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ABSTRACT. Let G be a semisimple compact Lie group and Tf=
S¢(m)dpmxm * f a bi-invariant operator on L%G), where x,, and dy, are the
characters and dimensions of the irreducible representations of G, which are
indexed by a lattice of points m in the Lie algebra ® in a natural way. If ¢
is a bounded ad-invariant function on ® and

(*) ¢(m) =&(m+B) or
(x*) H(m) =fG ®(m+B~ad gB)dg

B being half the sum of the positive roots, then various properties of T are re-
lated to properties of the Fourier multiplier transformation on © with multiplier
®. These properties include boundedness on LI, uniform boundedness on L?
of a family of operators, and, in the special case G = SO(3), boundedness in
L? for ad-invariant functions with 1< p < 3/2..

1. Introduction. Let G be a compact group, and let T be a bounded opera-
tor on L%(G) which commutes with left and right translation. Then there exists
a bounded function ¢(m) on &, the space of equivalence classes of irreducible
unitary representations of G, such that Tf = 2¢(m)d_x_ * [, where X, is the
character and 4, the dimension of the representation. A basic problem in har-
monic analysis on G is to relate properties of the function ¢ with properties of
the operator T. We shall study this problem when G is a semisimple compact
Lie group.

Let @ be the Lie algebra of G and B(x, y) the Killing form on @. For any
bounded measurable function ®(x) on @ we consider the corresponding Fourier

multiplier operator

f— f@ ®(y)f (y)eiB("’y)dy

Received by the editors June 11, 1973,
AMS (MOS) subject classifications (1970). Primary 22E30, 43A75, 43A80, 42A18,

43A22; Secondary 43A35.
Key words and phrases. Multiplier transformation, compact Lie group, bi-invariant

operator, ad-invariant function on the Lie algebra.
(1) Research supported in part by NSF-GP-28251. Copyright © 1974, American Matbematical Society

99



100 R. S. STRICHARTZ

where
fG) = @m)-n f@ (e~ B gy,

If ® is invariant under the adjoint representation of G on @ then there is a
close connection between this operator and the bi-invariant operators on G. To
understand this connection we must describe how to pass from the function ® to
the function ¢. Now the irreducible unitary representations of G are indexed by
the dominant weights, which may be regarded as points in @ via the Killing form.
Thus the simplest relationship between ® and ¢ would be to set

(1.1) ¢(m) = B(m).

For this to make sense we must have ® continuous (or almost continuous), which
we do not want to assume. A better relationship tums out to be

(*) ¢(m) = ®(m + B) or even
(=) d(m) = fG O(m + B - ad gR)dg

where B is half the sum of the positive roots.

Let op(®) denote the bi-invariant operator on G associated with ¢, and
Op(®) denote the Fourier multiplier operator on & associated with ®. We shall
prove the following results.

(1) If Op (@) is bounded on L!(®) then op(¢) is bounded on- L!(G) under
either (*) or (*x). In addition, under (+*), op(p) is positive definite if Op (@) is.

(2) Let G=SO(3) and let 1< p<3/2. If Op(®) is bounded on L, (8),
the ad-invariant L? functions on @, then under (*) op(¢) is bounded on L fn' ),
the central (conjugation invariant) functions in L?(G). The condition 1< p < 3/2

implies that ® is continuous herce (%) is well defined. The group SO(3) is
special because the exponential mapping is regular on an entire fundamental do-

main.
(3) Let G and p be arbitrary and denote (I)r(x‘)a ®(x/r). The boundedness
_of Op(®) on L?(®) (or L? (@) is necessary for the uniform boundedness of
op(¢') on L?(G) (or L fnv(G» under (*) or (¥*) as r — oo (under (*) we must
assume 9 is continuous).

These results are stated for semisimple groups, but they may be extended
with minor modifications to all compact Lie groups because they are trivial for
the torus groups.

