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ABSTRACT. The n-dimensional differential system z’ = (R + A(t))z is con-
sidered, where R is a constant n X n complex matrix and A(t) is an n X n ma-
trix whose entries a(t) are complex valued functions which are representable as
absolutely convergent Laplace-Stieltjes transfoms, fg' e 5t da(s), for t > 0.
The determining functions, a(s), are C valued, locally of bounded variation on
[0, ce), continuous from the right, and a(+0) = a(0) =0. Sufficient conditions
on the determining functions are found which assure the existence of solutions
of certain specified forms involving absolutely convergent Laplace-Stieltjes
transforms for ¢ > 0 and which behave asymptotically like certain solutions of
the nonperturbed equation z’= Rz as t - oo, Analogous results are proved for
the nth order equation n’.’f__l D - r‘.)’(i)z + 2":01 aj(t)Djz =0, where r, €C

3
and the ai(t) are like a(t) above for ¢ >0.

0. Introduction. Consider the n-dimensional, first order, linear, ordinary
differential system
(0.1) y' = (R + A(2))y,
where R is an 7 x n constant complex matrix and A(¢) is an 7 x » matrix whose

entries are complex valued functions representable as absolutely convergent La-

place-Stieltjes (or Laplace) transforms,

A(2) =I: e~ Stda(s) for t>0.
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The determining entries in the matrix a(s) are complex valued functions, contin-
uous from the right, locally of bounded variation, and al+ 0)= a(0)= 0. The
object of this paper is to‘determine sufficient conditions on the determining func-
tions of the coefficients to assure the existence of solutions of a certain specified
‘form involving absolutely convergent Laplace-Stieltjes or Laplace transforms and
which behave asymptotically like certain solutions of y' = Ry as t — oo,

The n-dimensional, first order case (0.1) has only been considered for R = 0
by Wintner in [4], and his results are contained in Theorem 1.1, cf. Remark 3.2.
The nth order, one-dimensional equation

m n-1
0.2) 12=1 (D - ri)e(')y + E) ai(t)Diy =0,
where e(1) + +++ + e(m) = n, and the al.(t) are representable as Laplace-Stieltjes
transforms as above, has been considered in several papers, in particular, Hart-
man [2]. Conditions have been determined which assure solutions corresponding
to the root 7= 0 if it appears and is in favorable geometric position with respect
to the roots with smaller real part.

The case of (0.1) in which A(¢) is a power series in e™* will correspond to
a regular singular point at z = 0, with z = e~ !, Therefore the nature of our prob-
lem is not only one of asymptotic integration, but also of the “‘continuous’ ana-
logue of regular singular point theory. As in regular singular point theory, in
order to specify the form of a solution corresponding to a certain root, assump-
tions will have to be made concerning its relative position with respect to the
other roots and the nature of the coefficient functions. For example, we shall
generally assume that a(t)=0 on [0, p], where p depends on the relative posi-
tion of the roots. Under such conditions, we shall obtain certain specified forms
for solutions corresponding to all the roots for the n-dimensional and nth order
cases. It.is clear from the theory of regular singular points that, without such
assumptions, the solutions in the cases p > 0 of Theorems 1.1 and 6.1 could be
expected to involve powers of ¢t = - log z.

In a subsequent paper we shall investigate the nature of solutions without
such conditions in the case p > 0.

This paper is divided into two parts. In Part I, we consider the n-dimensional
system (0.1). In Part II, the analogous results are given for the nth order case.
The methods of this paper depend on extensions of the arguments of Dunkel 1]
and of Hartman [2]. The latter, in tumn, are suggested by Wintner [4]-[6]. They
involve successive approximations whose convergence for large ¢ > 0 is
comparatively easy to prove. Convergence for ¢ > 0 depends on considering ¢
to be a complex variable and on the use of suitable ‘‘majorant’’ equations having
completely monotone solutions. In the simpler cases, the choice of a majorant
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equation is rather obvious. Wintner’s proof for part of his main theorem on second
order equations in [5] is incomplete as he failed to observe that the obvious
majorant second order equation could not be used in all cases. In dealing with
nth order equations, Hartman in [2] constructs certain majorant equations which
are of high order. We adapt his procedure in our treatment of both (0.1) and (0.2).

I should like to thank Professor Hartman for suggesting the investigation of
some of the questions treated here.

PART I. THE n-DIMENSIONAL FIRST ORDER CASE

1. The ‘“‘smallest’ solution corresponding to each Jordan block. Consider
the first order differential system

(1.1) 2'(2) = Rz(2) + A(Dz(2),
where R is an n x n constant complex matrix in Jordan canonical form
1.2) R =diag(J(1)y +++, J(m)),

where J(k) is the Jordan e(k) x e(k) block with 7, on the diagonal, 1 on the
subdiagonal, and other entries 0,

" 0
1 %
(1.2") Jw=1 1 :
0o .’
1 r
| k)

e(l)+ .+ + elm) = n.

Let A(f) be an 7 x n matrix whose entries are representable as absolutely
convergent Laplace-Stieltjes transforms of the form [{ e™* tda(s). In dealing
with such functions, we shall always assume (but shall not always state) that
the determining matrix of functions

1.3) a(s) is complex valued on [0, %), locally of bounded variation,
’ continuous from the right, and a(+0) = a(0) = 0.

