sheaf F on X is said to be constructively fine relative to & if
for every pair E' CC E of members of & and every finite covering 1 of E by
members of & there exists a finite covering 1’ of E’ by members of & which
refines Ul and there exists for p > 1 a continuous linear map

a: zM(1, F) - -1, F

such that 8a is the map Z?(1,F) — z?(U',F) induced by the refinement map
W' —> 1, where 8: c?~1(U',F) — z?(U', ¥) is the coboundary map.

(3.3) Suppose X is a topological space and & is a superbasis for the topol-
ogy of X. Suppose

(*) 0_.9 ¢(2. ¢,(2) @ ¢(l) ®
n -1 *~0

is an exact sequence of Fréchet-sheaf-homomorphisms on X.

Introduce the following notations: For every pair E' CC E of members of
&, denote by ¢g’> the map I'(E, g;‘) — I'(E, ‘&)p.-l) induced by M, aad de-
note by p(é") g the restriction map I'(E, 53#) - (e’ fﬂ).

The seq.uence (%) is said to be locally direct relative to &iffor xeEeb
there exists, E' € & with x € E' C E satisfying the following condition:

There exists a continuous linear map a;:f‘,)'E: I(E, .(3#) - N, ?'M, D

(#)
for 0 <p <n such that qS;:”f l)a.fz.“,) Eng” n_ pg‘) Ed,(éu* D,

The sequence (*) is said to be globally direct relative to & if for every pair
E' {C E of members of & the condition (#) holds
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(3.4) Proposition. Suppose X is a topological space and

¢(n) ¢(2) ¢(l) ©
00— En cee S",l — g

is an exact sequence of Fréchet-sheaf-homomorphisms on X. Suppose & isa
superbasis for the topology of X and E is constructively fine relative to & for
0< < n If the sequence is locally dzrect relative to &, then

(i) the sequence is globally direct relative to & and

(ii) for every pair E' CC E of members of & the image of the map T(E' ’gl)
= IE’' ’go) induced by ¢'1) contains the image of the restriction map
I(E, Im ¢'1)) > I'(E’, Im ¢1)).

Proof. By adding a zero term to the left of the sequence, we can assume
w.l.o.g. that ian = 0. In this proof we use the notations of (3.3) and the following
notations: The letter E (with or without primes) denotes always an element of
é. ag.”;) g always denotes a map satisfying (#) of (3.3). For a collection U of
open subsets of X and a sheaf J on X, 8?(1, ) denotes the coboundary map
c?(U,F) = c?+1(1, F). 1f U’ is another collection of open subsets of X which
refines 1l by means of an index map 7, then 7?(0’, U,¥) denotes the map
zp(U, F) — z?(1', F) induced by 7.

Let Q =Im ¢™*D (0< p< n) and, for E'CE, let rE. g denote the re-
striction map I(E, Q ) —=TI(E', Q ).

Since S? is constmctxvely fme relative to &, the restriction map HY(E, £ )
—HYE', £ ) is 0 for E'CCE,v>1, and 0< < n. From this we conclude
that

a) Imr CIqu('“”) for E'CCE and 0<p<n

Conclusion (ii) of the proposition is proved.

We are going to prove that QO is a Fréchet sheaf by showing that I'(E, 90
is closed in T'(E, & o) for all E. Suppose f eI(E, f ) belongs to the topological
closure of I'(E, Qo) For x € E we can find x C E' C E"CC E such that aE,) B"
exists. By (A), ¢(1) maps a(o,)E.p(gl gl to PE' gf- Hence f, e(@o e Qo
is a Fréchet sheaf.

We are going to prove the following:

For x € E there exist x € E' CE and a continuous linear map
B) B NES)-TE, R, ) for 0<p<n
such thar {4 l)ﬁg‘)’ =g
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We can find x € E' C E"CC E such that a(é‘? g exists. By (4), E' g=
a( [ Enf(E/J;o)E satisfies (B).

For the rest of this proof, B g denotes always a map satisfying (B).

We are going to prove the followmg two satements for 0 < p<n by descending

induction on p:

(C)# Bg"',)E exists for E' CCE.
(D)# 8 u is constructively fine relative to &.

Since S? =0, (C),_, and (D),_, are trivial. Assume that p<7n~-1 and that (C),, and
D), hold Ve first prove (C),. Fix E'CC E. Take E'CC E"CCE. We can
find U, b, 1 < i<k, such that E"c Uk 1 U;CE and B("‘)E exists. By re-
placmg U, by U; N E" and replacing ﬂ{, £ by p([;‘*’gg. UﬂEJ#)E' we can as-
sume that E Uz-l U;. Let

0= {Ui}§=l and Bi= ﬁs"/?-”"

Define

& IEG) - z8, 8, )
by

£ ;= BN - BIMIU; N U;

for 1<i, j<k. By (D) R there exists a finite covering U’ = {U }5-1 of E' by
members of & which tefmes U by means of an index map 7: {1,++¢, } —

{1, -+, k} and there exists a continuous linear map 7: Z I(u, g’“ ) =

co, 9#4»1) such that 8°(0', Q#”)q =71, H,Qm). The map BS:?#‘)E de-
fined by

B gNNU; = B, NIUY - €N,

for 1< i< satisfies the requirement. (C), is proved.

