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CONTRACTING SPACES OF MAPS ON THE COUNTABLE

DIRECT LIMIT OF A SPACE
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RICHARD E. HEISEY(l)

ABSTRACT.   We give conditions sufficient to imply the contractibility of the

space of maps, with compact-open topology, on the countable direct limit of a

space.   Applying these conditions we obtain the following: Let F be the con-

jugate of a separable infinite-dimensional Banach space with bounded weak-

topology, or the countable direct limit of the real line.  Then there is a contrac-

tion of the space of maps on F which simultaneously contracts the subspaces of

open maps,  embeddings, closed embeddings, and homeomorphisms.  Corollaries

of our work are that any homeomorphism on F, F as above, is invertibly isotopic

to the identity, and the general linear group of the countable direct limit of lines

is contractible.

0.   Introduction.   Let (X, xQ) be a pointed topological space.   For each

integer n > 1, let X" denote the cartesian product of n copies of X, and define

7 : X" -♦ X" + 1 by ; (xt, ..., x ) = (x., ..., x , xn).  Let (X, xn)°° denote the'n '   'n     I 77 1 '    77      0 x'0

direct limit of the sequence

i    'l       ?    '2       %    '3
X1—-*X2—L*Xi—-*-

Let P((X, x0)°°) = ¡/: (X, x0)°° — (X, x0)~|/ is continuous, /((xQ, xQ, ...)) =

(xQ, x., • • • )! with the compact-open topology.   In this paper we give conditions

that enable us to construct a contraction on P((X, x0)°°) and then investigate

some of the properties possessed by this contraction.   Our contraction is defined

analogously to the one defined by P. L. Renz in [9] in contracting the homeomor-

phism group of product spaces.   The direct limit case, however, requires consid-

erable extra care in obtaining continuity of the defined contraction.
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Given a separable, infinite-dimensional Banach space B, let B   denote the

conjugate (or dual) of B, and let B (¿> ) denote B   with its bounded weak-

topology.   (The bounded weak-  topology on  B    is the finest topology agreeing

with the weak-   topology on bounded sets.)  We show that B ib ) is homeomorphic

to Q00, where Q is the Hilbert cube.   Using this we obtain the following:   Let F

be B (b ) or R°°, where B is a separable, infinite-dimensional Banach space and

R is the reals.   Let C(F) = [/: F —* F\f is continuous) with the compact-open

topology.   Then there is a contraction W: C(F) x I —*C(F) such that 1* simultan-

eously contracts the following subspaces of C(F): (1) maps that take the origin to

the origin, (2) open maps, (3) embeddings, (A) closed embeddings, and (5) homeo-

morphisms.   If F = R°°, then W also contracts the subspace of linear maps.

(Thus, the general linear group of R°° is contractible.)  Corollaries of our work

are that any homeomorphism of B (b ) or R00 is invertibly isotopic to the identity,

and any linear homeomorphism of R°° is invertibly isotopic to the identity through

linear homeomorphisms.

The author gratefully acknowledges the advice and encouragement of his

thesis advisor, David W. Henderson, and also helpful conversations with David

Elworthy and James West.

I.   Notation.   By "space" we mean "Hausdorff topological space".   By

"map" we mean "continuous function".   Given a space X, and an integer « > 1,

X" denotes the cartesian product of 72 copies of X.   We let / denote [0, l], R

the reals, and Q the Hilbert cube.   We will regard Q as the countable product of

the interval [—1, l] and, when convenient, will regard Q as a pointed space with

base point (0, 0, — ).

Given a homotopy cfo: X x [a, b]  —»Y,  where  X and  Y are spaces and

[z7, b] C R  is an interval, we denote the map X —♦ Y given by x —» do(x, t), tot

fixed / e [a, b], by both <p\ and cfo( •, t).

For any space X, we define the following spaces of functions, all with the

compact-open topology:

C(X) = |/: X-*X|/ is a map!,

0(X) = 1/ £ CiX)\f is an open map!.

(A map /: X —» Y is open if it carries each open set in X onto an open set in Y.)

E(X) = Í/ £ CiX)\f is an embedding!,

CEiX) = {/ £ CiX)\f is a closed embedding!,

//(X) = {/ £ CiX)\f is a homeomorphism!.

If X = (X, xQ) is a pointed space, we let P(X) = \f e C(X)|/(xQ) = xQ 1, and

let OPiX), EPiX), CEPiX), and HPiX) denote O(X) n P(X), E(X) D P(X),

CEiX) n P(X) and H(X) n P(X), respectively.



CONTRACTING SPACES OF MAPS 391

If F is a topological vector space, we regard F as a pointed space with base

point 0.   We let LiF) = {/ e C(F)|/ is linear!.

If (X, xQ) is a pointed space, we define j : X" —» X" * (as in the introduc-

tion) by jnixy, • • •, xj = (x,, ..., xn, xQ), and let (X, x0)°° = inj lim |(Xn, jj\,

the direct limit of the sequence

X1_ÍUX2_XX3JX....

We regard (X, xA°° as consisting of all sequences x = (x., x., x,, ••.) of

elements of X where all but finitely many of the x. are xQ.   For each n > 1 we

identify X" with X" x |x0 i x |x0! x ... C (X, x0)°°.  Then a set V C (X, x0)°° is

open if and only if V n X" is open in X" for every n.  We regard (X, x.)00 as a

pointed space with base point (x., xn, • • • ).   Except where clarity demands other-

wise, we will usually write Xo0 for (X. x0)°°.

If B is a Banach space, B   will denote the conjugate (or dual) of B, and

B ib ) will denote B   with its bounded weak-  topology.

We use the abbreviation "TVS" for "topological vector space" and "c-o" for

"compact-open".   We use " s " to denote "is homeomorphic to".  If X is a

space and A C X, then A denotes the closure of A in X.

II.   Statement of results.   The following definition will be useful.

Definition.   A pointed space (X, xQ) will be said to have the direct limit

product property (hereafter abbreviated DLPP) if sets of the form (0 j x Ö, x • • • )

n (X, x0T°, where each G. is open in X, form a basis for the topology of

(X. x0)°°.

Given an arbitrary pointed space (X, xQ), the map Xo0 —♦ X x Xo0 given by

(x,, x2, x,, ...) I-» (x , ix2, x,, •••)) need not be a homeomorphism.  Indeed, in

the first remark in §111 we show that this is the case when X is a separable Hubert

space.   The proofs in this paper work only when such maps are homeomorphisms,

and we insure this by hypothesizing that our spaces have the DLPP.   The

following proposition, proven in §111, shows that having the DLPP is closely

related to being locally compact.

Proposition II—1.   (a) Any locally compact,, pointed space has the DLPP.

(b) // (X, xQ) is paracompact and first countable, then (X, xQ) has the DLPP

if and only if X is locally compact.

The basic advantage that the hypothesis of having the DLPP has for us over

the hypothesis of being locally compact is that the nonlocally compact spaces

Q°° and R°° both have the DLPP (see Corollary III—3.  Note that this gives a

round-about proof that ¡2°° and P.00 are not first countable).  Thus, in the proof

of Theorem II-4 in §IV we can apply Theorem II-2 below with X = 2°° and X = R°°.
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Definition [5, p. 248].   A space is a ze-space if it has the weak topology deter-

mined by the family of its compact subspaces.

Note that any locally compact space is a ¿-space.

Question.   What is the relationship between being a ¿-space and having the

DLPP?

Definition.   A homotopy cp: X x [a, b] —» Y is an invertible isotopy if the map

cfo: X x  [a, b] —» Y x [a, b] defined by <p(x, /) = icfoix, t), t) is a homeomorphism.

If cfo is an invertible isotopy we say cp    and cfo,   are invertibly isotopic.

Given a pointed space (X, xQ), let p denote the homeomorphism on X°° given

by p(xj, x2, xy x4, ...) = (x2, Xj, xy x4, ...).

