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ABSTRACT. We construct a formal versal equisingular deformation of a
plane algebroid curve (in characteristic zero), and show it is smoothly embedded
in the whole deformation space of the singularity. Closer analysis relates equi-
singular deformations of the curve to locally trivial deformations of a certain
(nonreduced) projective curve. Finally, we prove that algebraic m of the com-
plement of a plane algebroid curve remains constant during formal equisingular
deformation. .

Introduction. In a series of papers ([10], [11], [12]), Zariski has studied the
concept of equisingularity of plane algebroid curves. Two curves are equisingular
if one can simultaneously resolve their singularities; this equivalence relation is
weaker than analytic equivalence, but stronger than equimultiplicity. Using topo-
logical techniques, Zariski proves that two equisingular curves over C have
locally the same topological embedding in C?; in particular, the characteristic
pairs of their branches are the same, whence they yield knots of the same knot
type in R3 (cf. [4]).

Utilizing techniques developed by M. Schlessinger [6], we study infinitesi-
mal equisingular families of curves. Our deformation theory takes place over the
category C of artin local C-algebras. Recall that if f € C[[X, Y]] is reduced, and
if gys+++, g, €CIIX, Y]] induce a basis of the artin ring CI[X, Y1I/(/, xs Iy)s
then the formal family f+¢,g) +-+-+ ¢ g €CIX, Y, ,-++,¢ 1] induces a
formal versal (or semiuniversal) deformation of the singularity defined by (f).
Thus, in a weak sense, thc family represents the functor on C of infinitesimal
deformations of the singularity.

To define equisingular deformation, we emulate Zariski’s original definition.
Recall that every plane algebroid singularity can be reduced to a number of ordi-
nary double points by a finite number of quadratic transforms. We say a deformation
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Allx, YII/(7) (A €C) is equisingular if it is normally flat (i.e., equimultiple)
along an A-section and, after blowing up the section, the transform is equisingular
along A-sections lying above the first; finally, equisingular means equimultiple
for an .ordinary double point. Theorems 3.2 and 4.2 below imply

Theorem. There exists a smooth closed subscheme of Spec Cllt;y+++, ¢ ]
on which the induced family of curves yields a formal versal equisingular deforma-

tion. Infinitesimal equisingular sections are unique.

There are some equisingular deformations that are simpler than others, namely
those for which all significant equisingular sections can be simultaneously trivial-
ized; call the functor of such deformations ES’, a subfunctor of the regular equi-
singular functor ES. From most points of view, ES’ is much easier to work with.
For instance, the tangent space of ES’ is easily described algebraically (Propo-
sition 6.3), and in $8 we prove

Theorem. ES' = ES if and only if, for appropriate choice of gys+++s 8, the
subscheme of the previous theorem may be given by t; =+++=t_=0; that is, there
is a versal equisingular deformation defined by + 27, tg.

Using this result, we show a formal versal equisingular deformation of Y? + X7 is given
by Y’ + X2+ % t X'Y!, where the sum is over pairs (i, /) with i< g—2,j<p -2 and
(i/q) + (i/p) > 1. On the other hand, ES’ is in general smaller than ES (Example
6.8); in fact, ES’ is the kernel of a smooth morphism ES — L, where L may be
viewed as the functor of classes of locally trivial deformations of a certain non-
reduced projective curve (Theorem 5.7).

Finally, using a theorem on deformations of branched coverings from [8], we
prove, in $9,

Theorem. Let F(X, Y, tpseees t") e Cllx, Y, tpseees tn]] define a formal
equisingular deformation of F(X, Y, 0,+++,0) = (X, Y). Then the natural map

m,(Spec ClIX, YN - V(/)) — 7 (Spec ClX, Y, 2,5+++, ¢ 11 - V(F))
is an isomorphism.

Here, m, is the algebraic fundamental group. Though this result is weaker
than Zariski’s, the proof is purely algebraic, and is established (as are all our
results) for any algebraically closed field & of characteristic zero. The proof
utilizes the Grothendieck existence theorem and a well-known result on the alge-
braicity of the ring k[[X, Y11/(f).

A portion of this paper appeared in the author’s 1971 Harvard thesis, Defor-
mations of branched covers and equisingularity. We are grateful to Bruce Bennett
and Michael Schlessinger for several useful conversations, and are indebted to
David Mumford for his advice and support.
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0. Preliminaries.

(0.1) We shall rely on the techniques of functors of artin rings. Let C be the
category of artin local k-algebras; denote by kle] the object k[el/e. Every sur-
jection in C may be factored by small extensions, i.e., ones whose kernel is one-
dimensional over k.

(0.2) Let F be a covariant functor from C to sets with F(k) = one point. If
A' = A and A" — A are morphisms in C, there is a natural map

(@): F(A' x4 A") = F(A") x4y F(A").

Recall the conditions of Schlessinger [6]:

Hp (a) is a surjection when A’ — A is small.

(H,) (a) is a bijection when A' = kle], A=k

(H,) F(k[e]) (the tangent space) is a finite-dimensional k-vector space.

(H,) (o) is a bijection when A' = A is small.

Ve say that F satisfying (H,) and (H,) has a good deformation theory; if it satis-
fies (H,) as well, we say it has a very good deformation theory. If F has a good
deformation theory and A’ — A is small, then F(k[¢]) is a k-vector space and it
acts transitively on the fibres of F(A') — F(A); if F has a very good theory, the
action is free as well. F is smooth if F(A') — F(A) is always surjective.

(0.3) Schlessinger’s criterion [6] says that a functor with a good (respectively
very good) deformation theory satisfying (H,) is versal (resp. pro-representable);
that is, there is a complete local k-algebra R, of residue field k, and a morphism
bp — F which is smooth and a bijection on the tangent spaces (resp. which is a
bijection). We refer the reader to [8] for a discussion and examples.

1. Equimultiple liftings.

(1.1) Let f €k[[X, Y]]l = R be a reduced formal power series of degree r> 1,
ice., [ €(X, V)" = (X, Y)"*!, Denote by f, the leading form of f; the linear factors
of { define the tangent directions of V(f) C Spec R. By Hensel’s lemma, one knows
that { irreducible implies f = (aX + bY)’, for some a, b € k; hence { irreducible
implies [ unitangential (has one tangent direction). Thus, any f may be written
as a product of fangential components.

(1.2) We consider several important functors on C:

H(A) = {ideals (7)CR ®, A = R,|f induces f in R}
= set of (flac) liftings of (f) to Ry,.
G(A) = groups of A-automorphisms of R 4 inducing the identity on R.

H and G have very good deformation theories and are smooth; the quotient D of
H by the natural action of G is versal and smooth, and is the functor of deformation
classes of the algebra R/(f) [8]. ‘

(1.3) Denote by s: R/(f) — k the residue field map. Recall that a surjection
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of tings S — T = S/I is normally flat if 1°/IP*! is a locally free T-module for all
p > 1. We define a functor E on C by

E(4) = {((1), (/) € H(4) and
S:R,/ (f) = A is a normally flat A-section inducing s}.

Given (f), the section 5 is uniquely determined by an ideal T C R A» With (Nc
T; T may be written (X - my, Y = "'2)’ for some m, € m,. The section 5 is
called trivial if T = (X, Y). We shall eventually show E has a very good deforma-
tion theory and is smooth.

Lemma 1.4. Let A' — A be small, with kernel (¢), and let (), 3) € E(4),
where S is defined by the ideal T C R,. Suppose (') e H(A") lifts () and I' €
R4e lifts T, and defines a section s': R,/(f") — A’ (i.e., (f') C I'). Then
(1), s*) € E(A") if and only if g € I'® and eg € (I' P41, f') imply g € (I'"41,

Al m 4uI'?), for all integers p > 1.

Proof. This is essentially Grothendieck’s infinitesimal criterion of flatness
(1, 1v. sl.
(1.5) There is a functorial group action G x E — E defined by

o((), ) =0(f), 5. 07D,

with obvious notation; one easily checks that o(f) is normally flat along § .ol
and that the action is indeed a functorial group action. Note that, for every 7 €
E(A), there is a 0 € G(4) such that o(n) has a trivial section.

The following result shows that E is the functor of equimultiple liftings and
sections; we shall subsequently drop the term normally flat.

Proposition 1.6. For A € C, let Mmyse++sm, be a k-basis for m,, and let
() e H(A), where [ = f+3 mp,s some p. €R. Then if T is the trivial section,
(1), T) € E(A) if and only if degree p; 21 forall i. More generally, (), 5) €
E(A) if and only if [ €T, where T is the ideal of 5.

Proof. We proceed by induction on the length of A, the result being trivial
for A = k. Given A’ € C and a basis My yenny m;+l of my., we may suppose
that A' — A'/(m': ;) is small; rename € = LRY

If ((/"), ¢') € E(A"), then by induction we have degree p;2ni=1,2,-c0,u
It remains to show p, ; €(X, Y)". Suppose Dy, € (X, V)2 = (X, V)1 ghere
d<r. Then b, = /- 2';_, m: b, € (x, V)7, 1 cUx, Y)4+1, /"), whence
(Lemma 1.4) b, e (X, Y)a*l, A mA,). Reducing mod m,, yields Dy €
(X, Y)%*!, a contradiction.