The proofs, which we present in the next two sections, rely heavily on two
related formulas of Harish-Chandra [4]. The first (see (2.7) below) enables us
to express the characters as ratios of Fourier transforms (see (2.8)).
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The idea behind Theorem 3 was used by Clerc ([1] and [2]) to study multipliers
for spherical harmonic expansions. The problem of extending Theorem 1 to spher-

ical expansions on compact symmetric spaces would be interesting and difficule
because no analogues of Harish-Chandra’s formulas are known.

The ideal of relating multipliers on the Lie group and Lie algebra was in-
spired by the work of N. J. Weiss [6]. Weiss gives sufficient conditions for L?

boundedness on G, 1< p < =, that are completely analogous to the Marcinkiewicz-
Hérmander conditions for 8.

2. Sufficient conditions. Given a compact semisimple Lie group G with Lie

algebra @ we choose a maximal torus T C G and a corresponding maximal abe-
lian subalgebra § C 8. We choose a set of positive roots a,,+++5 ay which we

regard as elements of §, and set B=Yia, +:+++ ay). Ve set

N
P(H) = [] BH, @),
i=1

N
A(H) = [T 2i sin %4B(H, 0.), for H €S,
i=1

A (H) = A(H)/ P(H)

where B denotes the Killing form. We may extend A to @ by setting A (x) =
AO(H) for any H €9 in the same orbit as x under the adjoint action of G on G.
This definition is unambiguous because A (H) is invariant under the Weyl group.

Now let p be any finite, ad-invariant measure on 8. We define two measures
By and p, on G by

2.1) fG {(gydu,(g) = f@ flexp x)m dyu(x)
and
(2.2 fG [(@)du,(g) = L f(exp x)IAo(x)I2 dp(x).

Note that these are finite, central measures on G, and that p, is positive if p
is positive. We shall show that, on the Fourier transform side, the mappings
p —p, and p— p, correspond to (x) and (x*).

Lemma 1. Let ®=f= [ e B&EYI gu(y). Then

(2.3) fxmzé)dul(g) = y'dm(D(m +B)



102 R. S. STRICHARTZ

and
(2.4 J‘mdpz(g) =y"d_ fG ®(m + B - adgB)dg
where y' and y" are constants depending only on G.

Proof. The Weyl character and dimension formulas give

i B(m+8,0H)
(2.5) X,\lexp H) = L det @

S BB 4o o ’
(2.6) d_ = Pm + B)/P(B).

The sum is taken over the Weyl group. We use these in conjuction with a formula
of Harish-Chandra [4, Theorem 2]

@2.7) PIP(H') [ e BOdsHiM go 3 (i BUNTHD 4oy o

(here y is a constant depending only on G) and the well-known 2 B (Bot)ger o
= A(H) to obtain

xm(exp I'I)_ PG) [ ¢ Blm+B,ad e g,
a7 AH)

m

(2.8)

But the same formula holds for any x € @ because both sides are ad-invariant.
Thus from (2.1) we compute

S X @ duy (o) = i Xetexp ) B ) )

=y'd, fG f o¢ ~iBlad gm+Bx) g, () dg=y'd_jilm+ B)
because {i is ad-invariant. From (2.2) we compute

fc‘“@xm dp, () = f., X, (exp 1A  (x)A () dplx)

. . ’
- yn dm fG fG J‘; e -1B(adg(m+,3),x)ezB(adg B x) dp(x) dg dgl

=y'a, [, fG fad g(m + B) - ad g'B) dg dg’
-y"d_ fG i(m + B-adgB)dg. Q.E.D.

Theorem 1. Let ® be a bounded ad-invariant function on 8. If Op(®) is
bounded on L'(8) then op($) is bounded on L'(G) where ¢ is given by () or
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(), If Op@®) also preserves positivity (i.e., ® is positive definite) then so
does op(®) provided (x¥) is used.

Proof. It is well known that Op(®) is bounded on L(®) if and only if ® = 2
for a finite measure g, and Op(®) preserves positivity if and only if g is a posi-
tive measure. If follows from the lemma that op($) is convolution with By or py
for (*) or (**), and these operators obviously have the required properties. Q.E.D.