To prove (D) fix E'CCE and a f1mte covenng U={u z}f-l of E by mem-
bers of &. Take E' CC E"CC E" CC E. Choose U} €& for 1< i<k such that
Uy CCU; and E" = U" . Uf. Let U _{U'"}l_l. By (D),,, there exists a finite
covering 11 of E" by members of 5 such that U" refines 1" by means of an
index map 7, and such that for p > 1 there exists a continuous linear map y,:
zb(ur, 9 N cr-tu", § 1) satisfying 67-1(U",§ 1)yp—fp(11 " 9 1) Since

i is constmcnvely fine relative to &, there exists a finite covering 1l' of E' by
members of & such that 1’ refines " by means of an index map 7, and such that

for p > 1 there exists a continuous linear map
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v.: ZP(1", g/ﬁ’ D= ce-u, 8

b Kt 1)

satisfying

5PN, 8 d, = AL, B, 2 L),

Fix p> 1. By (C),, for 1<i;<-++<i, < k there exists

Ig(,u)
U”'n...nu"' U n...nU_
ip’ tp

The collection of these maps defmes a continuous linear map B: Z?(1, Q ) —
ce@u, g ).
RSP 1 (u41)
Let ¢: C?~1(1 ,f‘“l) - cr-i(u ’Q,u) be induced by ¢'#*' . Define 0:
Zp(u9g”') - Cp’l(n',g“) by

6 = (ﬂv p(fp(ul, u", £#+ l)B - 'yp+ lap(n”, g#+ I)B)o
Then 82~ (U’ ,9#)0 =20, H,Q“). (D)# is proved.
Fix E'CCE and 0< p<n To finish the proof, we have to show that ag";)E
exists. Take E'CC E"CC E™ CC E. We can find U € 5 1< i < k, such that

E" U?=l Ui and such that a(”;,)' exists. Let 11_ {u, }z-l' Let a;=
¢§,’:+l)a§f;_)‘E. Define o: I'(E, Elu) —»Z‘(H,Q’) by
of),; = (aff) - afMIU; N U;
for 1<, j< k. By (D), there exists a finite covering U’ <{U/ }I of E" by mem-

bers of & which refmes U by means of an index map 7: {1, ... ,l} — {1, .00, k}
and there exists a continuous linear map ¢: zu, 9“) - o’ § ) such that

8%, )X =1 (W, 10,8). Define A: T(E, £,) - 'E",G) by
ANNU; = (o, (INLUY = Lolf),

for 1<i<l By (C)#, BE' gw exists. The map a(“) BSE#‘),EA satisfies the
requirement. Q.E.D.

(3.5) Corollary. If, in addition to all the assumptions of Proposition (3.4),
X is compact and X € &, then the sequence of Fréchet spaces

0—'1"(X,,\,)—»--o-—»F(X,:.)—»l"(X g)

induced by the sequence in Proposition (3.4) is direct-exact. Moreover, Im { is
topologically isomorphic to T'(X, Im 1),

4,
(4.1) For a €NZ let a;,-+++a_ denote the components of a, let D* de-
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note 9°1 +'“4’0""/82;“ AN 3z:"a and let D® denote 3™! ,....,,a.,,/a}.lal ces 35:"

For a bounded polydomain G = G, x +++x G_ in C", denote by A(G) the
set of all infinitely differentiable (complex-valued) functions f on G such that,
if a,B eN%, then Ddl_)ﬁ/ is uniformly continuous on any polydomain of the form
Gl' X eee X G':, where Gi' =G; for i satisfying a;=0 and G’.' «e G]. for j sate
isfying a, > 0. A(G) is a Fréchet space.

Denote by AZ(G) the set of all (0, p)-forms on G of the form

X 4 N Ndz,

o 1 N »
1si 1< <1psq

where fu---i belongs to A(G) and is holomorphic in Zo00 0, for fixed

Zyseeesz AP(G) is a Fréchet space.

(4.2) Lemma. If G is a bounded domain in C, then there exists a contin-
uous linear map 1: A(G) = A(G) such that (3/9z)1 is the identity map of A(G),
where z is the coordinate of C.

Proof. For [ € A(G) define I(f) by

m/)()_—ff’(od“d‘: (z € G).

z

We are going to prove that I satisfies the requirements.

Let R be a real number > 1 such that G is contained in the open disc of
radius (R - 1)/2 centered at 0. Let B be the open disc of radius R centered
at 0. For ¢ >0 let h(c) be the supremum of [fg[d{ A dél/ ICI as E runs through
all measurable sets of measure < ¢ in B. Since [fz [d A d|/|L] < o<y the
limit of h(c) is 0 as c approaches 0.

First we show that I(f) is infinitely differentiable. Let {G,} be an increasing
sequence of relatively compact open subsets of G such that Um G, =G and
aGm is the disjoint union of a finite number of simple rectifiable closed curves in
G. Define I_(/) by

I (/)(z)-—ff /({)ZC/\dg (z € G).
i -

m

Let p be the measure of G- G, . Then 1D -1 Nllg < bl Nfllg, where
-l is the sup norm on G. A trivial modification of [4, p. 25, 1.D. 2] shows
that [_{) is infinitely differentiable on G, and (c?/a?.)lm(/)=/ on G . For k>
m, (6/6§'X1k(f) -1 ()=0o0n G, and hence L) =1 (/) is holomorphic on G,
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Since p, — 0 as k — oo, Ik(/) approaches I(f) uniformly on G as k — oo, Hence
for a fixed m, lk(/)- Im(/) approaches I(f) - lm(/) uniformly on G as k — 0, It
follows that I(f) - Im(/) is holomorphic on G for every m. Consequently 1)

is infinitely differentiable and (3/9Z)Kf) = Kf) on G.

Next we have to show that (3%/0Z%K)) is uniformly continuous on G for every
fixed k> 0. When k> 1, this is clear, because (9/dZ)K)= f on G. So we need
only show that I(f) is uniformly continuous on G. Suppose €> 0. By the uniform
continuity of { on G, there exists 0< &< 1 such that, if @ €C and |a| <8, then
/¢ +a) - ()| <€ for {,{ +a €G. We can also assume that & is so chosen
that, for |a| <8, the measure of (G(a) - G) U (G - G(a)) is < some nonnegative
number ¢ satisfying h(c)< ¢, where Gla)={z €C|z = w - a for some w €Gl.
Then for |a| <8 and z, z + @ € G, we have

¢ |4 A &
| K/)(z + a) - I(f)(2)| <§,—,("/"G + 'LI—TQT_)’

because

- d d—
If)z + a) = I(f)(2) = < ff &+ a)-1(NdE A dl
G

(@)NG {-z
¢+ a)dg Adl ((DYde A dl
62[5[ G'-[Gf(a) rEr ) .