Theorem II-2.   Let (X, xQ) be a pointed space having the DLPP and assume

that there is a homotopy cf>: Xo0 x / —» X00 with qoQ = id, cSj = p, and cf>t e P(X°°)

for every tel.   Then

(a) there is a contraction W: P(X°°) x I -* P(X°°) of P(X°°) to the identity map;

(b) if cfot € OP(X°°), resp.  EP(X°°), CEP(X°°), HP(X°°) for t e I,  then <P

may be taken to simultaneously contract OP(X°°), resp.  EP(X°°), CEP(X°°),

HP(X°°) (i.e.  m(OP(X°°) x /) C OP(X°°), etc.); and

(c) if cfo is an invertible isotopy we may further obtain that ¥(/ °g, /) =

W(/, t) ° Ç(g, t) for every t e I.

The proof of Theorem II-2 is given in §111.

Now let (X, x0), cfo: X°° x / — Xo0 and ¥ be as in Theorem II-2.  Let A be

a space and a: A x X00 —» Xo0 a map such that for every a e A, aia, • ) e PiX°°).

Define y: A x X00 x / — X00 by yia, x. t) . m(<x(a, • ), f)(x).  Note that yU x, 0) =

a(zz, x) and y(zj, x, 1) = x.  Define ÖZ: A x Xo0 —»Ax Xo0 and y: A x X°° x,/ —•

A x Xo0 x / by ä (zz, x) = (a, a(z2, x)), and yia, x, t) = ia, yia, x, t), t).

Theorem II-3.   Let (X, xQ), cfo, A,  a, y, a, and y be as above, and assume

that either A is locally compact or that A x Xo0 z's za k-space.   Then y is contin-

uous.   If cp is an invertible isotopy and if ä   is an open embedding, resp. closed

embedding, homeomorphism, then y is an open embedding, resp. closed embedding,

homeomorphism.

Theorem II-3 is proved in §111.

Applying Theorems II-2 and II-3 to topological vector spaces, we obtain the

following in §IV.

Theorem 11-4.   Let F be a TVS such that F S Xo",  where X is a pointed,

locally compact space.   Then there is a contraction  A: C(F) x I —* C(F) of C(F)

to the identity map on F such that Aif ° g, t) = A(/, /) ° A(g, t), all g, f € CiF)

and t e I, and such that A simultaneously contracts PiF), 0(F), E(F), CE(F),
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and /7(F).   Further, let A be a space such that A x F is a k-space, and let

a: A x F —» F èe a map.   Tèen the function 2I:AxFx/—»AxFx/ defined by

ÎI(a, x, r) = (a, A(a(a, • ), t)ix), t) is continuous.   Define a:AxF—*AxF by

ä (a, x) = (a, a(a, x)).   // ä  is an open embedding, resp. closed embedding,

homeomorphism, then so is ÏÏ.   Finally, if X is a TVS and F = X00, then the con-

traction A above also contracts LiF).

Remark.   The hypotheses on F in Theorem II-4 imply that F is a ¿-space

and that F S F x F (by Corollary III-l since X00 S (X x X)°°).  Thus, the

hypothesis that A x F be a ¿-space is satisfied, for example, when A is locally

compact (see Lemma III-7) or when A is a closed subset of F.

The following corollary is analogous to Lemmas 2.3 and 4.1 of [4].   Along

with Theorem II-6 below, it will be used in a future paper by the author to show

that locally trivial bundles and microbundles with fiber R°° or B ib*), B a separ-

able, infinite-dimensional Banach space, are trivial.

Corollary H-5.   Let F be a TVS such that F SS X00, where X = (X, xQ) is

a pointed, locally compact space.   Let A be any space such that A x F is a k-

space, and let r¡: A —» / be continuous.   If f: A x F —» A x F zs an A-preserving

(i.e. /((ai x F) C \a] x F) open embedding, resp. closed embedding, homeomorphism,

then there is an A-preserving open embedding, resp. closed embedding, homeomor-

phism f   : A xF —>A x F such that (/ )fl = fa for each a £ rf \0), and if7))a =

idF for each a £ 77" Hi).   // /(a, 0) = (a, 0) for any a £ A, then /^(a, 0) = (a, 0)

for that a.

Proof of H-5.   By Theorem II-4 there is an A x I preserving open embedding,

resp. closed embedding, homeomorphism, 21: A x F x / —* A x F x I such that

2I(a, x, 0) = (/(a, x), 0) and 2I(a, x, 1) = (a, x, 1) for each (a, x) £ A x F; and if

fia, 0) = (a, 0) (i.e. fia,  - ) £ PiF)), then 2l(a, 0, t) = (a, 0, t).  The desired

open embedding, resp. closed embedding, homeomorphism, is given by fAa, x) =

7TÎI(a, x, 77(a)), where n: A x F x / —* A x F is the projection.

It is clear that F = R°° satisfies the hypotheses of Theorem II-4 and

Corollary H-5.   By the following theorem this is also true for B ib ), where B is

any separable, infinite-dimensional Banach space.

Theorem II-6.   // B is a separable, infinite-dimensional Banach space, then

B ib ) is homeomorphic to Q °°.   In particular, B ib ) is homeomorphic to a

separable Hilbert space with its bounded weak topology.

Theorem II-6 is proved in §V.   We single out one corollary of Theorems II-4

and II-6.
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Corollary II-7.   Let B be a separable, infinite-dimensional Banach space.

Then any homeomorphism on B ib*) or R°° z's invertibly isotopic to the identity.

Any linear homeomorphism on R°° is invertibly isotopic to the identity through

linear homeomorphisms.

Proof of II-7.   Let F denote B*(b*) or R°°.   By Theorem II-6, F a X~ where

X  is a pointed, locally compact space.   It follows easily that F is a ¿-space.   By

Theorem II-4 any homeomorphism a:Fx|0| —>F x ¡0¡ extends to an /-preserving

homeomorphism ?I: F x / —» F x / such that ?Ij = idp.   If F = R°°, Theorem 114

shows that ÎI   will be linear if a is linear.

III.   Proofs of Proposition II-l and Theorems H-2 and II-3.

Proof of Proposition II-l.   (a) Assume (X, xQ) is locally compact.   Let a =

iay ..., a , xQ, xn, • • • ) e X00, and let G be any open neighborhood of a in Xo0.

Since X" is locally compact, there exist G., ..., G   open in X such that

ia ,-..,a ) eQ   x... xG   C 5, x ••• x <5   C Ö n X"
1 72 1 72 1 n

and 0 j x • • • x G    is compact.   Fix k>n, and suppose we have

(z2j,- • •, «fe) e 0j x • • • x 0A C 5j x ... x 5A C 0 n X*.

each 0. a relatively compact open set in X.   For every x e 0j x ••• x 0,   there

are neighborhoods V    and U    of x and xQ = "¿ + j, resp., such that U    is rela-

tively compact and V   x Ux C 0 CYXk    .   Finitely many of the V 's, say

V    ,...,V   , cover 0, x-.-xO..  Let 0.+, = n{y.|i'=l,---,r}.  Then

0, +j is a relatively compact open neighborhood of xQ in X, and («j, •••, a, +1)

e 0j x ••• x0fe + 1 C0J x ••• xÔfe+1 C© OX*+1.   By induction we obtain

\G.\i = 1,2,...} such that 22 £ (0j x 02 x . • • ) D Xo0 C 0.

(b) We need only prove the "only if" assertion.   So assume X is not locally

compact.   Then there exsits an a e X such that a has no relatively compact

neighborhoods.   Since X is regular and first countable, there is a basis of open

sets Í V. | /" = 1, 2, •>. ! at a and a basis of open sets Í W. | / = 1, 2, ... ! at xn

such that K.+1 C V. and W¿ + 1 CW., /= 1, 2, ....  Fix i.   Since V. is paracom-

pact and not compact, it is not countably compact [5, p. 230],  Thus, by the

Bolzano-Weierstrass property, there is a sequence \x\\j = 1, 2, • • • J C V\ with no

cluster (or accumulation) point.  Choose zz;. e W.\{xn¡.  Let

A. = \ix1., x0,x0, ••• , xQ,w.,x0, x0,..-)|/= 1, 2, ••• iCX00,

where the 2zz. is in the (i + l)st coordinate.   Let A = UÍA^' • 1, 2, ...}.

