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ABSTRACT. The n-dimensional differential system z' = (R + A(t))z is con-

sidered, where R is a constant n x n complex matrix and A(t) is an n xn ma-

trix whose entries a(t) ate complex valued functions which are representable as

absolutely convergent Laplace-Stieltjes transforms,   L e  s da(s),  for í > 0.

The determining functions, a(s), are C   valued, locally of bounded variation on

[O, oo),  continuous from the right, and a(+0) = &(0) =0.   Sufficient conditions

on the determining functions are found which assure the existence of solutions

of certain specified forms involving absolutely convergent Laplace-Stieltjes

transforms for t > 0 and which behave asymptotically like certain solutions of

the nonperturbed equation z' = Rz as t -. oo.   Analogous results are proved for

the zzth order equation IT f , (D - r.)eU)z + Sn~ * a .(t)D'z = 0, where r. e C
2=1 l y_Q    ] 2

and the a .(t) are like a(t) above for t > 0.

0.   Introduction.   Consider the 72-dimensional, first order, linear,   ordinary

differential system

(0.1) y ~(R + A(t))y,

where R is an 72 x 72 constant complex matrix and A(t) is an nxn matrix whose

entries are complex valued functions representable as absolutely convergent La-

place-Stieltjes (or Laplace) transforms,

A(t) = r e~stda(s)   tot t>0.
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The determining entries in the matrix ais) ate complex valued functions, contin-

uous from the right, locally of bounded variation, and a(+ 0) = a(0) = 0.   The

object of this paper is to'determine sufficient conditions on the determining func-

tions of the coefficients to assure the existence of solutions of a certain specified

form involving absolutely convergent Laplace-Stieltjes or Laplace transforms and

which behave asymptotically like certain solutions of y' = Ry as t —► oo.

The 72-dimensional, first order case (0.1) has only been considered for R = 0

by Wintner in [4], and his results are contained in Theorem 1.1, cf. Remark 3.2.

The 72th order, one-dimensional equation

777 71-1

(0.2) £ (D - r.YU)y +   £ a MD'y = 0,
7=1 ,=0

where e(l) + • • • + e(77z) = 72, and the a.it) ate representable as Laplace-Stieltjes

transforms as above, has been considered in several papers, in particular, Hart-

man [2].   Conditions have been determined which assure solutions corresponding

to the root r = 0 if it appears and is in favorable geometric position with respect

to the roots with smaller real part.

The case of (0.1) in which Ait) is a power series in e~l will correspond to

a regular singular point at z = 0, with z = e~l.   Therefore the nature of our prob-

lem is not only one of asymptotic integration, but also of the "continuous" ana-

logue of regular singular point theory.   As in regular singular point theory, in

order to specify the form of a solution corresponding to a certain root, assump-

tions will have to be made concerning its relative position with respect to the

other roots and the nature of the coefficient functions.   For example, we shall

generally assume that ait) = 0 on [0, p], where p depends on the relative posi-

tion of the roots.  Under such conditions, we shall obtain certain specified forms

for solutions corresponding to all the roots for the 72-dimensional and 72th order

cases.  It is clear from the theory of regular singular points that, without such

assumptions, the solutions in the cases p > 0 of Theorems 1.1 and 6.1 could be

expected to involve powers of t = — log z.

In a subsequent paper we shall investigate the nature of solutions without

such conditions in the case p> 0.

This paper is divided into two parts.  In Part I, we consider the n-dimensional

system (0.1).   In Part II, the analogous results are given for the 72th order case.

The methods of this paper depend on extensions of the arguments of Dunkel [l]

and of Hartman [2].   The latter, in turn, are suggested by Wintner [4]-[6].  They

involve successive approximations whose convergence for large / > 0 is

comparatively easy to prove.   Convergence for t > 0 depends on considering /

to be a complex variable and on the use of suitable "majorant" equations having

completely monotone solutions.  In the simpler cases, the choice of a majorant
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equation is rather obvious.  Wintner's proof for part of his main theorem on second

order equations in [5] is incomplete as he failed to observe that the obvious

majorant second order equation could not be used in all cases.  In dealing with

72th order equations, Hartman in [2] constructs certain majorant equations which

are of high order.   We adapt his procedure in our treatment of both (0.1) and (0.2).

I should like to thank Professor Hartman for suggesting the investigation of

some of the questions treated here.

PART I.  THE 72-DIMENSIONAL FIRST ORDER CASE

1.  The "smallest" solution corresponding to each Jordan block.  Consider

the first order differential system

(1.1) z'(t) = Rz(t) + A(t)z(t),

where R is an n x n constant complex matrix in Jordan canonical form

(1.2) R-diag(/(l), ..-,/(«)),

where j(k) is the Jordan e(k) x e(k) block with r^ on the diagonal,  1 on the

subdiagonal, and other entries 0,

\ 0

1      rt

(1.2') /(*)-

e(l) + • • • + e(772)= n.

Let A(t) be an 72 x 72 matrix whose entries are representable as absolutely

convergent Laplace-Stieltjes transforms of the form f£e~stda(s).  In dealing

with such functions, we shall always assume (but shall not always state) that

the determining matrix of functions

n ..      a(s) is complex valued on [0, 00), locally of bounded variation,

continuous from the right, and a(+0) = a(0) = 0.

We shall use the following block notation for A(t):

(1.4) A(t) = (A p)),      l<i,f<m,

where Al(t) is a rectangular matrix with e(j) columns and e(i) rows, Al(t) =

(aï At)), where 1 < 8 < e(j), 1 < ß < e(i), and ai At) is complex valued.  Similarly,

for an 72-dimensional vector or 72 x 1 matrix z, we write
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(1.4') z = izv---,zj,    where zi = (zfel,...,zfee(jt))

is an e(/e)-dimensional vector with complex components.  We shall refer to z. e

as the ik8)th component of "z, where 1 < k < m and 1 < 8 < eik).  We shall let

1^5 be the 7z-dimensional vector with a (/feS)th component 1 and other components

0.   Correspondingly, A'^it) =- A(i)l.» is the (e(l) + • • • + eij) + /3)th column of

Ait) considered as an 72-dimensional vector, 1 < /' < ttz and 1 < ß < eij), so that

the (z'r5)th component of A'@it) is a'-jíí).   In this notation, (1.1) can be written as

771

z'. « }ii)z. + £ Aj{t)z.    for 1 < i < m,

7 = 1

or in the form

777    e'j)

2' \ ~ z ■ \   i+r-zi+£   21  aÍAt)z s    for 1 < i < m, 1 < X < eii),
jml   o=l

where z.. = 0.

It is clear that if R in (1.1) is not in the form specified, a linear change of

variables with constant coefficients will produce an equation of the above type,

so that there is no loss of generality in our assumptions concerning the form of

(IJ).

Corresponding to any of the blocks in R, we wish to find solutions of (IJ.)

which behave asymptotically like the solutions of z'it) = Rzit) corresponding to

the same block. The following theorem gives sufficient conditions to assure the

existence of such solutions.

Theorem 1.1.   In the differential equation (1.1), let R be an n xn complex

matrix in Jordan canonical form (1.2).   For a fixed k, 1 < k< m,  let

(1.5) 0<P = PK = max \rK - r.: Im(r¿) « Im irj, 1 < i < m\,

and let there be v   blocks whose diagonal entries are such that

(1.6) TK~Tb( >~ P   for 1 <v<v <m<n.