Therefore I(f) is uniformly continuous on G.

Finally we have to show that I is continuous. Suppose a sequence f, =0
in A(G) as k& — . We have to prove the following two statements.

(i) Every partial derivative of '(/k) converges to 0 uniformly on every com-
pact subset of G as k — o<

(ii) For every fixed m > 0, 0™I(f,)/9z™ converges to O uniformly on G as
k — oo,

Statement (ii) follows from 9I(f k)/ 0z =f k and

|4 A d(l

1l <lilg I ===
To prove statement (i), let F be the Fréchet space of all infinitely differentiable
(complex-valued) functions on G. Since 9/0z maps F continuously onto F, there
exists a sequence {g,} in F such that dg,/dz =f, on G and g, = 0 in F as

k — o, By a trivial modification of [4, p. 24, 1.D. 1],
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g,(Qd
L[,

for z € G, . Hence for a fixed m, every partial derivative of Im(/k) converges

g(d =5 + 1,0

to 0 uniformly on every compact subset of G as k —ec. Since |[I(f,) -1 ()
< b(/.lm)maxp "/p"G’ the sequence I(/k)‘ ,m(/k) approaches 0 uniformly on G

and uniformly in k as m — . Since l(fk) - ’m(/k) is holomorphic on G _, every
partial derivative of I(f k) - Im(/ k) approaches 0 uniformly on every compact sub-
set of G, and uniformly in k as m — cc. Statement (i) follows.  Q.E.D.

(4.3) Lemma. If G is a polydomain in C* and 1< q< n, then there exists
a continuous linear map | & A(G) = A(G) such that (9/97 q) I is the identity map
of A(G) and ], commutes with 0/0z; for 1< i<n and i#q.

Proof. We can assume w.l.o.g. that g=1. Let G=G, x+++x G, where
G, C C@<i<n) Let G'= G, X «++x G,. For any function f on G and for
any z' € G', denote by f,, the function on G, defined by f,.(z,) = f(z,, z') for
z, €G,.

By Lemma (4.2) there exists a continuous linear map I: A(G,;) = A(G,)
such that (9/0% I isthe identity map of A(G,). For f € A(G) define J,(/) by
1,40, = 1(,)) for 2 €G'. It is straightforward to verify that ], satisfies the
requirements.  Q.E.D.

(4.4) Proposition. If G is a bounded polydomain in C* and 0< p< g<m,
then there exists a continuous linear map l" from the kernel Z" of 0: AP(G)
—bAp"'l(G) to Ap' such that 31" is the zdentzty map of Z"

Proof. We use induction on ¢ for 0 < g < n. The case ¢ =0 is vacuous.
For 4> 0, there exists ] satisfying the conditions of Lemma (4.3). Define a
map T: Z; —>AZ'I(G) as follows. For

z - (4
& X fil,,_ipdzil Ao Nz € Z,
1si © <1psq
= ' p-1 z .ee z.
9= X UL L Y A N
1<i 1<'"<zp_ 1549
The map Ig: Zg —*AZ'I(G) defined by
T(§) if p=9q
(&) =

P_(£-9T(E) + TWE) if p<gq

satisfies the requirement.  Q.E.D.
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(4.5) Suppose G is an open subset of C”. Denote by CG" the sheaf on G~
defined by the following presheaf:

(i) For every open subset U of G™, f € O _(U) if and only if [ is a contin-
uous function on U and [ is holomorphic on G N U.

(ii) For open subsets U'C U of G, @G_( v - @G_(U') is the restriction
map.

The sheaf O__ is a Fréchet sheaf.

Denote by &(G™) the superbasis for the topology of G~ defined as follows.
E e®(G™) if andonly if E= G~ N E for some polydomain E in C~,

(4.6) Proposition. If G is a bounded polydomain in C", then the Fréchet
sheaf OG' on G~ is constructively fine relative to &(G™).

Proof. Suppose U = {Ui}f-’l and B = iVi}?d are coverings of G~ by mem-
bers of &(G™) such that V,CC U, for 1< i<k Let W,=G NV, (1 <i<k)
and B ={W, !" 1~ Let C"(‘IB C) be the set of all £ € Cq(% @) such that
fl i, € B(W i N...Nn W ) Let @) be the sheaf of germs of infinitely dif-
ferentiable (0, p)-forms on C" Let I' (G, @®) = AP(G) and let C%(B, @®) be

the set of 7 € C4(B, @®) such that Migeeri Ap(W NeeenW, ) Consider
the following commutative diagram of F rechet spaces

0 ]

! l

TG, @) = Ty(G, @V) — ...

1 1

0 —CYB, 0) S B, @) — cYB, @) — ...

l l l
0—CiB, 0) & iy @) - ciB G — ...
l l l

where (except the inclusion maps) all the horizontal maps are induced by 9 and
all the vertical maps are coboundary maps. By Proposition (4.4) all the rows are
direct-exact. From the usual argument using a partition of unity, it follows that
all the columns except the first are direct-exact. By diagramechasing, we con-

clude that the first column is also direct-exact. Hence, for r > 1 there exists a
continuous linear map ¢: 2’(ll,Cg-)— €18, 05-) such that 8y is the re-
striction map Z"(1, CG ) — Z7(B, CG_), where 8: C"'l(n O _)—z7(8, O

is the coboundary map. Q.E.D.
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(4.7) Corollary. If G is a bounded polydomain in C®, then H?(G™, OG_.)=
0 for p> 1.

5.