We will show that A is closed in X°°.   It is enough to show that A n X" is

closed in X" for each 72.   Clearly A nX1 = 0 is closed in X1.   So let 72 > 1,

and let (xj, ..., x ) e X"\A.   Suppose first that x. 4 *0, some i with
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2 < i < n.   Let U and G be neighborhoods of x. and xQ, respectively, such that

U nG= 0.   Then V = X x • • • x X x U x X x - - • x X,  U the z'th factor, is a

neighborhood of (x,, ..., x ) in X", and U' n A C A...  Since u, eO for all

sufficiently large k, we thus have U' O A is finite.  Hence, U'\iU' n A) is a

neighborhood of (*., •••, x ) in X" disjoint from A O X".   Now suppose

x. = x~, i = 2, •. •, n.  Then, since each \x\\j - 1, 2, • • • } has no cluster point,

there is a neighborhood G of x y  such that G n (U \x'\i = 1, • « •, n- 1, 7 =

1, 2, • • • !) is either empty or |xr = x ji, some r < n - 1, s < 00.   Find 7 such that

w ^ 4 W..   Then GxXx---xXxW.xXx---xX,  W. the (r + l)st factor, is a
s ] J }

neighborhood of x missing A D X".   It follows that A O X" is closed, each

n> 1.

We now show that this implies X cannot have the DLPP.  If X had the DLPP,

then sets of the form ((/, x U2 x • • • ) n Xo0, where each U. is open in X and

Jt. £ ii.,  1: > 2, form a basis at (a, x», x0, • • • ).   But, given any such neighborhood

of (a, xQ, xQ, •..), we can find r such that a £ V  C V,  and then an s such that

w   e(/tl.  Then
s r*l

ixrs,x0,--.,x0,ws,x0, ...) £ Ar\ [iUy x u2 x ...)nx°°].

Thus, if X had the DLPP, we would have (a, xn, xQ, •••) e A\A,  contradicting

the fact that A is closed.

Remark.   In the proof of (b) above, suppose X were a separable Hubert space,

¡2.  If \e., e2, ... ! is the standard orthonormal basis of l2, we could take, in

our proof, a = 0, V. = W. m \x e l%\ \\x\\ < 1/ij, xl = (l/2z)e., and w. = H/2i)e..

Our proof then shows that the resulting set A is closed in 1°?    Let ß: ¡2  —»

'2 x ^2° ke tne natural (continuous) bijection (x,, x2, x,, ...) —»(x., (x2> x,, •••)).

It is easy to check that (0, (0, 0, • • •)) is in the closure of /3(A),  so that ßiA)

is not closed in ¡2 x IT.   Thus, ß is not a homeomorphism.   As indicated in

§11, the arguments of this paper require that such maps X00 —► X x X°° be homeo-

morphisms, and we insure this by hypothesizing that X has the DLPP.

The following corollary of II-l has also been proved by R. Palais in [8, p. 120].

Corollary III—1.   // (X, x.) and (Y, y A are pointed, locally compact spaces,

then a: (X x Y,  (xQ, y0))°° -. (X, x0)°° x iY, yA°° given by

a((Xj, yy), (x2, y2), ... ) = ((Xj, x2,...), (yj, y2, ... ))

z's a homeomorphism.

Proof of III—1.   Clearly a is a bijection.   Since X, Y,  and X x Y ate locally

compact, these spaces also have the DLPP by Proposition II-l.  Using this it is

easy to check that a is a homeomorphism.
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Corollary III-2.   // (X, x0) is locally compact, then G C (X°°)n is open iff

0 Fl (X*)n is open in iXk)n, all k.

Proof of III-2.   By HI-1 and induction the map a: (X")00 -* (XT given by

a(((x,  » ••• ,x    ), (x    ,••• ,x    ), ...)) = ((x    ,x    ,...),..., ix   ,x    ,...))
ij 72j        i2 722 Ij     l2 «j    n2

is a homeomorphism.   Thus 0 C (X00)" is open in (X00)" «=» a~ (0) is open in

(XT ~ a" HO) O (X")* is open in iXn)k fot each * «=» 0 O a[(X")fe] is open in

a[(Xn)fe] for each k «=» 0 n (X*)" is open in (X*)n, each k.

Corollary III-3.   // (X, xQ) is locally compact, then X°° has the DLPP, and

(X00)00 z's homeomorphic to X   .

Proof of Hl-3.   Using Cantor's diagonalization we obtain a bijection ß: Xo0

-* (X00)00,

j8((xj, x2,...)) = ((xj, x3, x6, x10,.. • ), (x2, x5, x?,. •. ), (x4, xg,...),... ).

Then j8 is continuous, since ß restricted to X" is continuous, each 72.   For

each 72, let ß~    denote j8~    restricted to (Xo0)".   Then ß~    will be continuous

if each ß~    is continuous.   By Corollary 111-2, ß"    will be continuous if ß~

restricted to (X )" is continuous for each k.   But this is clear, since Corollary

III-2 also implies that (X )n, as a subspace of (X00)00, has the natural product

topology determined by X.   Thus, (Xo0)00 S Xo0.

To see that X°° has the DLPP, note first that X has the DLPP by Proposi-

tion II-l.  Thus, sets of the form (t/j x U2 x • • •) n X°°, U. open in X, form a

basis for Xo0.  But ß carries each such set to a set of the form iW. x W- X •••)

Cl (X00)00, where each W. is open in X   .   Since ß is a homeomorphism, these

sets must form a basis for (X00)00 as required.

Remark.   Thus, for example, Q °° and R°° have the DLPP, (Q00)00 ~ Q°°

and (R00)00 s R00.

Lemma IIJ-4.   If iff. S x [0, 1] —• S is a homotopy of a space S, then if, t)

—> iffi-, t) °f and if, t) —tfotfri-, t) are homotopies CiS) x I —»C(S).

Proof of III-4.   The proof of the lemma given by Renz in [9] applies to this

more general situation, provided we change "g(X) C MÍ^il^ £ Kni" to read

"g(K)C \JWk\ke K0!".

Lemma III-5.   Given spaces (X, xQ), Y, Z such that Y is locally compact,

f: X°° xY —» Z is continuous if and only if f restricted to X* x Y z's continuous

for every k.
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Proof of III-5.   The "only if" assertion is immediate.   Suppose / is contin-

uous on Xk x Y fot every k.  Define /': X00 -. ZY by /'(x)(y) = fix, y).  Here

Z    denotes the function space of maps Y —* Z with the c-o topology.   By

[5, 3.1(1), p. 26l], /': X    —* Z    is continuous.   Thus, /' is continuous.   Since

Y is locally compact, by [5, 3.1(2), p. 261] we have /: X00 x Y —» Z is continuous.

Lemma HI-6.   Given (X, xA, any compact subset of X°° z's contained in

X", some n.

Proof of III-6.   Let K C X°° be such that K £ Xn, any n.  Then there is a

sequence |n.| with n.+. >n. and a sequence \k.\ suchthat k. £ X l\X '     .

Then \k.\ has no limit point.   By the Bolzano-Weierstrass property K cannot

be compact.

Proof of Theorem H-2.    We will define the contraction on P(X°°) x [0, »]

rather than on P(X°°) x /.

For n > 1 defined rrn: Xo0 — X00 by

zr"(x) = (x1,-..,x^1,xn+1,xn+2,...),

where x = (x,, x2> • ••), and p : X00 —» X x X°° by

p (x) = (x , 77n(x)).
r 71 77

Since X has the DLPP, it is clear that p    is a homeomorphism.   Given / £ P(X°°)

and n > 1, define f" by /" = p~ Hid x f)pn £ P(X°°).   Explicitly,

/"to - (/(»"to),,. • •, finnix))n_y, xn, fin"ix))n,... ),

from which it is easily seen that our /" is analogous to the one used by Renz in

[9].   We show that / —» /" is a continuous map of P(X°°) into P(X°°).  Let

K C X°° be compact, and let U = (f7 y x U   x - - - ) O Xo0 be a basic open subset of

Xo0.  Let P(K, {/) = {/ e P(X°°)|/(/<) C t/j.  Then sets of the form PiK, U) form a

subbasis for the c-o topology of P(X°°) (see [5, p. 264]).  Let /" £ PiK, U).