Assume that the n x n matrix Ait) is representable in the form

(1.7) Ait) = J"~ e~stdais),    i.e., a\%ßit) = J"~e~stdafys),

where the integrals are absolutely convergent Laplace-Stieltjes transforms for

t>0,

(1.7') foe-«\da$is)\<„,
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and the determining functions alais) satisfy (1.3).

Case 1 (p = 0).   Let p = 0, ar2a' let

(1.8) y(k) > 0, yU, /) = e(k) - j + y(k) [or yU)] ¿/ rfc = r^ [otherwise]

for l<k<m, 1 < / < eU).   Let

(1.9) f s—«[o,y(*,y)-y(i,*)]i</ap_   (s)i < x
JO *,7 + 2

for l<i, k<m,  1 < /3 < e(z'), 0 < / < e(A) - 1, a72£Í

(1.9!)     J0 s-7(*>') |</a£$>(s)| < oo   /or 1 < k < m, 0 < / < e(k) - 1.

T&<272 there exists a unique solution of (1.1) of the form

(1.10) z(t) = erK\lKe(K) + w(t)),

where

,, ... wit) = iw,(/),•••, 22z  (*))    ¿s a72 n-dimensional vector,
(1.11) l m

wit) = (azfl(r), • • •, w.e(i)(t)),

and

(l.llj) mz.^2-) = J"~ e-stdcoiß(s),      coiß(0) = tu .^(+0) = 0

¿s a Laplace-Stieltjes transform, which is absolutely convergent for t > 0,

(1.112) f° •"*' law .ß(s)\ < ~   for t>0, and

(1.113) ^s-^'^ldiy.gW^oo.

Case 2 (p > 0).   Let p > 0 arza" Ze/ y(/i) > 0;

(1.8j) y(k, j) = e(zfc) - 7 + A&) [or y(k)] if k = biv) for some v [otherwise];

(1.92) f s-*io.yik.j)-9\iM \daiß.   (s)| < »,

(1.93) aK-e(K)(s) = 0   on [0, p],

and

d-V Sp (* - p)-^(*'y)Mct^:;^>(s)| < 00,
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where the indices take on the same values as in Case 1.   Then there exists a

unique solution ofil.l) of the form (1.10)—(1.11,), and

(1-H4) <a./3(s) = 0    orz [0, p],  .

If we substitute (1.10) into equation (1.1), we get

(1.12) w'it) = (R - rK)wit) + Ait)wit) + AKeMit).

Thus Theorem 1.1 follows from the following result concerning a nonhomogeneous

system.

Theorem 1.2.   In the linear differential system

(1-13) w'it) = Rwit) + Ait)wit) + fit),

let R be an nx n complex matrix in Jordan canonical form (1.2), rK = 0 for some

fixed K, 1 < K < 772.   Let

HA4) 0<p = pK = maxi-7\: Im(r.) = 0, 1 < i < m],

and let there be v  blocks whose diagonal entries are such that

(1.15) rb(v)=~p'      l<v<v<m<n.

Let Ait) be as in (1.4) and fit) = (/,(/), • • •, fjj)), where (it) = ifnit), -•-,/1>(f)(i)),

(1.16) Ait) = J*~ ."st dais),    i. e., a$i) = J~ e~st da§is),

and

(1-17) /(/) = J~ e-std(f>is),    i.e., f.fft) = J" e-std(f>ißis)

are absolutely convergent Laplace-Stieltjes transforms for i > 0, such that their

determining functions satisfy (1.3).

Case 1 ip = 0).  Assume that (1.9) is satisfied, and

(1.18) fo s-y(k,i) Idit^yis) + ccr^jf is))\ < oo

for 1 <k<m, 0</< eik) — 1, where c is a constant.   Then there exists a unique

solution of (1.13) of the form

(1-19) wit) = clKe(K) + iwyit), • • •, wmit)),

w.it)= iw   it), ••• ,w . ..At)), and w.At) is representable as (l.llj—1.11-).
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Case 2 (p > 0).  Assume that (1.92) is satisfied,

(1.20) cC^Ks) - 0    072 [0, p],

and

(1.21) fp (s - p)-^\d(cfok.+l(s) + ca<kf+f(s))\ < oo.

Then there exists a unique solution of (1.13) of the form (1.19), where w At) is

representable as (1.11)—(1.112) aTzzi (1.11,).

2.   Proof of Theorem 1.2.   The case where c 4 0 is contained in the case

where c = 0 if we replace f(t) by cAKfe(K)(i) + f(t) in (1.13).  We therefore assume

that c = 0.   If we substitute w(t) into (1.13), we arrive at an integral equation for

the entry w¡,At) in the same manner as that used by Dunkel in [l].  We get

dw m     e(¿)

(2.1)   _J±_ m rkWkx + u>k      , + Z    Z akfriß + fkk>    where wk0 = °-
at ¿=i   p=i

Therefore,

m   e(i)

Jk\] = w*,x-1 + Z   Z *$»»# + fk\■for ;
or

'"(i)

. /-oo    -r,2.

«"/.x^i-J, e      S A-1*1

So we get

+ e
^¿2  /-oo  w—»     ^-,      — rLt,    .p. rLt

rgS' v,-^*i-+'vJT' 4I/u*«-

Substituting the corresponding identity for «z¿ . _t into this relation gives

*ufA—vn,"kHi

-v'JTI«"''V.*.]*
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After A such substitutions, keeping in mind that w, Q = 0, we get

r   t      * ,   f       m    •<*)'t.1    t—*    roe /^so roc — r.r.

(2.2)
q-í 1 g— 1 7 = 1 p=l

fe
+ e *

fl.'  *-*     /*00 /»OO /»OO ~ri*

where the argument of a^, zí/y o, /^j in the integrands is / .

Case 1 ip = 0).  Making use of the fact that w{ßit) is representable as (l.llj)

with p = 0, (2.2) becomes

- .* i s: dty...j7^ .-v, ¿ i (/: e-<x+1.9u)) (j: e-^,,u)) dtq

- Z Z Z/T*-^^,)-«^^^-«)*,,./«)}
q = l 7 = 1 p=l v '

X

+

9
Z ]>-*'(* W-*<*Afe.A+:-^-

So formally we arrive at our main functional equation for <u, «,

X     m   e(f) . \

*»*xw- z z z (s+rj-'Af;^.^-»'^}
a=l  7=1 p=l \ '

(2.3)

+ £(S + r,)-^<pM+1_g(S).

«al

Let V be the Banach space of C" valued functions &>(i)of bounded variation on

[0, oo), continuous from the right, such that coi+ 0) = <u(0)= 0, with norm

Define a linear map /: V —♦ V by

X      rn   e(i)

zz r
? = 1    1 = 1    /8:

X     m   '(') / \

(2-4) (/(U)a(i)= £  Z   Z  f0U + rà)-«^aiJx+1.f(,-«)A,^«)}.
qsl i = l p=l \ J
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Let

An integration by parts and a change of the integration variable u —y s — u give

<">      <„....<*> - s; (/;- *«iw) *&.,..<■*
in other words, (2.6) is the convolution aoiß * a^  ,_  , where go At) = /q doo.Ag).

Hence (2.6) and therefore ijco)it) ate locally of bounded variation on t > 0.

