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A GENERAL REPRESENTATION THEOREM FOR ANALYTIC
SOLUTIONS OF FIRST-ORDER ALGEBRAIC
DIFFERENTIAL EQUATIONS IN SECTORS
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STEVEN B. BANK

ABSTRACT. In this paper, we obtain precise asymptotic representations
for a broad class of solutions of first-order algebraic differential equations
whose coefficients belong to a certain type of function field.

1, Introduction. This paper completes an investigation into the representa-
tion of solutions of first-order algebraic differential equations which was begun
in [1] and continued in [2].

The class of equations that we treat consists of first-order differential
equations Xz, y, y') = 0, where Q is a polynomial in y and y', whose coefficients
belong to a certain type of function field which was introduced and investigated
by W. Strode in [9]. Such a field consists of functions, each defined and analytic
in a sectorial region approximately of the form

1 a<arg(z - Bei@+0)/2) < p

(for fixed a and b in (-7, 7) and some 8 > 0), and has the property that there is a
fixed nonnegative integer p (called the rank of the field) such that the field con-
tains all logarithmic monomials of rank < p (i.e. all functions of the form

¢)) M(z) = Kzao(log z)al(log log 2)72... (logpz)a"

for real a; and complex K £ 0); and, in addition, for every element f in the field
except zero, there is a logarithmic monomial M of rank < p which is asymptotically
equivalent to f as z — o over a filter base (denoted F(a, b)) which consists
essentially of the sectors (1) as 8 — + co. (We point out that we are using here
the stronger concepts of “‘asymptotically equivalent’’ (~) and *‘smaller rate of
growth®’ (<), which were introduced by Strodt in [7, $§13, 17]. For the reader’s
coavenience, these concepts are reviewed in $2 below.) Of course, the set of all
rational combinations of logarithmic monomials of rank < p is the simplest example
of such a field.
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In (4], [7] and [10], first-order equations, Q(z, y, y') = 0, whose coefficients
belong to such fields of arbitrary rank p,were treated and existence theorems were
proved for solutions which are themselves asymptotically equivalent to logarithmic
monomials over F(a, b). In [3, p. 132], existence theorems were proved for solu=
tions of Uz, y,y') =0 (again for arbitrary rank p), which are of larger rate of
growth than all logarithmic monomials over F(a, b), and for solutions which are of
smaller rate of growth than all logarithmic monomials. (These solutions were of
the form exp [W, where W is a function which is asymptotically equivalent to a
logarithmic monomial of rank < p.)

In [1] and [2], the converse problem of determining the form of arbitrary solu-
tions of such first-order equations was investigated. In [1], it was shown for
arbitrary rank p, that any meromorphic solution which is of larger rate of growth
over F(a, b) than a predetermined power of z must be of the form
exp [M(z)(1 + €(z)), where M is a logarithmic monomial of rank < p and where the
analytic function €(z) tends to zero over F(a, b). It was also shown that non-
identically zero solutions which are of smaller rate of growth than a predetermined
power of z are also of this form. In [2], we treated solutions of *‘intermediate”
growth, in the special case when the rank of the coefficient field is zero. More
specifically, we considered all solutions y(z) which are defined and meromor-
phic in a sector of the form (1), and which are *‘comparable’’ with all logarithmic
monomials M of rank < 1 (in the sense that for any such M, one of the relations
Yo <<M, M<<y,ory,~ cM for some constant c # 0 is valid over F(a, b)), It
was shown in [2], that when the rank of the coefficient field is zero, then any
such solution, which is not of larger rate of growth than all powers of z, and is
not of smaller rate of growth than all powers of z over F(a, b), must be asympto=
tically equivalent over F(a, b) to a logarithmic monomial of rank < 1. In addition,
it was shown that the analogous conclusion no longer holds when the coefficients
belong to fields of rank higher than zero (i.e. when logarithms can actually appear
in the coefficients)., Thus the results of [1] and [2] provide an asymptotic repre-
sentation for all solutions which are comparable with all monomials of rank < 1
over F(a, b), in the case of first-order equations with coefficients in fields of
rank zero.

In this paper, we return to the general case of first-order equations with co-
efficients in fields of arbitrary rank p, and in analogy with [1] and [2], we seek to
determine the form of those nonidentically zero meromorphic solutions which are
comparable with all logarithmic monomials of rank < p + 1 over F(e, b). (Sucha
solution is automatically nowhere zero on some element of F(a, b) (see §7
below).). However, as we will explain further below, the presence of logarithms
in the coefficients forces us to impose a more stringent condition on the solutions
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¥,(2) that we treat, namely that y o be ‘‘power-comparable’’ with all monomials
M of rank < p + 1 (inthe sense that for each such M and each positive integer n,
some branch of ytl,/" is comparable with M). Our main result (§3 below) states
that any such solution is either asymptotically equivalent to a logarithmic mono-
mial of rank < p + 1 over F(a, b) or is of the form exp [N(z)(1 + e(z)), where N
is a logarithmic monomial of rank < p and the analytic function €z) tends to zero
over F(a, b).

The necessity for assuming the condition of "‘power-comparability’’ is indi=
cated by the following facts: If y, << 1 over F(a, b), then for each positive
integer n, yé/ " tends to zero over F(a, b). From Cauchy’s formula for derivatives
(see [6, p. 309)), it follows that if an analytic function f tends to zero over
F(a, b), then zf '(z) also tends to zero over F(a, b), which suffices for the case
when the rank of the coefficient field is zero (i.e. no logarithms). However, it is
not necessarily true that (z logz)/’(z) tends to zero over F(a, b), which causes
difficulty in the case when the rank of the coefficient field is higher than zero
(e.g. let f(z) = z*/log z where i = = 1). But if ¥, is powercomparable with the
constant function 1, and Yo <<1, then f= yé/ ? is << 1 for each positive integer
n, and it follows from the properties of the relation *<<’’ (see [7, § 28]) that
(zlogz *+* Iquz) f'(z) tends to zero over F(a, b) for each positive integer 7.

In §15, we show that the solutions, whose existence was proved in [3], [4],
[7] and [10], all possess the property of being power-comparable with all log=
arithmic monomials. In addition, it is shown that there are analytic functions
which are power-comparable with all logarithmic monomials over F(a, b), but
which are neither asymptotically equivalent to a logarithmic monomial nor of the
form exp [ N(z)(1 + €(z)) where N is a logarithmic monomial and e(z) tends to
zero over F(a, b). Also in §15, we take the opportunity to correct three printer’s
errors in [2].