(5.1) Lemma. Suppose G, CC G, are Stein open subsets of C* and ¢:
Op — @" is a sheaf- bomomorphzsm on G,. Then there exists a continuous
lmear map a: F(G G") '-’F(GI, O®) such that b,a0, = rd,, where ¢
G, ,0?) —’F(Gl nO‘I) is induced by ¢ (i=1,2) and r: T'(G,, "Oq) —
F(Gl. nC‘?) is the restriction map.

Proof. Let G, be a Stein open subset of C” satisfying G, CC G, CC G,
Let I',(G, 0") be the set of all k-tuples of square-integrable bolomorplnc func-
tions on G (z-l 3; k=p, q). Let p*: T (63, Co—-r «(G3 , 0?) be in-
duced by ¢> Let (Im ¢$*)™ be the topological closure of Im ¢* in I',(G,, n@ ).
By the closure-of-modules theorem [4, p. 85, IL.D.3], (Im ¢*)~ is a subset of
I'(G,, Im ¢). Consider the following commutative diagram

F(Gz’ n@q) £‘ F*(GS' an) % (Im ¢*)-

£
G, 09 % r‘(cz, In ¢)
él 117
(Ker *4T,(6,, 09 L TG, 09
z u l ”
(G, ,0%)/Ker 1,

where y is the orthogonal projection; B and { are restriction maps; 7 is induced
by restriction and by the inclusion map Im ¢ & "0"; o and 7 are induced by ¢;
(Ker )t is the orthogonal complement of Ker 7 in TG, ,0P); u is the quotient
map; A is induced by p; and v is induced by 7. Since o is surjective, by the
open mapping theorem for Fréchet spaces, v~ 1y is well defined and continuous,
Let p: ' (G,, ,0°) —I(G,, ,C?) be the inclusion map. Then a = pyA~ -4
satisfies the requirement.  Q.E.D.

(5.2) Lemma. Suppose Q is a Stein open subset of C* and

0'—’ Opm—’oct"—' oplg’ opo
n n n

is an exact sequence on ). Suppose G is a polydomain in C* and GCCQ. If G
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is locally strongly (Im ¢)-privileged, then the sequence

%) 00" —... 0%t 0%
G~ G~ G~

is exact on G~.

Proof. Let §=1Im ¢b. Take x € G™. Clearly (%) is exact at x if x €G. As-
sume that x €9G. There exists a basis Il of open neighbothoods of x in C®
such that G N U is strongly G-privileged for U € U. The sequence

[ i) vy %1 ?g
0—BGNU O™M—...—=B(GnUy 0 H—BGnU 09

is exact for U €l (Ker o, = Im a, follows from the injectivity of B(G N U, §)—
NG U, §). The lemma follows from the isomorphism ind lim; ., B(G N U, Op')
~(®"= ), for 0<i<m Q.E.D.

(5.3) Proposition. Suppose Q is a Stein open subset of C* and F is a co-
berent analytic sheaf on Q admitting a finite free resolution on Q. Suppose G is
a polydomain in C" and G CCQ. If G is locally strongly F-privileged, then G is
strongly ¥ -privileged.

Proof. Let 0 — ”O""' — eee — n@“ i "ot’o — F — 0 be the finite free
resolution of § on Q and let

$m) AL

(*) 0O'n o 22 g1 B0
G~ G~

©%0

G-

be induced by it. By Lemma (5.2), (*) is exact.
Let &=8(G™). For E €& and 1<y <m, denote by ¢ the map IYE, 0’”’)
—TI(E, Oz”“ 1) induced by ¢“). For E'CE in & and 0 <p < m, denote the

restriction map I'(E, OP*) — I(E’, O” H) by p(") ) g+ We are going to prove that
(#) is locally direct relative to &.

Suppose x € G~ and E €& such that x € E. We have to show that there
exists E' €& with x € E' CE and for 0 <p < m there exists a continuous linear
m(il;, a;,u,') gt nE, OP") - I(E’, @Dml) such that ¢,(;t+l)agtl)E ¢g¢+l) =
Pg ¢(”’“). We dlsungulsh between two cases.

(x) x €G. We can assume that EC G. Choose E' €& such that x € E' CC
E. Then the existence of ag‘) follows from Lemma (5.1).

(ii) x €dG. There exists an open neighborhood U of x in C" such that
(GNU)"CE and G NU is strongly F-privileged. Choose E' € & such that
x €E'CU. We claim that ag",)s exists. Fix 0<pu<m. Let W=G NU. Let
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B: T(w—, @;’_"_“1) = (w-, @fvl‘_) be induced by ¢#*+1), Since G NU is strongly

F-privileged, there exists a continuous linear map y: I(w=, O#) — I(w-, G:,"_“)
such that By8 = 8. Let v

o: T(E, O°#) = (=, O°%) and = T(w-, O°#*1) L, g, 0°+Y)
G w w G

be restriction maps. Then ag‘) g="° satisfies the requirement.
By Corollary (3.5) and Proposition (4.6), the sequence of Banach spaces

0 =TG- 0™ —.c. - (G-, 0°1) & -, 0°9)
G~ G G

is direct-exact and Im 0 = I\G~, Im (V). Since I'(G—, O?%) is topologically
isomorphic to B(G, n(‘)") for 0<i<m, G is 3"~ptivileged.c

Suppose f € I(G—, 0%9) and /|G € I(G, Im #'V). To prove that G is
strongly F-privileged, we Have to show that / € Im 6. Since Im 6= I(G~, Im ¢(1)),
we need only show that f_ € (Im ¢(l))x for x € dG. Take x € 3G, There exists
an open neighborhood U of x in C” such that G N U is strongly F -privileged.
Let W= G NU. Since f|W e T(W, Im $‘1)), f|W= belongs to the image of the map
r(w-, O;l..) — (v~ O;O_) induced by qS(l). Hence f, € (Im ¢(l))x. Q.E.D.

6.