Assume for the moment that &> is absolutely continuous.  Then (2.6) is also,

and û)(+ 0) = o)(0) = 0 = a(+ 0) = a(0) imply that

(2-7)        nfi+i >>- rw'>-"^an.i >>.«.A + l-9 JO      «P *,A + 1-«

where fí¿, \. j_  (s) and co^As) ate Borel measurable.   Therefore, by (2.4),

(2.8) ll/zufl <    Z_ß (j] *-7(feA> + /7) \s ♦ rk\-"(jl \*>'ß(s - .)||*gAtl.fW|) ds,

where \Xqiß= 2Ll 2xLV2/=i *?=i 2/3=i •   Let C be a constant such that 0<

C < 1 and

(2.9) \s + rk\ > C> 0    for  s > 0 when ^ ^ 0 = r^.

Now for those k such that r, 4 rK, we see that

(2.10) » = W^- Jo S'7U,X)IS + '*'"« (Jo' K* - ->"*!!»1..«l) *

satisfies

/<¡I .-rm*r«J>c-'(f' (s -«)-™."V> - zz)||z*f ul_.W|)*
(2.11) V ' '

<j^»«lo.7<*.x-zi)-7<../3)Jc-«|^

For those k such that r^ = rK, we get that

(2-12>    < f1 s-*<*)+x-«-r(*)+y(..z9)/f*(s_B)-r(¿.29)|w«^_«Jll^^«)!)*

<Jia-max[o.r(*.x-,)-y(z.z3)]|^+i_í(M)|yjs-r(¿.A|í/u)¡/3(s)|J.

Also we get that
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(2.13) ZK l"°"WI K- £ßK C" K W+ ' •)II<*'-WI *

i„Çs<r'iTKfu.-.wijTi*'^>i-
Let d be the number

where B = 4(1 + C~") 2^.   .^ 1.   Since the set of absolutely continuous functions

in V is dense in V, (2.11)—(2.13) imply that /: V —» V is a bounded linear oper-

ator with norm ||/|| < d.

If we define g in V by

(2.14) gfexW=Zj> + 'fe)-^fe.x+l-,(s)'
9 = 1

then we can write (2.3) as the functional equation cù = g + J(ú.   Therefore if we

assume that 6 < 1, the contraction principle implies that (2.3) has a unique solu-

tion a in V given by

(2.15) o, = (/-/)-lg=zrg.
72=0

In the case where p = 0 and 6 < 1, it follows that the formal arguments

leading to (2.3) can be reversed to give a solution of equation (1.13) of the form

(1.19) satisfying (l.llj).

If d is not less than  1, fix 17 to be so large that

(2.16) B    Z   (Fn«-^°>™¿-*™iMKr)e-»u\d<¿\ y   Au)\<l.

Replace t in (1.13) by / + U where t > 0.   The coefficients a'ßit), fkSit) ate

replaced by afáit + U), fkSit + U), and da'fys), aVpfeg(s) are replaced by

e~s  da'fyis), e~sUd(pk¿is).  By what wa have already done, (1.13) has a solu-

tion wit) representable as (1.11) and (1.11.) for p = 0, where the integral in

(l.llj) is absolutely convergent for t > U and t is the original variable.

Suppose now that

(2.17) r¿ is real,      da'^>0,      d(p.ß>0.

It is clear, from (2.15) and the definitions of / and g, that do) > 0.   In this case

it follows that the integral in (l.llj) for p = 0 is absolutely convergent on the
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half-line 0 < a < r < oo if the function w is regular analytic in the complex half-

plane Re it) > a; cf. [3, Theorem 5b, p. 58].  However, since the entries of Ait)

and fit) in (1.13) are regular analytic for Re(i) > 0, solutions of (1.13) are regular

analytic for Re(r) > 0.  Hence the integrals of (l.llj) would be absolutely con-

vergent for t > 0 in the case du> is monotone.

If da is not monotone, consider the first order differential system

(2.18) w' = R°w + C°A°it)w + C°f°it).

Let the entries of A°it) and f°it) be of the type (1.16) and (1.17) for p = 0, where

the integrals are absolutely convergent for / > 0, the determining functions sat-

isfy (1.3), and

|a-afs(s)| < da'jfis),      \d(f>kSis)\ < dtp^s).

For example, let dai$is)= |«fa$U)|, aVp°8(s) = \d(f>kSis)\.  Let a[fis) and

<pj,g(s) satisfy conditions (1.9) and (1.18) respectively.  Let R° be the tz x n

constant matrix in the same Jordan canonical form as R, where r? = \r,\.  Let

(2.19) C° = sup Ks + r\/\s + rk\)q: s > 0, rfe ¿ 0, 1 < a < eik)\.

Let w°it) be a solution of (2.18) of the form (1.11), (l.llj) for p = 0 with da0

> 0 (since the conditions in (2.17) are satisfied) and the integrals absolutely con-

vergent for t > 0.   Then we have the equation

X      m   eU) , v

<,(*) = C°Z   Z   Z   (s + rO)-a-/j;afA+1_9(s-a)^a
(2.20) q=1  ,=1 ßml K '

X

+ Z k + Tl'~9d(pl A+1.,(s)    for s > 0.
9 = 1

We can now prove the existence of a unique solution a) for (2.3) by successive

approximations (ú.Qy a>,yy - - -   defined by

X

^feM0)(s)= Z  (s + 'fe)"^fe>X+l-9(s)>
9=1

X 77!     e(i) . .

*»U(.)W-j;   S   Z  is + rA-«dWalßx+y_gis-u)d(oiß(n_yAu)\
9 = 1   ¡ = 1   p=l \ /

9=1

If we define a> = a>^ + 2       (a... - co,._yS), then we wish to show that
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00

(2.21) \M < \dcom\ + Z .*»(,-)-»(¿-l))! -àù°'
l'ai

If we put aû>(0) = |a"cü(0)| and doM = \dco^0)\ + 2?al |¿((o(i) - &>(l_,))|, we get that

^(s)<z z z k^*i-^{/;<+i-^-»>^rlM

+ zi^^-?<A+l>).
9=1

Equation (2.20) and an induction on n show that dar"' < aw0 for í > 0 and n =

0, 1, • • •.   Therefore the series cù.q. + 2^° (eu,.. - <a,,_i\) converges absolutely

for t > 0, and (2.21) holds.  Also u> clearly satisfies (2.3).   Therefore we get

that the integral ff. e~stdúo(s) is absolutely convergent for t > 0, and the proof

of existence in Theorem 1.2 is complete in the case p = 0.  Uniqueness follows

in the standard way.

Case 2 (p > 0).   In this case, w.At) is of the form

(2.22) vjkAt) = J"°° e-stdaokS(s) = e~pt J~ e-stdook%(s + p) = e-*1^/),

(2.22') djkS(t)=f^e-stdäkS(s),      díkAs) = a>kS(s + p).

Similarly let

(2.23)fkAt) = e-Pl7kl(t),    rk¿t)-fie-"a%kSU),    tkS(s) = cfojs + p).

Substituting these expressions into (1.13), we get

(2.24) w'(t) = (R + p)w(t) + A(t)w(t) + fit).

By the choice of p in (1.14), we have that 0 = maxí- (r¿ + p): Im(r¿) =0, I <i<m\

and we can apply Theorem 1.2, Case 1, where p = 0.  We have that both

/o S_^,y) \#kJ*W = ÍP {S -^k'D I^,7 + 1(S)I < -

and

j s-m3x[0,y(k,j)-yuM \daiß     (s)| <aa    iot i<k<m,0<j<Ak)-l,

by assumption.   Hence, we get a unique solution w(t) of (2.24) satisfying the

analogue of (1.11) and (l.llj) for p = 0.   By (2.22), we obtain a unique solution
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wit) = e~ptt6Ít) of (1.13) satisfying (1.11)—(1.112).  This completes  the proof of

Theorem 1.2.  Notice also that

f is - p)-?«'® \du>ißis)\ < 00   for 0 < 1 < 77Z, 1 < ß < eií).