In §16, is an appendix containing five lemmas which are needed several
times in the paper. They are put at the end of the paper to avoid unduly inter-
rupting the main line of thought.

2. Preliminaries. (a) [7, $94]. Let -7 < @< b <. For each nonnegative
real-valued function ¢r on (0, (b - @)/2), let T(f) be the union (over & €
0, (b - a)/2)) of all sectors

3) a + & <arg(z - Y(8)exp (i(a + 5)/2)) < b - 8.

The set of all T(Y) (for all choices of ) is denoted F(a, b) and is a filter base
which converges to o by [7, $95). Each T(y) is simply connected by (7, §93l.
If W(z) is analytic in T(y), then the symbol [W will stand for a primitive of W
in T@Y).
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(b) Unless otherwise indicated, log z will denote the principal branch of the
logarithm in S: |argz| < 7. It is then easy to see that log(logz) is defined and
analytic for those points in § where |z| > 1. We denote this function by log,z.
By induction, the function loquz = log(log qz) is defined and analytic for those
points in S where |z| > e 4(0) (where e (2) is the gth iterate of the exponential
function). To complete the definition, log &z is defined to be z wheng=0. A
logarithmic monomial of rank < p is a function of the form (2) (which, of course,
is defined to be K(exp 2?___005. logi“z)). Clearly, for any logarithmic monomial,
there is an element of F(a, b) on which it is defined and analytic.

(c) [7, $11). If f is meromorphic in an element of F(a, b)and A is a complex
number, then f — A over F(e, b) means that for any € > 0, there is an element of
F(a, b) on which |f(z) = A| < e. Similarly, f — o over F(a, b) means that for any
A >0, there is an element of F(a, b) on which |f(z)| > A. If { and g are meromor-
phic in an element of F(a, b) with g # 0, we will occasionally use the notation
f = o(g) over F(a, b) to mean {/g — 9. Similarly, f = O(g) over F(a, b) will mean
f/g is bounded on some element of F(a, b). From Cauchy’s formula for deriva-
tives, it follows [6, p. 309] that, if { — 0 over F(a, b), then zf'(z) — 0 over
F(a, b).

(@) [7, §$13, 17). If  is analytic in an element of F(a, b) then f << 1 over
F(a, b) means that in addition to { — 0, for all positive integers j and k we have
6% — 0 where 0f = (z log z +++ log;_,)f' and where 6} is the kth iterate of the
operator 0 Then [<<gy [>>gy [~gandf= g over F(a b) mean, respectively,
g <1, g// << 1, f - g << g and finally [ ~ cg for some constant c # 0. The
crucial property [7, $28] of the relation *'<<”’ is that if f<< 1 over F(a, b), then
6. /<< 1 over F(a, b) for all j > 0. From this it easily follows that if /<< M,
whete M is a nonconstant logarithmic monomial of any rank, then f'<<M'. A
function f is said to be comparable with a function g over F(a, b) if one of the
relations f<< g, ™ g, [ >> g is valid over F(a, b). A function { is said to be
power-comparable with a function g over F(a, b), if { is nowhere zero on some
element of F(a, b) and if there is an analytic branch L(z) of the logarithm of f
such that for every positive integer n, exp(L/n) is comparable with g over
F(a, b). (Since two analytic branches of the logarithm of f differ by a constant
on an element of F(a, b), it follows easily that the definition of power-comparable
is independent of which branch is used.) Finally, if b ~ M where M is the mono-
mial (2), then & (b) will denote o for j < p and will denote zero for j > p.

) [9, p. 244] Let pbe a nonnegauve integer. A logarithmic field of rank p
over F(a, b) is a set I of functions, each defined and meromorphic in an element
of F(a, b), with the following properties: (i) I is a field (where, as usual, we
identify two elements of I if they agree on an element of F(a, b)); (ii) I" contains
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all logarithmic monomials of rank < p; and (iii) for every element f in I except
zero, there exists a logarithmic monomial M of rank < p such that f ~ M over
F(a, b).

3. We now state our main result. The proof will be completed in S14.

Theorem. Let Uz, y, y') = Ei.,. > ofij(z)yi()")i be a polynomial in'y and
y', whose coefficients {3 belong to a logarithmic field of rank p over F(a, b)
for some nonnegative integer p, and let some coefficient be not identically zero.
Let y(z) be a function which is defined, meromorphic and not identically zero
in an element of F(a, b) and which satisfies Nz, yo(z), y(')(z)) =0. Then if Yo
is comparable with all logarithmic monomials of rank < 0, there is an element of
F(a, b) on which y, is nowbere zero. In addition, if y is power-comparable
with all logarithmic monomials of rank < p + 1, then at least one of the following
two conclusions must hold:

(A) There exists a logarithmic monomial M of rank < p + 1 such that Yo~ M
over F(a, b).

(B) There exist, in an element of F(a, b), an analytic function V(z) and a
logarithmic monomial N(z) of rank < p, such that V(z) = N(z)(1 + o(1)) over
F(a, b) and yy = exp [V.

4. Definition. Let y(2) be a function which is defined and meromorphic in
an element of F(a, b) and let p be a positive integer. Let ¢ be a nonnegative
integer < p, let a, Qppttty 0 be real numbers (if 4 > 1), and let a, be
either a real number, + o or —o0, We call the sequence @ Qpseee, a.q), ape
exponent sequence for y of length q over F(a, b), if one of the following five
conditions holds over F(a, b):

(a) 9=, a, is a real number, and for any real number € > 0, we have

4 (log,2)™“Q <y, < (log,2)Q,
where
(5) 0(2) = zao(log 2. (logpz)a” .

(b) ¢=0, a, =+ %, and for every real number @ > 0 we have y  >> z%,
(c) g=0, a, ==, and for every real number @ >0 we have y, << z%,
dag>1, a, =+, and if we set,

(©6) 0,(z) = zao(log ... (1°8q-lz)aq-l:

then for every € > 0, we have
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(@) (log,_,2)7Q; Ky, < (log,_,2)%Q,
and
(8 o > (log 2)Q;.

) g>1, a, =-os and if Q, is as in (6), then for every €> 0, (7) holds
while (8) is replaced by

9 ¥o < (log,2)™Q;.

In Case (a) (i.e. where aq is a real number), we say that the sequence is
logarithmic. In Cases (b)-(d) (i.e. where @ . is either + o or —,) we say that
the sequence is nonlogarithmic.