We shall use the following block notation for A(¢):

1.4) AlD) = @AI), 14, j<m,

where A’(t) is a rectangular matrix with e(j) columns and e(i) rows, A’(t)—
(a’ (t)), where 1<8<elf), 1<B<eli), and o’ B(t) is complex valued. Similarly,
for an n-dimensional vector or n x 1 matrix z, we write
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(1.4") z= (zl’ ooy zm), where zZ,= (zkl’ AR zke(k))

is an e(k)-dimensional vector with complex components. We shall refer to z, 5

as the (kd)Xth component of "z, where 1< k< m and 1< 6 < e(k). We shall let

1, 5 be the n-dimensional vector with a (k8)h component 1 and other components
0. Correspondingly, A7A(¢) = AL 5 is the (e(1) + -+ + e(j) + B)th column of
A(2) considered as an n-dimensional vector, 1 < j<m and 1< B < elj), so that
the (i8)%h component of A7A(¢) is aé‘se(t). In this notation, (1.1) can be written as

m
z'i: ](i)zl.-o- Z Ai:(t)zj for 1<i<m,

j=1
or in the form
m  e(j) R
’ y . o
Zn=Z a1t TEat Zl Szl ajy(z ;5 for 1<i<m, 1 <AL e(),
= =

where z,0= 0.
1

It is clear that if R in (1.1) is not in the form specified, a linear change of
variables with constant coefficients will produce an equation of the above type,
so that there is no loss of generality in our assumptions concerning the form of
(11).

Corresponding to any of the blocks in R, we wish to find solutions of (1.1)
which behave asymptotically like the solutions of z'(¢) = Rz(t) corresponding to
the same block. The following theorem gives sufficient conditions to assure the
existence of such solutions.

Theorem 1.1. In the differential equation (1.1), let R be an n x n complex
matrix in Jordan canonical form (1.2). For a fixed k, 1< k< m, let

1.5) 0<p=p, =maxir, —r:Im(r) =Im(r), 1 <i<ml,

and let there be v blocks whose diagonal entries are such that
(1.6) T~ Tpy =P for1<v<v <m<n
Assume that the n x n matrix A(t) is representable in the form
(1.7) AW = [T em5tdals), ie., alf(d) = [7 e dallls),

where the integrals are absolutely convergent Laplace-Stieltjes transforms for
t>0,

(1.7") f: omst |da;g(s)| < oo,
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and the determining functions aigs) satisfy (1.3).
Casel (p=0). Let p=0, and let

(1.8)  y(k) >0, Yk, /) = elk) - j + Y&) [or ©RK)) if r, =1, [otherwise]

for 1<k<m, 1<j<e(k). Let
(1.9) J; s-m[o.y(k.i)-y(i.b)]|da;'f,_+l(s)| <o
for 1<i, k<m, 1<B<eli), 0<j<elk)-1, and

(1.9,) fo sTY 0D | (s)| <o for 1< <m, 0<j<elh) =1,

Then there exists a unique solution of (1.1) of the form

rt

(1.10) z2)=ek (lke(K) + w(?)),

where

(1L.11) w(?) = (wl(t), o, wm(t)) is an n-dimensional vector,

wi(t) = (wil(t), ceey wie(i)(t»’
and

(1.11)) wgd = [0 et do ), ©,40)=w,4+0)=0

is a Laplace-Stieltjes transform, which is absolutely convergent for t > 0,

(1.112) I: e-stldwiﬁ(s)l <o for t>0, and

(L11,) J 577 Pl f9)] < on.
Case 2 (p>0). Let p> 0 and let y(k)> 0;

(1.8,) Yk, /) = e(k) = j + y(k) [or Y(k)] if k= (o) for some v [otherwisel;

1.9,) fo s-m[o.‘?(k,i)-'?‘(i.ﬁ)]|da2?j+l(s)|<,,,’
(1.9,) o e® ()= 0 on [0, pl,
and

(1.9,) j; (s- t,)-?’(k.j)lda::;ﬁ)(s)l <o,

119
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where the indices take on the same values as in Case 1. Then there exists a
unique solution of (1.1) of the form (1.10)—(1.112), and

(1.11,) miB(s) =0 on (0, p]. .

If we substitute (1.10) into equation (1.1), we get

(1.12) w'()) = (R = rJu(d) + A(uls) + AKXy,
Thus Theorem 1.1 follows from the following result concerning a nonhomogeneous
system.
Theorem 1.2. In the linear differential system
(1.13) w'(2) = Ruw(2) + AWDw(2) + {(0),

let R be an n x n complex matrix in Jordan canonical form (1.2), 7, =0 for some
fixed k, 1< k< m. Let

(1.14) Osp=px= max{—ri: Im(ri)=0’ 1 sism},

and let there be v blocks whose diagonal entries are such that

(1.15) Ty(w) == D> 1<v<v<m<n

Let A(t) be as in (1-4) a'd /(‘) = (/l(t)y ey /m(t))) w}’e'e /l(t) = (/i l(t)’ AR ] ie(i)(t))’
(1.16) Al = f ;‘ e~Stda(s), i.e., a{ﬁfs(z) = f‘: oSt da::g(s),

and

1.17) [@= [ emstdbls), e [,40= [ ey, fs)

are absolutely convergent Laplace-Stieltjes transforms for t > 0, such that their
determining functions satisfy (1.3).

Case 1 (p = 0). Assume that (1.9) is satisfied, and

(1.18) J s ED B, () + TSN < o

for 1< k<m, 0<j< elk)-1, where c is a constant. Then there exists a unique
solution of (1.13) of the form '

(1019) u’(t) = Cl + (wl(t), e, wm(t)),

Ke(K)

wi(t) = (w“(t), ceew, (¢)), and wiﬁ(t) is representable as (1.11,-1.11,),

e (i)
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Case 2 (p > 0). Assume that (1.9,) is satisfied,

(1.20) cd®®)(s) =0 on [0, pl,
and
(1.21) J, =T edag, () + et < e

Then there exists a unique solution of (1.13) of the form (1.19), where wiﬁ(t) is
representable as (1.11)=(1.11,) and (1.11,).