3.  Remarks and corollaries.  Remark 3.1.  Notice that since the proofs of

Theorem 1.2 and therefore of Theorem 1.1 (and in fact of all the results to be

obtained in this paper) are based upon majorizations, everything remains true if

the real half-line t > 0 is replaced by the complex half-plane Re it) > 0.  Also if

we assume that the determining functions ais) and <£(s) of Theorems 1.1 and 1.2

are of finite total variation on t > 0, then the resulting Laplace-Stieltjes integral

solutions are absolutely convergent for t > 0.   In this case the real half-line can

be replaced by the imaginary axis Red) = 0.   Accordingly, we arrive at the fol-

lowing Fourier analogue of Theorem 1.1, which we shall state only for the case

p = 0.  Similar corollaries can be formulated for all the results to follow in Parts

I and H but will be left unstated.

Corollary 3.1.   In equation (1.1) of Theorem 1.1, let the entries of the coef-

ficient matrix Ait) satisfy

afs(l) = J"~ eits daßis)   for -00 < t < 00, j*^ \da£is)\ < 00,

for any j, k, ß, 8.   Assume that conditions (1.8), (1.9) arza* (1.9.) are satisfied.

Then there exists a unique solution of (1.1) of the form

«w = <'V<W)+ «<<»•

wit) of the form (1.11), where

wkßit) = f°° eitsd(ukßis)    for -00 < i < 00, cü^íO) = <ufe/3(+0) = 0,

the integral is absolutely convergent for f > 0, and <û. ais)satisfies (1.11.).

Remark 3.2.  Theorem 1.1 contains the theorem of Wintner [4, p. 163] con-

cerning the existence of a fundamental system of solutions of the differential

equation z' = Ait)z, corresponding to R = 0.   He assumes that the determining

functions of the entries of Ait) are of finite total variation on [O, 00) and, as

above, obtains solutions whose determining functions are also of finite total

variation on [0, 00).

Remark 3.3.  Notice that pK in (1.5) is the distance between rK and the

farthest diagonal entry with the same imaginary part lying to the left of rK (i.e.,

having a smaller real part).   Thus if lmir.)¿  Im(r-) for i ¿ j, and the entries of
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A(t) ate oí the form (1.7) and satisfy the conditions of Theorem 1.1 with p = 0,

then Theorem 1.1 states that, for any 1 < K < ttz, we can find a solution of (1.1)

of the form (1.10) with p = 0. Also, in any case, we can always find a solution

(or solutions) of the form (1.10) with p = 0 for the block (or blocks) whose diag-

onal entries have the smallest real part without assuming that the determining

functions in the entries of A(t) are zero on some neighborhood [0, p] of the origin.

If the determining functions for the entries of A(t) ate stepfunctions, Theo-

rem 1.1 implies the following result for almost periodic functions. Similar corol-

laries can be formulated for all the results to follow in Parts I and II but will be

left unstated.

Corollary 3.2. In equation (1.1), let the entries of A(t) be uniformly almost

periodic functions with Fourier expansions

oo

(3.01) A(t)^ Z V~7"'

absolutely convergent for Re (t) > 0, where A    is a constant..complex matrix.

Assume that the set of exponents \y \ is an additive semigroup and p <y    —► oo

as n —♦ oo.   Then there exists a solution of (1.1) of the form (1.10) and (1.11),

such that the entries w.At) are uniformly almost periodic functions with Fourier

expansions

°° -7 t
(3.02) wiß(t)^T,   «"$«    "

absolutely convergent for Re(i) > 0.

Notice that we lose no generality in assuming that the set of yn's is an ad-

ditive semigroup because we can always insert amplitude matrices A    into ex-

pression (3.01), all of which are the zero matrix, in order that the \yA becomes

an additive semigroup.

The following statement is a corollary of Theorem 1.2.   There is an analogous

corollary for Theorem 1.1 which will not be stated.

Corollary 3.3.   (i)  In Theorem 1.2, if

(3.03) R is a real nxn matrix, da1^ > 0 aT2a* a\ccPeM + cf>)>0,

then du> > 0.

(ii)  // dtco."^'0 + cb) = 0 OT2 [p, S], then dco = 0 on [p, Si

(iii)   The discontinuities of coit) are contained in the additive semigroup

generated by the discontinuities of a and cfo.
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(iv) // caKe*,K' + 4> is continuous [or absolutely continuous] for s>p, then

a>is) is continuous [or absolutely continuous] for s>p.

(v)  // caKe(K)+   <p zs Cli[p,"c))and a is C°i[p,«>)), then <u is Cliip, «)).

(vi) Let R be an n x n constant matrix in the same Jordan canonical form

as R in Theorem 1.2, aTja" let r? = \r, + p\ — p.   Let

C° = sup f(s +\rk + p\/\s + rk + p\Y: s > 0, rfe 4 - p, 1 < a < e(*)J.

In equation (2.18), let the entries of A°it) and f°it) satisfy the conditions of

Theorem 1.2, and be completely monotone (i.e., da° > 0, d<p° > 0).   Let z°it)

be a solution of (2.18) with the representation

Then, for s>p, |a*aj,^| < daffi, and \dtpkZ\ < ¿çSJj^ implies that \da\ < da>°.

Proof of Corollary 3.3.  (i), (ii), (iii), and (vi) follow directly from the proof

of Theorem 1.2.  For (iv), suppose (f> + caKe^K' is continuous and assume that

p = 0.  Then for /: V —» V in the proof of Theorem 1.2, the space V can be re-

placed by   V O C°([0, oo)) without changing the proof.  Also if (p + ca1^^ is

absolutely continuous, we can replace V by its subset of absolutely continuous

functions; cf. (2.7) which shows that (/<uXt) in (2.4.) is absolutely continuous.

The case p > 0 can be transformed to the case p = 0 just as in the proof of The-

orem 1.2, Case 2.

(v) follows from (2.3)-(2.8), (2.14), and the smoothing properties of convolu-

tions.

4.  A system of solutions corresponding to a block.  If a block in the complex

matrix R in (1.1) is e(/<) x e(x) where eU) > 1, then in this section and the next,

we determine conditions under which solutions involving powers of t can be

found corresponding to the block in question.

Theorem 4.1.  In the homogeneous equation (1.1), let R, k, p, rfc, ., v , yik),

yik, j), and yik, j) be as in Theorem 1.1.   Let Q be an integer such that 0 < Q <

e(fc).   Let £ be a number such that C>Q-

Case I ip = 0).  Assume that Ait) satisfies (1.9), aTza"

(4.1)    / s'7U'h)- C*'|*C,¿jf>"<W| < ~    for 1 < i < m, 0 < b < eii) - 1.

Then there exist Q + 1 n-dimensional functions wit) = w'it) representable as in

(1.11)-(1.112), azza*
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(4.2) ¡o s"y(''Ä+'*l \aa{^)\ < °o   for /- 0,...,g

such that

(4.3) z(t) = /K'[üKC(/0 + wW/a + Z (lK>e(K)_y + tAtñt^Ai - ;)i] •
L y=i        ' J

¿s a solution of the homogeneous equation (1.1) /or ¿ = 0, • • •, Q.