5. Lemma A. Let y o(%) be a function which is defined and meromorphic in
an element of F(a, b), and which is comparable over F(a, b) with all logarithmic
monomials of rank < p, where p is a positive integer. Then y, possesses a p-
exponent sequence over F(a, b) of some length q.

Proof. Let A, be the set of all real a for which y, << z% over F(a, b). We
distinguish three possibilities. If A, is empty, then by comparability, we must
have y, >> z%for all a. (Note that if Yo R z%, then a + 1 would belong to A,)
Hence in this case, the sequence (+ ) is a p-exponent sequence for y,. The
second possibility is that A is nonempty but unbounded from below. In this
case, clearly y, << 2% for all a, so (- o) is a p-exponent sequence. The last
possibility for A, is that it is nonempty and bounded from below. By compar-
ability it follows that if a, is the infimum of A, then for any €>0,

10 20wy «z 0

We now let A, be the set of all real a for which y, << zao(log z)% Again we
consider the three possibilities for A;. Since p>1, it follows from comparability
and (10) that if Al is empty, then (ao’ + ) is a p-exponent sequence for Yo
Similarly, if A; is nonempty and unbounded from below, then (o, —)is a pe
exponent sequence for y,. In the last possibility for A,, if a is the infimum
of A, then for any ¢ > 0,

a a, - a a, +€
(11) z %log 2) ! ‘< Yo Kz %log 2) e,

If p =1, then (11) shows that (o, a ) is a p-exponent sequence for yo- If

p > 1, we consider the set A of all real a for whichy, << z o(logz) l(logzz)
and again consider the above three possibilities for A Continuing this way, it
is easy to see that y, possesses a p-exponent sequence.
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6. General hypothesis (for §37~13). p is a positive integer; y(2) is a func-
tion which is defined, meromorphic, and not identically zero in an element of
F(a, b); y,(2) is comparable with all logarithmic monomials of rank < 0; y (2) is
a solution of a first-order differential equation Q(z, y, y') = 0, where Q is a poly-
nomial in y and y', whose coefficients belong to a logarithmic field of rank p
over F(a, b) and where some coefficient of  is not identically zero.

7. Lemma B. Assume §6. Then there exists an element of F(a, b) on which
yq is nowbere zero,

Proof. If y, << z% over F(a, b) for all real a, then the conclusion follows
from [1, $4]. In the contrary case, it follows from comparability that y, >> 20
for some real a 0 and in this case the conclusion is obvious.

Remark. Since [1, $4] is valid for all nonnegative integers p, it follows that

Lemma B holds even if p = 0.

8. Lemma C. Assume §6, and in addition, assume that yo is power-compar=
able with all logarithmic monomials of rank < p over F(a, b). Then if y, pos-
sesses a nonlogarithmic p-exponent sequence of length > 1 over F(a, b), whose
last coordinate is + o, then there exist, in an element of F(a, b), an analytic
function V(z) and a logarithmic monomial N(z) of rank < p, such that V(z)=
N(z)(1 + o(1)) over F(a, b) and y, = exp [V.

Proof. Let (@gyeee, aq) be the p-exponent sequence for y,, with ¢ > 1 and
o, =+ o0 Then if Ql is given by (6), we have that for every €> 0, (7) and (8)
hold. Now define w, = yo/Ql. Thus from (7) and (8), we have that for every
€>0,

(12) (logq- 12) "€ Kwy < (log,_12)¢ over F(a, b),
and
(13) wy > (log 2)* over Fla, b).

In view of (12), w, is analytic in an element of F(a, b). By §6, Yo isa solution
of the first-order equation Q(z, y, y') = 0. Since g < p, it follows easily that
w, is a solution of an equation,

(14) Az, w, w') =0,
where
(15) AG, w, w') = Tg, (ukw'y

is a polynomial in w and w' whose coefficients belong to the same field as the
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coefficients of 0, and some coefficient of A is not identically zero by [7, $731.
Hence if 8k; #0, then by $2(e), we have

(16) zahio(log z)akil v (logpz)aki’(l + Ek’.),

8kj = kj

where ¢, . is a nonzero constant, w a, . 400" ,
ki c ,» Where kj0r """ s By BTC real numbers and

where the E kj 2T€ elements of the field which are<< 1 overF(a, b). Let J be the
set of all (k, j) for which g, . £ 0. We define real numbers d,«-+, d, and sets
Joote*s inductively as follows. Let

17) dy = max{a,;, - j: (k ) €]},

(18 Jo=1k j): (k ) €] and ay ;o - j = dp}-

Assuming that dg,***,d, _, and Jo,*++, J _, have been defined, where 1 <
m< p, let

(19) d, = max{ay;, - j: (& ) €], 1},

(20) Jw=Ak ) & €], _y and @ -j=d}
If k is a nonnegative integer, then by (12), we have

21) wﬁ = O((logq_ lz)"‘) over F(a, b) for all ¢>0,

and if j is a nonnegative integer then by (12) and §2(d), we have for every € > 0,

(22) (wg ¥ = 0(z"(log 2)77 - -« (log,_ 12)-j(l°3q-lz)i€)‘
Now set,

d d d
(23) $(z) =z Wlog 2) ! -+ (log,_,2) 472 if 422,

while if g = 1, set ¢(z)=1.

We now consider the set J -], _), and we distinguish two possibilities.
For those (k, j) which belong to every set | where 0<r<g =2, but not to
]q-l’ we have @i -j=d for 0<r<q -2, but €= dq-l - (alei.q-l -N>0.
Letting €, be a fixed positive number which is less than all of the numbers
& J./ 2, and choosing the arbitrary number € > 0 in (21) and (22) so that (k + j)e
<¢, for all these (k, j), it follows from (16), (21), (22), that for these (&, ),

@4) g4 kg ) = Olllog,_2)"4=1“1(2)) over Fla, b),
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where ¢(z) is as in (23). For those (k, j) which fail to belong to some set ]',
where 0< 7r< ¢~ 2, it follows easily from (16), (21) and (22), that for some ¢,
0< t< g~ 2, the left side of (24) is

d d d,=Ag
o(z o... (108,-12) "l(logtz) ¢ k’) for some Aki >0,

and hence (24) holds for these (k, j) also. Thus (24) is valid for all (%, j) in
]- ]q-l’ and hence, since w,, is a solution of equation (14), we have

(25) 2lgywbwgV: (b, e, _ ¥ = O(HG),

where H(z) = (logq~lz) q- 1”elcﬁ(z). (We remark here, for future use, that although
both (12) and (13) are available to us, (13) was not used in developing (25).)