Conversely, suppose degree b; > 1 for all #; since the result is true mod (e),
by Lemma 1.4 it suffices to show that if g € (X, Y)? and eg € ((x, Y)?+1, ",
then g € (X, Y)?+1, 7'y M)
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If p<r~1,then g €(X, Y)?, g € ((X, Y)P+l, M=, y)P+l already implies
that the homogeneous component of degree p in g is killed by ¢; hence, by flat-
ness, it belongs to R@ m ..

Ifp=r,let /: be the homogeneous component of degree r of '; then
(X, VL, 1) = (X, Y)™*1, /,' ). Write g = g_+ b, where b denotes terms of degree
> r. Now, eg € (X, Y)™*1, f') implies eg,=af,; since /" is not a zero-divisor,
we have o = ae. But e(g, - afr' ) =0 implies g, - a/" €ER ®my, so g €((X, Y)"+,
/ '9 m Al)o

If p>r, assume g €(X, Y)? and eg = Af' + b, where deg b > p. With /: as
above, we note it is not a zero-divisor, whence the leading term A p—r of A is of
degree p —r. If & is the p-component of g, €g, = Ap—r/r' implies as above
A, ,=€a, ,50g,~ ap_rfr' € R ® m . Since we may suppose a,,_ e(X, Y)P=7,
we have g - ap_’/' e((X, Y)?+!, m41), as desired. This completes the proof of the
first claim. .

The final remark follows easily by choosing a o € G(A) such that o(I') = (X, Y).

Proposition 1.7, E has a very good deformation theory and is smooth. Fur-
ther, the tangent space is

{((f + eg)s (X = ae, Y — be)|g + afy + bf,, € (X, YV,

Proof. The proof follows easily by trivializing the sections involved, using
the fact that H and G have very good deformation theories and are smooth, and
applying Proposition 1.6. For instance, suppose B = ((f + €g), (X = ae, Y = be)) is
in E(k[el), with a, b € k. Let o € G(k[e]) send X to X +ac, Y to Y + be. Then
o(B) = (olf + €g), (X, Y)) = ((f + lafy + bf, + g)), (X, Y)), so Proposition 1.6
yields the result.

(1.8) Let p: E — H be the forgetful morphism which neglects the section. The
injectivity of p is equivalent to equimultiple sections being uniquely determined
by the lifting.

Proposition 1.9. p: E — H is injective if and only if f is not unitangential,
i.e., the leading form [_ of { has distinct factors.

Proof. By [8, 1.1.4], it suffices to consider p,. If [ is unitangential, we may
assume after change of coordinates that f = Y’. Then one easily checks that if 5
is defined by (X - ¢, Y), then ((f + ¢fy), T) and ((f + €fx)s ) are in E(kle]). Thus,
M is not injective.

If / is not unitangential, we can change coordinates and write f = Y™g,
where Y does not divide g. If ((f), (X = ae, Y = &¢)) is in the kernel of K then
afy + bfy, € (X, Y), whence a¥Y™gy + b(mY™ g+ Y™g,) = 0. Thus, Y divides
bg,so b=a=0, and p, is injective.
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Proposition 1.10. Equimultiple liftings preserve tangential components. That
is, if (f)=(g,)+++(g) is a factorization into tangential components, there exists
a natural inclusion

t
Ep= IT B¢y
i=1 1
with image all tuples with the same equimultiple section.

Proof. Let ((f),5) €E (/ )(A); it suffices to assume ¥ is trivial. We show we
can write (f) uniquely as E).- (g /) where the (g ) are equimultiple liftings
of the (g) over the trivial section. We first write (f) = (g,)(G), and factor =
(gl)(ﬁ). This may be done by an induction on the length of A using a standard
formal argument and the key fact that (X, Y)"C (g;, G). The uniqueness follows
because g, and G are relatively prime in R. Factoring (G) in this fashion yields
the desired morphism. The final remark follows from Proposition 1.6.

Remarks. (1.11) Equimultiple liftings do not, in general, preserve irreducible
components (i.e., branches); for instance, (Y(Y + X3) + eX?) is equimultiple along
the trivial section, but does not factor (Y + ea)(Y + X 3, €B). For, that would
imply (a + B)Y + aX? = X%, whence Y divides X?(1 - aX), an impossibility.

(1.12) If f € k[[X},+++, X ]] is reduced, then one can define the functor E
as above, and all the results in (1.2) through (1.8) carry over verbatim. Note the
leading form f_ will not in general factor into linear terms. However, we general-
ize Proposition 1.9 as follows: p: E — H is not injective if and only if f is,
after a linear change of coordinates, a form in (n — 1) variables.

2. Higher order equimultiple functors.

(2.1) We now wish to consider liftings that are not only equimultiple, but equi-
multiple in the “‘first infinitesimal neighborhoods’’ as well. Suppose that ((f), 5)
€ E(A). Let §: B- — Spec R, be the blowing-up of Spec R, along the sheaf of
ideals T defined by the section 5. Let T - = 7-1(V(IN) denote the exceptional
fibre, a divisor in B, and let the total transform of V({) be 5~ l(V(T» = T(r).

Lemma 2.2. The divisor T(f) - 1l < is effective and flat over A, called the
proper transform P(f).

Proof. If T = (X + mys Y+ '”2)’ then B is the union of the affines
Spec R,[X + m /Y + m,] and Spec R, [Y + m,/X + m,]. In the first affine, T 5
has local equation Y + m,, while (/) defines T(f). By Proposition 1.6, [ el
whence [ /(Y + m,)" € R,[X + m;/Y + m,]. The result now follows easily.

(2.3) We define the reduced total transform R(f) to be the divisor T(f) -
(r - 1)T <. Looking at the closed fibre, R(f) has singularities precisely at P(f)
N 1; the number of such points is ¢, the number of tangent directions of (f). P(f)
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is the union of the proper transforms of the tangential components. We define
EXA) = {((7), 5 550+, S, 5) € E(A) and the 5;: Spec A — B_
are A-sections inducing § (¥ =5 . 5) and
inducing equimultiple sections of R(f) in Gpi,
for p; a singular point of R(M}

The supports of the s’s are called the first infinitesimal neighborboods of the
singularity of (f). As before, there is a natural group action G x E 2 L E? com-
patible with the forgetful morphism E2 — E. If ¢ € G(4), a € E¥(4), then o(a)
consists of the lifting o(f), an equimultiple section Z =5 - 0™}, and equimultiple

sections 5, . o~ in B, where we view ¢ also as an isomorphism B; = B_.

Lemma 2.4, Suppose (f) is unitangential. If (), 5; §,)e€ E*(A), then there
isa o €G(A) such that o((), 5; 5= (o), 75 T,), where T and T, are trivial

sections.

Proof. First, there is a 0 € G(A) such that 5.0~ ! is trivial; so, we may
assume § = 7. Suppose [ =Y, and let k[[X, Y, TII/(XT - Y) denote the comple-
tion of the local ring of the one point of B . at which R(f) has a singularity. By
assumption, R(f) is equimultiple along some section of A[[X, T]] defined by
(X, T = m), for some m € m 4 Since it lies over the trivial section T of A[[X, YI].
But if 0 € G(A) sends X to X and Y to Y + mX, then ¢ is the desired automor-
phism.

Proposition 2.5. E? bas a very good deformation theory and is smooth.

Proof. Let A' — A be small, A" — A arbitrary, A* = A’ X4 A", and consider
(@: E*(4%) — E*(4") x_ E*(A").
(A

If ((/), s'; sl""’ s') e EXA", ("), s"; sl""’ s, ") € E*(A") have the same
image in E2(A), then (Proposmon 1.7) there is a umque ((f*), s*) € E(4*) lying
over the liftings and first equimultiple sections. There are natural isomorphisms
By B xg_ B and R(/*) = R(f") XR(T) R(f"). Therefore, there are unique
sections s} of B, lifting the s; and sl'.'. A local argument (using Proposition 1.7)
shows ((/*), s*; s},+-+, s¥) is in E2%(A¥), whence (@) is surjective. The injec-
tivity is similar.

For smoothness, let A’ — A be small, and consider (),s;s P S ) in
E%(A). By Proposition 1.9, we may write () = 7. .- But Lemma 2.4 1mphes
we may lift each (1)), 5;5,) to (f)) s'ss]) € EZ(A ) (w1th the same section s’
for all i), whence (Proposition 1.10) (([1' . -/t' ), s's s; seeey s;) is in E2(4") and
lifts the original element.
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Remark 2.6. The equimultiple sections in B need not be unique, as seen
from the example (Y2 + X3 + XY), T).