Case 2 (p > 0).  Assume that A(t) satisfies (1.92),

(4.1 j) af.«<*>-/(Ä) = 0    o« [0, p] for 0 < / < Q,

and

(A.l2)  f (s- p)~y"¿>-l+>\dclfg¡¡'-<W| < oo   /or 1 < ¿ < ttz, 0 < i < e(¿) - 1.

Tèerz /¿»ere exzst Q + 1 functions w(t) = 22z'(z') as ¿72 (1.11)—(1.11.) arza" (1.11.)

aT2¿ (4.3) ¿s a solution of (1.1) /or ¿ = 0, • • • , Q.

Proof of Theorem 4.1.   Case 1 (p = 0).   The result for Q = 0 is contained in

Theorems 1.1 and 1.2 if we replace y.(k) by y(k)+ £.  Suppose that 0 < N < Q

(< eU)), that w0, • • • , w exist as specified, and that z(t) in (4.3) is a solu-

tion of (1.1) for i = 0, • • •, zV - 1.   In order that z(t) in (4.3) be a solution of

(1.1) for i = zV, it is necessary and sufficient that w     satisfy the equation

(4.4) 2**' = ((R - rK) + A(t))wN + AK-e(K>-N(t) -w"-1.

Consequently, the existence of wN follows from Theorem 2.1 if it is verified that

(4.5) f s-yu>h)- i+N \daKf(<)-N(s)\ < «.,

(A.6) JoS^(¿'é)-í+N|^>)|<~.

(4.5) follows by assumption, and (A.6) follows because the left side of the inequa-

lity is less than or equal to /„ s-yU-h)- kW-» \dcô^-1(s)\ since 0 > - y(i) - Ç

+ N >-y(¿)_¿;+zV-l and -e(¿) + A-y(z)-¿+zv!=-y(¿, h + I)-~£ + (N - I).

The proof for Case 2 (p > 0) follows similarly.

5.  Another form for a system of solutions corresponding to a block.   As men-

tioned in Hartman [2] for the 72th order case, the theory of asymptotic integration

of linear differential equations suggests that an analogous result (with a weaker

conclusion than that of Theorem 4.1) should hold if the extra conditions (4.1)

thru (4.12 ) are reduced somewhat.

Theorem 5.1.   In the homogeneous equation (1.1), let R, k, p, r.,  y v, y(k),

y(k, j) and y(k, j) be as in Theorem 1.1.
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Case 1 ip = 0).   Let Ait) be as in (1.9) and assume that

(5.1) f s~r(*'')+x |a,a.K'c(i°-A(s)| < ~   for 1 <k <m, 0 <j < eik) - 1.

Then for any i, 0 < i < ein), (1.1) has a solution of the form

(5.2) zit) = e^'Wwit) + xit)],

where wit) is representable as (1.11)—(1.11,), aTza" xit) is an n-dimensional vec-

tor

(5.3) xit) = ixyit), ••-, xmit)),      xAt) = ixklit), • • •, xke{k)it)),

where *a(r) = 0 for k ¿ k, xKXit) = tt"*{K>*X/U - e(n) + X)l for X > eU) - z,

azza" *KA(i) = 0 for X < e(«) - i, i.e.,

xit) = (0, ..., 0, 0, ..., 0, 1, t, - •., /'" V(i - D!, t'/il.Q, - - •, 0),

KlA block

Case 2 ip > 0).   Let Ait) be as in (1.92).   Assume that

(5.1j) dl'^'"Hs)~0    on[0,p],

and

(5.12) f (s _ p)-?<*.>>+A|¿aK£(/<>-X(s)| < ̂

for 0 <X< ein) - 1,  1 < /fe < 772, 0 < / < eik) - 1.   Then for any i, 0 < i < eU), (1.1)

has a solution of the form (5.2) where wit) is representable as (1.11)—(1.11.)

and (1.11Á).

Proof of Theorem 5.1.   Substituting (5.2) into (1.1) gives

(5.4) (t'w)' = (R - rjt'w + t* \Ait)w + ¿ A*"00**"*UW~ 7/il.

We can write (5.4) as

(5.5) rA^w)' = Rw + Ait)w + fit),

where

fkM¿*-i abs*#-w-'/ji-j; *-stdKh¿s)-
j=0
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That is

d(pk,h+i{s> =idSsp{s- ■>"'*,*fci5)*'" w#-/+m.

Therefore by (5.1)-(5.12),

f is - p)-^'» |a*tpfcy+1U)| < oo,      1 < k < m, 0 < / < eik) - 1.

Consequently, Theorem 5.1 is contained in the following

Theorem 5.2. In (5.5), let R, A(t) and f(t) satisfy the conditions of Theorem

1.2, Case 1 [or Case 2], Ti<?72 (5.5) bas a solution w(t) of the form (1.11)—(1.11.)

[or (l.ll)-(l.ll2) and (l.ll4)l

Proof of Theorem 5.2.  It is enough to prove the theorem for p = 0.   For if

p > 0, and we let 12z = e  p w and / = e  plf as in (2.22) and (2.23), (5.5) becomes

t" KSw)' = (R + p)w + A(t)w + T(t),

which clearly satisfies the conditions of Theorem 5.2 for p = 0.

Let A be the Banach space of C* valued functions cfo, locally of bounded

variation on t > 0, continuous from the right, cf>(0) = cfo(+ 0) = 0, with norm

m    e(fc)    X      . .

(5-6) mA- Z    Z  Z (/;s-^.^+/~)|s + rfc|-|a-<p,iA+1.€(s)|<o..

Define the linear operator T. on A by

(5.7)

or equivalently, &>¿ ̂(0) = 0, and

(5.8) do kAs)= ]

We shall verify the following

Lemma 5.1.  For 0 < i < e(/<), T;: A —♦ V is a bounded linear operator,

where V is defined after (2.3).   Furthermore, the function (1.11), (l.llj) with

p = 0 zrnz/ ta = TrA, satisfies the differential equation
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(5.9) rKt'w)' = Ru/+ /(/).

Proof of Lemma 5.1.   In the last integral of (5.7), write [(a - sY - a1] + a'

for (a - s)' to obtain &>, ̂ (s) as the sum of integrals

n = 0, « • -, i - 1, where C.   = z'l/wKz - tz)!.  If C,  is a sufficiently large constant,

then

l*WlWl*Cl   Z   l-^fe|-?l#fe,X+1_^)|.
9=1

since \id/duYul/iu + r^ß\ < Cy |l/(a + rkY\ fot large a.   Also, for B « 0, • • •,

i-1,

r*»*.MW|<C,    Z   {•l^-,(j7l«l-,C- + '|?f|-,|#Wkt«-tW|)*

Hence the boundedness of the operator T.: A —» V follows from

z(/:^^>+i7)k+g-i#^+1.t(s)i<w.

In order to verify (5.9), suppose first that q> £ C    has compact support in

t > 0.  Differentiate (5.7) to obtain

9 = 1

(5.10) x
'+ Z   P U/«&)t(» - s)'" V(a + r,)«(z - l)!]rp' («) ̂ .

g=lJs fe.X+1-9

An integration by parts gives

X

*>lx(s) = - Z /~ id/du)\iu - sV-VCa + rkYH - l)!]^fX+1_g(B) A.
9 = 1

Successive differentiations and integrations by parts give
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^^»¿(^^-v^Vi-^-
9=1

So, if we define

wit) = J"~ e-'tJ^Ks)ds    and   fit) = J"~ e~st<f>li+lKs)ds,

we get w¡ = Rwi + f{.  Therefore, by (1.11) and (1.11,) with p = 0, the fact that

cp has compact support in / > 0, and the standard rules for Laplace-Stieltjes

transforms,

fit) = t{f(t) = 2-'' J~ e-st dcfo(s),      wit) = Mt) = t{ f~ e-stMs).