Now let r = maxik + j: (&, j) € Jgo- } and let I be the set of all (k, /) in ],
such that k-+ j =r. Isolating the terms of I in (25), and dividing by wj (Wthh
is permissible by (12)), we obtain
(26) 2 &, we/wyV = H (2 + O(H(2))/wp,

(k,j)el

where H,(z)=- 2{gk’.(w:,)i/w3'k: kyD€J g~ B. Now since y, is power-
comparable with all logarithmic monomials of rank < p, it is easily seen that the
same is true of w. Since j<r -k for each term in H l(z), it now follows easily
from (13), (16), the definitions of ] and H, and Appendxx Lemma 5, that for

every a > 0, the right side of (20) is O((IOg z)~ a’(logq- z) q"qu(z)), where ¢ is
as in (23) Again using (16) and the definition of J__,, and dividing (26) by
(log,_,2) q"qu(z), we obtain from (26) that

(27) > G,vh = 0llog,2)=*) for all a >0,
(k,j)el

-a

. ~a, .

where ij = gka kj0 .., (logq— 12) kj,q-~ l’ and

(28) vy = #llog z) - - - (log,_ 2)wy /w.
We now consider the algebraic polynomial,

(29) )= X G
(k,j)el

The coefficients G kj 2re nonzero functions which clearly belong to the same
logarithmic field as do the g, ., and clearly & (G, ) 0 for m < q, while for
m>4q,8,(G, ) é (gk ) (see $2(d)). Let B and 0 be, respectively, the minimum
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and maximum of the set {j: (k, j) € B. Then ® is a polynomial of degree 0; and
o > 0, for otherwise by (27), Gr0 would be O((long)" % for all @ > 0, which con-

tradicts the obvious relation G o >> (loqu)a’oq"l. Thus ® is an algebraic poly-
nomial of positive degree o with coefficients in a logarithmic field of rank p. It
follows from [9, Theorem II, p. 244] (by applying this result to, in the terminology
of [9, p. 246], the logarithmic quadruple (F, Ej(F), R, S,), whete F = F(a, b)
and R is the set of real numbers), that there exists a logarithmic field of rank p
over F(a, b) in which ®(v) factors completely. Hence there exist distinct func-
tions B,,*++, B,, each defined and meromorphic in an element T of F(a, b) such
that,

(30) ®) =G, o ,vPlw-B D" o (- B )

for all meromorphic functions v = v(z) defined on T, Where m,,***, m, are
positive integers such that Zml. = o - B. (Of course, if 0= B8, then the set
{By,+++, B,} is empty.) Furthermore, if 1<j<tand 1<i<tandi#j thenby
$2(e) there exist logarithmic monomials M, and Ml.,. of rank < p such that

(31) B,~ M, and B;-B;~M; over F(a, b).

Since the B are roots of @, it follows from either [9, §36] or (4, §5] that the M
can be constructed using the algorithms in [9, $28] or [4, §26). Siace 8_(G, )
0 for m < g, these algorithms show that for 1<j<¢,

(32) 8m(B,') = 3m(Mj) =0 for m<gq.

Let A be the set of all pairs (i, j) of integers in {1,+++, s}, with i £ j. Let A
be the subset of A, consisting of those (i, j) for which & (M ) 0 for m < q.
Hence clearly we can choose A > 2 so large that (log qz))‘B — % for each j, and
(long)’\(Bi Bj) — oo for (i, j) €A, If (i, 7)€ A — A, and k is the smallest
nonnegative integer for which ak(Mii) # 0, then we must have 5&‘"’.-) <0, for
otherwise M, >>M; and M. >> M, (by (32)), which would obviously contradict
(31). Thus for (i, j) € A, — A, we have (long)’\(Bi - B].) — 0. Thus we can
choose an element T1 in F(a, b) on which

(33) I(long)"B’.(z)I >2 forj=1,.00,1t
(34) |(log,2*(B(2) - B(2)| >2 for i ) € 4,

(35) |(log 2 (B(2) - BN < 1/4 for G, ) € 4, - A.
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Now let uy = (long)"vo, By=0and, for 0<j<t, let W, = (long)"Bj. Now

since G,_ o0 >> (IquZ)d whered=a a" 1, it follows directly from (27)

r=0,0,
(for a sufficiently large choice of a) and (30), that there is an element T, in

F(a, b), contained in T}, on which

(36)  Jug(2) - Wo(@)|Plug(z) - W (2" L -+ Jugla) - W) < (1/2)°

Now let z, be a fixed element of T,. Since B+ 2m, = o, it follows from (36)
that it is impossible that Iuo(zl) - W].(zl)l >1/2 for each j=0, 1,+++, t. Thus,
there exists an index m € {0, 1,+*+, t} (m depending on Zl) such that,

(37) lug(z) - W,(2))| <1/2.
We assert that, for this index m, we have
(38) lug(z) =W, (2)| <1 forall zin T,

To prove (38), we assume that (38) fails for some point z,
there is a curve in T2 joining z, and 2z, it follows from (37) and the continuity

in Tz' Since

of |ug(z) = W_(2)], that for some point z, in T, we have

3
(39) lug(z5) - W, (25)] = 1.
But as above, from (36), there is an index k, such that
(40) lug(z5) = W (2,)] <1/2.
Clearly from (39) and (40), & # m and

(41) W, (z5) - W, (z,)] < 3/2.

We distinguish three cases. If neither k nor m is zero, then by (34) and (41),
clearly (k, m) € A~ A. But from (39) and (40), we obtain [Wm(z3) - Wk(z3)| >
1/2 contradicting (35). The second case is k= 0. Thus Wk(zs) = 0, so from
(41), |Wm(23)| < 3/2 which contradicts (33) since m # 0. The final case is

m = 0, so from (41), it would follow that IWk(zs)l < 3/2 again contradicting (33).
Thus (38) has been proved. From (38) (and (28)), we see that for all z € T,,

(42) |(wg (2)/wo(2) - E)| < |2~ - -+ |log,_ 2|~ !|log 2|,
where
(43) E(z) = z~(log )1 ... (log,_,2)" B .

We assert that
(44) m#£0.



278 S. B. BANK

' To prove (44), we assume the contrary. Then E(z) = 0. Letting L(z) be a branch
of logw, on T,, and noting that A > 2, it follows from (42) and Appendix Lemma
2 that if 2z is a fixed point on argz = (a + b)/2, lying in T, and of sufficiently
large modulus, then as a function of R, L(Rz,) is bounded on [1, + o). Hence
wy(Rz,) is bounded on [1, + ) which clearly contradicts (13). Thus (44) holds.
We now set

(45) U= (w(; /wo) - E.