(6.1) Lemma. Suppose G is an open neighborbood of 0 in C" and Vs eoes
V.1 @re subvarieties in G such that dim V, <k (0 < k <n). Then there exists
an open polydisc P £ @& in C* centered at 0 such that P CC G and Vynad, P
=g for 0<k<n

Proof. Use induction on 7. The case 7 =0 is trivial. Identify C*~! with
c"n {zn =0}. Let V,:_l be the union of branches of Vi N fzn = 0} of dimension
<k - 1. By induction hypothesis, there exists an open (7 - 1)-dimension polydisc
P' £ & centered at 0 such that P' CCG N {z,=0} and V,: N ak“P' =g for
0'<k<n-1. For §>0 let Dy be the open disc in C with center 0 and radius
8. There exists 8 > 0 such that P’ x DyCCGand W N ((ak“P') xD3) =g
for any branch W of V, not contained in fzn =0} Then P=P'xDj satisfies
the requirement, Q.E.D.

(6.2) Proposition. Suppose Q is a Stein open subset of C* and F is a co-
berent analytic sheaf on ) admitting a finite free resolution on Q. Suppose G
is a bounded polydomain in C" and G CCQ. If Sk(?) N, G=9 for 0<k<n,
then G is locally strongly ¥ -privileged and hence strongly ff-privileged.

Proof. Use induction on 7. The case n =0 is trivial. Take x € G and
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take an open neighborhood U of x in C”. Let k be the largest integer such that
% € d,G. We can assume w.l.o.g. that x = (zl, veey 2 0) with z €9G; for 1<
i<k Let x' (zl, ceey Z ) and let

= <? i (zi - z?)ff)
i=1

By induction hypothesis and Lemma (6.1), there exists a nonempty open (7 - 1)-

{x'} x C"—k,

dimensional polydisc P centered at (zk Ptz ) such that P CG, RESAE

x G, {x'}x PCCU, and {x'}x P is strongly g-pnwleged By Ptoposxtnon (1.4)
and (2.4), there exists an open neighborhood D of x' in C® suchthat Dx PCU
and ((G, x +++x G,) ND) x P is strongly F-privileged.  Q.E.D.

(6.3) Lemma. Suppose Q is an open subset of C* and V is a subvariety of
pure dimension k in Q. Suppose G is a polydomain in C* such that G CCQ. If
Vn r?k“G = @; then V NG bhas only a finite number of branches.

Proof. The cases where £ <0 or k> n are trivial. We can assume that 0 <
k <n. There exists G/ CCG; (1<i<n) such that, for 1<i<n, G,~(G))~ has
only a finite number of components and, for any distinct elements i, +-, iy
of {1, ++¢, n}, the set

{(z),+40,2) € GT N V]z,€ G7 =G, for i=ipeeey iy}

is empty. Let
iy {(zl,--o 7)) € Glz; € G, = (G)™ for i=iy ey itk
Then, for any dlstlnct elements i, v+, i, of {1, -+«, n}, the projection (z,
ey, z2) P (z,, 000, 2, ) makes Dll. it NV an analytic cover over (Gil -
(Gl.'l)‘) X o0 % (G - (G ) ). Hence, it suffices to show that every branch of
V N G intersects some Dl oo

Suppose W is a branch of V NG. Let G' = Gl' X eee X G’:. We can choose
a polydomain G" in C” such that G' CCG" CCG and WN (G~ £ 2. By Lemma
(1.3), ¥ na, G" £ 0. Hence W intersects some D'l'"'k Q.E.D.

(6.4) Proposition. Suppose Q is a Stein open subset of C* and ¥ is a co-
herent analytic sheaf on ) admitting a finite free resolution on Q. Suppose G
is a polydomain in C* and GCCQ. If § (3") na k10 =2 for 0<k<n, then G
is ff-prwzleged and there exist Xipeee; X, € G sucb that the natural map B(G, K))
—.@ is injective.

xi

Proof. By Lemma (6.3), we can choose %5 *+ey X) €G such that, for 0<
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k < n, every k-dimensional branch of GN § k(-‘JI ) contains some x ;+ The proposi-
tion follows from Proposition (6.2) and [7, p. 49, (2.3)]. Q.E.D.

7. For a holomorphic Banach bundle E, denote by O(E) the sheaf of germs
of holomorphic sections of E.

(7.1) Lemma. Suppose Q is an open subset of C", E @ isa globally triv-
ial holomorphic Banach bundle on Q (0 <i <m), and

1
(%) 0 gm 2™ 03 o

is a complex of bundle-homomorphisms on Q. Let

(m) (1)
#) 0 — O(E™) Lt ... o O(ED) L O(E©)

be induced by (*). Suppose G = G, x+++x G, is a polydomain in C”® such that
G CC Q and every point of 0G; is a peak point of B(G,) for 1 < i< n. Suppose
the following three conditions are satisfied.
(i) For 1<i<m and 2° €4d,G, ¢(') is direct.

(ii) For 1< i< m, the map B(G E(ﬁ)—’ B(G, E%=1)) induced by ¢ bas
a closed image.

(iii) There exists an open neighborbood D of a"G in Q such that the complex
(#) is exact on D.

Then the complex (x), when restricted to d,G, is exact.

Proof. Use induction on m. The case m =0 is trivial. Assume m> 0, Let
B*(G~, E%) be the Banach space of all sections of E'Y over G~ which are con-
tinuous in G~ and holomorphic on G (0< i< m). Let ¢ B*(G, Eti=1) —
B*(G™, EY=D) be induced by ¢ (0< i < m). Since BX(G~, E®) is topologically
isomorphic to B(G, E®) (0<i<m), Im a(i) is closed in BX(G™, E¢=1)) (0< i< m)

Fix 20 = (2%, ..+, z, ) €d_G. By induction hypothesis and (2.2), for some
open neighborhood U of z° in D, Im #2)|U is a holomorphic Banach bundle and
there exists a holomorphic Banach bundle F on U such that

() EM|U = F & (Im 32| V).