(2.7) 1t is now clear how to define inductively the nth equimultiple functor
E™ on C. Suppose E7 has been defined for 2 <j<n-1, with natural maps E'
E’=!, For an element o of E/(A), let a* = @), s; Sy E‘) denote the image
of a in E%(A); also, let B, denote the Spec A-scheme obtained by blowing up
Spec R, successively along the A-sections of a. Let (/—i) be the ideal of R(f) C
B at the singular point p, defined by‘ 5. There are ordered collections a of
sections in & such that ((fl.), a)e EZ;i) (A); this makes sense, because for in-
stance A-sections of BE;E,- inducing 5, on By yield A-sections of the blowing-
up of Spec @51. along 5 .

An element of E™(A) is then, by definition, (a; @+, ¥ ), where

(@) a € E"~1(4),

(b) Z, is an A-section of B,

(c) every 7, lies over a section §; of By in a*; letting TR

1.9
denote all such sections, we have, for all j,

(oo Tyypee0 7y, ) € B 1A
The supports of the sections in the data of an elenllent of E"(A) are called the
(infinitesimal) neighborboods of (f). We may further speak of the reduced total
transform of (f) in B; as above, it is a lifting of a reduced divisor supported on
the total transform of (f).

Proposition 2.8. E" bas a very good deformation theory for all n.

Proof. Using induction on 7, one proceeds exactly as in Proposition 2.5. The
point is that because E""! satisfies (H 4)» all sections of E™A' x A A") are equi-
multiple and uniquely determined by E™A’) and E™(A"), except possibly in the
last blowing-up. But one then applies Proposition 2.5.

Remarks. (2.9) The usual functorial group action G x E” — E” is defined for
every n, and commutes with the forgetful maps E” — E™-1,

(2.10) Presumably all functors E” are smooth. However, Lemma 2.4 does not
generalize; we may not be able to trivialize simultaneously all sections of an ele-
ment of E™(A), even if f is irreducible.

(2.11) Suppose (f) is a curve for which R(f) C B has an ordinary double
point at a section s,. Themif ((f), 5) € E(A), then there exists a unique A-sec-
tion 5, of B lifting s, along which R(f) is equimultiple (by 1.9).

(2.12) If (f) defines an ordinary multiple point (i.e., f, has r distinct factors),
then one computes that E 2~ E, (Use the previous remark.)

(2.13) Our definition of E™ requires that all sections be supported on singular
points of R(f) (i.e., points on the proper transform).
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3. The equisingular functor ES.

(3.1) It is a well-known fact in the theory of curves that after blowing up
Spec k[[X, Y]] and its transforms sufficiently many times, the reduced total trans-
form of (f) has only ordinary double points as singularities.

Theorem 3.2. There exists an integer N such that the natural maps EN+ —
EN+i=1 4 bijective, for all i > 0. For such an N, the natural map EN o H is
injective, unless [ is a regular parameter.

Proof. Let N be the smallest positive integer so that in any sequence of the
form {(f), (f,), (f,), - - -}, where (/i+1) is the ideal in the complete local ring at a
singular point of the reduced total transform of a blowing-up of (/i) (10, p. 512], we
have that (f;) defines an ordinary double point for j > N - 1. It suffices to show
EN+! L, EN s a-bijection. The question being one of existence and uniqueness
of equimultiple sections, it suffices to show that for an ordinary double point,

E? & E. But this fact was mentioned in Remark 2.12.

To show EN — H is injective, it suffices to check on tangent spaces. Fur-
ther, by induction on N, we have only to check that if ((f), 5) € E(kle]) is in the
image of EN(k[e]) — E(klel), then 5 is the trivial section. The result is obvious
by Proposition 1.9 if { is not unitangential.

Thus, suppose [ has tangent Y = 0 and multiplicity r> 1; since we are only
concerned with (f), the Weierstrass preparation theorem allows us to assume
X, Y)=Y"+ E:;l d, (X)Y?, with d, € kIIX11. After a further coordinate change,
d’_l(X) =0, so we write f(X, Y)=Y"+ 2ea dl.(X)Y', where A C{0, 1,¢¢¢, r=2},
and d, (X) has leading form cl.Xei, with e, >r-i.

With ((f), 5) as above, 5 defined by (X — ae, Y), we prove a=0. Let 0 €
G(kle]) send X to X + ae, Y to Y, whence (o{f), T) is in the image of ENGLeD).
Note

o)=Y + 3 @X)+aed; (XY,
i€A

Since (o(f), T') is in the image of E 1’(/e[t:]), the reduced total transform (with coor-
dinate T, = Y/X) in B is given by

1, Ty) = X(TT + 3 (@ (%) + aed; (NXF="T]),

and it is equimultiple along a section of the form (X, T, - be). The multiplicity
gy of f; is min, , fr+1, e, +2i —r+1}. We distinguish two cases.

If g, <r+1,let j be the largest integer in A such that e;+ 2j-r+1l=gq,.
Then, by Proposition 1.7,

a Zd;(x)xi-ﬁ-lfrli + b%([l) e (X, Tl)ql’



152 J. M. WAHL

whence ac;e; = 0. Since e; >r-j>0,a=0, and we are done in this case.
If g =r+ 1, then, as above, the series

- e ti-r

-1 L ite =1+l i1 .
b(XT]™ + > ieX 1T Yra) ceXt T

is in (X, Tl)”’l. Since every i <r -2, the term brXT;'l =0, whence =0, so
that @ =0 or e, +2i~r+1>r+1, for all i. In the second case, (f,) is equi-
multiple along the trivial section only; since ((f), T; T) is in the image of
E3(k[e]), we blow up again, and have (with T, = Tl/X)

T, Tp) = X(T] + 3@ (X) + aed (X)X 2T

is equimultiple along a section (X, T,- be). Proceeding as above, we find that
eithera=0 orelse b=0 andr+1<e; +3i=2r+1, forall i € A. Repeating
this procedure n times, we have either 2 = 0 or the reduced total transform is equi-
multiple along the trivial section and r+1<e, + (n+1)i=nr+1, foralli €A.
The second case implies r <(e,/n+ 1)) + i; but A # & and i <7, so this is a con-
tradiction for n sufficiently large. Therefore, a = 0, and the theorem is proved.

(3.3) We-can now make the following definition. With N as in Theorem 3.2,
we call EN the functor of equisingular liftings, and denote it by ES. Since the
natural map ES — H is an inclusion, we need not mention the sections; although
they are part of the data, they are uniquely determined once the lifting is given.
Recall (Proposition 1.9) that the functor of equimultiple liftings does not have a
good deformation theory—it must be equipped with sections. Note also that in con-
sidering equisingular liftings, one need not blow up every section as in each E i
one only must blow up sections supported on nonordinary double points, and we
can consider any resolution of the singularity B — Spec R.

We shall frequently say *‘(f) is equisingular along 5’ to mean (({"), 5) is in
the image of EN S E.

Proposition 3.4. Suppose (f) = (g,)(g,). Then there exists a natural injection
ES;y—ES e * ES (8, In particular, equisingular liftings preserve branches.

Proof. Let (f) € ES ( /)(A); we claim () factors un_i_quely as a product
3 l)(§ 2) of equisingular liftings of g, and g,. Let §: B — Spec R, be a resolu-
tion of the singularity of (7); that is, the reduced total transform (f) has only
ordinary double points as singularities, all trivially deformed. Let T be the ideal
sheaf of X C B, the proper transform of (). It is well known that 7,(Og) = T'Op)
=Ry; R'5,0p = 0; and B, F+() = (7). We shall show below that 5,7 = (7);
assume it is true.

Reducing mod m,, we have the resolution p: B — Spec R and the sheaf of
ideals I of X on B. Since (/) = (g,)g,), we may write I = I, N I,, where [, is the
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ideal sheaf of the proper transform X of (g)). But X; N X, =&, so we may write
T= I_l N Tz on B, where l_' is a uniquely determined lifting of I.. Thus,

AT = (N =g n B =&0) 0 B0

We claim F*(I_i) is a flat R ;-module, hence a principal ideal; but using the infini-
tesimal criterion of flatness, one sees that it suffices to show F,(I.) is A-flat.
On B, we have the exact sequences

o—»llmz—'o.ﬁ—»oxleo)-(z-m
! ] !

0—-—»1 ——»O— — O)—( —_ 0.

Taking 7, yields
000 n T)—T0p) - P(o?x) ® F(Oxz) =R, nT) =0
l Il l l

Since the third vertical map is a projection of F(@B)-modules and hence admits

a section, a diagram chase yields an isomorphism R F*(I NT. ) = R! f*l (-]
lf* o+ But since the two middle terms of either row are A-ﬂat (X is affme),

the first module in a row is A-flat if and only if the fourth is. But l"(l NnT. ) =

(/) is flat, hence so is R ZJ'*(I NT,) and each direct summand R! b'* There-

fore, F*l is A-flat, hence is a prmcxpal ideal (g )CR, lifting (g ,) By con-

struction, (g ) € ES, (g1 y(4). We leave the rest of the detaxls to the reader.