Let 77,: X x Xo0 —► X and 772: X x X°° —► X°° be projections.  Note that

f £ PiK, U) =» (id x f)pniK) C pniU) =» 7T1pn(K) C UypniU).

Thus, if g £ Pirr2pniK), rr^^U)), then (id x g)ipniK)) C PjiM), so that

gn £ PiK, U).   It follows that /-»/"is continuous.

Let <p: X00 x / —» X°° be the hypothesized homotopy with rp0 = id, cSj = p.

For every n > 1, let T : X°° —» X°° be given by T (x) = (x , x +[,••• ), and

let rp": X°° x [n, n + l] — X00 be given by rp"(x. i) -(*,,••• **„„! ,

<p(T (x), í - n)).  Since X has the DLPP, T    and cp" are continuous.  Define

Q:P0nxU,~]-+P{Xea) by
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\cfo"i.,t)°r°<Pni',t),      fePiX°°),te[„,n + l],
$(/, t) = |

(A       t = «o.

Note that

cfoni., n + 1) °f o<pn(., n + l) = /"+1 = <p"+I(-, n + l) o/n+1 o <p"+1(-, n + l)

and

<D(/, i) e P(x°°),

so that $ is well-defined.  Since / —» /" is continuous, $ restricted to P(X°°) x

[1, °°) will be continuous provided if", t) —* $(/, t) is continuous.   But if", t) —»

$(/, /) is the composite of (/, t) h+ (tp"(., t) of, /) and ig, t) -»g o<p"(., r),

both of which are continuous by Lemma III-4.

We proceed to show that 3> is continuous at oo.  Let  /= <£>(/, oo) e PiK, U),

where K C X     is compact and Í7 = (í/. xí/.x--.) O X°° isa basic open set in

Xo0.   We find (and this is sufficient) a neighborhood of (/, oo) ¡n P(X°°) x [l,oo]

that is mapped by $ into PiK, U).  Note, by Lemma III-6, that K u /(X) C XN

for some zV.   Then /(X) C XN O U implies that xQ e Un for tz > N + 1.   Let

t/'=(íJjX...x(/Nx{/N + j ^UN+2xUN+2 nUN+lx...)nX°°.

Note that / € PiK, U').

We continue via a series of steps:

(i) For nonnegative t, let [<] be the greatest integer less than or equal to /.

Define r. X°° x [1, <*>] —X°° by

(J-t]ocf>[t\x,t),       t<oo,

r(x,t)-l
lx, ¿ = 00.

Fix k > 1.   Since 7r"<pn(x, » + 1) » 77n + 1M, we see that r = n" o cfo" on X°° x

[72, 72 + 1], so that r is continuous on X°° x [1, oo).   If í > k + 1, then r is the

identity on X   x \t\, so r is continuous on X   x ik + 1, oo].   Hence r is contin-

uous on X   x [1, oo], each k.   By Lemma III-5, r is continuous.   Thus, by Lemma

III-4 the map A: P(X°°) x [1, oo] -»P(X°°) given by Aig, t) = A; t) o g is contin-

uous.   Since Aif, oo) = / e P(X, (/'), there is an open set 0 C P(X   ) and an

integer zMj, such that / e Ö and AiQ x [My oo]) C PiK, [/').

(ii) Let K1, •••, Xr be compact subsets and U ,•••,(/' basic open sub-

sets of X°° such that f e C\ \PiK\ L")|i = 1, • • •, r\ C G.   By Lemma III-6 we may

choose an integer M2 such that K1 u fiK') C XM2, i = 1, •• -, r.   Writing t/1 =

(l/'jxl/lx-..) nX°° let



CONTRACTING SPACES OF MAPS 399

Uñ' « W\ x... x i^ x B*V1 n y*,2+2 x (/;2+2 n u;2+3 k ... ) n Jf.

Note that / é P(K\ (i/1)'), z = 1, • • •, r.   Let n > M2 + 1 and g e PiK*, ((/') ' ).

Then, for k £ K',

g"ik) = ign"ik).g77%0        k ,grr"ik) ,...)

=   igik)y,'  »  •'     «(^„.J»  * (J,   gto^,-  '  )   £   U4,

so that g"(Kz) C (/''.   Thus, letting V = f) |P(K¿, (í/¿) ' )| i = 1, ..., ri, we have

V open in P(X°°), f £ V, and if g £ V and n > M2 + 1, then g" £ G.

(iii) Let M = max [My, M2 + 1, N + l\.  Let n>M and (g, i) e V x [n, n + 1].

Then g" e 0, so Aig", t) £ PiK, (/').  Thus, for every k £ K,

rignik), t) = nn(f>niigrrnik)y," •, «"-"(*)„_,, *„. g^to„,- • • ), f)

= 77"(gU)1,.... gik)n_y, rp((x0, Tn(gU))), í - n))

= (§(*),,■• •, gik)„_y, nl(piix0, Tnigik))), t-n))£ U'.

(iv) Define ip: X°° x [0, 1] —Xo0 by

iffix, t) = (rp((x0, !,(*)). <),, cS((x0, T2(x)), /)j, rp((x0, Tj(x)), f),,.. • ).

Note that since T (x) is eventually (xn, xn, • ••)  for any given x, and since

<£(xn, t) = xQ, we have iffix, t) £ X°°.   Using Lemma III-5, iff is easily seen to be

continuous.  Define 21: P(X°°) x / —P(X°°) by 2I(g, r) = z/r(., /) og.   By Lemma

III-4 21 is continuous.   Since fiK) C X   , we see that

2I(/ x /) C PiK, iXN x uN+l x (/N+2 x • •. ) O X00).

Thus, there is an open set W in P(X°°) such that f £ W and

2I(W x /) C P(K, (XN x UN+1 x i/N+2 x - - • ) O X°°).

(v) We have / £ V O W n PiK, U), which is open in P(X°°).  We show that

QiVnW n PiK, U) x [M, <*,]) C PiK, U).  Let / > M, g £ V C\W n PiK, U).  If

/ = oo, then 0(g, /) = g 6 PiK, U).   So assume t £ [n, n + 1], where n > Af.   Then

$(g. t) = rp"(., z) °g" °cp"(., t).  Let k £ KC XN.   Then  <p" restricted to Xw

is the identity, so

1>(g, i)U) = <p"(., ¿)(g"to) = <p"(., t)(g(A)lf..., gik)n_y, xn,g(/e)n,...)

= (gU),»- • •. gto„_,. <M(*0> r(g(*))), t - n)).

Since g £ V and n > M, we know from step (iii) that

igik)y,- •., «(*)„.,, zrVUxo, T (g(£))), f - n)) £ U'.
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By definition of U' we will thus have 3>(g, t)ik) e U provided cp((xQ, Tjgik))), t-n)l

e L¡n.   But this is true from step (iv), since g e W and n>N + l.

This completes the proof of the continuity of 0: P(X°°) x [l, oo] —»P(X°°).

Note that <K(/, 1) - /' and $(/, «,) = /.   For 72 > 1, let P"(X°°) = \f e P(X°°)|/(x). =

x., 2 < 72, x e X°°\.   Let   P°(X°°) = P(X°°).   For » > 1, it is routine to check that

0(P"(X°°) x [72 + 1, oo]) C P"iX°°).   Since, for 72 > 0, $(/. 72 + 1) = /n+1, by

reparametrizing  $   restricted to P"(X°°) x [72 + 1, oo] we obtain a homotopy

<D" : P"(X°°) x [72,72 + 1] - P"iX°°),      n > 0,

such that $"(/, 72) = /, $"(/. 72 + 1) = f" + l.

For 72 > 1, let À : X00 —» X" x X°° be the homeomorphsim X ix) = ((xj, • • •,

x ), T   .,(*)), and define 7 = A"1 o(id x /) ° A .   More explicitly, i"f)ix) =
72 72 Tl 72 72 ....

(x j, •.., x , /(*n + i> x +2, • • • )).   With   / = /, it is easy to prove by induction that

■+ty = ("f)"+\  72 > 0. "Define <P: P(X°°) x [0, oo] — P(X°°) by

Í $"("/, t),      te[n,n+ l],
«»(A i) = j

( identity,        t = oo.