Let a: F — E(O)IU be the restriction of ¢{!). We need only show that (Ker a)zo
= 0. Suppose the contrary. Then there exists e € F 40 such that e # 0 and
a (e) 0. Since E‘V is globally trivial, there exists { € B*(G™, E(M) such that

/(zo)—e We have ¢>“)(/)(zo) a (e) 0.
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Since z0 is a peak point of B(G, )s there exists a function A; on G; which is
continuous on G; and is holomorphlc on G, such that A (zo) =1 and l)\ (z )l <1
for z; € G; - {z;} (1<i<n) Let A=A '“An' Let H be the fiber of the trivial
bundle E(O) and let || “H be the norm of H. The sequence ¢(1)()\" f) approaches
0 in BXG™, E?) as p — =, because, for any given € > 0, there exists an open
neighborhood W of z° in C" such that [|$¢ ()], <€ for z € G~ N W and
there exists [, such that

< sup |)&(z)|)ﬂ<sup I|$(n(/)(z)lln><e
z€G™ -W z€G

for p>p,. Since ¢(“ has a closed image, by applymg the open mapping theorem
to the map B*(G~, E1)) > Im ¢“) induced by ¢v(l), we conclude that there
exists g, € BXG~, E™")) (1< p< ) such that gu—0in B*(G=, EM) as p—
o and ¢(l)(g )= ¢( DOED (1 <p < ).

Let B: E(1 )IU — F be the projection obtained from the direct sum decomposi-
tion (). Let ﬁ CEM) U — O(F) be induced by B. Since ¢>“)()VU'/ 8u ) =0,
we have

(Vf-g)IG N UeT(G N U, Ker 1)

for 1 < p< oc, Since the complex (¥#) is exact in D,
W -g)NGNUeT(GNU Im )

for 1< p< o, By (1), O(Im $D|U) = In yP|U. Hence BN - ¢ HGNU)=0
for 1 < p< . Since B(O\'“f g,u)lG N U) is a continuous section of F over
G~ N U, we have B(()t”'/ g/_L)lG NU)=0 for 1 < p< =. Hence

B g 2 =M=04B (f(zM=e (1<p<=)

Since g, — 0 in B*(G~, E'1) as p — o, we have Bzo(g“ 29)) =0 as p— o,
contradicting that e # 0.  Q.E.D.

(7.2) Lemma. Suppose 0 > 8§ —F = R — 0 is an exact sequence of co-
berent analytic sheaves and sheaf-homomorphisms on a Stein complex space
(X, ). Suppose G and F bave finite free resolutions of length < m on X. If
Y is a relatively compact Stein open subset of X, then there exists a finite free
resolution of R on Y of length <m+ 1.

Proof. First we make the following observation. If
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0— K -—)G#I—p...—)ﬂﬂo-—bff—yo,

I B
0-K->0!15...-9 0—»3'—-»0

are two exact sequences of sheaf-homomorphisms on X, then there exist non-
negative integers t and p’' suchthat K® O* =K' ® O on X, because, by a
trivial modification of the proof of [4, p. 202, VL. F. 3], we can show, by using
Theorem B of Cartan-Oka, that the two sequences become isomorphic sequences
after we apply to each of them a finite number of modifications [4, p. 201, Defini-
tion VL. F. 11,

Construct the following commutative diagram on Y with exact rows and exact
columns:

By the preceding observation, for some nonnegative integer k, p, and g, there

exist sheaf-isomorphisms

a: NOOF B0 ana ﬁ:m&@kﬁ'eq on Y.
Define y: 1 ® Ck — Il & C* byy(/@g)=0(/)®gfor/@genxe(‘): and
xeY.

We have the following finite free resolution of R on Y:

0— O "‘“@e mo‘m-leok

¢-10m2i—U0--—ioo OR—"O

where ¢,,,+1~ Bya~!; ¢,,,_ (a $b) #,,.1(a) for a ® b eOm=1® Ok and
x €Y; and ¢, is so defined that ¢ Bl Qd) ¢, 1) ®d for c®d em -]
Gﬁ for x €Y. Q.E.D.

(7.3) Lemma. Suppose S and Q are respectively open subsets of C* and
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C”, and n: S xQ =S is the natural projection. Suppose

» b o %0
0—"k+n® m_‘..._’k"’no 1_’k+n® 0—)? —0

is an exact sequence of sheaf-homomorphisms on S x . Suppose s € S and K is
a compact subset of Q admitting a basis of Stein neighborboods in Q. If Ker ¢,
is m-flat on {s} x K and F is n-flat on {s} x 9K, then, for some open neighborhood
Q' of K in Q, $(s) admits a finite free resolution on Q'.

Proof. Let § = Ker ®,- Since G is n-flat on {s} x K and K has a basis of
Stein neighborhoods in Q, there exists a Stein open neighborhood Q" of K in Q
such that

0— k+n®p'"(s) e — “nOp () > G8(s) =0

is exact on Q". Hence Q(s) admits a finite free resolution on Q". Consider the

sequence
s 2, .07 %s) = F(o) 0.

Since F is m-flat on {s} x 9K, the support of Ker a is disjoint from dK. For
some relatively compact Stein open neighborhood @* of K in 7, the support of
Ker a|Q* is a finite set. Ker a|Q* can be trivially extended to a coherent an-
alytic sheaf on C”. Hence Ker a admits a finite free resolution on Q*. By ap-

plying Lemma (7.2) to the two sequences on (*:

0> Kera —3(s) »Ima —0,

14
0-Ima—,, 0 (s) — F(s) — 0,
we conclude that F(s) admits a finite free resolution on any relatively compact

open neighborhood Q' of K in Q*. Q.E.D.

(7.4) Lemma. Suppose Q is a Stein open subset of C"* and F is a coberent
analytic sheaf on Q admitting a finite free resolution on Q. Suppose G is a poly-
domain in C™ such that G CCQ and G is F-privileged. If ”Oql A ano - ¥
is an exact sequence on ), then the map ¥: B(G, nO‘”) — B(G, "@qo) induced
by ¥ is direct.