2. Proof of Theorem 1.2. The case where c £ 0 is contained in the case
where ¢ = 0 if we replace f(t) by cA*¢™(s) + [(¢) in (1.13). We therefore assume
that ¢ = 0. If we substitute w(t) into (1.13), we arrive at an integral equation for
the entry w, A(t) in the same manner as that used by Dunkel in [1]. We get

m e(i)
(2.1) dt = rkwkx + wk,x-l + z Z a;gwl.'B+ /kX) Whel’e wko = 0.
i=1 B=1
Therefore,
m e(i)
rkt(d)( =7t i3
e — (e w =w + A \W.n+
Z [ Uald WS | ,,21 /S,Z:l g+ fea
or

o (d \ -7t ® =nh
ft <d—tl-)e w“dtl=L e wk,x-ldtl

(i)

00 - -t
+I > Ze kla;'[; ,Bdtl+f:°e "l/“dtl.

t i=1 B=1

a

So we get

Tyt —rt
k1
w,(D=e* ‘ , € w1y

k[ o k1B, S Gl
f ag,w ,Bd‘I t+e ft e fer@ty:
i=1 ﬁ-
Substituting the corresponding identity for w, A-1 into this relation gives

Y S e S o k2
wpW=e® [e [“ 0 © Wi a-29

'uj "kza/i 1wt
t i=l B:l k=172

k1 o k2
f:"l foaet ]dt1+
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After A such substitutions, keeping in mind that w,, = 0, we get
’kt A 00 00 -fk i e(l)
wy@=e* 3 ft dtlf:' dt, ft 9y X a .x+l- wgdt,
2.2) g=1 1 q-1 i=1 B=1

00 “Tty
q-lJ dtlf dtz -oofta-1 e fk,xi»l-thq,

where the argument of ai'%, W, fi s in the integrands is ¢ o
Case 1 (p = 0). Making use of the fact that w,4(t) is representable as (1.11,)
with p = 0, (2.2) becomes

[7 e tdn, @
A > dt P i e(zl) e~ St gaif (s) e~ S'dw . As)) d
q_,F v [T B ([T e e ) ([T )
)3 J"” o f7 THULT ety p 1o )

A me(x)
=X X

qsl x:l ﬁ:l

r s + )" Vdp, 120

So formally we arrive at our main functional equation for @,,,

fm e~ Hs+r)77 {oa;cﬁul-q u)dwiﬁ(u)}

qsl

m e(i)

dw ) (s) = Z 2 X (s+r)? { o kx+1-q - u)dw B(u)}

=1 i=1 B=1
(2.3) asti=t £

+ Z (s+7)7%dp, 5 12008

q=1

Let V be the Banach space of C” valued functions @(t) of bounded variation on
[0, ), continuous from the right, such that w(+ 0) = w(0)= 0, with norm

m e(k)

loll= = T (f7 + [ ) ldoy (o)

ksl A=l

Define a linearmap J: V— V by

m e(i)

(2.4 (]w)u(t)— z y > I (s+7)” qd{ 0 k x+l qs-u)dwiﬁ(u)}.

g=1 i=1 B=1



DIFFERENTIAL EQUATIONS WITH LAPLACE-STIELTJES TRANSFORMS 123
Let

(2.5) B a1=g®) = o Py 1o gls = W do ).

An integration by parts and a change of the integration variable u — s - u give

(2.6) HE 1o 8 = f . ( /3(3)) aif 1 s

in other words, (2.6) is the convolution w;* ai"sx RP) where “’i,B(t) = f(', dwiﬁ(g).

Hence (2.6) and therefore (Jo)¢) are locally of bounded variation on ¢ > 0.
Assume for the moment that @ is absolutely continuous. Then (2.6) is also,

and o+ 0) = ©(0) = 0 = al+ 0) = a(0) imply that

2.7

(s)—fwﬁ(s—u)d (),

lc A+l-q k,A+l=q

where H;f ; R q(s) and a)l.' B(S) are Borel measurable. Therefore, by (2.4),
@8) Wols B (fos7*M+ [7) lo il (7 loigls - wlldefly,_ ) ds

kAqiB

where Ekquﬂ_ 2,"1 2;‘3"1)2" 2:’;1 2,’3(;1) Let C be a constant such that 0<
C<1 and
(2.9 |s+7|>C>0 for s>0 when r, #0=r,.

Now for those k such that 7, # 14 we see that
1 o
2.10) I =Txrgip= f LALILY PR A (f o’ idls = w|dog! Ml_q(u)l)ds

satisfies

ISf; s"y(")*y(i'ﬁ)C'q(f: (s - u)'y(i'ﬁ)lw:.ﬁ(s - u)||dodP

()]) ds
(2.11) ki A+l=q )

< J‘; w0,y (kA== 7(i,B]) -4 |da;f“1-q(")| (le‘ (s = 0)=7P d o, s - u)l)-

For those k such that 7, = 7,, we get that
1< J‘l S-e(k)n-'y(k)-q(J‘s lwliﬁ(s - u)"da;fhl_q(u)l)ds
(2.12) <Il -e(k)+)\-q-‘>‘(k)+7(xl3)(f (s — )" EP)! (s..u)lld o asle q(u)l)ds
<J' - max[0,7 (k,A=g)=7 (i 'B)]ld il l—q(u)l (IO s'y("B)IdwiB(S)l)-

Also we get that
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(2.13) %fx |4 \()] < Z f fo lo;4ls = u)]|dog! m [ ds

< n%ﬁ e [ 1Py 1 @] [ |do fs)].
Let 0 be the number

9-B Y (fo u-max[0,7 (R A=)=7 (B | I )|d i1 g®)s

kAqif

where B=4(1+ C™") X, .o 1. Since the set of absolutely continuous functions
in V is dense in V, (2.11)-(2.13) imply that J: V — V is a bounded linear oper-
ator with norm ||J|| < 6.