Remark. The positive definite multiplier transformations on any compact
group may be characterized by the condition

> > Wim, m', m")quS(m)a(m' )a(m") > 0

for all finitely supported complex functions a(m). Here W is the generalized
Clebsch-Gordon coefficient,

Wimy m'y m") = f G xm(g)xm: (g)xmn(g) dg,
the number of times the representation R occurs in R;"n, ® R_» Ve omit the
proof of this assertion since it is a straightforward generalization of the proof of
Bochner’s theorem for compact abelian groups. It is also possible to prove part
of Theorem 1 from this characterization and (2.8).
We next give an alternate description of the relation (x*),

Lemma 2. There exists a bounded function E(H) on © with support in the
convex bull of the images of B under the Weyl group, such that for any bounded
ad-invariant function ®(x) on @ we bave

(2.9) fG ®(n + B - adgB)dg = 47! [, ®H)P(HE(m + B - H)aH.

If Q denotes the square in RN given by Q =1{1: |t.| < ¥} then
& i

(2.10) fG ‘D(m+B-ang)dg=diJ‘Q ®m+B-a-t)Plm+B-a-tdt

where ¢ is a constant depending only on G, and a +t=2 ta.

Proof. It suffices to prove (2.10) for

X '
O(x) = fG ezB(adg xyy) dg'

with y € @ arbitrary. For we may then obtain (2.10) in general by Fourier syn-
thesis, and (2.9) then follows from the fact that the positive roots span 9.
Now using (2.7) we compute

J‘G (D(m + B - ad gB) dg = fG e iB(add(’"+ﬁ)’y) dg' fG e—-iB(ad gﬁ’y)dg
2

T )P eiB(a'(’”+'B)")e ~iBOAY) Get 0 det o
anP(B)ZP(y)2
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Also using (2.7) we compute

iB(m+ﬁ—a-l,a‘y) det o

fQQ(m+B-a-t)P(m+B-—a-t)dt=yfQ Ze

P(y)
= Y S BOmtBY) 4o o [ e-iBlartoy) g,
P(y) f Q
Thus to establish (2.10) we need to show
vy !
2.11 -iBlatoN) gy . L 57 BE A ger o,
( ) f Q ¢ P(y) Z

—iB(a- —it;B(a; 0 . .
But e~iB(&6.) 1 7B (%) (o e integral over Q breaks up into the

product on N one-dimensional integrals which are easily computed:

¢ ~iBlAa0y)_ +iB(4aj,0)

J' eiBlatoN g _ ]

-iBla, oy)

. .
The numerator is well known to be 2, e~iB(@ ATY) det o', while the denomina-

tor is clearly (- i)NP(oy). Since both are alternating under 0 we may drop it to
obtain (2.11). Q.E.D.
We return now to (2.1) and (2.2). If p is absolutely continuous with respect

to Lebesgue measure, du = Fx)dx, then p; is absolutely continous with respect

to Haar measure, du ;= Fl.(g)dg. The relationships may be written

(2.12) fG f(g)F,(g)dg = j‘; {(exp x)A \(x)F(x)dx
and
(2.13) ., 1@F () dg = fu flexp %)|A ()| 2F(x) dx.

While [|F;ll; < IFll;, the situation for L? norms requires clarification:

Lemma 3. Let & denote the integer lattice in . Then

(2.14) F)lexp H) = ¢ ; F(H + 20k)A (H + 2qk)™!
and
(2.15) F,(exp H) = ¢ }_ F(H + 2mk).

?