Equation (5.9) follows from the last two displays.

In order to obtain (5.9) for arbitrary qo e A, let cp"    e C00 have compact sup-

port in t > 0 and ô   —» eft in A as 72 —» oo.   Then w   = T -Ô   —» zu in A as tj —»
7z ' n ir n

oo, and so the functions

tend to uz(f), /(/) in C on compact subsets of í > 0 for every /'.  Since

t~'(t'wn)' = Rwn + fn(t), (5.9) follows, and the proof of Lemma 5.1 is complete.

Lemma 5.2.   The map W: V —» A gz't/eTT í>y

(5.11) M»\x(í) = £ f0 ajjíf - s)dco.ß(s),
iß

is bounded, and its norm satisfies

(5.12) ||v|| < b   Z (¡l u-^^-y^^-^-y^^+sfj \da}^x+l_q(u)\ = 0.

See the proof of Theorem 1.2 and note that W^oo]]   - ||/<z>|ly

Completion of the proof of Theorem 5.2.   Step (A).  If (1.11), (l.llj) with

p = 0 is substituted into (5.5), we formally obtain the functional equation <w =

T cfo + T¿Ücu.   If the right side of inequality (5.12) is sufficiently small, T\V:

V —» V is bounded with a norm less than 1.  Hence, arguing as in the proof of

Theorem 1.2, there exists a constant U > 0 and a function co(t) such that (1.11)

is absolutely convergent and a solution of (5.5) for t > U.

Step (B).   If the operator T. in (5.7) were monotone in the sense that dep > 0
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implies that da > 0, then by an argument similar to that of Theorem 1.2, we could

complete the proof.   We now define an operator T i which is monotone, majorizes

T., and can be used to complete the proof.  To this end, write (5.8) as

A-U^-Z  K.x+i-^W
(5.13) q-lL .   _

+ {z .„x/r [u'l'P{u+'¿wa*+^wv^-««}*]

where a „ is a constant, p = 0, • • •, i — 1; o~= 0, • • •, z; r = 0, • « • , oq.   Define

Ti by replacing a       by |a    r| and a + r^, by a + rfe, where r¿ = |rj.   Therefore,

we have

(5.14) -E Kx+,.,W/U + r»)«

+ { I l^l^/T l«-l-P(« ♦ r*W V/U ♦ r°)n#ti,+1_c(a)}<¿].

It is clear that T : A —* V is a bounded operator.   Let

X

"fexw=jr e"s^fex(s) = z «u.,(/)«where

(5.15)

+ {S I^I^JT ["-'-"(" * rJW V/U + rj)^]*^tl_f(»)i&).

Siep (C).   We now verify that wk^   it) satisfies a differential equation of the

form

(5.16) DN[PiD)]%BPiD)]wkXq = Qqit, D)fk^y_q,

where Re it) > 0, 1 < k < m, 1 < X < eik), l<q<X, Q it, y) is a polynomial in

t and y, P(i) = II^=1 (r + r°kY(k), B, M, N ate sufficiently large integers,

(5.17) Qf<*. °VklX+l-q = «"itttZ*"* + I-*

where [• • >i indicates lower order derivatives of /, v+1_  , and c is a constant.

(Throughout this section, c will denote a constant, however, not necessarily the

same constant in each case.) In the verification of (5.16) we can assume that

fk X+l-o nas comPact support in t > 0.   Note that
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i
(5.18) (D + r°)Xx.9 - ^.x+l-9 + S \apor\DP(D ♦ rj) i^,

pOT

where A = b po.ris

-r1 f*U)*

and z = zpaTis

(5.19) *(/) = J"~ e-s%sPis+r¡)*]-KsVis+fy°]dcjokíX+l_qis).

Therefore we get that

(5.20) DpiD + r0k)q(° +1 »z = c/fer)x+1 _ f(i),    where r < aa.

If B > e(/c) + ¿ + 1 > <?(k) + ct+ 1, then (5.18) and the display following it show

that tBPiD)wk x,q = ctBflk^l\-9 + tBUowet derivatives of  fkX  l_q) plus terms

of the type P_\it) /{, zis)ds,  PQit)zit),.., Pp+„_i(<)z(/0+nll'(iJ, where Pit)

is a polynomial of degree < ß - 1.   Thus

DBtBP(D)wkx    = cDBtBfknHl-q + DB(tB (lower order derivatives of fkiX+i.q))

+ terms of the form a .(*)*',

where /=0, •••,B + p + 7j—1 and qlt) is a polynomial.  Note that, by (5.20),

Dp(s + r°)9(cr+1)z0) = e/J^     ,    where r + / < tra + B + p + a - 1.

Therefore

DW[P(D)jM[iBP(D)]iizàM = Dw-B[P(D)]MDBtBP(D)ii;ikXi<

(5.21) = DA'-B[P(D)]M(cDß/B/<fc';;«l)_9 + ClDB(íB - lower derivatives of /M+,_«))

+dn-b[p(d)]*,í'2:í/ií»«a.

The contribution of the last term of (5.21) to the right side of (5.16) is a differen-

tial operator on fk x +1_9 of order zV - B - p + Mn - q(a+ 1) + [oq + B + p + q -

l] = zV + zVttj - 1, while the main term of (5.16) comes from the first term of (5.21)

and is of the form ctBfjf^'fl*1*1+Mn).' This verifies the statement concerning

(5.16).
Step (D).  If we let dob     = \dcb.A and da/¿\ = |aa^| in (5.5) and'k\ - ("VfcXl auu -"-zu- '""-ax'

^)kX(t)=Zj[-t+l.qU-s)dcoiß(s),
qiß
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then the functional equation <u° = C0U+l)iTt? + T$û>) with C° as in (2.19), in

which idf , da, doj0) ate replaced by e~ idf, da, acu°), has a solution to is)

such that da ° > 0 and

(5.22) w°it) = f™ e-stda>°is),      a>°(+0) = »°(0) = 0,

is absolutely convergent for t > U, for some U > 0.   But w° is a solution of the

differential system

D»[PiD)]»[t°PiD)]iw°K) = C^'>(Z ß<0, D){r,)X+1_9 * Z ^A+I.X4).

where the leading terms on the left are of the form ctBw%N+Mn*n\ and the

highest order terms on the right are of the form cíBu'?ln+ív+M',-í), where a > 1.

Therefore the equation is nonsingular, and w it) is absolutely convergent for

Í > 0.   The proof of Theorem 5.2 can now be completed by the same arguments

used at the end of Theorem 1.2, and the fact that the coit) constructed in Step (A)

satisfies |aVu.J < doj.ß.

PART II.  THE tzTH ORDER, ONE-DIMENSIONAL CASE

In Part II of this paper, we determine sufficient conditions for the existence

of solutions for the zzth order, one-dimensional, linear, ordinary differential equa-

tions with Laplace-Stieltjes coefficients, which correspond to the solutions deter-

mined for the 7Z-dimensional, first order system in Part I.  Instead of deriving

these results from those of Part I, we shall obtain them directly from the results

and techniques of Hartman [2].