It remains to show f*l_ = (f). We immediately reduce to the case where
7: B — Spec R 4 is one blowing-up along the trivial section. If J is the ideal
sheaf of the exceptional fibre E, then we have 5*(7) =] ®T (r = degree of f).
Ve claim

FT'®N =TT ®T), i=0,1,oeepr-1.

Due to the exact sequence 0 — THRT =TT »T'®T® OF:"' 0, it suffices to
show T ®T ® Oz ) 0. However, since E is isomorphic to P! x Spec A and

HO ) 0, we have that T'®T ® @ is a product deformation of the invertible
sheaf ]'oloo,_, on ECB [1, IIL 7] Now 1® 0 =0 p(-1), while J® O
=0 (l) = conormal sheaf of E in B; thus, J* ‘®I® @ =0 (- 7+ i). The result
now follows because H'(E, Ogl-r+)=0, forall i < r-1.

Remarks. (3.5) The above result guarantees that equisingular liftings induce

‘‘tangentially stable pairings’’ of the branches (part of Zariski’s definition in [10]).
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(3.6) It is not true that the product of two equisingular liftings is equisingular,
unless one knows all sections in all neighborhoods of the liftings are disjoint or
coincide. For example, Y(Y + X2 + €X) is not equisingular. However, we have the

Proposition 3.7. Let (f) = (f,):++(f) be a factorization into tangential com-
ponents. Then the inclusion ES n= Il ES 9 bas as image all products of equi-
13
singular liftings with the same equisingular section in Spec R4, A € C.

4. The smoothness of ES.

(4.1) Let (f) be a reduced curve, and suppose p: B — Spec R resolves the
singularity (i.e., R(f) has only nodes as singularities). As usual, we require that
all blown-up sections lie on the proper transforms of (f) (2.13). Let E = p~ 1{m }
be the reduced exceptional subscheme; it is a tree of P'’s, By [EGA, II. 4. 6.13]
there is an effective divisor Z of B, with support E, such that O-2) is ample
for p; thus, we may assume H 1(T ® C(~ 2)) = 0, where we denote by Ty the
dual of Q! B/k* Let L, be the functor on C of classes of locally trivial deforma-
tions of Z over Spec k From [8], it follows that L is versal and smooth (since
H 2(Tz) = 0), with tangent space H l(Tz); further, local triviality is equivalent to
formal triviality [8, Proposition 2.1.5]. In this section, we prove the following

Theorem 4.2. There is a natural smooth morphism y: ES — L. In particular,
ES is smooth.

(4.3) We start with a description of L. Let E,,-++, E_ be the components
of E, Ti = Ei N (Ujgi Ej), and t, = number of elements in Ti.

Proposition 4.4. There is a natural isomorphism Tg &@pi‘ O‘E 2-1t),
1
where p,: E; — E is the inclusion. In particular,

dim HI(TE) =Z max (0, t, - 3).
i

Proof. The natural map Tp — b, TEi is easily seen to land in p, (TE,' ®L),
where I, is the sheaf of ideals of the subscheme T,C E; (since derivations of E
must vanish on the inverse images in E, of the singular points of E). A local
argument shows the induced map T —»@p (Tg. ®1 ) is an isomorphism; for, if
E is given formally at a singular point by@ k[[X, Y]]/X Y, then the map

{“ax ay‘Gaxee

—laY + bX = o} - x&[[x]] 9 % © Yk[[Y]] a

is an isomorphism. But TEi = GE,,(Z), I, = OE,-(' ti)’ whence the result.

(4.5) Unfortunately, T, does not in general admit as simple a description.
On the other hand, if Ny = Coker (T, — Tz ® 0,) (the “locally trivial”’ normal
sheaf, cf. [8, 3.2.3]), the natural map N% - NOE is an isomorphism (a formal check).
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On the other hand, an argument as in Proposition 4.4 shows NOE ~ @pi‘ N Ep
where N . is the normal bundle of E; in B. Since HON Ei) = 0, there is an exact
1
sequence
0 = HYT,) = H' (T; ®0,) = H'(NY) —o.

(4.6) We want to introduce an auxiliary functor L. Note B was obtained from
Spec R by a sequence of blowings-up B = B, — By _; —+++-— Spec R, where
B,,1 —B; is centered at a section o, of the exceptional fibre of p;:B, —

Spec R. Although B is regular and excellent, it is not smooth over &k in the usual
sense (nor even formally smooth in the sense of Lichtenbaum-Schlessinger [3]),
since the local rings have mixed ‘‘algebraic’’ and ‘‘continuous’’ structure over k;
thus, it is not clear that all deformations of B are locally trivial in the Zariski
topology.

If Spec S = Spec k[X, Y], then it is clear there is a sequence of blowings-up
C=Cy—Cy_y—---—SpecS inducing the resolution B — Spec R via flat
base change. Of course, C is now a nonsingular variety over k. Denote also by E
the exceptional subscheme of 7: C — Spec S, and by o, the section of C; to be
blown up. Let L(A) be the set of classes of deformations C — Spec A which may
be obtain_ed by a sequence of blowings-up C — EM-I “+-+.— Spec § 4, where
C,;41 — C; is centered at a normally flat A-section G of the exceptional sub-
scheme of C,— Spec S, lifting 0; and inducing 7 ,_,.

Lemma 4.7. L is versal and smooth, and is the functor of those deformation
classes of C to which E admits a locally trivial lifting.

Proof. Since T is coherent, H l(TC) = er*TC is a finite k[X, Y]-module
(r is proper); since it is supported on V(X, Y), H ‘(TC) is finite over k, whence
the functor of deformation classes of C is versal [6]. Since L is contained in
this functor, it suffices to show L satisfies (Hl)' One can do this once we show
that if A" — A is small, two Spec A'-morphisms C’ — Spec S 4, inducing the
same map over Spec S, differ by an automorphism of Spec S ,,. But this follows
from [1, IIL. 5.4], because H(C, r*T . ) = Tg s = Der, (5, 5), since HY(C,0)
= §. The smoothness of L is obvious.

If f: X — Y is a blowing-up of a (closed) point P of a nonsingular variety Y
of dimension > 2, then one establishes easily the exact sequence

0—/,Tx = Ty —=Np =0,

where N is the normal sheaf of P in Y. There is a morphism of the functor of
deformation classes of Y and liftings of P into the functor of deformation classes
of X; the exact sequence

HYN ) — HY(Ty) = HY(T ) — 0
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shows the morphism is surjective on the tangent spaces, whence the usual argu-
ment shows it is surjective. We conclude that every deformation class [C] of C
is obtained from Spec S, by a sequence of blowings-up.

Any element of L(A) certainly induces a locally trivial deformation of E. For
the converse, one uses induction and reduces to proving the following: if (g) C
kl[X, Y1l is (X) or (XY), () CR 4 @ lifting, and 5 an A-section of R, then the
total transform T(g) C B; (2.1) is a locally trivial deformation of T(g) if and only
if (g),5) €E (g)(A). The proof is an easy computation.

(4.8) From obstruction theory and the map T — T ® OB — NOE, one has
that

L(eD = Ker (BT ) — H'(ND))-

On the other hand, Z was chosen so that H l(TC) ~, HI(TC ® 02), whence, as in
(4.5), we have L(k[e]) = H l(Tz). In fact, we have

Proposition 4.9. There is a natural isomorphism 8: L & L.

Proof. Since L is smooth and B, is surjective (4.8), it follows that 8 is
surjective [8, 1.1.4].

To show B is injective, suppose C : — Spec A’ induce elements of L(A")
with the same image in L,(A"); we may suppose they are isomorphic over Spec 4,
where A' — A is small. Let Z : ccC : be the induced subschemes, and consider

the diagram

. op o . . . ,
The obstruction to lifting the isomorphism over A to an A'-homomorphism C,; —s
g P 1

C, liesin H YT ) [1,11L 5.4], while the obstruction to lifting to a map Z; —

C, is easily seen to lie in HI(TC ¥ Oz)’ But by assumption, HI(TC) ~,
Hi(TC ® 02); thus, if Zl' o, Zz', the obstruction vanishes, so Cl' and Cz' are
necessarily A’-isomorphic.

Proof of Theorem 4.2. Suppose Z =2 r.E. If (/) € ES(A), one blows up suc-
cessively the equisingular sections of (f) and its transforms to get a map :
B — Spec R 4> such a process is well defined, since all sections are unique
((2.13) and Theorem 3.2). Let y,((/)) be the deformation class of Z = 3 'iﬁi’
where E, is the unique lifting of E; to B. As in (4.6),  is induced by C —
Spec S 4.
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If [2'] € L(A") lifts Z, where A’ — A is small, then by Proposition 4.9,
there is a C' — Spec S 4+ lifting C and containing Z'; suppose C' induces p':
B' — Spec R 4+ The total transform T(f) C B is defined by the free sheaf of @B-
modules, F*(/'), which consists of the product of the ideal sheaves of 7,E, (some
n) and of the proper transform of . Having lifted the Ei to E : C B, one can
easily lift T(f) in a locally trivial fashion to a relative A'-divisor on B', defined
by the sheaf of oB,-ideals K'. But K' is a free @B,-module, since it lifts the
free @B-module p*(f) and since H(B, OB) =0 [1, L 7.1). Thus, p,(K') C R,
is a free R4,-module, hence is a principal ideal (f ‘) lifting (f). Further, the
natural map p'*ﬁ; K' = K' of free O pr-modules is necessarily an isomorphism.