Since 7 e P"(XX) and $"("/, tz + 1) = ("f)" + 1 = "+1/. we see that ¥ is well de-

fined.   To show that Î1 restricted to P(X°°) x [0, oo) is continuous, it is sufficient

to prove that / —> "f is continuous as a map of P(X°°) into P(X°°).   But, since

f —* f" is continuous, this is an easy inductive argument.

We proceed to show that ï* is continuous at oo.   Let P(K, U) be a subbasic

neighborhood of id in P(X°°), where K is compact and (/ = (l/. xi/,X"«)l X°°.

Since id £ P(K, U), KCU.   By Lemma III-6, KCU HXN, some zV.   Fix n>N,

and let / e P(X°°), t e (n. n + l], and k e K.   Then,

<P(/, t) (k) = $n("A i)(*) = $("A * ')(k),    where /' e [j, / + l], / > 72 + 1 > N + 1,

= cfoA>,t')oi"fyocfo\.,t')ik)

= cf,j(., t')("f(k)l,'" , nf(k)n_v nf(k)n,>->),   since k eX",

= cfo'(-, t')ikl,"-,kN,xQ,x0,...) = k.

Thus, T(P(X°°) x (¿V, oo]) C PiK, U), and W is continuous at oo.   Since <F(/, 0) =

0° i°f, 0) - f, W contracts P(X°°) to id, and we have proven (a) of Theorem II-2.

Statement (b) of Theorem II-2 follows from the observation that if cfoi., t) and /

are elements of OPiX°°), resp. EPiX°°), CEPiX00), //P(X°°), then so are

cp"i-, t), /" = p;lo(idx/)°p„ and "f = X~l °(id x /) ° A^.

To prove statement (c) of Theorem II-2, assume cfo: X°° x I —» X°° is an inver-

tible isotopy.   Then the map (x, t) l-> <p(., /)-1(x) is continuous.   In this case,

modify the definition of $ in the proof above to
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(¿n(., f)-1 o/" o <£"(.,,),       t£[n,n+l],

*(/, t) = j

( /, Í = oo.

Note that <p"(., i)_1(x) = (xj, •■•, *B_j, rp(., t)~liTnix))), which is continuous

in x and t. One proceeds to check that $ is continuous as in the original proof

with the following changes: In step (i) change the definition of T to

i^V'^-.^to,   i<~,
r(x,/) = <

(x, t = oo.

At the end of step (iii) one obtains

igik)y,---, gik)n_y, ttV(. , t - n)-\ixQ, Tngik)))]) £ U'.

Then in step (iv) define

iffix, t) = ([rp(., t)-liix0, Tyix)))]y, [<p(. , £)-H(x0, T2ix)))\,...),

Since (/ °g)" = /" og», this new $ satisfies $(/ °g, ¿) = $(/, i) o$(g, /),

Now construct ? from the "new" 0 as before.   Since  "(/ og)="/° "g, * will

be a contraction such that *(/ °g. i) = *(/, i) ° W(g, i).   Clearly, this f will

also simultaneously contract the spaces 0PiX°°), £P(X°°), CEPiX00) and f/P(X°°).

This completes the proof of Theorem II-2.

In preparation for the proof of Theorem II-3 we establish a few additional

lemmas.

Lemma III-7 [5, p. 263].   Let X be a k-space and Y a locally compact space.

Then X x Y is a k-space.

Lemma III-8.   Let (X, xQ) be a pointed space, and let Y be a space such

that either Y is locally compact or Y x X°° z's a k-space.   Then a set C C Y x X°°

z's open, resp. closed, in Y x X°° if and only if it is open, resp. closed, in

Y x Xk for every k>l.

Proof of HI-8.   Assume first that Y is locally compact.   Let Ty denote the

product topology on Y x X°°, and let r2 denote the topology on Y x X00 obtained

by regarding V x Xo0 as the direct limit of the   Y x X*'s.  We are to show

id: (Y x Xo0, ty) —» (Y x Xo0, r2) is a homeomorphism.   Clearly id is open.   By

Lemma III-5 id will be continuous if it is continuous restricted to each Y x X*.

This is clear.

Assume now that Y x Xo0 is a £-space.   By Lemma II-6, any compact subspace

of Y x X°° is contained in Y x X , some k, and the assertion of Lemma III-8 follows.
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Lemma III-9.   Let f e P(X°°), and let f" be defined as in the proof of

Theorem 11-2.   Then, if n > k + 1, (Im f") O Xk = (im f) nXfe.

Proof of IH-9.   Let p : X°° —» X x X00 be as in the proof of Theorem II-2.

Then, for n>k + l, we have

(im /") n x* = [imíp;1 o (id x /) o pj] n x* = [p-Kx x f(x°°))] n xk

= Kl(ixo^ * /(r°M n x* = /(x00) n xfe.

Proof of Theorem 11-3.   Identify / with [0, oo], and let <P: P(X°°)x[0, oo]

P(X°°) be the contraction constructed in the proof of Theorem II-2.   Recall

®"inf, t),      te[n,»+ 1],
W(A *) = •

id, t = ».

We are to prove y: A x Xo0 x [0, oo] -»Xo0 defined by  yU x, /) = 1»(a(i2, .), f)(x)

is continuous.   By Lemmas III-7 and III-8 it is sufficient to show that y restricted

to A x X* x [0, oo] is continuous for every k.   Fix k.   Let « > 0 and t £ [n, n + l].

Then y(z2, x, i) = $"("(a.(a, • )), i)(x).   Recall that <E>"   is a reparametrization of

O restricted to P(X°°) x [« + 1, oo].   Thus, there is a homeomorphism 8 = 8^:

[72, 72 + 1] —» [72 + 1, oo] with 8(n) = oo and <5(t2 + 1) = n + 1 such that

(S>"("(a(a, .)), t) = W(a{a, . )), Sit)).  Then, for t e 8~ li[j, j + l]), / > » + 1,

we have

yia, x, t) = (<p'(-, Sit)) o ("aia,. ))')(<p'(x, 8(t))).

This will be continuous in a, x,  and / provided the tnap (a, x) (-» ("a(zi, • ))'(x)

is a continuous map of A x X°° into X   .   But

("a(a,.)Y(x) = p-Hid x A-Hid x a(a,.))AjpyU)

which is jointly continuous in a and x.   Thus, for each n>0, y is continuous

on A x X* x (t2, 72 + l].

We proceed to show that y is continuous at 72.   Let (b, y, n) e A x X   x M,

and let y(b, y, n) e U = (U j x U2 x • • • ) n Xo0.   Choose N > k such that y(è, y, «)

e XN.   Then, for each i > N,  U. is a neighborhood of xQ.  Hence y(Z>, y, n) e (/',

where

rj'.((/1x...xi/NK(/N+1n(/Nt2xi/Nt2n%X...)nx-.

Define r: X°° x [l, oo] —• X00 as in step (i) in the proof of Theorem II-2.   It was

shown there that r is continuous.   Define 8 : X°° x [n, n + l] —> X°° x [72 + 1, oo]

by 8(x, t) = (x, Sit)).  Since rS("cx(b, .)(y), n) = "a(b, .)(y) = y(b, y, n) e V,

there is a neighborhood V = (V1 x V2 x • • •) n X°° of na(b', . )(y) in X°° and an

f j > 0 such that t8(V x [n, n + ej) C U'.   Note that
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Mb,.)iy)£V' = iVyX...xVNxVN+ynVN+2xVN+2nVN+ix.:)nx°°.

Define 77: A x Xk -» X°° by

r¡ia, x) = "ct(fl,.)(x) = (xj,..-,xn,a(a, (*n+I> *n+2>" •))).

Then 77 is continuous, and rjib, y) £ V .   Thus, there are neighborhoods 0.  of

b in A and 02 of y in X* such that 77(6 y x G A C V*.   As before, let [/] denote

the greatest integer not greater than t.   Choose í < f j so small that if t £

[n, n + e), then [Bit)] > N + 1.  Now let (a, x, t) £ Gy x Q2 x in, n + e) C A x X* x

in, n + e).  To simplify notation, let r = [SO)].  Now (a, x) e G. x G2 implies

"aia, -)ix) £ V'.   Since r > N + 1 > k + 1, this implies inaia, .))Tix) £ V.   This

implies

r o8iinaia, • ))r(x), i) . 77rrpr(("a(a,. ))r(x), Sit)) £ U'.