Since A was chosen so that (log qZ))'Bm —s 50, it follows from (42) and (43) that
U/E — 0. Thus, from (45),

(46) wg /wy = E(1 + o(1)).

In view of (43) and (31), we thus have

(47) wy /wy = 2~ Wlog 2)™1 ++« (log,,_2)~ "M (1 + o D).
From the definition of w, we have

(48) Ya/vo = (wg /wg) +(Q/2)),

where Q is given by (6). If in (G), a = 0for 0<j<g-1,then Q; =0and
since M, isa logarithmic monomial, the conclusion of the lemma now follows
from (48) and (47). If not all a; are zero in (6), let 7 = mint;j: a; #:0}. Then,

(49) Ql'/Ql ~ a.nz"l cee (Iognz)‘ 1

If n< g -1, then since & (M )= 0 for j < g by (32), clearly from (47), (48) and
(49), we obtain yo/yo = N(l + o(1)), where N is the monomial on the right side of
(49), and hence we obtain the conclusion of the lemma. We are thus left with the
case n=g-1. If M, >>1, then by (47), (48) and (49), we obtain yj/y, =

N (1 + o(1)), where N =271 eee (logq lz)"lM , and again we have the con-
clusxon of the lemma. S1mxlar1y, if M << 1, then we obtain yo/ Yo = NQ + o(1)),
where N is the monomial on the right of (49) with n = g - 1, and again the lemma
is proved. The final possibility for M, is that M, % 1. Thus M_ = c for some
constant ¢ #:0. Since n =g - 1, we obtain from (47), (48), (49),

(50) Yo Yo = z=l... (log,,_ 12 e+ Qg1+ o(1)).

Thus if ¢ + a, ,4 0, we obtain the conclusion of the lemma. We now show that
c+a,_y £0, and so the proof of the lemma will be complete. We assume the
contrary S0 € ==, . Since a__, is a nonzero real number, so is ¢. If ¢ <0,
it follows directly from the representation (47) and [7, $103] that for all real @,
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(long)awo — 0 over F(a, b). This clearly contradicts (13). The remaining
possibility is that ¢ > 0. In this case, we have by (12) that w << (logq_ lz)"/ 2,
We set, Y = (logq- lz)""/zwo, so Y — 0, and in view of (47), we have ¢ -

(Y '/W) = 0, where

W=(c/2)z"1... (log,, _2)” 1(1+ o(1)).

Since  — 0 and w, — e (by (13)), there exists an element T, in F(a, b) on
which 0< |¢| < 1 and W is nowhere zero. Clearly (see S2(a)), T, contains a
closed sector, ¢~ 8 < arg(z -~ x )< b + 8, where ¢ = (a +b)/2, § = (b~ a)/4
and argx, = qSo. But since ¢ > 0, it follows from [8, $73(b)] that the only func-
tion which is analytic and bounded on such a sector and satisfies the equation
y-(y '/W) = 0, is the zero function. This contradicts the existence of Y, so the
case ¢ > 0 is also impossible and the proof of the lemma is now complete.

9. Lemma D. Assume $6, and in addition, assume that yo is power-compare
able with all logarithmic monomials of rank < p over F(a, b). Then if y, pos-
sesses a nonlogarithmic p-exponent sequence of length > 1 over F(a, b), then
there exist in an element of F(a, b), an analytic function V(z) and a logarithmic
monomial N(z) of rank < p, such that V(z) = N(z)(1 + o(1)) over F(a, b) and Yo =
exp[V.

Proof. Let (ay,--, aq) be the p-exponent sequence for yo. If @ =+ e,
the result follows from Lemma C. If a, =~ o, we set u, = 1/y, (which is
analytic by Lemma B). Then it is easy to see that u, satisfies the hypothesis
of Lemma C having p-exponent sequence (- @ g,***, - q). Applying Lemma C
to ug» the conclusion immediately follows for y o

10. General hypothesis (for §§11-13). In addition to the hypothesis of $6,
we further assume that y, is power-comparable with all logarithmic monomials
of rank < p + 1, and that y, possesses a logarithmic p-exponent sequence
(@gee+,a ). Let O be as in (5) and let wy=y, /Q. Let 6 be the operator 0p+l
defined in S2(d).

11. Lemma E. Assume §10. Then: (a) There exist €, > 0, a finite nonempty
set D of ordered pairs of nonnegative integers, and a nonzero constant c ki for
each (k, j) € D, such that

(51) > % .w’&(@wo)i = O((logpz)-ez) over F(a, b).
(k,)eD

(b) It is impossible that w>> (logp+lz)a for all a > 0.

Proof. In view of $6, it is clear that w, is a solution of an equation (14),
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whose coefficients are given by (16). Furthermore, since (4) holds for y, clearly
(12) holds for ¢ = p + 1. Thus, defining dg,++* dp, Jor**» ]P as in (17)—(20),
it follows that (25) holds when ¢ - 1 = p. Since a . —i= d for 0< m< pif
(k, j) € ]p, it follows from (25) for g - 1 = p, that

(52) T o1+ B, uk(0w,) - 0llog,s)” D).
k.)€,

Since the Ej; belong to a logarithmic field of rank p, and are << 1, it follows
from (iii) of $2(e) that for some 8 >0, E ki << (log pz)’ 8 for all (k, )€ ] »* Let
€= min{c 8/2}. Since (12) holds for ¢ — 1 = p, so do (21) and (22). Choosing
the arbxtrary €> 0 in (21) and (22) so that (k+j)e<d- € for all (&, j) € ]p, it
follows that E,, wk(ew )’ O((logpz) 2) and so (51) follows from (52) taking
D=],

To prove (b), we assume the contrary, i.e. w, >> (log, lz)a for all a > 0.
Let 7 = max{k + j: (k, j) € D} and let I be the set of (k, j) in D with k + j = n.
Since y, is power-comparable with all monomials of rank < p + 1, the same is
clearly true of w. Thus if in (51), we divide by w and isolate the terms of I,
it follows from Appendix Lemma 5 and our assumption about w, that for all
a >0,
(53) > cklvo = o((logp”z) *), where vy = Qwy/w,.

(k,j)e!