If we define g in V by

A
(2.14) gad =X [} +r)9dp, | ()
q=1 *

then we can write (2.3) as the functional equation w = g + Jw. Therefore if we
assume that 0 <1, the contraction principle implies that (2.3) has a unique solu-
tion w in V given by
00
(2.15) o=U-D"1g=X %
n=0
In the case where p =0 and 0 < 1, it follows that the formal arguments
leading to (2.3) can be reversed to give a solution of equation (1.13) of the form
(1.19) satisfying (1.11,).
If 0 is not less than 1, fix U to be so large that

1~ maxl0,7 (kM- a)-7 (i8] | () g=uU | gqiB
(2.16) B mép (Jox f7) e el )l <t

Replace ¢ in (1 13) by ¢t + U where ¢t > 0. The coefficients a}/ 8(‘)’ [ 50 are
replaced by a,a 8(‘ +U); fi st + U), and da} 8(s), dp, s(s) are replaced by

e~s uda'%(s), sUdg & 5(s). By what we have already done, (1.13) has a solu-
tion w(t) representable as (1.11) and (1.11,) for p = 0, where the integral in
(1.11,) is absolutely convergent for ¢ > U and ¢ is the original variable.

Suppose now that

2.17) r, isreal, dai3>0, dg5>0.

It is clear, from (2.15) and the definitions of | and g, that dw > 0. In this case
it follows that the integral in (1.11,) for p = 0 is absolutely convergent on the
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half-line 0< a<t< o if the function w is regular analytic in the complex half-
plane Re(t) > a; cf. [3, Theorem Sb, p. 58l. However, since the entries of A(z)
and f(¢) in (1.13) are regular analytic for Re(t) > 0, solutions of (1.13) are regular
analytic for Re () > 0. Hence the integrals of (1.11,) would be absolutely con-
vergent for ¢t > 0 in the case dw is monotone.

If do is not monotone, consider the first order differential system

(2.18) w' = R + CA%(w + O/,

Let the entries of A%¢) and f%(t) be of the type (1.16) and (1.17) for p = 0, where
the integrals are absolutely convergent for ¢t > 0, the detemining functions sat-
isfy (1.3), and

|daifi(s)] < daif¥(s),  |ds(s)| < (o).

For example, let daiﬁo(s) |da} (s)l dp ) ss) = ldp, 5(s)|. Let a'ﬁo(s) and
¢k s(s) satisfy conditions (1.9) and (1.18) respectively. Let R® be the nxn
constant matrix in the same Jordan canonical form as R, where r,e [rgle Let

(2.19) Co—sup{(s+rk/|s+rk|)q 20, r, £0, 1<g<elk)}

Let w%¢) be a solution of (2.18) of the form (1.11), (1.111) for p =0 with do®
> 0 (since the conditions in (2.17) are satisfied) and the integrals absolutely con-
vergent for ¢ > 0. Then we have the equation

m e(i)

dcozx(s) c® Z DD (s+r0)'qd{f0 ;ﬁg_“ q(s-u)dm?ﬁ}
(2.20) g=1 i=1 =1

0y~
+q2-1 (s+7) qquk Ml_q(s) for s> 0.

We can now prove the existence of a unique solution w for (2.3) by successive
approximations @0y D(qy» ***+ defined by

A .
4w 4y 0)8) = qz (s+7)7%8, | 1.,0s)

m e(i)

dog-3 5 T Gar)mea o a6 u)dwiﬁ("_l)(u)}

g=1 i=l pel
A

+ 2 (s4r)79dg, 1 ()
gq=1 ’

If we define @ = Dyt 2 (m(l) O 1)) then we wish to show that
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(2.21) |dol < |do gl + Z_:l COETIN Ry 2

If we put do(® = |dwq,| and do™ = ldo gy + 27, |d@;y - @;_1))ls we get that
m e(i)

dm(n)(s)< z T X s+r)” "d{fo a0 oS- u)dwgg-”(s)}

g=1 i=1 B=1

+ 21 |s + 7, |~ 9dp? ApteglS)
.

Equation (2.20) and an induction on 7 show that dw‘™ < dw® for >0 and 7=
0, 1,«++. Therefore the series w o)+ 27’ (0(;) = w;_;)) converges absolutely
for t > 0, and (2.21) holds. Also w clearly satisfies (2.3). Therefore we get

that the integral [ ‘: e~ 'dw(s) is absolutely convergent for ¢ > 0, and the proof

of existence in Theorem 1.2 is complete in the case p = 0. Uniqueness follows
in the standard way.
Case 2 (p > 0). In this case, w,5(¢) is of the form

(2.22) wks(t) =f: e'“da)ks(s) = e~ bt f;o e-‘“da)ks(s +p) = e'“a}'ks(t),

(2.22" Vs = [ ™ B 5()s  Bysls) = sl + ).

Similarly let

@.23)[50 = T4, Tos = 7 e750aB (s y5ls) = Bypls + o).

Substituting these expressions into (1.13), we get
(2.24) B0 = (R + p)AHD) + ADWD) + T

By the choice of p in (1.14), we have that 0 = max{- ('i +p) Im(ri) =0, 1<i<m}
and we can apply Theorem 1.2, Case 1, where p = 0. We have that both

fo S-W»i’u%' 2 = f (s - p)~7(k.1)|d¢ a6 <o,
and
fo s~ maxl0, Y (k,)=¥(i,8) |daff, (s) <o for 1<k<m, 0<j<elb)-1,

by assumption. Hence, we get a unique solution uAt) of (2.24) satisfying the
analogue of (1.11) and (1.11,) for p = 0. By (2.22), we obtain a unique solution
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w(t) = e~ 2*(¢) of (1.13) satisfying (1.11)-(1.11,). This completes the proof of
Theorem 1.2. Notice also that

f,, (s - p)"";""»ﬁ’ |dwo (s} <o for 0<i<m, 1<BL eli).

3. Remarks and corollaries. Remark 3.1. Notice that since the proofs of
Theorem 1.2 and therefore of Theorem 1.1 (and in fact of all the results to be
obtained in this paper) are based upon majorizations, everything remains true if
the real half-line ¢ > 0 is replaced by the complex half-plane Re(¢)> 0. Also if
we assume that the determining functions a(s) and ¢(s) of Theorems 1.1 and 1.2
are of finite total variation on ¢ > 0, then the resulting Laplace-Stieltjes integral
solutions are absolutely convergent for ¢ > 0. In this case the real half-line can
be replaced by the imaginary axis Re(t) = 0. Accordingly, we arrive at the fol-
lowing Fourier analogue of Theorem 1.1, which we shall state only for the case
p = 0. Similar corollaries can be formulated for all the results to follow in Parts
I and II but will be left unstated.