6.   One solution corresponding to each root.   Consider the differential equa-

tion

71-1

(6.1) [(Z> - rj)*(1)(D - r2)e(2) ... (D - rJeM]y +  Z "/'V0 = 0,
7=0

where D = d/dt, e(l) + • • • + eim) = 72, and the ry are complex constants, r. ^ r.

tot i £ j.  Let the coefficients a .it) be representable as absolutely convergent

Laplace-Stieltjes transforms for t > 0.  Given any of the roots rK, we are interested

in finding solutions of (6.1) which behave asymptotically like certain solutions

to the unperturbed part of (6.1), namely, II™_j (D - r.f^y = 0 as 1 —♦».  With

this in mind we state the following

Theorem 6.1.   In equation (6.1), for a fixed k, l<K<m,  let

(6.2) 0<p = pK = max \rK - r:. Im (r£) = 1m (rK), 1 < i < 772?,
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and denote by r,   the root such that

(6.3) r  — r, = p,    and Ab) its multiplicity.

Assume that the alt) are representable in the form

(6.4) alt)=re'Stdals),'       J p '

where the integrals are absolutely convergent Laplace-Stieltjes transforms for

t>0,

(6.4') Spe'St 1<to'-(s)| <v

and the determining functions als) satisfy (1.3).   For p = 0, let

T.-1

(6.5) Z   )nA-eM\r*->\\daAs)\<oo   for 0 < ; < eU);

for n > 0, let

72-1      .

(6.5') Z   J   U-p)-c(i)|r¿ll^XWI<00-
X=0    JP ZX A

Then there exists a unique solution of (6.1) of the form

(6.6) y(t) = »V (c - J"~ e-stda>(s)J,      oo(p) = ao(+p) = 0,

where c is a complex constant, and the integral is an absolutely convergent La-

place-Stieltjes transform,

(6.6') P° e~st \dco(s)\ < oo   for t>0.
J P

Proof of Theorem 6.1.  Substituting (6.6) into equation (6.1) gives

m 72-1

(6.7) u [D - (r¿ - rK)]eWw +  £ (-l)«'»>«g/t)l)'» = (-1)'(6)+1 <*„(/),
z=i y=o

where

(6.8) w = w(t)=- {°° e~stdúo(s),      co(p) = oj(-t-p) = 0,

and

(6.9) g.W = (_1)'<*>" "Ç Q) r*->ax(t) = (-!)•(«+' J~ e-"áy.(s).
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Theorem 6.1 will follow from (6.7)-(6.9) and the following

Theorem 6.2.   Consider the differential equation

(6.10) n KD - rt)e(i>]w + Z (-l)e(6)+ygy(i)D'u7 = (-l)e(é)+1/(í),
i=i y=o

where the r. are complex constants,  r. /= r, for i ¿ j,  e(l) +■••• + eim) = 72.   For

a fixed k, 1 < k < m,  let rK= 0 and let

(6.11) 0 < p = maxí-7\: r. is real].
i

Let r,  be the root  such that

(6.12) —r,=p,    and eib) its multiplicity.

Let g. and f be representable as

(6.13) git) = P° e~stdy is)   for0<j<n-l,
1        j p 1

(6.14) /(/)= r e-s'd(f>is),
J p

absolutely convergent Laplace-Stieltjes transforms for t > 0, such that their

determining functions satisfy (1.3).  Assume that, for p = 0,

(6.15) f s-eiK)+> \dy (s)| < »o   for 0 < 7 < ein),
JO 7 —     ~

azza", for p > 0,

(6.16) f is - p)-<*b>\cdy0is) + d(f>is)\ < 00.

Tèerz there exists a unique solution of (6.10) for t > 0 of the form

(6.17) wit) =c-T e-stdû>is),      coip) = o,(+p) = 0,
J P

so that a/(oo) = c, where c is a complex constant and the integral is an absolutely

convergent Laplace-Stieltjes transform for t > 0,

(6.18) C°° e-st\dcois)\<~.
J p

There is a corollary of Theorem 6.2 analogous to that of Corollary 3.3 which

we shall not state.  However, we shall need the following:

Corollary 6.1.   In Theorem 6.2, if (p + cy0 satisfies

f is- p)-e(b)- ? \di(f> + cy0)\ < ~    for some constant C>0,
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then

f U-p)-Ç|ab(s)|<oo.

7.   Proof of Theorem 6.2.   The case where c 4 0 is contained in the case

where c = 0 if we replace / in (6.10) by cgQ + f.   So we seek a solution 222 of

the form (6.8).  If p = 0, then (6.11) implies that rb = rK= 0, e(b) = e(<), and

IP»    (D - r.)e(l) = De{K)P(- D), where P(t) is a polynomial of degree « - e(/<)

and P(i) 4 0 for í > 0.   Our desired result follows directly in this case from Hart-

man [2, Theorem 2.1].

If p > 0, then

w(t) =_ f e-s'áUs) = - e"" P e-s'ab(s + p) = e-t"w-(t),

(7.1) J P J °

2,(i) = - P e-sia2)(s),    where w(s) = co(s + p).
J 0

Similarly, we put

(7-2)    f(t) = e~pt7(t),      7(t)=S°¡e~Std%(s),    where £(s) = «p(s + p).

Substituting these expressions into (6.10)# we get

»2-1 ^

(7.3) De(b)P(-D)uj +  £ (-l)e(b)+'glt)D>w-=(-l)e(b)+1f,

7=0 '

where P(<) is a polynomial of degree tt - e(b), P(t) = D^1.»jlt,0 + r¿+ p)e(l\

P(i-) î<= 0 for t > 0,  and

a/«)=(-n«»*' z1 (jy-w^ -/o --st^)

where y .(s) = 0 on [0, p].   Again we can apply Hartman [2, Theorem 2.l] to equa-

tion (7.3) because y. = 0 on [0, p] implies /„ s~e{b)^\dy ls)\ < ~ for 0 < /' <

e(è), and

/o S-e(6)|^(S)|  =   J^ (s - p)-eU>>\dcfo(s)\  < 00,

by assumption.   Hence, we get a unique solution w for (6.21) of the form wit) =

/* e~st dais), where a>(+ 0) = a>i0) =0, or a unique solution w for (6.10) of the

form (6.8), where the integral is absolutely convergent for / > 0.

Proof of Corollary 6.1.  If p = 0, this is contained in Corollary 2.1(vi) of [2],

If p > 0, then a transformation as in the proof of Theorem 6.2 will reduce this

case to p = 0.
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8.  A system of solutions corresponding to each root.  Our next result is the

following

Theorem 8.1.   Let k, p, r,  and eib) be as in Theorem 6.1.   Let Q be an in-

teger such that 0<Q< ein), and t, a constant.   If p = 0, assume that £>Q and

that the coefficients of (6.1) satisfy the conditions of Theorem 6.1, arza" z'tz addi-

tion.

"-1  .

(8-1) Z J0 s'-c(K)- Ç |r¿-'H¿axU)| < oo   for 0 < j < Q,
x=y

where ein) is the multiplicity of rK.   Then there exist Q + 1 functions wQ, • • • ,

Wq representable as absolutely convergent Laplace-Stieltjes transforms

(8.2) w it) = f" e-stdco is)    for / > 0,    <u .(+0) = w .(0) = 0,    f s>' í law (s)| < oo,

such that

(8.3) yit) = /"'„(,) = /"' [(1 + wQit))t7i\ + Z wktV-i/ii - /)ll

is a solution of the homogeneous equation (6.1) for i = 0, • • « , Q.