The left side of (53) is a polynomial (with constant coefficients) in vy If m is
the degree of this polynomial, then clearly m > 0, and in view of (53) for a =
2m + 1, it follows from Appendix Lemma 1 (using ¢(z) = (logp+lz)'(2m"’l)), that
there is a complex root A such that v - A= O((log » +lz)" 2), Let A = c + id where
c and d are real, let L be a branch of log w, and let U= L ~ A(logp“z). From
Appendix Lemma 2, it follows that if z, is a fixed point with arg 2, = (a + b)/2,
of sufficiently large modulus, then for R > 1,

(54) |URz) - Uzy)] < Kllog,, 127",

where K is a positive constant independent of R. Thus as functions of R, U(Rzo)
and hence exp(U(Rz)) are bounded on [1, + ). Since by assumption, lwo(Rzo)I—'
+ 00 as R — + oo, it easily follows that we must have ¢ > 0. Now if we set

V = = U, then by (54), V(Rz,) and hence exp(V(Rz ) are bounded functions of R
on [1, + ). From this it follows that for some constant K 1> 0, we have

(55) K1|logp(Rzo)|C <|wy(Rzy)| forall R> 1.

But since (12) holds for ¢ = 1 = p, and since ¢ > 0, we have w, << (logpz)C/2



SOLUTIONS OF ALGEBRAIC DIFFERENTIAL EQUATIONS 281

which clearly contradicts (55). This proves part (b).

12. Lemma F. Assume $10. Then there exists a real number B, such that
over F(a, b),

(56) (1081,“2)’8" Kwy K (logp“z)m‘ for all €>0.

Proof. Let u;=1/y,. Then u is analytic over F(a, b) by Lemma B, and
it is easy to see that u, satisfies $10 with p-exponent sequence (- @, >+,
- a.p). Thus if v, = Quo (where Q is as in (5)), we have by Lemma E, part (b),
that it is impossible that v, >> (log, ,12)" for all a > 0, in addition to it being
impossible that w, >> (log“_lz)a foralla > 0. Butclearly v, = 1/w, so by the
comparability of w, with all monomials of rank < p + 1, it follows that the set of
all real a for which w << (log » +lz)"', is nonempty and bounded from below, and
(56) holds if B is the infimum of this set.

13. Lemma G. Assume §10. Then there exists a logarithmic monomial M of
rank < p + 1 such that Yo ~ M over F(a, b).

Proof. We assume the contrary. Then clearly for every monomial M of rank
< p + 1, we must have

(57) we/M — 0 or = over Fla, b).

(If (57) failed for some M, then wy << M and w, >>M are both false, so by com-
parability, w; ® M and hence, y, ~ cQM for some constant ¢ # 0.) In view of
Lemma B, let L(z) be an analytic branch of log w, on an element T, of F(a, b).
We may assume that on T, lz] > e p(0) (see $2(b)), and we will use the notation
wo for exp(a L) if @ is a real number. We now show that there is an element T,
of F(a, b), contained in T,, such that,

(58) wo' is nowhere zero on T,

The proof of this assertion is almost identical to the proof of [2, statement
(30), p. 271}, and so we simply sketch it. w,, satisfies an equation of the form
(14), whose coefficients 8k; belong to a field of rank p. Let ¢ = minij: 8j £0
for some ki, so in view of (57), w, satisfies the equation

2lg whw'Ytj2ah=0.

Letting A and o be respectively the minimum and maximum of {k: g,, # 0}, we
consider the algebraic polynomial ®(v) = Zz;hg ke ok, Using [9, Theorem II] (as
in Lemma C), there is a logarithmic field of rank p in which ® factors completely.
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Letting B ,*++, B, be the distinct nonzero roots of ®, it follows from (57) that
there is an element T, of F(a, b) on which g o¢ is nowhere zero, and
I1 -~(B].(z)/wo(z))| >1/2forj=1,+++,4. Letting T, be an element of F(a, b)
contained in T, and T, it is easy to see that (58) holds.

In view of (58), we will let L,(z) be a fixed analytic branch of log6w, in
T2, and we will use the notation, (Gwo)a for exp(aLl) if a is a real number.

We return now to inequality (51) and let B be as in (56). We define

(59) y=max {8k + ) - j: (&, ) € D},

(60) A =ik, )k )eD and Blk+7) =j=}
From (56) and §2(d), we have

(61) fw, < (l°3p+lz)'3+€-l for all €> 0, over F(a, b).

By choosing the arbitrary € > 0 in (56) and (61) sufficiently small, it is clear
from (51) and the definition of A, that there is an € > 0 such that

, ~€
62) E ck].wg(ewo)’ = O((logp 1_lz)‘y 3) over F(a, b).

(k,j)eA
Clearly, from (60), if (k, j) and (k,, j,) are distinct elements of A,then k+j#
ky+7ye Let (R, 7)eee, (k,, j,) be the distinct elements of A, so arranged
that if ¢, =k, +j, theng, <g,<:++<gq . Letting c; denote Chyip (62) may be
written

63) 3 el Ti0wg)t = 0lllog, ,,2) ) over Fla, b).
i=1

At this point, we observe that

(64) If A has only one element (i.e. # = 1), then j; > 0. To see this, we
note that if n =1 but j, = 0, then from (63) and the fact that y = B¢, it would
follow that by choosing € in (56) sufficiently small, we would obtain ¢, -0
contradicting the fact that ¢, is a nonzero constant.

Since j; = pB4; -y we may write (63) as

(65) wg'(ewo)'yE(vo) = 0((logp+1z)y'€3),
where
n
(66) vy = wé"ﬁ(ewo)/s and E() =Y civq’.
i=1

Clearly v =w, if B=0. If B #0, set
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(67) g(z) = ((1/B) - 1)L(2) + L ((2), so v =exp (Bg)»

where L and L, are the fixed branches of logw and log 0w, respectively. Now
set

(68) V= Bwé/ﬁ =B exp(L/B).

Thus,

(69) 0V = exp(g(2)) = wl/ P 10w), if B#0.

Finally, let p ,, p, be the distinct nonzero roots of E (if any), with H; of
multiplicity m . Let py=0and m=q,.

As in [2, pp. 274~279], we will distinguish the two cases y > 0 and y < 0,
and in each case, we will distinguish subcases according to the sign of 8. The
proof that each case leads to a contradiction is almost identical to the corre-
sponding proof in [2], and hence we will simply sketch these proofs.

Case 1. y > 0. By choosing € sufficiently small in (56) and (61), we have
from (65) that E(vg) = 0((1031, +12)~€‘) for some €, > 0. Thus from Appendix
Lemma 1, there is an index &, such that

-€
(70) vg -t = 0(log, , ,2) %), for some € > 0.