Corollary 3.1. In equation (1.1) of Theorem 1.1, let the entries of the coef-
ficient matrix A(t) satisfy

aif0) = [7 ¢ daffils) for o<t <o, [ 1daf(s)] < oo

for any j, k, B, 8. Assume that conditions (1.8), (1.9) and (1.9,) are satisfied,
Then there exists a unique solution of (1.1) of the form

+ w(t))’

irK!
2 =e “ (U,

w(t) of the form (1.11), where

wegd) = [ e doyfs) for o <1<, @, J0) =, f40) =0,

the integral is absolutely convergent for t > 0, and w, ﬂ(s)satisﬁes (1.11,).

Remark 3.2. Theorem 1.1 contains the theorem of Wintner [4, p. 163] con-
cerning the existence of a fundamental system of solutions of the differential
equation z' = A(t)z, corresponding to R = 0. He assumes that the determining
functions of the entries of A(t) are of finite total variation on [0, =) and, as
above, obtains solutions whose determining functions are also of finite total
variation on [0, ).

Remark 3.3. Notice that p, in (1.5) is the distance between r, and the
farthest diagonal entry with the same imaginary part lying to the left of 7, (i.e.,
having a smaller real part). Thus if In(r)# Im (r].) for i £ j, and the entries of
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A(¢) are of the form (1.7) and satisfy the conditions of Theorem 1.1 with p = 0,

then Theorem 1.1 states that, for any 1 < k< m, we can find a solution of (1.1)

of the form (1.10) with p = 0. Also, in any case, we can always find a solution

(or solutions) of the form (1.10) with p = 0 for the block (or blocks) whose diag=-

onal entries have the smallest real part without assuming that the determining

functions in the entries of A(t) are zero on some neighborhood [0, p] of the origin.
If the determining functions for the entries of A(t) are stepfunctions, Theo-

rem 1.1 implies the following result for almost periodic functions. Similar corol-

laries can be formulated for all the results to follow in Parts I and II but will be

left unstated.

Corollary 3.2. In equation (1.1), let the entries of Alt) be uniformly almost
periodic functions with Fourier expansions

00
-7 t
(3.01) A~ 2 Ae "
1
absolutely convergent for Re(t) > 0, where A, is a constant complex matrix.

Assume that the set of exponents {yn} is an additive semigroup and p<y, — o
as n — o, Then there exists a solution of (1.1) of the form (1.10) and (1.11),
such that the entries w4t) are uniformly almost periodic functions with Fourier

expansions

=Vpt

(3.02) wiﬁ(t) ~ ? wi."B') e

absolutely convergent for Re () > 0.

Notice that we lose no generality in assuming that the set of y,’s is an ad-
ditive semigroup because we can always insert amplitude matrices A  into ex-
pression (3.01), all of which are the zero matrix, in order that the {yn} becomes

an additive semigroup.
The following statement is a corollary of Theorem 1.2. There is an analogous
corollary for Theorem 1.1 which will not be stated.

Corollary 3.3. (i) In Theorem 1.2, if
(3.03) R is a real n x n matrix, da;;ﬁs >0 and dcoe® 4 &) >0,

then dw > 0.

(i) If dlcaX¢® + $)=0 on [p, S, then dw =0 on [p, S1

(iii) The discontinuities of w(t) are contained in the additive semigroup
generated by the discontinuities of a and ¢.
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(iv) If ca®®® 1 ¢ is continuous lor absolutely continuous) for s > p, then
w(s) is continuous lor absolutely continuous) for s > p.
() If caXe®® i @ is Cl[p, o)) and a is COp, o)), then w is C{(p, o)),
(vi) Let R be an n x n constant matrix in the same Jordan canonical form
as R in Theorem 1.2, and let '2 =|r,+ 0l -p. Let
CO=suplls+|r, +pl/ls+r, + D)% s>0, r, £-p, 1 <qg < (B

In equation (2.18), let the entries of A%(t) and [°(t) satisfy the conditions of
Theorem 1.2, and be completely monotone (i.e., da.®> 0, dp® > 0). Let z%()

be a solution of (2.18) with the representation
0 -st g 0
2%(2) = |"llf<e(f<)+ﬁ e~ tdw’(s).
Then, for s> p, |daif| < daiB®, and |dp, 5| < dpQs implies that |dw| < do®

Proof of Corollary 3.3. (i), (ii), (iii), and (vi) follow directly from the proof
of Theorem 1.2. For (iv), suppose ¢ + caXe(K)
p=0. Then for J: V— V in the proof of Theorem 1.2, the space V can be re-
placed by V N C%([0, «)) without changing the proof. Also if ¢ + ca’*(¥ js

is continuous and assume that

absolutely continuous, we can replace V by its subset of absolutely continuous
functions; cf. (2.7) which shows that (JwX¢) in (2.4) is absolutely continuous.
The case p > 0 can be transformed to the case p = 0 just as in the proof of The-
orem 1.2, Case 2.

(v) follows from (2.3)-(2.8), (2.14), and the smoothing properties of convolu-
tions.

4. A system of solutions corresponding to a block. If a block in the complex
matrix R in (1.1) is e(x) x e(k) where e(x)> 1, then in this section and the next,
we determine conditions under which solutions involving powers of ¢ can be
found corresponding to the block in question.

Theorem 4.1. In the bomogeneous equation (1.1), let Ry Ky ps 7y, V' y(k),
y(k, ), and Yk, ) be as in Theorem 1.1. Let Q be an integer such that 0<Q <
e(k). Let { be a number such that { >Q.

Case 1 (p=0). Assume that A(t) satisfies (1.9), and

(4.1) fo s-y(i"”"+f|dd§.;§';)‘f(s)| <o for 1<i<m, 0<h<eli)=1.