We must show (f') € ES(A’). Let E; CE correspond to the blowing-up of the
origin in Spec R; then the multiplicity of E, in p*(f) is r, the multiplicity of
(). By construction, /' vanishes r times on E{; equivalently (Proposition 1.6),
(f") is equimultiple along the section defined by F(@B,) =R, — rCeg ll) ~ A,
Next, let pq: B{ — Spec R, be the blowing-up of this section; then p' factors

1

B' i‘b B{ il-) Spec R,4. If E, CE comes from blowing up a point of B, then the
morphisms O 2 /0, — g1 OEZ, =~ A" gives rise to the section of B to be
blown up. Thus, equimultiplicity of the transform of (/') along this section is
equivalent to [’ vanishing sufficiently many times on E 2' C B'. But this is guar-
anteed by construction. In this fashion, we find (/') € ES(4"), so y is smooth.

Remarks. (4.10) The proof shows that if Z is any divisor for which H l(TC)
~ H l(TC ® 0,) (“‘the deformations of C are determined by those of Z’’), then
L>L,.

(4.11) One can show that ES — L is smooth; L is pro-representable and
has tangent space described by Proposition 4.4.

(4.12) For a direct proof of the smoothness of ES, see [9, p. 134].

S. The functor ES’.
(5.1) Let p: B — Spec R be a minimum resolution of the singularity of (f);
that is, one blows up only nonnodes of the reduced total transforms.

Lemma 5.2. If (f) € ES(A) is equisingular along the trivial section in all
neighborhoods of B — Spec R except at nodes, then it is automatically equisingu-
lar along the trivial section at nodes of the exceptional fibre.

Proof. We may restrict ourselves to the following case. Suppose Oi is the
local ring of a point P in B, (f) is equisingular along the trivial section in Oi
® A, while Q € B,,, (the blowing-up of P) is a point not on the proper transform
of (f), but at which R(f) has a node. Let O“I be the local ring of Q. We may
assume (f) = (Y)(g) in Oi ® A, where Y =0 is the local equation of an excep-
tional line (as all previous blown-up sections are trivial). Therefore, the reduced
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total transform of (/) in ®i+1 ®A is given by (XT) (where Y = XT), hence is .
equisingular along the trivial section.

Convention (5.3). We shall say that those (f) as in Lemma 5.2 are equisingu-
lar via trivial sections, recalling that this does not apply to nodes of the proper
transforms. This is not to be confused with **(f) equisingular along the trivial
section’’ (see (3.3)).

(5.4) Consider the subfunctor of ES defined by

ES'(A) ={(f) € ES(A)|o(f) is equisingular via trivial sections, some o € G(4)}.

: . . o . epLe
Thus, ES’ consists of the “‘easiest’ equisingular liftings; one does not worry
about equisingular sections.

Proposition 5.5. ES’ bas a very good deformation theory and is smooth.
P Ty 8 ry

Proof. If () and o(f) are equisingular via trivial sections, then we may view
o as an element of G'(A), the group of infinitesimal Spec A-automorphisms of
B x Spec A. The result follows directly once we show G’ is smooth. For this,
one imitates the proof of [8, 1.3.1], in showing that one can ‘‘exponentiate in the
Lie algebra G'(k[e])’. In particular, if d € G'(kle)), m € m 40 One can define e™ e
G'(A), and prove that every element of G'(4) is a composite of such Spec A-auto-
morphisms.

Remark 5.6. One could have started by defining ES' as a subfunctor of H,
and proving directly as above that ES’ has a very good deformation theory and is
smooth; one can therefore avoid Theorems 3.2 and 4.2 for this simpler functor.
However, as we shall see below, ES’ is generally smaller than ES. Denote hence-
forth by L the functor Lz, where Z is as in (4.1).

Theorem 5.7. ES' is the kernel of the smooth morphism y: ES — L. That
is, ES'(A) = () € ES(A)]y ,((1) is the trivial element of L(A)}.

Proof. If (') is equisingular via trivial sections, then the induced deforma-
tion B is trivial, whence so is the element of L(A); therefore, ES'(A) is in the
kernel of ES(A) — L(A). Conversely, if (f') € ES(A) induces a trivial element of
L(A), then by Proposition 4.9 it induces a trivial deformation of B. So, if B
B M—1—*"*— Spec R, is a resolution attached to (7), then after automorphxsm
o €G(A), it becomes B, x Spec A —+.+— Spec R x Spec A (cf. Lemma 4.7).
Therefore, o(f) is equisingula.r via trivial sections, whence () € ES'(4).

Corollary 5.8. ES' = ES if and only if L is trivial.
6. The tangent space of ES.

Proposition 6.1. The tangent space of ES, I =1{g € kl[X, Y1]|(f + €g) €
ES(k[eD)}, is an ideal.
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Proof. I is certainly a k-module because ES has a good deformation theory.
Thus, we must show g €I implies ag €1, any a € R = k[[X, Y]]. Since, for
0 € G(kle]), there are p, g € R such that o(f + eg) = (f + (g + pfyx + qfy)), it follows
that I contains the ideal ({, fx /Y); further, we may suppose (f + €g) is equisingu-
lar along the trivial section, and prove (f + eag) € ES(kle]).

We use induction on M, the number of blowings-up needed to resolve the sin-
gularity of (f). For M =1, (f) is an ordinary multiple point, and I = (f, fxs [y
(X, Y)", since in this case equimultiplicity is the same as equisingularity. If
(1) =(})+--(f) is a product of tangential components, then (f + €g) = I1 (/; + g )
(Proposition 1.10), whence (f + eag) = II (f; + eag)); thus, it suffices to prove the
result when (f) is unitangential. But after another automorphism (Lemma 2.4), we
may assume (f + €g) and its first transform are equisingular along the trivial sec-
tion. A direct computation now shows that (f + eag) and its first transform are
equimultiple along the trivial section; but induction in the first neighborhood
implies (f + eag) € ES(k[e]).

(6.2) To get a better hold of I, we let B — Spec R be a minimal resolution of
(f) 5.1). Let {O,}, 1 be the set of Oy = R and all local rings of the B, in the
resolution at which the reduced total transform has a singularity. Thus, there are

t such local rings Ol’ <o, O in B,, where ¢ is the number of tangential compo-

t
nents of (f). Let S CT be the index set corresponding to the nonnodes. Let
m, C @a be the maximal ideal, and let v, be the m_-adic valuation on Qa. Of

course, R C @a is birational.

Proposition 6.3. (f + eg) € ES'(kl¢]) if and only if g is in the ideal I' = ({, fxs
fys ﬂaes m:a(/ )). In particular, I' C 1.

Proof. If (f + eg) € ES'(k[e]), there is a 0 € G(k[¢]) such that o(f + €g) is equi-
singular via trivial sections. Since (f, fx, f,) C I', it suffices to assume (f + g)
is equisingular via trivial sections. The result then follows by definition and
Proposition 1.6.

Conversely, suppose g € I'; writing g = af + bfy + cfy + g;> where g, €
ﬂaes mza(/), one has (f + eg) € ES'(kle]) if and only if (f+ eg,) € ES'(k[e]). Thus,
it suffices to show g € ﬂaes m:a(/) implies (f + eg) is equisingular via trivial
sections. If M =1, (f) is an ordinary multiple point, and this case is clear. In the
general case, certainly (f + eg) is equimultiple along the trivial section. If Y +
BiX, i=1,+++,t, are linear forms defining the tangent directions of (f), then

0, = Gllx, YITYY = TX)(y 115

But the reduced total transform of (f + ¢g) in Oi[e] is given by (f+eg)/X""1 =
[; + €@ Forany O, (a €5) dominating O, we have v (/)= v,{7}) + v (X™1)
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and v,(g) = ,(8 ) + v,(X""1). Thus, v,(g) > v,(f) lie., g € mZ”‘(I ) if and only
if v,z ) > v,([). Since taking completions does not change the values of v,, the
inductive assumption is fulfilled for (f; + €z ), unless (f)) defines an ordinary
double point. Since this case is covered by Remark 2.11, we are done.

Remarks. (6.4) Of course, I C(f, [y, fy» (X, Y)"), since equisingular liftings
are equimultiple.

6.5) If B, is some blowing-up in a minimal resolution of (f), and if the correspond-
ing functor L of B, (4.6) is trivial, then one easily shows

v (f)
lc(/,/x,/y, GQ my® )

where S, CS corresponds to the local rings @a contained in the local rings of B.