Furthermore ||F,.||p <c ||F||p provided

(2.16) 2 1A H+ 2ﬂk)|j""2 €L®, where 1/p+1/p' =1,
)
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Proof. From the familiar Weyl integration formula we have

fG {(g)F,(g)dg = ¢c fl‘ f(exp H)F,(exp H|AH)2dH

for any central function f, where I'={H € &: ‘Hi' < . A less familiar integra-
tion formula (see [5, p. 382]) states that

(2.17) fu [(x)dx = f@ [\ P(H)|% dH

for any ad-invariant function f. Thus
L {lexp x)A (x)F(x)dx
= f@ {(exp A (DF(H)|P()|? dH
= fr 3 flexp H)A (H + 2ak)F(H + 2ak)|P(H + 2nk)|2 dH
¢

and we read off (2.14) immediately. We establish (2.15) similarly.
Next assume (2.16) holds. Then

“F,“g =c fl‘ |Fi(exp H)|?|A(H)|? aH

<ef (z |F + 22k)| 18 o(H + 2000172 ) |AG)]? dH.
Now from Hélder’s inequality we have

3 |F(H + 2ak)| |A o(H + 2mk)| =2
¥

N (Zl”(” + 2ak)|P|P(H + 2n1e)|2)”"
¥

4 ’ ’ l/ (]
. (z A (H + 2280 9= 22| P( + 2mk)| =22 /p) ’
¥

Since A is periodic and A= A/P we have

’ / )
(Z |A (H + 2a0)|Y= 2P| P(H 4 2nk)| = 20" ") o |AH)|2
¥
= (Z |Ao(H + 2nk)|ip"z)p/p'
by

which is bounded by (2.16). Thus
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IF)2 < ¢ fr ; \F(H + 20k)|?|P(H + 2nk)|% dH

<c fb |F(H)|?| PG| 2 dH < |
by (2.17). Q.E.D.
Theorem 2. Let G=SO0Q3), let 1< p<3/2 and let ¢ be given by (*) If
Op(®) is bounded on L (8) then op(@) is bounded on L:’n LG

Proof. In this case § is one dimensional, and AO(H)= sin YH/H. Thus
(2.16) holds whenever jp' - 2> 1, which for j =1 means 1< p < 3/2. Now let
feLP (G). Wedefine FeL? (8)by

F(H) = {(exp WA (H) if |H|<m,

=0 otherwise.

Note that

IFI2 = [ 7 RGP | PG| aH

= [ 1(exp PIAD| =242 |AGH) 2 aH < cllf |2
because Ao is bounded away from zero on [~ 7, 7). Also

Pm + B) = [ B0 F(x) d
= [ Jo e B g Flx) ax
= [, [, oo Puda’™ gt F(a)| P2 aH
=c f .’,’, d'x_(exp H)f(exp H)|AWH)|*dH

=c f c dX &) (6) dg

by (2.17) and (2.8). Thus if f=Zq_¥,, then Flm+B)=a /d_ and
En+ BY®(m + B) = am¢(m)/ d_ by (). But then Lemma 1 implies that (Op(®)F )l
=cZ ¢(mla_y,, = op(@). By Lemma 3 [(Op(@)F)|| p< clop@)F,, and by hy-
pothesis [|Op@)F|, < c||F|l, so we have lop@Xll, < clifl,. Q.E.D.

Remark. For the same reason SO(3) is special in another respect: All
bounded operators on LY(G) are obtainable via Theorem 1.




COMPACT LIE GROUPS AND ALGEBRAS 107

3. Necessary conditions. Let ® (x) = ®(x/r) and let ¢_be related to ®,
by (*) or (*%). We assume that ® is continuous when (*) is used. We shall show
how to obtain Op(®) by a limiting process from op(¢,) as r — o<, If F(x) has
compact support on 8@ we define f '(g) on G for sufficiently large r by setting

flexp x/1) = Fx) for x € support (F),
and letting f vanish elsewhere. Let n = dim G.
Lemma 4. There exists a constant y depending only on G, such that for all

F, F' continuous with compact support on 8, we have

(3.1) lim 7° fG [op (¢')/'(g)]/:(g) dg=y f@ [0p(®)F(x)IF ' (x) dx.