Then there exist Q + 1 n-dimensional functions w(t) = w'(¢t) representable as in
(L.11)~(1.11,), and
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(4.2) J, 77 EPH=tdol )] <o for j= 0,110, 0
such that ;
t .
4.3) 2()=eX [(1,“(,() + w2/t + Z; 0}
=

K,e(K)=

w0~ - ]
is a solution of the homogeneous equation (1.1) for i =0, «++-, Q.

Case 2 (p > 0). Assume that AQt) satisfies (1.9,),

(4.1,) 24e=i(s) =0 on [0, 8] for 0<j<0,
and

(4.1, fp (s - p)'zy("'b)‘g*"lddffi'f)'i(s)| <o for 1<i<m, 0<h<el)-1.

Then there exist Q + 1 functions wlt) = w'(¢) as in (1.11)=(1.11,) and (1.11,),
and (4.3) is a solution of (1.1) for i =0, +++, Q.

Proof of Theorem 4.1. Case 1 (p = 0). The result for Q = 0 is contained in
Theorems 1.1 and 1.2 if we replace y(k) by y(k)+ {. Suppose that 0< N< Q
(< e(x)), that w9 «++,wN=1 exist as specified, and that z(¢) in (4.3) is a solu-
tion of (1.1) for i =0, +++, N~ 1. In order that z(¢) in (4.3) be a solution of

N

(1.1) for i = N, it is necessary and sufficient that w" satisfy the equation

(4.4 W' < (R = 1) + AN + AKeWI=N) L N=1,

Consequently, the existence of w™ follows from Theorem 2.1 if it is verified that

(4.5) J 577G TN | O-N(s)] < o,
(4.6) J, 577 @R 12l ()] < .

(4.5) follows by assumption, and (4.6) follows because the left side of the inequa-

lity is less than or equal to [ s=7(0)= LHN=1) ldoN=1(s)| since 0> - y() = ¢

+N>-y(@)-{+N-1and -el))+h-yi)=L+N==yG, b+ 1) =L+ (N=1),
The proof for Case 2 (p > 0) follows similarly.

5. Another form for a system of solutions corresponding to a block. As men-
tioned in Hartman [2] for the nth order case, the theory of asymptotic integration
of linear differential equations suggests that an analogous result (with a weaker
conclusion than that of Theorem 4.1) should hold if the extra conditions (4.1)
thru (4.1,) are reduced somewhat.

Theorem 5.1. In the homogeneous equation (1.1), let R, Kk, p, To(wy U° y(k),
y(k, j) and y (&, 7) be as in Theorem 1.1.
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Case 1 (p=0). Let A(t) be as in (1.9) and assume that

(5.1) J; s~ (k)42 |da:';${‘)'*(s)| <o for 1<k<m, 0<j<elk)-1.

Then for any i, 0< i< e(«), (1.1) has a solution of the form

(5.2) 28) = e K Teiule) + (0],

where w(t) is representable as (1.11)-(1.11,), and %(t) is an n-dimensional vec-
tor

(5.3) o) = (g (D) ooy 2 (), 2, (D) = (g () oo ey ) (D),

where x,,(£) =0 for k£ &, x,,(t) = =M (i — e(k) + A for A > e(k) -, -
and x,,(t)= 0 for A < () - i, i.e.,

() =0y e0ey 0,0, 000,0,1,2 0, =1/ =1, /i1, 0,...,0),

Kth block
Case 2 (p>0). Let Alt) be as in (1.9,). Assume that

(5.1,) odeK)=X () = 0 on [0, p],
and
(.1,) fp (s = )=V kaiden) daft e t0=A(g)] < on

for 0 <A< elk) =1, 1<k<m, 0<j< elk)= 1. Then for any i, 0< i< e(x), (1.1)
has a solution of the form (5.2) where w(t) is representable as (1.11)—(1.11,)
and (1.11,).

Proof of Theorem 5.1. Substituting (5.2) into (1.1) gives
j=0

G4 G =(R- rtw + o [A(t)w + 2 AKeI+i=i(yy,i= "/j!] .

We can write (5.4) as

(5.5) £=(t'w)" = Rw + ADw + [(2),

where

i
Tepn®= }'_‘(,) AL DI jt < [T Sy (S).
1=
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That is
i
s - 1 1 .- i 11 . o
by pa(s) = E(:) d L (s =) ’“da',::;i'?" Ha)/ji=7 + DN
Therefore by (5.1)-(5.1,),
fp (s—p) T ®D g, ()| <o, 1<hSm, 0<j<e®) -1
Consequently, Theorem 5.1 is contained in the following

Theorem 5.2. In (5.5), let R, A(t) and {(t) satisfy the conditions of Theorem
1.2, Case 1 [or Case 2. Then (5.5) bas a solution w(t) of the form (1.11)=(1.11,)
lor (1.11)-(1.11,) and (1.11)).

Proof of Theorem 5.2. It is enough to prove the theorem for p = 0. For if
~ .
p>0, and we let w=e~?'W and {= e~?!{ as in (2.22) and (2.23), (5.5) becomes

i) = (R + 9 + A + T,

which clearly satisfies the conditions of Theorem 5.2 for p = 0.
Let A be the Banach space of C" valued functions ¢, locally of bounded
variation on ¢ > 0, continuous from the right, ¢(0) = ¢(+ 0) = 0, with norm
m e(k) )\

coOlgl,=X T 2 (fi7*V+f T)ls ey O <o

k=1 A=1 g=1

Define the linear operator T; on A by

(8 = (T 8),,(5) = ?":l (0 (@ )[ C+—l:,5"_z! e

oo [d i (ll - S)i X
) fs (.d—u) [(u + rk)"i!] d¢k'hl-q(u)}’
or equivalently, w;,(0)=0, and

A quk'H,_q(s) 4\! (z - s)i'l
(5.8)da)u(s)= z [_-(-;:_,:)_q—+ f: (z) [m] d¢k.x+l-q(u) ds].

q=l

5.7

We shall verify the following

Lemma 5.1. For 0<i<elk), T,: A =V is a bounded linear operator,
where V is defined after (2.3). Furthermore, the function (1.11), (1.11,) with
p=0 and © = T;$, satisfies the differential equation
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5.9) t~{(t'w) = Rw + {(2).