Proposition 6.6. In case (X, Y) = Y? + X (p<q), then 1 =1' is the ideal
generated by X791, ¥?=1, and the monomials X'Y', where pi + qj > pq. In partic-
ular, (f) bas nontrivial equisingular liftings if and only if p=3,4>5 or p> 3.

Proof. We proceed by induction on pg, the case pg = 1 being trivial; also,
(2.12) proves the result for p = q.

Suppose p < g, and (Y2 + X7 + ¢ 2 al.].XiY") € ES(k[e]); we may as well sup-
pose i< g -2,j<p-2,and the lifting is equisingular along the trivial section.
Letting Y = TX, the reduced total transform is given by

X(T? + X97P 4 ¢ Za..Xi*i"’Tj).
. 1]

By Proposition 3.4, (T? + X97? + ¢ & aini*j'pTi) is equisingular; since
plg - p) < pq, we may use induction. An easy computation shows pi + qj > pq,
for all i, j such that a #0.

Conversely, it suffices to show (Y? + X7 + eX'Y’) € ES(kle]), for pi + qj > pq.
This may be done using Zariski’s discriminant criterion for the formal family over
k[[#]] defined by Y? + X? + :X?Y’ [10, Theorem 7}. However, we show directly
(by induction) that (Y? + X7 + eX'Y?) is equisingular via trivial sections if pi +
qj > pq. Since i + j > p, the lifting is equimultiple along the trivial section; let-
ting Y = TX, induction shows the proper transform (T? + X772 4 X i+i-t7) s
equisingular via trivial sections. To show this for X(T? + X972 + X*+=PT7), we
must prove that the equisingular sections of each component are compatible in all
neighborhoods. However, since these sections are almost all trivial, one need
only consider the following case: there is an ordinary double point of the reduced
total transform of T? + X97? at which the transform of X(T? + X9~?) does not
have a node. An elementary argument shows this occurs only if g =p + 1. Buta
direct computation then shows that pi + qj > pg implies X(T? + X + eX*+/=PT7)
is equisingular via trivial sections. This completes the proof.
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Corollary 6.7. In case [(X, Y) = Y? + X9, then ES' = ES.

Proof. ES' — ES is surjective on the tangent spaces, and ES’ is smooth,
whence ES' — ES is surjective.

Example 6.8. Consider the reduced curve defined by f(X, Y) = (X4 - Y42 -
X%, This curve has four tangential components, each of which consists of two
nonsingular branches with a first-order contact (i.e., the branches become trans-
versal after one blowing-up). If B, — Spec R is one blowing-up of the origin, the
singularities of R(f) are four ordinary triple points. Thus, (f + eg) is equisingular
via trivial sections precisely when g is of the form g4 + 8+ g', where 8 =
dAx? - YH2 (c en), & € (X2, XY, Y2).(fy, fy)s and g’ E(X, Y)!0 (verification
is straightforward). Thetefore, I'=(f, fy fys X, Y)1),

However, one computes that

(f+eg) = (X - yH2 - X104 ex(X% - YH (X3 + X2Y + XY2 4 YD)

is equimultiple along the trivial section, and R(f + ¢g) is equimultiple along four
sections of B, [e], only three of which are trivial. Further, g ¢ I' (essentially be-
cause X2Y2(X* ~ Y*) ¢ I'), whence I' <I. In fact,
1=, X*v2(x* - vh).

This extra equisingular lifting arises from the one-dimensional vector space
Lg(kle]) (the exceptional fibre E of a minimal resolution consists of four lines
intersecting a given line in four points) via the smooth morphism ES — L
(Theorem 5.7) and L — L (in this case a bijection).

Remark 6.9. Via (5.7) and (6.3), a thorough knowledge of ES(k[e]) requires
knowledge of H l(Tz), where Z is a certain nonreduced curve. We hope to return
to this question in a future paper.

7. Equisingular deformation classes.

(7.1) The notions of equimultiplicity and equisingularity may be considered
in terms of the local ring of the singularity, and not just in terms of the embedding
in Spec R. As in (1.2), we may speak of the functor D of classes of deformations
of P =R/(f); assume P is not regular.

If P is a deformation of P to A, andif 5: P— A isa normally flat A-sec-
tion inducing the canonical map s: P —s k, then we say (P, 5) is an equimultiple
deformation of (P, s). Two such pairs (P, 5,) and (T’z, §,) are said to be equiv-
alent if there is an A-isomorphism ¢: I_’l - 52, inducing the identity over k, such
that 5, ¢ = 5 - We then define the functor of equimultiple deformation classes
plus sections by

E(A) = set of equivalence classes of (P, 5).
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Proposition 7.2. E is the quotient functor of E by G, hence is versal and
smooth. The natural morphism E — D is injective if and only if (f) is not uni-

tangential.

Proof. The group action was defined in 1.5; that E is the quotient is straight-
forward, so one applies [8, Proposition 1.1.6]. The finite dimensionality of
E(k[¢]) follows from that of D(k[e]), since there is a two-dimensional space of
klel-sections of Rle] inducing the trivial section over k. The second statement
follows easily from Proposition 1.9.

(7.3) One can define higher order functors E” of equimultiple deformation
classes plus sections; again, they are the quotients of the actions G x E” — E™
and are versal.

In particular, for N large enough, EN & EN+! & ... is the quotient of ES
by G, the functor ES of equisingular deformation classes (plus sections). By
Theorem 3.2, ES & H is injective, hence so is the map of G-quotients ES & D,
and we can again neglect the (uniquely determined) sections. The fundamental
morphism ES — L factors through ES, whence there is a smooth morphism ES
— L. We also have a smooth versal subfunctor ES' of ES. Gathering up our pre-

vious results, we have

Theorem 7.4. The functor ES of equisingular deformation classes is a versal
and smooth subfunctor of the deformation functor D of the singularity. The tan-
gent space is given by 1/(f, fy, [,). There is a smooth morphism ES —s L, with
“kemnel”” ES', where L is the locally trivial deformation functor of a projective
curve. If ({)=(f;)+--(f)) is a factorization into irreducible factors, there is a
natural map

s, 11 ESy >

8. Formal versal equisingular deformations.

(8.1) An important property of the deformation functor of a complete intersec-
tion with isolated singularity is the fact that a formal versal deformation may be
written down from the tangent space [7]. In particular, if (f) defines a (reduced)
algebroid curve, and if gy,++, g, €kl[X, Y]] have residues forming a basis of
KLIX, YII/f, fxs [y)s then the homomorphism

MLty W= BIX, Yyteeest Wi+ Teg)

is a formal versal deformation of the singularity.

It would be nice to be able to write down a formal versal equisingular defor-
mation, and not just the generic first-order one (given by the tangent space). The
next result indicates that ES’' is the ‘‘maximum’’ subfunctor with the property that
a versal family involves only linear terms in the t/s.
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Theorem 8.2. Let (f) C R define a reduced curve. Then the following are
equivalent:

(a) ES' = ES;

@) I'=1

(b) L is trivial for a minimal resolution of (f);

(c) there are elements g,+++, g €1 such that the formal family

k[[tlv"' ’ ts]] — kX, v, tlv'“ ’ ts]]/</+ SZI ti'gz>

defines a versal deformation for ES .

Proof. The equivalence of (a), (a'), and (b) has already been observed.

Suppose then ES' = ES, and let g;,--+, g €1 induce a basis of ES(kle]);
we may also suppose that (f + eg)) is equisingular via trivial sections, for all i.
Let C = k[[tl, cee, ts]], and define a morphism ¢: b — ES by associating to
each local map a: C — A the deformation class defined by (f + 2 a(z)g). An
easy induction on the number of blowings-up needed to resolve the singularity
shows that this lifting is equisingular via trivial sections, whence ¢ is well
defined. Since qS‘ is a bijection, ¢ will be versal once we show it is smooth. One
easily reduces to the proof of the following: if A’ — A is small of kernel (3),
and if (f+2 m: g;+ng) € ES'(A") is equisingular via trivial sections, then so is
(f + eg) in ES'(kle]). Again, the straightforward proof is by induction on the num-
ber of blowings-up. Thus, (a) implies (c).

To see that (c) implies (a), it suffices to show that if (f + tg) € ES(k[¢1/:"),
for all =, then (f + €g) is equisingular via trivial sections. This follows from the
usual induction by the next

Lemma 8.3. Suppose r> 1 and (f) does not define a node; let ge k[[X, Y1
If (f + tg) €kllX, Y, t]] is equimultiple along the k[[:]]-section defined by I =
(X = alt), Y - b(2)) (i.e., one gets equimultiple liftings and sections on all trunca-
tions k[[t]1/t"), then g € (X, Y)" and either

(i) a() = b(1) = 0 or

(ii) f is a product of two regular parameters with the same tangent direction.

If (f + tg) induces equisingular liftings, then a(t) = b(2) = 0.