00

Proof. Assume first that ® decreases rapidly at infinity. Then we may inter-
change integrals to obtain

Jy e @renras - (52) fy [ (Jy <™= 0lz)de) FOIF' () dy .
On the other hand
r [ lop ()1, e)d
™ [ Jo T 8, md,x,,(eb™")f B)f; ) dbdg

o f@ j;) > ¢, (m)d mxm(exp x exp (-y))f (exp y)/:(exp X)
< 18 G218 W12 dx dy
pmn J'@ fg 3 qS’(m)dmxm(exp x/r exp (~y/r))

. F(y)F(x)IAo(x/r)l 2le(y/r)I 2 dy.
Thus to establish (3.1) it suffices to show

(3.2 limr " Y ¢r(m)dmxm(exp x/rexp(~y/r)) =y L e BEy2D(2) dz

r—00

together with an estimate to justify the interchange of limit and integral.
Ve define z, by the equation exp x/r exp (-y/ r)= exp z;/r, and note

lim _ . z,=x—-y. Next we make the change of variable A = m/r, so that the
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left side of (3.2) becomes

(3.3) hm Y é,(A) ——— PO + B)

P( ) xx'(exp z, /r)e

Now lim__ ., 7~NP(\r+ B)= P(\) where N = number of positive roots. Also

lim +~N X (exp z,/7)

7 =00
iB(\r+B,ad gz, /1) d
=lim r~ dM fe 8
7—000 f 1B(,3,adg’z /')d ’

_ POy [ oBMedstc- 4 BN 400 o
() f e g = P(x y) Z et
Since P(oA) = PQA) det o (3.3) becomes
PQ) B, x~
3.4 . 2N-n iB(A, x=y) (=)
(3.4) 'l_l.rzr c EP_—(x—y)e @A),

where the summation extends over all A € such that Ar is a lattice point.
Note that n - 2N = dim 9.

Now if ¢ is given by (*) then ¢r(r)t) = ®Q\ + B/r) so that (3.4) is a Riemann
approximation to the Riemann integral

(3.5) e _Me"B‘”"“"’(D(H)dH.
® P(x - y)

But a formula of Harish-Chandra which is easily derivable from (2.7) (see [4, The-
orem 3)) states that (3.5) is equal to

' f@ & BEx-y )<I>(z) dz

which establishes (3.2). To justify the interchange of integration and summation
it suffices to show

" 2 ¢, x  (exp x/r exp(~y/7)

sup r

is bounded. But this follows from the fact that sup_r =2Ng x"xr)‘ll has poly-
nomial growth in A, which is an immediate consequence of the elementary esti-
mate |x,,[l.<4d,.

If we use (++) we must modify the above reasoning slightly. Note that Lemma
2 assures us that (+*) makes sense for boundr .easurable ®. By (2.9) we have

$,(A) = 43! [0 O PHIEGA + B~ H)aH

P(rH)

———E(rA ~rH)dH
P ) B

= PN [ o) -



COMPACT LIE GROUPS AND ALGEBRAS 109

so that (3.4) becomes

P(\)P(rH)

®(H) dH.
P(x - y)P(rA = B) A

¢ lim J.Ee"Bo"x'y)E(r)t + B ~-rH)
=400

But the integrand converges to

¢ B Hx=) p()B(H)/P(x - y),

and the dominated convergence theorem applies to give (3.5). The remaining argu-
ments for the () case carry over.

Finally to remove the hypothesis that ® decrease at infinity we multiply by
e~ B(x:x) 554 let € =0, Q.E.D.

Theorem 3. A necessary condition for the boundedness of op (¢>’) on LP(G)

(or L? (G)) with norm independent of r as r — o is that Op(®) be bounded on
L?(@) (or L? (@).

Proof. Note that lim__, " /p“/,“ p= cl|lFll p because
I8 = [ 1f (exp 2)[P1A (|2 ax

= [ IFGIP|A /) ax.

Thus if [lop(@®, )fll, < cllfll, for all f € LP(G) (or f € L? (G)) then from (3.1) we
obtain

y [ 0p@F(F () de = lim o [ Top () (&), (&) ds
< lim " "®llop 17?71

<elFlIE .

Thus Op(®) is bounded on L?(@) (or Lfnv(@)). Q.E.D.

Note added in proof. R. Stanton has shown that Theorem 2 holds for G =
SU(2), and the analogue of Theorem 3 holds for all compact symmetric spaces.
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