Proof of Lemma 5.1, In the last integral of (5.7), write [(z - s)f = 2%]+ 4
for (u - s) to obtain @, ,(s) as the sum of integrals

A s (d) ut
Opp,-108) = qul Jo (217) [""‘r‘;);;] DBy r41- g

(u+
> ne gimn (= (AY[_2s"
wk.x’n(s) = qzﬂ 1) C,,S fs (dT) [(W]d‘ﬁk.hl-q(u)’
n=0,:c,i=1, where C;, =i//nli-n)l. If C, is a sufficiently large constant,
then

A
R R WLk

since |(d/du)iut/(u + rk)ql < Cl/+ 7 F| for large u. Also, for n=0, ..,
i-1,

q=1

A ) o
E T R e (N Iy 12 00 ) do
+|s+ rk|’4|d¢k'“1_q(s)l}

A
<C, qzl {fs |l + rk)"l'l |46y, r41-g@)ds + s+ rkl'q|d¢k'“l-q(s)l}.

Hence the boundedness of the operator T;: A =V follows from

1 o b -
3 (fo s 7(k.x)+fl,>|s +7,7dd, 5 110 ) < oo

kAq

In order to verify (5.9), suppose first that ¢ € C* has compact support in
t > 0. Differentiate (5.7) to obtain

A
o, (s) = El ¢;e,x+l-q(s)/(s AL
(5.10)

A
: i i-1 1)’
+ E ‘ . (d/du)[(u - s) =t Nu + rk)q(l l)!]¢k,x+l-q(u) du.

An integration by parts gives

A
@l == X 7 @) T = )=+ )% = DG,y a) da

Successive differentiations and integrations by parts give
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1 - 1
offe)= 2, e )

So, if we define

w (2) =f: e~ 5w+ (s)ds and 140 =f: e~ Stpi+1)(5) ds,

we get w/=Rw, + f;. Therefore, by (1.11) and (1.11,) with p = 0, the fact that
@ has compact support in ¢> 0, and the standard rules for Laplace-Stieltjes
transforms,

[®=rd=1+ f: e=Stdp(s), w0 =twld) =+ f : e~ dw(s).

Equation (5.9) follows from the last two displays.

In order to obtain (5.9) for arbitrary ¢ €A, let ¢ € C™ have compact sup-
portin t>0 and ¢, — ¢ in A as n —ee. Then 0, =T, —w in A as n—
o, and so the functions

w D)= [ e o () [0 =[7 e dp (s)

tend to w(t), f(t) in C’ on compact subsets of ¢ > 0 for every j. Since
t"'(t'w")' =Rw, + fn(t), (5.9) follows, and the proof of Lemma 5.1 is complete.

Lemma 5.2. The map ¥: V — A given by
(5.11) (Yo),, () = Z j; Bt - ) dwo 4fs)s

is bounded, and its norm satisfies
1 ~maxl0,7(k,A-0)=7(iB)] | -
(5.12) |¥| < B Z (f max D=7 J"‘ |daiP ) 1 g =0

See the proof of Theorem 1.2 and note that |Yo|, = joll.

Completion of the proof of Theorem 5.2. Step (A). If (1.11), (1.11,) with
p = 0 is substituted into (5.5), we formally obtain the functional equation @ =
T + T¥Wo. If the right side of inequality (5.12) is sufficiently small, T ¥:
V — V is bounded with a norm less than 1. Hence, arguing as in the proof of
Theorem 1.2, there exists a constant U > 0 and a function w(¢) such that (1.11)
is absolutely convergent and a solution of (5.5) for ¢ > U.

Step (B). If the operator T; in (5.7) were monotone in the sense that dp >0
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implies that dw > 0, then by an argument s1mllat to that of Theorem 1.2, we could
complete the proof. We now define an operator T which is monotone, majorizes
T;, and can be used to complete the proof. To thns end, write (5.8) as

A
dopg@) = T [d y0- s 4
.13)
+ {Ef apa_rspfs [u-l-P(u + rk)q:l‘l[u'/(u + rk)qa]d¢k’x+l-q(u)} dS]

where @ por is a constant, p=0,+¢+,i-1; 0=0, 44,75 7=0, -+, 09. Define
~

T, by replacing a,,, by |a o, and u+r, by u+ rg, where rg = |r,|. Therefore,

porl
we have

AT $),,(5) = dos ()
A
(5.14) > [dqsk rto g5 + 1)
q=1 '
{}: el [ a1 P+ D1 a4 D% Vi, “,_q(u)} ]

It is clear that T i A =V is a bounded operator. Let

A
w,(D= [ e Stdw, ()= Y w,, (), where
kA f: NS 2 P
(5.15)
w“'q(t) =f: e~ st (d¢k.x+l-q(s)/(s + ,(Dq
+{ T lepule” 7167 s M0 M+ RV, 5 - ).

Step (C). We now verify that w,, (¢) satisfies a differential equation of the
form

(5,16) DN[P(D)]M[IBP(D)]ka’q = Qq(ts D)/k,x-il'-q’

where Re(t)>0, 1<k<m, 1< A<elk), 1<g<A, 2, (¢, y) is a polynomial in
tand y, P()=TI7_, (¢+ rz)"’(k) B, M, N are suff1c1ently large integers,

G.17) 0t DY pp1mg = et R REGHm + Leee,

where {- ..} indicates lower order derivatives of faa s1-g> 80d © is a constaat,
(Throughout this section, ¢ will denote a constant, however, not necessarily the
same constant in each case.) In the verification of (5.16) we can assume that
/Ie,)u»l-q has compact support in ¢ > 0. Note that
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q
.18) D+ 7Dy, i=cfy yi1mgt Ef |2 | DAAD + 1) B s
where b=b . is
b(d) = f: e""{f: w™uPu + DN~ Nu + 1)) d¢k.“1_q}ds
=r! I; z(s)ds

and Z=2,5,18

(5.19) z(8) = f : e~SsAs + rg)”]' s/s + r£)q°]d¢ eaele q(s).