Proof. Proposition 1.6 implies (f + tg) €1” in k[[X, Y, t]]. Differentiation
with respect to ¢ yields g € "=}, whence f, g € I""!. Let

P = {h € k[[X, Y]|h(a(2), &()) = O};

then P =R N1 is prime. If P =(X, Y), then a(t) = (¢) = 0, and g € (X, Y)".
The only other possibility is P = (b), where b is irreducible; write f=f,b,
8 = 8, b. Since b does not divide f,, we have b € =1, if r> 3, differentiation
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yields by, by, € P have lower degree. Thus, 7= 2. If f, is a constant, then
(f + tg) = () = (/), whence by, by, €I N R, a contradiction. Thus, f; and b are
regular parameters with the same tangent direction (since V(f) is not a node).
Assuming (after change of coordinates) that b = Y, we have that Y(/l + tgl) €
(X = als), Y - &(1))?, whence b(¢) =0 and fi+tg X~ a(?), Y). But if
fl(a(t), 0) + tgl(a(t), 0) = 0, then g; has no constant term, since the linear term of
fy is a multiple of Y. Consequently, g = g,b € (X, Y)2.

If (f) is as in case (ii), we claim (f) has no nontrivial equisingular liftings;
then (f + tg) equisingular would imply, for all 7, there is an element o, €
QH /1" such that (0 (1)) = (f + tg) in R ® k[¢]/¢". A small computation would
then show g €(f), whence (f + tg) = (f); but Theorem 3.2 says (f) is equisingular
along only the trivial section in R ® k[¢]/¢", whence a(?) = b(2) = 0.

Now, after a change of coordinates we may suppose f = Y(Y + X"), some
n > 2. One checks any first-order lifting is equivalent to one of the form (f +
€ E;‘.’:o'z al.Xi); if one such is equisingular (with a, #0), then so is (f + eX27=2),
since I is an ideal. However, an easy induction on n shows this is false.

Corollary 8.4. Let g,,+++, g  €I' be equisingular via trivial sections and
induce a basis of I' mod(f, fx, f,). Then (f+Z t,8) CRIX, ¥, b0yt ]]
defines a versal formal deformation for ES'.

Corollary 8.5. A formal versal equisingular deformation of Y? + X (p < q) is
defined by the formal family (Y? + X7 + & tl.,.XiYi) over k[[tij]], where we consider
pairs (i, j) with pi+qj>pq,i<q=2,j<p=-2.

Proof. Follows from Proposition 6.6 and the Theorem.

(8.6) The formal lifting Y(Y - X3 + 1X?) is equimultiple along (X = ¢, Y) as
well as along (X, Y); thus, the phenomenon in (ii) of Lemma 8.3 does occur.

(8.7) In the general case, choose 81> 185 € I inducing a basis of ES (kLe]),
and then let g_ 1,-++, g, € kIX, Y]]l be such that g,,---, g induce a basis of
kX, YN/, [xs [y) = DLeD).

Proposition 8.8. Under the above conditions, a formal versal equisingular de-
formation is given over kllt,,+++, t]] by a lifting of the form [+ 37 a (ig,
where ai(t) = ai(tl, ceey tm) has linear term t_ if i < s, and has no linear term if
i>s.

Proof. The result follows easily from the following lemma, applied to ES C D.

Lemma 8.9. Let F| CF, be an inclusion of versal functors, where hs — F,
and b — F, are the smooth morphisms yielding versality. Then there exists a

(nonunique) surjection T — S such that the induced inclusion bs — ”T yields a
commutative diagram
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bs—v F’l

i

Proof. Let S, =S/mg. The canonical elements of hg(S ) induce a compatible
sequence of elements in F,(S ). Since bT(Snu) — b(s) XE(S,) F2(5n+1) is
surjective, we may lift these elements compatibly to elements in bT(S n); but T
is complete, so this process yields a homomorphism T — S. If now a € bS(A),
some A €C, then a is the image of the canonical element in a map (S ) —
hg(A). Commutativity of the above diagram follows easily. Since h(k[e]) =
F 1(k[c]) C F,(k[e]) = b.(kle]), we have T — S is surjective, whence hg C by

Remark 8.10. One cannot in general eliminate terms g; with i > s, as seen
by the formal equisingular deformation given by

10

X4 vy e ax? + X3y + X2v2 e xYH)PP - x (Example 6.8).

9. Equisingularity and topological equivalence.

(9.1) In this section we prove that 7, of the complement of a plane algebroid
curve remains constant during formal equisingular lifting. This result is the alge-
braic analogue of the fact that two equisingular curves over the complex numbers
yield knots of the same knot type in R3. Zariski has proved an analogous result
for convergent power series rings, relying heavily on topological arguments [12,
Theorem 6.1].

We need to use a theorem on deformations of branched covers. Recall that if
(d) CR, R any domain, a lifting (d) CR® A is called trivializable if there is a
o € G(A) such that (6{d)) = (d). If R — S is finite and free, then a deformation
R, — 5 is called trivializable if there is a o € G(A) such that o[R, — 5] is the
class of the trivial deformation R A—S a- For details, see [8, §§l.3 and L4].

Theorem A [8, Theorem 2.4.11. Let R be a regular excellent k-domain, S nor-
mal, and R — S a finite free bomomorphism with discriminant (d) C R. Then to
every trivializable lifting (d) of (d) to R A» there exists a trivializable deforma-
tion Ry — § with discriminant (d), and this deformation is unique up to unique
R 4-isomorphism.

The whole point of Theorem A is the uniqueness of the trivializable deforma-
tion class. Recall that if R is a finitely generated k-domain, then the trivializable
liftings of (d) are precisely those (d) that do not change the formal nature of the
singularities of R/(d).

9.2) If f €k[X, YIl=R and F €k[X, Y, tyy+++, t )] are reduced such that
F(X, Y, 0,---,0) = f(X, Y), then we say V(F) defines a formal equisingular lift-
ing of V(f) if the image F, of F in K[[X, Y, tiseees ts]]/(tl""’ t )" defines
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an equisingular lifting in the usual sense, for all n. Let § = k[[¢},+++, ¢ ]] and
S, = S/m¢, and denote by o,: S [[X, Y] — S the equisingular section for V(F ) C
Spec S_[[X, Y]]. Since equisingular sections are unique, the o are induced by a
unique section o: S[[X, Y]] — S. By Proposition 1.6, F is equimultiple along o
in the sense that F € (Ker 0)’, r = multiplicity of f. Let §,: B, — Spec S[[X, Y]
be the blowing-up along 0. Then, as for artinian §, the reduced total transform
R(F) of V(F) is obtained by taking r — 1 copies of the exceptional subscheme of
B, out of ﬁ;l(V(F)). Further, R(F) C B, yields formal equisingular liftings of the
singularities of R(f) C B,. Thus we may repeat the process and obtain a sequence
of blowings-up 5: B — Spec S[[X, Y]] such that the reduced total transform of
V(F) has only ordinary double points as singularities; this will of course induce
the same situation on the truncations p_: B, — Spec Sn[[X » Y1l. Therefore, this
definition of formal equisingular lifting agrees with Zariski’s via [11, Theorem 7.4].
(9.3) Let R(Fn) C B,, be the reduced total transform of F_ via p . Recall
(4.5) that p_ is induced via flat base change from a morphism r : C, —»
Spec Sn[X, Y], where C,, is an algebraic k-scheme, whence B — Spec S isa
locally trivial deformation of B — Spec k in the Zariski topology. In order to
apply Theorem A, we will have to know R(F ) C B, is locally a trivializable lift-
ing of R(f); since our definition of equisingularity guarantees only formal trivial-
izability, an algebraicity result is needed. But an old result (e.g., [2, Theorem B])
implies that after change of coordinates in E[[X, Y]], the ideal (f) is generated
by a polynomial (which we call f). Further, if g,,-+-, g, are polynomials induc-
ing a basis of D(kle]), then (f+ 2 s g) CRIX, Y, s,,-++, s, 1] defines a formal
versal deformation of E[[X, Y]1/(f). Thus, after an S-automorphism of S[[X, Y1l
inducing the identity mod myg, (F) is generated by an element in HX, Y][[Tl, cee, Ts]].
Therefore, R(F n) C Bn is induced by the reduced total transform in Cﬂ of Fn,
considered as an element of § n[X » Y]. Since formally trivializable implies locally
trivializable for liftings on an algebraic k-scheme [8, 2.1.5], it follows that the
liftings R(F ") CB, of R(f) are trivializable locally in the Zariski topology.

Theorem 9.4. Let F €KX, Y, t;+++, t 1] define a formal equisingular lift-
ing of (X, Y) = F(X,Y,0,.++,0). Then the natural map of algebraic fundamental
groups

m,Spec AlLX, Y11 - V(1) — 7 (Spec RlIX, ¥, ¢ 500+, ¢ 11 V(F))

is an isomorphism.