If p > 0, assume that £ > Qeib) and that the coefficients of (6.1) satisfy the

conditions of Theorem 6.1, aTza" in addition

71-1

G-1')        Z / <s - p)-e(i)+''e(6)-5 |r¿-''||a-ax(s)| <oo   for 0 <j <Q,
X=7      *

where eib) is as in (6.3).   T¿erz ¿èere exz'si Q + 1 functions wQ, • • • , wQ repre-

sentable as Laplace-Stieltjes transforms

w .it) m f00 e~stdû> is)    for t > 0, coi+p) = a>(p) - 0,

(8.2') >        JP '

f is-pYeW-t\dcü.is)\<~,

such that (8.3) is a solution of (6.1) for i = 0, • • «, Q.

Proof of Theorem 8.1.   If we substitute y = e K w into (6.1), we obtain the

equation (6.7) where c = 0, and the g-it) are given by (6.9).  Therefore the con-

clusions of Theorem 8.1 will follow directly from the case rK = 0 of Theorem 8.1.

Therefore write (6.1) as

71-1

(8.4) DeMPi-D)w + £  i-l)elK)*'g (¡)DVi) - 0,

;.0 '



142 JAMES D'ARCHANGELO

where the g. satisfy the conditions of Theorem 6.2 or equivalently those of The-

orem 6.1 for rK = 0, and condition (8.1) or (8.1') above.   Let Pit) = 2?~Qe(K) a.t'.

If p = 0, then rb = rK= 0, eib)= e(A) and our result is contained in [2, Corollary

2.4].   If p > 0, we wish to prove the existence of Q + 1 functions wQ, • • • , wQ

satisfying (8.2') such that

(8.5) wit) = í(l + 22z0(/))f7¿! + ¿ wlùé-i/d - fi¡\

is a solution of (8.4) for 0 < i < Q. The case where Q = 0 is contained in Theo-

rem 6.2 and Corollary 6.1. For if c = 1, the solution (6.17) can be written in the

form

22z = l+2zz0,      w0(t)= f™ e~stdao0(s),       J   (s - p)_Ç |atun(s)| < oo.

Suppose that 0 < N < Q (< <?(k)), that uzn, ..., wN-l exist as specified, and that

(8.5) is a solution of (8.4) for i = 0, • • •, N - 1.  In order to simplify notation,

write (8.4) as

(8.6) L[w] = Z ba(t)wa = 0
0=0

where   bj.tt = i-D^^gJ.t)   tot 0 < k < c(k) - 1   and  b^^it) =

(-lrïïa^+g^^^M] for 0<a<72-e(K),and gnW = 0. Also let vQ = 1 + wQ, v.=

w. fot j > 0. In [2], Hartman showed that w = wN (together with w., i = 0,.. •, N — 1)

in (8.5) satisfies (8.4) if and only if

LM-i-D^+V,

where (- l)*(K)/ = 2^, ha lft<*>* C^g* , C„ = o\/r\(a- r)\.  In other

words,

n N n-l   min(N,o-)

(8-7)    /= z Zc>£-/»+l   z   c2Tgaw%:p + c>gN,
o-se(K) r=l o-=l     r=l

where the c..  ate constants.   The function / is representable as an absolutely

convergent Laplace-Stieltjes transform with determining function cjo given by

7Z N

#(/)=    Z    Z  clTt°-Tdo>N_T(t)
o-=e(K) r=l

(8.7')
T2-1  minfzV.O") .

+ Z     Z      clTd{Ç[-pya(t-s)s°-'do>N_As)\+SyN(t).
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Our desired result follows from Theorem 6.2 and Corollary 6.1 if

(8.8) f is- p)-e(bUNe(b)- Z |^(s)| < ̂
'P

But this follows because

f (s_p)-e(b)+Ne(b)-t,
Jù

Z   Z s*-rda>N_T(s)\
ose(K) r=l

<II^i(s-f)(N-rwM-^N>)l<.
o-     r

where c<JT is a constant, since 0 > iN - l)eib)-£>ÍN-r)eib)- £.   The second

term on the right-hand side of (8.7*) satisfies (8.8) because the determining func-

tions are convolutions of two functions which are 0 on [0, p], and are therefore

0 on [0, 2pl.   Finally,

f  is _ p)-e(i)+We(6)-Ç|^(s)| < „    by assumption>

9.  Another form for a system of solutions corresponding to each root.  In this

section, we prove

Theorem 9.1.   In the equation (6.1), let the coefficients a.it) satisfy the con-

ditions of Theorem 6.1.   Tiezz for 0 < z < ein), (6.1) has a solution of the form

(9.1) .  yit) = e^Mt) - /«V (l - J~ e-stda>is)\ ,      oi+p) - <o{p) = 0,

where the integral is absolutely convergent for t > 0.

Proof of Theorem 9.1.  Arguing as in the proof of Theorem 8.1, it is clearly

sufficient to prove the theorem for the case where rK = 0.   Write (6.1) as the homo-

geneous equation (8.4), where the g. satisfy the conditions of Theorem 6.2.

The case where i = 0 is just Theorem 6.2. Let 0 < i < ein) and make the

change of variables w —» t'w in (8.4). The resulting differential equation is of

the form

71-1

(9.2) riiD-p)e^>Pi-D)itiw)+  S (-l)e<i)+/g0/í)DW-l)eW+70(l),

j=0

where the coefficient functions gQ .it) ate of the form
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(9.3) g0.(/) • £ cjmgmit)rln-'\      j<m< min (z + /, n - l),
m

the c.    ate constants, and fAt)= 0.  Notice that
7771 ' ' U

(9.4) go it) = J~ e-*'dy0jis),      fQit) =/~ e"'^0U),

where <p0(s) = 0 and

' (9.3') y0.is) = Z cjm fS is - uY->dymiu)/in - /)!.
771

Consequently, Theorem 9.1 for the case where rK = 0 is contained in the following

result:

Theorem 9.2.   Let eib), ein), 0 < z < c(k), and Pit) be as in Theorem 6.2.

In (9.2), let g0-(¿)> /0(*) &e representable as absolutely convergent Laplace-

Stieltjes transforms for t> 0, aTza" let g0-it), fQit) satisfy the conditions of Theo-

rem 6.2.   Then, for every constant c, (9.2) has a solution representable as an

absolutely convergent Laplace-Stieltjes transform

(9.5) wit) - c - f °° e~st dais)   for r > 0,     <u(+ p) = oip) = 0.

Proof of Theorem 9.2.   For p - 0, e(è) = e(/x) and the theorem is contained

in Theorem 4.1 of [2], and the result follows from the fact that from (9.30,

fo s-<™+>\dy0jis)\ < oo,      fQ s-<M\d(p0is)\ < oo,

and yoy(+ 0) = yoy(0) = 0 = <pn(+ 0) = rp0(0) = 0.

If p > 0 and if we write wit) as e~ptwit) and fQit) as e~ptfQit)   as in

(6.19) and (6.20), then (9.2) becomes

^ »7-1 ^
r''(D)e(i)P(-D)(i^) + Z i-De{bUig0Ât)D^ - (-l)e(è)+V0(r)

where, as in the display after (6.21),

*o,-w -J7 »""^oM   y0/^ » °on i°. rf-

But now we are reduced to the case where p =« 0, because Pit) /= 0 for t > 0,

Jo s-c(6) |d?0(s)| < «    and    Jo s-'(6)+'|ay0y(s)| < oo

because y n .(s) = 0 on [0, p].
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