Since y(a, x, t) = rpr(("a(a, • ))r(x), <5(z)), we will thus have yia, x, t) £ U provided

[rp'(("a(a, - ))Hx), Sit))\ = #(*„. T¿"<*a' ' ) to)), Sto ~r)y€ Uf.

Define £ A x X* x / — Xo0 by

Ilia, x, t) = (<p((x0, Tyinaia, - ) to)), t\, <piixQ,T2("a(a,. )(x))), {)j,... ).

Then £ = ifrirria, x), t), where ip is as defined in step (iv) in the proof of Theorem

II-2, so f is continuous.   Since £(b, y, t) £ (X    x UN+y x Utf+2 x " * "^ n ^°° ^ot

every t £ I, there are neighborhoods G'y cQy of b in A and 0' C G2 of y in

X* such that ¿¡{Q[ cG2 x I) C (XN x i/N + 1 x UN+2 x • - • ) O Xo".  It follows that

yiG'y xG2 x[n, n + ()) C U. Hence y is continuous at n and therefore on all of

A x X* x [0, oo).

To see that y is continuous at r = 00, simply note that y restricts to the

identity on A x X* x ik, 00].   This completes the proof that y is continuous.

Note (see the proof of Theorem II-2(c)) that if <p is an invertible isotopy, and

if iff is constructed using <K/, t) = <p"( •, t)~1 0/^0 rpn( ., /), a proof similar to

the one above establishes that y is continuous.   The basic change is to redefine

T as was done in the proof of statement (c) in Theorem H-2.

Now assume further that (p is an invertible isotopy and that ä is an open

embedding.   We are to show that y  is an open embedding.   Again we identify /

with [0, 00].   Let xil: P(X°°) x [O, 00] —» P(X°°) be the contraction constructed in

the proof of (c) in Theorem II-2.   That is, we assume SP is constructed from 0,

where $(/, t) = (p"i-, t)~l ° f" °(p"i-, t).  (The proof is easily altered if the

"original" V constructed in the proof of Theorem II-2 is used.)  We already know

y, and hence y, is continuous.

We show first that Im y (the image of y ) is open in A x Xo0 x [0, 00].   Fix
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k>l.   By Lemmas III-7 and III-8 it is sufficient to show that (Im y) Cl (A x X* x

[0, oo]) is open in A x X   x [0, oo].   This will be true if we can show

(a) (Im y) n (A x Xk x (n, n + 1]) is open in A x X* x (72, 72 x l], 72 > 0;

(b) if 72 > 0 and (b, z, n) e (im y) n (A x X* x ¡72!), then Im y  contains a

neighborhood of (b, z, n) in A x Xk x [n, n + I];  and

(c) Im y DA x X* x (k, oo].

To prove (a), let 8 : [n, n + l] —♦ [72 + 1, »] be the homeomorphism used to
71

parametrize  í>  restricted to   [72 + 1, 00] to obtain 4>".   Recall that 8 in) = 00 and

8nin + I) = 72 + 1.   To simplify notation, let 72O) = 8 it) fot t e [n, n + 1].  Then,

for / eS-A[j, 7+1]),

yia, x, t) = ia, cfoA ., nit))-\Ma, . ))'<p'( • , nit))ix), t).

Note that cfo an invertible isotopy and a   open imply that the following maps

are open:

ia, x, t) -* (a, cpA . , n(t))(x), t),

(a, x, t) — (a, (Ma, • ))'(x), t)

= (a, pZHid x A_1(id x <Aa, • ))A )p.(x), t),"] 72 72      ;

and

(a, x, t) —» (a, cfo'i . , n(t))~X(x), t).

Thus, y  restricted to A x X00 x <5~ ([/', ; + l]) is the composite of open maps,

and (a) follows.

To prove (b), let (b, z, n) = y(b, y, n) e A x X* x [72!.   Then z = ("a(b, A)(y).

Since the map A x X°° —'Ax Xo0 given by

(a, x) — (a, ("a(a, . ))(x)) = (a, A_1(id x Aa,. ))X (x))
72 72

is open, there are neighborhoods Wj of b in A and W2 of z in X* such that for

every a e Wv ("a(a, .))(X°°) 3Wr  Let e > 0 be so small that 8ni[n, n + (]) C

(k + 1, 00].  Then, for every (a, t) e W1 x (n, n + c),

y(\a] x X00 x llD = <p[nU)\ • , AtT^Ma, . ))^>^'>\ . , n(t))(X°°)

D [(Ma, . ))["(')](x°°)] n x*.

By Lemma III-9 this last set equals [("a(a, .))(X°°)] nX*.   Thus, (b, z, n) e

Wj x W2 x [72, 72 + () C Im y.

Finally, for (c), simply note that y  restricted to A x X* x (k, 00] is the

identity.   Thus, Im y  is open.
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We now show that y~  : Im y —» A x X°° x [0, »] is continuous.   Since Im y

is open, it follows easily from Lemmas III-7 and III-8 that y ~    will be continuous

provided it is continuous when restricted to (im y) O (A x X* x [0, oo]), each

k > 1.  For each n > 0, let 8 : [n, n + l] —> [n + 1, »] and nit) = 8 it) be as

before.   Again let [/] denote the greatest integer not greater than t.   For t £

in, n + 1] we have

y(a,x, i) = 'P(a(a,.),{)(x)

= <p["(/)]( - , nit))'1 o ("a(a, . ))[n(t)] o <p^\ . , „it))ix).

Now, if / £ EPiX°°), then f* - P~ Hid x f)pn and "/ = X~ Hid x f)Xn ate also in

EPiX°°), and, on their respective domains, (/")" ' = (/" ')" and ("/)" 1 = "(/" ').

Thus, for every (a, x, /)  £ yiA x X00 x [0, oo]), y~lia, x, t) = (a, ¿(a, x, /), /)

where, for t £ in, n + 1],

Cia, x, t) = (plnU)\ . , nit))'1 o ("(o(a,. Y*^ o«p["(i)]( . , „W)(x),

and £ia,x,n) = iniaia,-)-l))ix).

Proceeding as with y, Ç is shown continuous on (dorn Ç) Ci (A x X   xin, n + l]),

for every n > 0.   To prove that C is continuous at n, again proceed as before

using the definition of r: X°° x[n, n + l] —»Xo0 appropriate for our ^ and

defining 77: dom 77 C A x X* —♦ X00 by 77(3, x) = "iaia, • )" l)ix), where for every

a £ A.

(dorn 77) n i\a\ x Xk) = ¡a! x dom("(a(a, . )~!)) n Xk = ¡ai x (im "aia, . )) fl X*.

Again 77 is continuous, and there are neighborhoods G y oí b in A and G2 of y

in X* such that r)((dom 77) D (Gj x G2)) C V*.   Choose e < f j as before, and let

(a, x, t) £ (Gj xû2xk» + e)) n dorn £ = (Gj x G2 x [n, n + f)) n Im y.   To

proceed, we now need to know that

(a, x, t) £ (Gj x G2 x [n, n + í)) O dom £ =» (a, x) £ (dom 77) i~l (Gj x G2).

To see this, observe that (a, x, t) £ Im y  implies, provided < 7^ n (the case / = n

is easier), that

x = rp["(/)]( . , „G))"1 o ("a(a, . ))["(i)] orpt"('>\ . , nit))iz),

some z e X°°.  Since n(i) >N + l>/«+l, and x e X*,

x = ("a(«, • ))[n(<)] o rpt"">]( . , »(*))(*) e Im(("a(a, . ))["(i)] n Xfe.