Proof. We must show that every finite étale cover of Spec #[[X, Y]] - V(f)
lifts uniquely to an étale cover of Spec S[[X, Y1l - V(f). We shall do this via the
natural isomorphisms

B - R(F) = Spec SI[X, Y]] - V(F) and B - R(f) 24 Spec k[[X, Y] - V(f).
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Let X be a finite étale cover of B — R(f), and let Y be the normalization of
B in the quotient field of X. Then Y — B is finite and flat (since two-dimensional
normal local rings are Cohen-Macaulay), and has its discriminant D supported on
a subset of R(f). There is a unique locally trivializable lifting of D to a Cartier
divisor Dn C B" such that Dn C R(Fn), since D consists of components of R(f)
counted with various multiplicities. Since kl[X, Y]] is excellent, so is B; the
B,’s are locally trivial deformations of B, so Theorem A implies there is a (unique)
locally trivializable deformation Y — B with discriminant D, for all n.

View OY as a (finite flat) 0 -algebta, and note that F: B — Spec S[[x, Y11
is proper. The Grothendieck exxstence theorem [EGA, III. 5.1.4] implies there is a
unique finite og-algebra Oy inducing the @Yn. For, one first lifts the Oyn to

GY as an @B-module, and then applies the Grothendieck existence theorem again to

the algebraic structure maps GY ® @Yn —’OY,, to make O‘Y an OB-algebra. An
n

easy local argument shows the corresponding finite map Y — B is flat, whence
Y — B is étale off the discriminant divisor D. But since ¥ — B induces Y,—
B, it follows that D induces D, for all n, so D C R(F). Consequently, Y induces
a finite étale cover of B - R(F) lifting X — B — R({).

For uniqueness, suppose 7 — B - R(F), i =1, 2, are finite &tale covers
lifting X. Let Y be the normahzauon of B in the function field of X then Y
— B is finite, and Lemma 9.5 below shows it is flat as well. It suffxces to prove
Y and Y are isomorphic over B, or (by the Grothendieck existence theorem
agam) that the induced Y in r€ (compatibly) isomorphic over the B,. But Y
— B is finite, flat, and étale off R(F ,)> one also checks that these maps mduce
Y— B over Spec k. Since the dlscnmmants involved are liftings of D,=DC R(/),
they are locally trivializable liftings. Therefore, everything will follow from
Theorem A once we show the deformations Y » — B, are locally trivializable, or
even formally trivializable [8, 2.1.6]; in fact, by (8, 2. 4 5], it suffices to check
this over nonsingular points x of D. However, Yi -— B induces a finite free
extension of ®§ _x branched along a regular parameter; by Abhyankar’s lemma, this
extension is obtained by extracting an mth root of a parameter. Therefore, the
induced branched covers of O B, 3f€ trivializable.

Lemma 9.5. Let k[[X ;- X 11 = S (n>2) be a finite injective map, with
S normal, such that the map on tbe spectra is étale over Spec k[[X‘,o ey X ]]
V(X ) Then k[[Xl, e, Xn]] — S is flat.

Proof. By one form of Abhyankar’s lemma (e.g., [8, 2.3.3]),

ﬂl(Spec k[[xl" coy Xn]] - V(XIXZ)) =702
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Thus, every such cover is obtained by taking a certain finite free map k[[X X 2]]
-5 étale off v(xlxz), and considering the étale cover induced off V(XlXZ) by
KX 500, Xn]] -5 = Sl[[x3" ooy X"]]. Since S, is normal, so is S; since §
agrees with § off V(X1X2), then § = S, whence it is flat over k[[Xl, ceey Xn]].

10. A counterexample.

(10.1) We had originally hoped to prove Theorem 9.4 by showing that if
k[[X, Y]] — T is finite and flat with discriminant (d), and if () C A[[X, Y]] is an
equisingular lifting (so (d) should be reduced), then there is a finite flat cover
Al[X, Y]] > T with discriminant (d) lifting the original “‘branched cover’’. The
problem is that, in the notation of the proof of Theorem 9.4, ['(Y) will be a finite
normal T(B) = S[[X, Y]l-algebra, but it will not be flat in general; equivalently,
I(Y) — I(Y) need not be surjective (see [9, p. 69]). We outline a counterexample
suggested by Mumford, in which (d) is an ordinary multiple point; for details, see
[9, p. 152].

(10.2) We start with a family of nonsingular space curves € CP® x X over X,
a nonsingular affine variety, with the following ‘jump phenomenon’’ at a closed
point x € X; the natural map I'(C, Ce(1)) ® 0x k(x) - T'(C,, @Cx(l)) is not sur-
jective. To see that such families exist, let C be a nonhyperelliptic curve of
genus g > 5. Then the canonical bundle K is very ample via C — Proj (H(x, K)")
= P&~1; further, for generic hyperplane L C H(X, K), any choice of g — 1 inde-
pendent sections induces a closed immersion C — P&-2, Let S be the (2g = 2)th
symmetric power of C, the variety parametrizing effective divisors of degree 2g —
2; let ] be the component of the Picard group of C parametrizing invertible sheaves
of degree 2g — 2, ®: S — | the natural map, and x € J the point corresponding to
K. A divisor D € |K| corresponds to a point s € ®~!(x). One can identify the
tangent space map ®,: TS,s —T Jox with the map on cohomology HON D) —
HY©O X) (5, p. 165], whence it has rank g — 1. Therefore, one can find near s a
nonsingular (g — 1)-dimensional variety V_ such that ®|V_ is a closed immersion;
let W_ be the image. We may view V_ as a global section of the invertible sheaf
on C x W_ induced from the universal invertible sheaf M of degree 2g — 2 on
C x J; this section extends s. Thus, if s;,:-, Sg-1 € HO(X, K) induce a projec-
tive embedding C — P82, we may intersect the W,, near x, and find a nonsingular
curve X through x on ] over which the sections s; extend. Shrinking X perhaps,
we get a family of closed immersions 7: C x X — P82 x X such that #(0(1)) is
the invertible sheaf on C x X induced from M on C x J. Using Riemann-Roch, one
checks that this family of embeddings has the desired jump phenomenon at x € X,

(10.3) Denote by C the embedding of Cx in P”, and let fO: C—Plbea
“generic projection’’ onto a line; thus, if C has degree d in P" and genus g,
there are b= 2(g + d 1) distinct branch points on P!. Shrinking X perhaps, we
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may extend to a family of generic projections f: C — P! x X, where the discrimi-
nant of [ is a finite &tale cover of X of degree b. Writing X = Spec §, and sup-
posing m C S corresponds to C, consider the induced map of affine cones (see
[EGA, 11.8.8]):

& TP xx, 0, ) - @ I, Ol
i=0 i=0

I I
six, v] T

(10.4) One checks that S[X, Y] — T is a finite map of normal domains, and
it is &eale off a subscheme Z C Spec S[X, Y] which, over Spec S, yields a family
of ordinary b-tuple points. But T/mT — @, [(C, Oi) =T is a strict inclu-
sion (by the jump phenomenon) and a finite birational map (since I'(C, @e @) —
I(c, Oc(i)) is surjective for all large i); since T is normal, T/mT is not normal.
Then g: Spec T — Spec k[[X, Y]] (taking completions over the vertex of the cone)
is a finite flat morphism whose discriminant (4) is an ordinary multiple point of
< b branches; let (d ) C Spec S/m™{[X, Y]] be the equisingular lifting induced by
Z. Then g cannot lift for all #» to a cover with discriminant (dn). If it did, there
would be a finite flat map Spec T, — Spec SIx, Y1, isomorphic off the pull-back
of Z to Spec T Spec S[IX, Y]], and inducing g. But since T is normal, there
would have to be a factorization S[[X, Y]] — T, — T but reduction mod the max-
imal ideal of § yields a contradiction.

Added in proof. The first part of the proof of Proposition 6.6 is incomplete
as it stands. One must check thatif i +j—p > g—p -1, but pi + qj < pq, then
the reduced total transform is not equisingular (if a; #0), even though one has a
trivial deformation of the proper transform. These inequalities occur only if i +j=
q-1 and g — p) <p; of course j> 1, so p>q—p. Letting r=g - p, we claim
X(X"+ TP +¢ = a X" 17 is equisingular only if a;=0 for j< p/r. Since
ES(k[¢]) is an ideal, it suffices to show X(X" + T? + eX" 1T5) is not equisingular,
where s is the largest integer < p/r. This is proved by induction on pr, by blowing
up and treating separately the cases r<p—-r,r=p—r, and r> p — 7. One uses
that g singular, (f + €h) - g equisingular imply (by 3.2 and 3.4) that [ + ¢b is equi-
singular along the trivial section.

Conceming $10, we have proved that the cover [[X, Y]]l — T does lift (with
prescribed equisingular deformation of the discriminant), provided T has a singu-
larity for which the ‘‘geometric genus’’ equals the *‘arithmetic genus of the funda-
mental cycle’’ (e.g., if T has a rational singularity). For, it will follow automat-
ically in this case that T(Y) — I(Y) is surjective.
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