Proof. Let

o—bnop”‘ —b..-—vnoplisb ”Gpo-vff—bo
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be the finite free resolution of ¥ on €. By a trivial modification of the proof of
[4, p. 202, VL. F. 3], we can construct the following commutative diagram on Q:

1) d d' 9. % d
0le 079 075 906 0

|2 2

pl T po
1o 0c e 0L 0% 0 O,

where dla @b @ c)=yY@) ® b for a®b D c enOZI (<] "G"f en(‘):' and x €Q;
and 7@ g®h)=¢(NOgfor [@g@dhe 0@ 0@ 0 and xeQ.
Since G is F-privileged, the map B(G, ”6“) - B(G, nC”) induced by ¢ is
direct. Hence, from the commutative diagram above, we conclude that ¥ is direct.
Q.E.D.

(7.5) Lemma. Suppose S and Q are respectively Stein open subsets of C*
and C" and ¥ is a coberent analytic sheaf on S x Q admitting a finite free re-
solution

b b 4
0—-»“”6) "‘—»...—.k+"o 1—>k+n0 ' LF >0

on Sx Q. Suppose s €S and G is a relatively compact open subset of Q. If the
sequence

@) 0BG, ., 07N = e = BG, ,,,0" ) =BG, ,,,0" %)

is exact, then F is n-flat on {s} x G, where m: S x Q —S is the natural projec-

tion.

Proof. We need only show that the sequence

+ nﬂp 0( S)

¢
0o, Ofm(g . +,,(c~)p I(s) —

k+n k k

is exact on G. This follows from the exactness of (*), because, for 1< i< m,
I'Q, Ker &) generates Ker ¢, on Q.  Q.E.D.

(7.6) Proposition. Suppose Q is a Stein open subset of C" and ¥ is aco-
berent analytic sheaf on Q admitting a finite free resolution on Q. Suppose
G=G, x+++xG_ is a polydomain in C" such that GCCQ and every point of
aGi is a peak point of B(Gi) for 1<i<n. If G is weakly ?-privileged, then
$;F)Na, G=g for 0<k<n

Proof. We can assume w.l.o.g. that Q is a polydomain ; x +++xQ . Let
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a a a ) a
(% o_."a"m_z...._z.n."l_l_.no °0_%% o

be the finite free resolution of ¥ on Q. We are going to prove the proposition by
induction on m. The case m = 0 is trivial. Suppose m > 0. Let G = Ker age
Since G is weakly F-privileged, G is weakly g-ptivileged. By induction hypothe-
sis, k(@)namc; @ for 0< k< n.

For distinct elements ), ..+, i, of {1, cceon} lee m, : C"— C* be the

ieceip”
projection defined by

”il...ik(zp MR ] Z") = (zi]_, cee, zik).

0 0
For s = (zil, ”"zik) EQil X ees ink, denote the sheaf

Q2N nl.'ll“_ik(s)

Z (z —z? YF
m

p=1

by ?ilmik(s), and denote the set

0 L. .
{(zpeeey2) € Cz, = z; for i=ijeeey iy;
z; € G for fhAp ey i}

by G (s)
ipeeeip
We are going to prove the following (a) and (b), for 1< k<n+1 by de-
scending induction on k.
: - -1

(a), Tis ”ilmik'ﬂat on G~ N nilmik(t?Gil X eee X acik).
For s € dG, x -+- xaGi s

‘1 k

)
k s,(ffilml.k(s)) N 941Gy g (9= for 0<I<n—k

Since (a)n 41 and (b)’z 41 € vacuous statements, it suffices to prove the following
statements.

(D (),,, and (b),,, = (b),.

(I (a),,, and (b), =(a),.

To prove (I), we can assume that iy=pfor 1<p<k Take 1<I<n~k
and take s* €9,G,,. ,(s). We can assume w.lo.g. that s*=(z}...., z, %) with
z) €9G, for k+ 1< i< k+ L We have to show that s* ¢§,_,(F, . (s)) Suppose
the contrary. Then the homological codimension of ?lmk(s) at s* is<l-1
Since, by (a),,, ¥ is Ty eetksryflaton 9G) x «oe x 9G, | X G )X eoe X Gy
it follows that z, | ~ 2z, is not a zero-divisor for Fla(s) at s*. Let s'=
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(2(1), ceey 22+1)’ Since
F e ) = F LMz = 2 F ()

we conclude that the homological codimension of 51".( eenyls’) at s* is <1-2.
However, since s* €9,_,G,,,,(,1)(s")s it follows from (b), ,, that s* ¢
s 1_2(3"1".“ +1)(s"). We have a contradiction. (I) is proved.

To prove (II), we can again assume that i, =p for 1< p<k Let G'= G, x
+++x G, and G"=G, yx+++xG,. Let EY < B(G", nCpi)IQl X +eoxQ for
0<i<m Let

2 1
(#) 0 __,E(m) ¢(ml . l¢( )A E(l) ¢( )'E(o)

be induced by (). We will apply Lemma (7.1) to (#) to obtain (II).
In the rest of this proof, for s €9,G', F(s) stands for F; __(s). F(s) is regarded
asasheafon @, ; x .o xQ. G(s) and nOpi(s) have meanings similar to F(s).
Since SI(Q) N 3“1 G=¢g for 0< < n, it follows from Proposition (1.4) that

) G is ..., -flat on (9,G") x (G")~
and
hH Sl(g(s)) n 61“6" =% for 0<I<n-kand s€ akG'.

By Proposition (6.2) and (11),
(%) G" is strongly G(s)-privileged for s € 6kG'.