If B =0, then (70) is impossible by (57) (if p, # 0) and by (56) (if = 0). If
B #'0, then B > 0 since B>, /q « If p, =0 in (70), then from (69). v =

O((log ) ) Applying Appendix Lemma 3 and (68), we obtain a contra=
dxcuon of (56). The other possibility in (70) is that Py # 0. We now argue as on
p. 275 of [2]. Setting ¢ = v, - p, and choosing a branch A(z) of log(p, + 2) on
|z| < lu,|» we set W =exp(A/B). Using the power series expansion for W, (70),
(67), (69), it follows as on [2, p. 275], that there is a nonzero complex number )t
such that if U=V =2 4logp 1% then ou = O((logp Rt z) ) From Appendix
Lemma 3, we obtain V/(A,log ) *lz) — 1. Applying Appendix Lemma 4, we obtain
a contradiction of (57), so Case I is complete.

Case Il. y< 0. We let 0=~y so 0> 0. From (66), we observe that

(71) lvg/wyl = |0w0/w0|'3.
We distinguish the three subcases >0, 8<0and 8=0.
Subcase A. B> 0. From (65) and (71), it follows that by choosing € in (56)

-€

sufficiently small, we obtain, |vy|” /8 |E@y)l < Kllog, 2 z| 4 on some element of
F(a, b), where K and €, are positive constants. Since 4, + (a/B) > 0, it thus
follows from Appendix Lemma 1, thae (70) holds for some root y,. Since B>0
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here, the proof proceeds exactly as in Case I to show that both y, = 0 and . £0
are impossible,

Subcase B. < 0. Set =~ B son>0. From (65)and (71), it follows by
choosing € sufficiently small in (56), that (65) may be written

m m -€
(72) lvg(2)]| =M vy(2) - ... lvg(2) - |t < |log,, ;2| 4,

on some element Sz of F(a, b), where €> 0 and where A = (o/p) - 9, (From
(64) and (60), A > 0.) As in [2, pp. 276-277], we choose positive numbers, &, K*
and K, such that, |u, - u}.[ >8if i i, Iyil > for each j > 1, Ip,.l < K*for each
i21, Ky >3/(25) and 2K} - K"K, = 1> 0. Let S, be an element of F(a, b),
contained in § 2 0n which

)X+ml+ cesdm

-€
(73) llog, .,z "4 < (1/2K, t

There are now two possibilities.

Possibility 1. There exists a point z, in §, and an index &, 1 < k<1t, such
that |vo(z,) - | <1/2K. In view of (72) and (73), it follows exactly as on p.
277 of [2] that for this index k, (70) holds for some €, > 0. Since p, # 0 and
B #£10, the proof now proceeds exactly as in the last part of Case I, to obtain a
contradiction of (57).

Possibility 2. If Possibility 1 fails, then from (72), it follows that
ool ™* <K, | longzl-‘4 on S, for some K, > 0. Since A>0and B<0, it

now follows from (66) and (69) that 6V = O((Iog“lz)-") for some €5 > 0. Apply-
ing Appendix Lemma 3, and using (68) (noting that 8 < 0), we obtain a contradic-
tion of (56).

Subcase C. B =0, so vy=w,. From the comparability of w, with all
monomials of rank < p + 1, together with assumption (57), it follows that either
wy >> lorwy;<<1.

Case (a). wy >> 1. Since v =w,, it follows easily from (65) (and the fact

that o = j_since B = 0), that if we let U= wg +1/(Z + 1), where ¢ = (q,- 0)/o,

then

-1-63/0'

(74) 6U = 0((log,, , ,2) ) and ¢>0.

From Appendix Lemma 2, it follows that if z, is a fixed point with arg zy =
(a + b)/2 and of sufficiently large modulus, then |U(Rz,)| is bounded as a func-
tion of R on [1, + «). Since ¢ > 0, this clearly contradicts the assumption
wy >> 1 over F(a, b). .
Case (b). wy << 1. In this case it follows from (65) that if U= wé”/({-l- 1),
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where { = (g, - 0)/0, then (74) again holds. Thus there exist K> 0 and an ele-
ment T in F(a, b) such that

-1_63/0'

(75) |ou| < Kllogp“zl on T,

and |z| > e, ,1(0) for all z in T. Now let z, be any point in T with argz; =
(a + b)/2. By Appendix Lemma 2,

-€3/
(76)  |U(Rz;) - Ulz,)| < (Ko/e,)log,, |z,) """ forall R> 1.

But since w<<1, clearly |U(Rz,)| —0 as R —+ oo, so UGl <

-€,/
(K0/€3)(103p +llzll) 3"° . Since ¢ >0, it follows that if we set €, = €, /o + 1),
then ¢, > 0 and for any point z, in T with argz, = (@ + b)/2, we have

7 lwglzy)| < (€ + DKo/e) S log, 12,7,

-€,/2
But B = 0, so by (56), wy >> (logp +12) 4"", Thus on some element T, of

F(a, b), contained in T, we have
-€4/2
(78) |wo(z)| > |logp+1z| .
Now p is a fixed positive integer, and it is easy to prove (by induction on p) that
there is a positive number R(p) such that

79) |log, , 2| < 2log,,,,|2|) for |arg z| <7 and |z| > R(p).

Since T, contains points z,, with argz, = (2 + b)/2 and |z, | arbitrarily large,
it is clear that (77), (78) and (79) would yield the fact that for such points Z,
€./2

(logp o |z 1|) 4"" is bounded which is of course absurd. Thus Case (b) has also
led to a contradiction.

Hence every case has led to a contradiction and this proves Lemma G.

14. Proof of the main result (§3). The first statement of the conclusion fol-
lows from Lemma B (§7) and the remark following it. If p = 0, the rest of the
conclusion follows from [2, §3], so we may assume p > 1. By Lemma A (§5), Yo
possesses a p-exponent sequence of some length g. If ¢ = 0, the rest of the con-
clusion follows from [1, $3] (i.e. (B) of the conclusion holds), so we may assume
g > 1. If the p-exponent sequence is nonlogarithmic, the rest of the conclusion
follows from Lemma D (§9) (ise. (B) of the conclusion holds). If the p-exponent
sequence is logarithmic, the rest of the conclusion follows from Lemma G (§13)
(i.e. part (A) of the conclusion holds).
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15. Remarks. (1) We consider three types of functions f which are analytic
in an element of F(a, b). (i) { nowhere zero and [ = o(z™?%) for all @ > 0 over
F(a, b); (ii) for all @ >0, 2% — e over F(a, b); (iii) for some logarithmic
monomial M, / ~ M over F(a, b). We show that each such function is power-com-
parable with all logarithmic monomials over F(a, b). For (i), let L be an analytic
branch of logf and let n be a positive integer. Since z*"f — 0, clearly,

z%L/" — 0 over F(a, b) for all @ > 0. By [3, §7], it follows that el/n<< zm0
for all @ > 0 over F(a, b), proving the conclusion. Case (ii) follows from Case
(i). For (iii), let M have the form (2). Clearly, there is an analytic branch L of
logf in some element of F(a, b), and let n be a positive integer. The conclusion
will easily follow if we can show

-ag/n -al/n

-a /
80) z (log 2) coo (log,z) ? "el/nas1 over Fla, b).