By Lemma III-9, we thus have x e Im i"aia, • )) n X*.   Thus, (a, x) e (dom 77) D

(Gj x G2) as required.   Again, proceed as before, defining cf: (A x X* x /) n

dom rf -» X°° by
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€(a, x, t) = (cfA . , î)-1^. Tj("(a(z2,. )-*)«)),, cfA-, t)"\, 72C(a(z2,.)-I(x0)))1, ...),

where (dorn £) D (\a\ x Xk x [t\) is \a\ xdom (n(a(zz, .)-1))n X* x {*}.' As before

we obtain neighborhoods ÖJ CÖj of è and 0' C 0- of y such that

f ((dorn £ ) n (Öj1 x Ö2' x /)) C (XN xUN + lx i/N+2 x • • • ) O X00.   As done for n

above, one checks that (a, x. t) e (Im y ) n (Gj* x G2 x[n, n + t)) implies

ia, x, t) e dom Ç.   The proof of the continuity of £, and hence y" , is then

completed following the proof given for y.

Now assume that cfo is an invertible isotopy and that ä  is a closed embedding.

We show first that Im y  is closed in A x X°° x [0, oo].   Fix k > 1.   Again, by

Lemmas III-7 and III-8, it is sufficient to show that (im y) n (A x Xk x [0, ~])

is closed in A x Xk x [0, oo].   To show this it is sufficient to show

(d) (Im y) n (A x Xk x (n, n + l]) is closed in A x Xk x (n, n + I], n > 0,

(e) for each 72 > 0, if {(a^ y¿, t{) = y(a., x¿, í.)|i e á¡ is a net in Im y n

(A x X* x [t2, 72 + l]) indexed by i and converging to (a, y, n) e A x X* x {72},

then (a, y, n) e Im y, and

(f) Im y DA x X* x (¿, 00).

The proof of (d) is analogous to the proof of (a) above, and we omit it.  Con-

dition (f) is the same as (c), which has already been established.

To prove (e), fix 72 > 0, and choose f > 0 small enough so that Sn([n, n + e])

C (k + 1, 00].  Let \(a., y., t.) = y (a., x., t.)\i e i\ be a net in (Im y) f*l

(A x Xk x [n, 72 + A) indexed by á and converging to (a, y, n) e A x X* x {72}.   It

suffices to show that (a, y, n) e Im y.   For 2 e i, let /. = [tz(2\)].  Note that

/,' >k + l.   Letting Cj = <f>   (*,-■ 72(r\)), and using that y. € X*, we have

V, = ¿A . , AtV-HMa, . ))V) = (Ma, . )VV) = (Ma., . ))(7rV.)).
* * 2 2 2 ^2

Thus, (tí¿, (na(a., • ))(rr'AC ■))) —* (a, y).   But ä   a closed embedding implies that

the map (b, x) r-» (è, ("a(b, -))(x)) is closed.   Thus, U y) = (22, ("a(z2, •))(£)).

some ^ e Xo0, and (a, y, n) = y (a, £, n) e Im y as required.

Thus, Im y is closed in A x X°° x [0, 00].  The proof that y ~ : Im y —» A x

X00 x [O, 00] ¡s continuous is the same as the proof given for the case when a

was an open embedding.

Assume, finally, that a  is a homeomorphism.   Then y is onto since V

contracts HP(X°°) (see Theorem II-2).   This completes the proof of Theorem II-3.

A remark on the countable product case.  If X is any space we can formulate

analogues of Theorems II-2 and II-3 for the space Xa, the countable product of

the space X.  Here, of course, the hypothesis that X has the DLPP is not

needed.   If tß: Xw x I ~' Xa is a homotopy between the identity and the map

(xj, x., x,, x., ...)—» (x2, Xj, x,, x., • •.), then one can construct a
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contraction W: C(Xffl) x / —♦ CiX03) such that if each r¿   is in 0(X  ), resp.

EiXw), CEiXw), HiX"), then * simultaneously contracts OiX"), resp. EiX03),

CEiX"), HiXw).   If also X = (X. xQ) is pointed, and if rpt e PiXœ) for each /,

then W also contracts PiXa).   (Here Xa* is regarded as a pointed space with

base point (xQ, xQ, •••).)  The proof of the above assertion amounts to observing

that the contraction constructed by Renz in [9J, when extended to CiX10), satisfies

these conditions.

Turning to the analogue of Theorem II-3, let X, <£, W be as in the above

paragraph.   Let A be any space, and a: A x Xa2 —» Xœ any map.  Define

yiAxX^x/^x",      Z: A x X"-* A x X",      y: Ax X^xI-^A xX°x¡

by

yia, x, t) = Wiaia, • ), /)(x),      ô(a, x) = (a, ct(a, x)),      y(a, x,i) = ia,yia,x,t), t).

Then y is continuous.   The proof of this is again essentially in [9].   If (p iS an

invertible isotopy, and if a  is a closed embedding, resp. homeomorphism, then

arguments similar to those in the proof of Theorem II-3 show that y  is a closed

embedding, resp. homeomorphism.

If ä  is an open embedding, however, y  need not be an open embedding (in

the product case).   We illustrate by an example.   Let X = R.   It is known (for

instance, the proof of Lemma IV-1 is easily adopted) that there is an invertible

isotopy  rp: Rœ x I       R"" with <p0 = id and (pyixy, x2, x3> x^ •• • ) =

(x,, Xj, x,, x., ...).  In the analogue of Theorem II-3 above, let A be a point,

identify A x R     with R , and let a: R   —» R     be an open embedding that takes

the first factor of R onto (- 1, 1), so that aiRu) = (- 1, 1) x R x R x • • •.  Let

f: C(R   ) x [0, oo] —» CiR   ) be the contraction analogous to the one constructed

in the proof of Theorem II-3, and let y : fi" x / —♦ Rœ x I be defined by y(x, r) =

CKa, i)(x), t).  Then y  is not open:   If y  were open, then, since (0, oo) =

y(0, oo) £ Im y, we would have a neighborhood U = UyX ••- x UN x II.^ R and

an integer k such that W x ik, oo]) C Im y.   But then for every n > k (notation as

in the proof of Theorem II-3), yiRm x \n\) = ina)iRw) xMjUx M.  This is

impossible since ("a)(PÚJ) = IT] R x i- 1, 1) x IL^^ R.

IV.   The topological vector space case (Theorem II-4).  If F is a TVS, we

regard F°° = inj lim F" as a TVS with coordinate-wise addition and scalar multi-

plication.

Lemma IV-1.   Let F be a TVS.   Then there is an invertible isotopy iff: F°° x

/ —♦ F00 such that ifrQ = id, iff j(x y, x2, xy x^, •..) = (x2> Xy, xy x^, ... ), and

«A   £ LiF°°), t £ I.
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Proof of IV-1.   For 72 > 1 define g": F°° x [0, l] -» F~ by

g"(x, t) = (xj,---, *„_!' (1 - *K + *W (1 - /)X7,+1 - *«' *72+2' W" )

where x = (xj, x2, x,, • • •).

It follows easily from Lemma III-5 that g" is an invertible isotopy.   Let

h1 = g1, and for 72 > 2 let h": F°° x I —» F°° be the invertible isotopy h"(x, t) =

ig" °g")(x).  Note that ¿¿(x) = x, i|(x) = (x2, - Xj, xy x4, ■ •. ), and, for 72 > 2,

¿p(x) = x and h"Ax) = (xj, •••, *„_ jj -*n> -*n + i' *„+2' **•)•   Let ¿° = "*,  and

define z>: F00 x [0, 00] -» F°° by

l ¿" + 1Ü>? o ... o h°Ax), t-n),      te[n,n+ l],

((x2, Xj, x3, x4,...), /eoo.

Again, by Lemma III-5, it is easy to check that i/f is an invertible isotopy.   Clearly

tfft e LiF°°), t e [0, «,].

Lemma IV-2.   Let F be a TVS.   Define X: CiF) x I — CiF) by X(f. t)(x) =

f(x) - tf(0).   Then X is continuous.

Proof of IV-2.   Let A(/, /0) e C(K, U), where K is a compact subset of F

and U is an open subset of F.   Then, for each k e K, f(k) - r0/(0) e U.   Define

a: F x F x I —'F by Ax, y, t) = x - iy.   Then ff is continuous, and, for each

k e K, o(f(k), f(0), tQ) e U.   Since K is compact there are neighborhoods G, V, W

of f(K), fiO), tQ, respectively, such that ff(G x V x W) C (/.   Then

(/, 20)e[C(K,G)nC(|0!, V)]xW,

and

A([c(x, G) n c(ío¡, v)] xw)c c(x, u).