By (2.4) and (1), there exist Stein open subsets Uy, <++» U, of C* such that
9,G6'C U;:l U, and Dx G" is strongly G-privileged for any open subset D of
any Ui'

We claim that the complex

(m)
0— OEM) L ... O(EWD) A O(E©)

induced by (#) is exact on U;=1 U,. To verify the claim, take 1<j<7 and open
subsets D CC D’ C U,. Take /' eT(D', C(ED)) for some 0< i< m such that
!/I(i)(/') = 0. f'|D corresponds uniquely to an element / e B(D x G, nCp') and f
satisfies ai(/) = 0. If i = m, from Kera_ =0 it follows that /= 0 and f'|D=0.
If 1<i<m, since D x G" is strongly G-privileged, the sequence

. . D._
BDx 6" O'i*h) = BDx 6" ') = BDxG", 0

induced by () is exact (the exactness for the case i=1 comes from the injec-
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tivity of the natural map B(D x G", Q) = TI'(D x G*, 9)). Therefore there exists
g € B(D x G","C"“‘) such that a, ,(g)= f. g corresponds uniquely to an ele-
ment g' e (D, CEG+D)), U+~ f|D. The claim is verified.

Next we claim that l/lii) is direct for 1 <i<m and s €9,G'. By virtue of
(#+), we need only verify that !/lil) is direct for s € akG'. Fix s € BkG'. Since, by
(@, 10 ¥ is 7. flaton GTN ﬂI.l_'ki(aGl X +++x0G, x0dG) for k+1<i<n, it
follows that

(4) ¥is 7. -flat on {s}x 4G".

By (1) and Lemma (7.3), F(s) admits a finite free resolution on an open neighbor
hood of (G")™ in @, 41 X +++xQ . By applying Lemma (7.4) to the exact sequence

O = 7% = F9— 0

on le+l X oo X Qn, we conclude from (b), and Proposition (6.2) that lllgl) is
direct.

Since G is weakly F-privileged, for 0< i < m the map B(G', E®) —
B(G', EY=1)) induced by ) has a closed image. By Lemma (7.1), the sequence
(#), when restricted to any point of 9,G’, is exact. It follows from Lemma (7.5)
and (¥) that (a), holds. (II) is proved.

The proposition follows from (a);s«++,(a),. Q.E.D.

8.

(8.1) Proposition. Suppose Q is an open subset of C* and F is a coberent
analytic sheaf on Q0 admitting a finite free resolution on Q. Suppose G is a
polydomain in C" such that GCC Q. If G is semilocally weakly ¥ -privileged,
then G is weakly F-privileged.

Proof. Let
14
0-",0 '"—-»-«-—»n@pl inﬂpo—».‘f —0

be the finite free resolution of § on Q. We prove by induction on m. Let G-
Ker ¢. By induction hypothesis and Propositions (7.6) and (6.2), G is locally
strongly G-privileged. By Lemma (5.2), the sequence

(*) O—%Opm —)...—-»opl ﬂ@po
G~ G~ G~

is exact on G~. Since B(G, "Ol’i) ~T(G™, O°L) for i = 0, 1, to finish the

proof, we need only show that the map ¥: I'(G™, G?_) - I'(G™, 020_) has a

closed image.
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Suppose [ € (Im ;,z;)". Since G is semilocally weakly ?-privileged, there ex-
ist open subsets Uy, +++, U, of C" such that GCUX | U, and G N U, is
weakly F-privileged (1< i< k). For 1<i<k let az B(GNU, C') —
BGNU, nC”) be induced by ¢. (|G N U, € Im a; for 1< i<k, because G
NU; e (Im ai)- and Im a; is closed. It follows that ficT N U; elG™ n U; Im ¥)
for 1< i<k By [4,p. 85, IL.D.3), /|G €T(G, Im ¥). Hence [ e(G~, Im ¢).
By Corollary (4.7) and the exactness of (*), f € Im l’i; Q.E.D.

(8.2) Proof of Main Theorem. The Main Theorem follows from Propositions
(6.2), (6.4), (7.6), and (8.1).

(8.3) Remark. The Main Theorem does not hold in its full strength if the fol-
lowing condition is not included in its hypotheses:

(*) Every point of 4G, is a peak point of B(G) for 1< i< .

A trivial counterexample is the following: Let A be the l-dimensional open unit
disc and let A’=A 1[0, 1). Let G=A'xA’ and F be the maximum sheaf ideals
on C? whose zero-set is {0}. §,(F)N 39,6 £ &, but G is strongly F-privileged,
because B(A' x A', ,0) = B(A x A, ,0).

However, without (*) some implications of the Main Theorem still hold, e.g.
(i) = (ii), and (i) = (vi).

9. Finally we conclude this paper by a simple proposition concerning extending
uniformly continuous holomorphic functions on a subvariety of a polydomain to the poly-
domain. This proposition follows easily from arguments analogous to those given in 4]
and from the preceding results and techniques of this paper.

(9.1) Proposition. Suppose G is a bounded polydomain in C", Q isan open
neighborbood of G~ in C", and (x, Ox) is a subvariety of pure division r in
Q endowed with the reduced complex structure. Suppose the following three con-
ditions are satisfied.

(i) Xnd, G=42.
(i) $,(0)N9,G=g for 1<k<r.

(iii) If iy -+« i, are distinct elements of {1,+++yn} and x = (z?, ceey z:)
€G™ N X such that z; €9G, for i=1ijs«++,i, then the map C" — C7 defined
by (zl, ey zn)*-’ (zil' ey zi,) maps some open neighborbood of x in X bi-
bolomorphically onto an open subset of C'.

Then B(G, GX) is canonically topologically isomorphic to the Banach space of
all uniformly continuous bolomorphic functions on G N X.

There is an analog of Proposition (9.1) for uniformly bounded holomorphic

functions.
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Added in proof. According to the Autorreferat written by G. Pourcin for the
Zentralblate fiir Mathematik (Vol. 211 (1971), p. 395), Douady has obtained, at the
same time as I, a proof for Corollary (0.7).
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