To prove (80), denote by E the left side of (80). Since [~ M, clearly E" ~ K
where K is the nonzero constant in (2). By Appendix Lemma 1, there is an nth
root of K, call it A, such that E — X over F(a, b). Let G=E ~A,s0 G — 0,
Let E" = K + H, where H << 1. Substituting (G + A)" into this relation for E"
and expanding, it follows from [7, $33] that G << 1. Thus E ~ A and (80) is
proved.

(2) We construct an example of a function, analytic in an element of F(~m,7),
which over F(-m, m), is power-comparable with all logarithmic monomials, but
which is neither ~ to a logarithmic monomial nor of the form exp JN@)(1 + o(1)),
where N is a logarithmic monomial. To proceed, let T be an element of F(~, m)
on which |z| > €", and let z; € T. Let F(z)= expf:o - ¢ YlogHdl on T. From

[3, $4], it follows that F << z~% for all @ > 0 over F(-m, ). Let G(z) =
exp(z'log z), where i2 = -1 and 2z° = exp(i(logz)). Then |G(z)| < |z|* on T, where
A = 2¢". Hence if we set H = FG, then H is nowhere zeroon T and H = oz™%)
over F(~m, ) for alla > 0. From (i) in Remark (1) above, H is power comparable
with all logarithmic monomials and clearly H is not ~ to any logarithmic monomial
over F(-m, m). It remains to prove that H is not of the form exp [ N(z)(1 + E(2)),
where N is a logarithmic monomial and E — 0 over F(-m, m). If we assume the
contrary for some monomial N, we would have

(81) izi = 1 - (z/log 2) + z(log 2)~ IN(2) (1 + E(2)).

Since one of the relations, N >> z~ l(log z), N~ z'l(logz), N < z'l(log z), must
hold over F(-m, ), it would follow from (81) that 2' — o0 or z' — ¢ for some con-
stant ¢, over F(-m, ), which is absurd.

(3) In [2], the printer omitted the constant € pmiii which should appear
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immediately after the summation sigas in (15) and (19) on p. 269 of [2]. In addi-
tion, w; should be w’ in (19).

16. Appendix.

Lemma 1. Let Apseee, )tq be q > 1 distinct complex numbers and let LTI
m, be positive real numbers. Let ¢(z) and vo(z) be analytic functions in an ele-

ment T of F(a, b), such that ¢ — 0 over F(a, b) and such that for some K, >0,
(A1) log(2) = Ay e e lvgl2) = A | < K |l2)| on T.

Then there exislt/ K2 >0, Tl € F(a, b) and an index t, 1 <t < q, such that [vo(z)—
m
MK 9@ o T

Proof. The proof is identical to the proof of [2, Appendix Lemma 1, p. 281]
with ¢(z) replacing (logz)™%.

Lemma 2. Let V(z) be analytic in an element T of F(a, b), and let ¢> 0,
K> 0and g >1 be such that on T,

(A2) |V'(2)] < Klz| =1 -+ |log, _ 2|~ !|log 2|~ 1-¢.

Then for any point z, in T with argz, = (a +b)/2 and lzll > e (0), we have
[V(Rz)) - V(zl)l < (K/e)(logq IzII)"€ forallR > 1.

Proof. The proof follows easily from the fact that |log’. rz ll > log].|rzl| >0
if r>1 and j< g, and the fundamental theorem of calculus.

Lemma 3. Let V(z) be analytic in an element T of F(a, b), where T bas the
property that |z| > e, (0) for all z in T, and let €> 0 and K > 0 be such that on
T, we have

(A3) |V'(2)] < K|z|~!|log 2|~ ... |log,, 2|~ lIlog“_l,"’:l‘“‘.

’
Then there exists a number €'y with 0< €'< 1, such that V = O((logp +12)l"€ )
over F(a, b).

Proof. The proof follows exactly along the lines of [2, Appendix Lemma 3,
p. 282], where it was proved for the case p = 0.

Lemma 4. Let wo(z) be analytic and nowbere zero in an element of F(a, b),
and let L(z) be a branch of logw,. Let V(z)= Blexp(L(z)/ B)), where B is a
nonzero real number. Then if for some nonzero constant c, we bave
V(z)/cllogp ,12 — 1 over F(a, b), then there is a nonzero constant c, such that
wy(2)/c (log,, 2} — 1 over F(a, b).
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Proof. The proof follows exactly along the lines of [2, Appendix Lemma 4,
p. 283], where it was proved for the case p = 0.

Lemma 5. Let q be a positive integer, and let w(z) be a meromorphic func-
tion in an element of F(a, b), which is power-comparable with all logarithmic
monomials of rank < q over F(a, b). Suppose that for every a >0, it is true that
wy >> (log qz)”' over F(a, b). Then if j and m are nonnegative integers with j< m,
we have

(A4) (wg V/w = o(z™/(log 2)77 ... (log,, lz.)""(long.)‘m)
for all a > 0 over F(a, b).

Proof. For j =0, the result clearly holds, so we may assume j> 1. Let L
be a branch of logw, and let €= (m - j)/j. Thus €> 0, and

(A5) (wg Y /w7 = (wg Je(1+€IL Y,

Let 7 be a positive integer such that 1/ <, and let a > 0. Choose A > 0 so

that @ < j(A + 1). From the hypothesis, clearly e Ls "(logg z)~* — oo, and since
el is comparable with (log z)) we must have el/nss (log z)Mover F(a, b). Thus if

[ = (log2Pe""", then /<<1 over F(a, b). Hence (see §2(d», we have 0, /<< 1

over F(a, b). Calculating oq +l/’ and using the fact that each of the functxons A,

exp(((1/n)-€)L), (long)(“"" =+1) ends to zero over F(a, b), it easily follows that
(A6) e'“*‘)"'(eqwo) (long)a/j — 0 over Fl(a, b).

In view of (AS), we thus obtain (A 4).
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