Proof of Theorem II-4.   By Corollary III-3 F has the DLPP and there is a

homeomorphism ß: F —» F00.   We may assume /3(0) = (0, 0, ... ).   By Lemma IV-1

and Theorem II-2 there is a contraction *: PiF°°) x I — PiF°°) of P(F°°) to the

identity map on F°° such that *(g ° /, r) = *(g, i) ° *(/, i) and such that Ï7

simultaneously contracts GP(F°°), EP(F00), CEP(F°°) and //P(F°°).  Let

j8* C(F) -> CiF°°) be the homeomorphism /3*(/) = ßofoß-\  Define

A: C(F) x / -» C(F) by A(/, /) = / - i/(0).   By Lemma IV-2, A is continuous.

Define A: CiF) x / -» CiF) by

[A(/,2i)t ie[0, Jfl,
A(/,/)r

1 (/3*)"1 oV(ß*b(f, i)), 2t-l),     te [y2, 1].

Then A is the desired contraction.   If X is a TVS, then Theorem II-2 applies to

F = X°° immediately, and the homeomorphisms ß   and (j8 )~    may be omitted.
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The last statement of Theorem II-4 then follows by checking, in the proof of

Theoerm II-2, that W(L(X°°) x /) C L(X°°).

Now let a: A x F —* F be given, where A x F is a ¿-space, and let

21: AxFx/—»AxFx/ be defined by 2I(a, x, t) = (a, A(a(a, • ), t)ix), t).   Then,

on A x F x [0, V2],

2I(a, x, t) = (a, a(a, x) - 2taia, 0), t),

and this is clearly continuous.   Define a': A x F —» F by a (a, x) = A(a(a, •), l)(x)

= aia, x) - aia, 0).  Define a": A x F°° — F°° by a"(a, y) = ß.a'ia, ßrliy))). Then

both a' and a'  are continuous, and a (a, (0,0, •••)) = (0, 0, . • • ) e F00 for each

a£ii.   By Theorem II-3 the map y: A x F°° x \}A, l] ~* F°° given by yia, x, t) =

"Via'ia, -), 2t - l)(x) is continuous.  Thus, the map A x F xVA, 1] —* F given by

ia.x, t) —» ß~liyia, ßix), t)) is also continuous.   But /3~Hy(a, /3(x), t)) =

A(a(a, •), r)(x), t £ VÁ, 1], and it follows that 21 is continuous.

Now suppose also that ä is an open embedding, resp. closed embedding,

homeomorphism.  Then a": A x F°° —» A x F°° defined by 5"(a, y) = (a, a"ia, y))

is an open embedding, resp. closed embedding, homeomorphism.  Hence, by

Theorem II-3, y : A x F°° x [lA, l] — A x F°° x V/i, l] defined by yia, x, t) =

(a, y(a, x, t), t) is an open embedding, resp. closed embedding, homeomorphism.

It follows that 21 restricted to A xF x VA, Ï] is an open embedding, resp. closed

embedding, homeomorphism.   It is routine to check this for 21 restricted to

A x F x [0, Jfl.

V.   Proof of Theorem II-6.   Throughout this section B denotes a separable,

infinite-dimensional Banach space.

Lemma V-l.   There is a continuous linear injection À: B ib*) —» /,,  where

¡2 is a separable Hilbert space.

Remark.  In [7], Richard Graff establishes the stronger result (his Lemma

2.33) that there is a continuous dense linear injection X: B*ib ) —► /      The

lemma was first suggested to the author, however, by David Elworthy, and the

proof we give here is in large part due to him.

Proof of V-l.  Let /j = ||x.i|x. e P,  z = 1, 2, •.., 2|x.| < ~ | with norm

||x|| = l\x.\.   Let ß: l2 — ly be defined by fx.i -> |x.|(2,')i.   Then /3 is an

injective, compact linear operator with dense range.   By a theorem of Banach

and Mazur [2], there is a continuous linear surjection a: /j —* B.   Then

a °j8: l2 —» B is a compact, linear operator with dense range.

Identify L with l2 in the canonical way, and note that this identification

identifies the weak-   topology of l~ with the weak topology of l2.   Let
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A = (a ° ß) : B   —*/,.  Then A is a compact [6, Theorem 2, p. 485], injective

linear operator.   Let B {w ) denote B   with its weak-* topology.   For each

positive integer 72, let B* = {x* e B*\ \\x*\\ < n], and let B*iw*) denote B* with

the topology induced from B*iw*).  Since B*ib*) = inj lim B*iw*), it is enough

to show that A: B(.w ) —*l2 is continuous.   By Lemma 3, p. 478 in [6] A: B*(w*)

—* ¡2(w) is continuous, where I Aw) is l2 with its weak topology.  Let A =

X(Bn(w )) C l2, and let A(uz) denote A with its induced weak topology.  We then

have that A: B*(w*) ~*A(w) is continuous.  Thus, we are done provided id: A—»

A(w) is a homeomorphism (the first A having the norm topology).  This will be

true if A is compact.   To see this, recall that B (w ) is compact by Alaoglu's

theorem [6, p. 424].  Thus, A(w) is also compact.   But then, the norm closure of

A, which is contained in the weak closure of A, must be A, so that A is closed

in l2.  Since A is a compact operator, A is then also compact.

Following R. D. Anderson in [1] we make the following definition.

Definition.   A closed subset X of a space X has Property Z in X (or is a

Z-set in X) if for each homotopically trivial nonempty open set U in X, U\K is

nonempty and homotopically trivial.

Theorem (Anderson [1]). Every homeomorphism between two Z-sets of Q can

be extended to a homeomorphism of Q itself.

We take the following definitions and theorem from C. Bessaga and A.

Pe^czynski in [3].

Definition.   Given a convex subset W of a Fréchet space, then

rint W = {w eW\ if x eW, then w + Aw - x) e W tot some e > 0!.

It follows that if 0 e tint W, then rint W = \cw\w e W and 0 < c < I}.

Definition.   Qo<jd = ¡|x¿! e Q\xi = 0 for even ¿i.

Theorem (Bessaga and PeJ^czynski [3]). Let K be an infinite-dimensional,

compact convex subset of a Fréchet space such that 0 e rint X. Then for every

a e (0, 1) the set aK is a Z-set in K, and the pair (K, aK) is homeomorphic to

to the pair (Q, Q^).

Proof of Theorem II-6.   For each positive integer 72, let Bi^b ) denote Bn =

[x*e B*\ ||x*|| < 72! with its induced b* topology.  Note that restricted to B* the

b* topology agrees with the weak-* topology.   By Lemma V-l there is a continuous

linear injection A: B*ib*) —» ¡2.   Fix 72.   By Alaoglu's theorem [6, p. 424],

B*ib*) is compact, so A restricted to B*(è*) is a homeomorphism.   Thus, the pair

iB*+Ab*), B*(è*)) is homeomorphic to the pair (A(B* + 1(¿>*)), rÍB*íb*))). The latter

pair is in turn, by the theorem of Bessaga and Pefczyriski above, homeomorphic
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to (Q. öodj)-   Since Qajd has Property Z in Q (this follows, for example, from

Theorem 9.1 of [l]) it follows that each B  ib ) is homeomorphic to Q and

has Property Z in B*+1(2>*).

We now inductively define homeomorphisms h : B ib ) —* Q" such that

h  +j extends h , h    regarded as a homeomorphism onto Qn x |0j C Qn    .  In this

way we obtain a homeomorphism of direct limits:

h: B*ib*) = inj lim B*nib*) -»Q00 = inj lim Q".

Let by be any homeomorphism of B .ib ) onto Q  .   Let a homeomorphism

¿>n: B*nib*) — Qn be given.   Since B*(è*) is a Z-set in B* + 1(è*) and Q" is a

Z-set in Q"      (e.g. by Theorem 9.1 of [l])  the theorem of  Anderson given above

says there is a homeomorphism h  +,: B  + .(t? ) —> Q"      extending ¿ , as required.

Finally, the second statement of Theorem II-6 follows from the observation

that the natural isomorphism /- —♦ /, identifies the bounded weak topology on

l2 with the b    topology on ¡2.
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