Therefore we get that

(5.20) DA(D + r‘,:)"(cr e ¢ k’.)x R q(s), where 7 < 0g.

If B>e(k)+i+1>e(k)+ o+ 1, then (5.18) and the display following it show
that tBP(D)"’k,A,q =ctB l:;?l-q + tB(lower derivatives of T tl-q) plus terms
of the type P_, (1) [} z(s)ds, Py (e)z(2), -, F’p‘m_.l(t)z('c"""l (1), where P (2)
is a polynomial of degree < B - 1. Thus

pB:B P(D)w

kXaq tk‘.’l -q

= cDB;B /i"' a9 Dé (:B (lower order derivatives of f ke Asl= q))
+ terms of the form q,.(t)z("), ’

where j=0,+++,B+p+n-1 and qj(t) is a polynomial. Note that, by (5.20),

DAs + rZ)q(a"”z(") = c/g‘;’zl-q, where 7+ j<og+B+p+q-1.

Therefore
pNPONM[PP(D)w,, , = DV~ BIP(DN"DBEPDW,,

(5.21) = DN'B[P(D)]M(CDBtB/i':;fI)_q + chB(tB « lower derivatives of f, , ;_ )

+ DN-B[p(D)|M (2 q i(t)z(i)).
j

The contribution of the last term of (5.21) to the right side of (5.16) is a differen-
tial operator on f, \,;_, of order N =B —p + Mn— glo+1)+log+B+p+g-
11= N + Nm - 1, while the main term of (5.16) comes from the first term of (5.21)

(n—q)4+N +Mn) *

and is of the form ctBf ,f Atl-g .” This verifies the statement concerning

(5.16).
Step (D). If we let d,, = |dp,,| and dQiA = |daiP| in (5.5) and

W), \() = z [ @ 1o e = e ),
qt
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then the functional equation 00 = COUHIXT [ S+ T ‘I‘w) with C° as in (2.19), in
which (4], 45, dw®) are replaced by e—us(a'/ dN dw?), has a solution ©%s)
such that do®> 0 and

(5.22) w0 = f;" e~ *tdw(s), ©%+0)=0w%0) =0,

is absolutely convergent for ¢ > U, for some U > 0. But w° is a solution of the
differential system

DEPOIMAPPON),) = cieb( > 0,0 XS > ';;;ﬁm_qw‘?ﬁ}),
’ i,ﬁ ’ ]

g=1

where the leading terms on the left are of the form cth‘.)éN M74n) " and the
highest order terms on the right are of the form cth? PN M=) Ghere ¢ > 1.
Therefore the equation is nonsingular, and w%(¢) is absolutely convergent for

t> 0. The proof of Theorem 5.2 can now be completed by the same arguments
used at the end of Theorem 1.2, and the fact that the w(¢) constructed in Step (A)
satisfies |do, gl < dw?ﬁ.

PART II. THE »TH ORDER, ONE-DIMENSIONAL CASE

In Part II of this paper, we determine sufficient conditions for the existence
of solutions for the nth order, one-dimensional, linear, ordinary differential equa-
tions with Laplace-Stieltjes coefficients, which correspond to the solutions deter-
mined for the n-dimensional, first order system in Part I. Instead of deriving
these results from those of Part I, we shall obtain them directly from the results
and techniques of Hartman [2].

6. One solution corresponding to each root. Consider the differential equa-
tion

n-1
6.1 [p- rl)e(l)(D - rz)e(z) «ee (D= rm)e("')]y + Zo ai(t)y(i) =
i
where D =d/dt, e(1)+ -+ + e(m)=n, and the 7, are complex constants, r; 2
for i #j. Let the coefficients a,(t) be representable as absolutely convergent
Laplace-Stieltjes transforms for ¢ > 0. Given any of the roots 7,, we are interested
in finding solutions of (6.1) which behave asymptotically like certain solutions
to the unperturbed part of (6.1), namely, 17", (D - ri)’(i)y =0 as t — 0, With
this in mind we state the following

Theorem 6.1. In equation (6.1), for a fixed k, 1< k< m, let

6.2) 0<p= p, = max {rK -1 Im(rl.) =Im (rK), 1<i<ml,
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and denote by 1, the root such that

(6.3) Te=T,=0> and e(b) its multiplicity.

Assume that the a(t) are representable in the form

6.4) a ,.(t) = f : e~ St da.l.(s),

where the integrals are absolutely convergent Laplace-Stieltjes transforms for
t>0,

6.4") f': e~ %t |da(s)| < e

and the determining functions o.(s) satisfy (1.3). For p=0, let

n-1
(6.5) ,§, fo si=eW|A=i||day(s)| <o for 0 << elk);

for 1> 0, let
n=1
6.5 P> J, (s = 7| das)| < o.
Then there exists a unique solution of (6.1) of the form
6.6) y02 & o= [2 e au),  wlp)=alep) =0,

where c is a complex constant, and the integral is an absolutely convergent La-
place-Stieltjes transform,

' 0 =st o
6.6") fp e”\dw(s)] <o for t>0.
Proof of Theorem 6.1. Substituting (6.6) into equation (6.1) gives

m n-1
67 JID-G=rNDw+ 3 (1)¥O4g (0w = (-1)* P+ cg (),

i=1 j=0
where
(6.8) w = u(f) = - f: e~Stdo(s), w(p) =wl+p) =0,
and

n=-1
69) g0 =0 % (3) doiayi 2 CDWH [ =5ty o).

A=j
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Theorem 6.1 will follow from (6.7)—(6.9) and the following

Theorem 6.2. Consider the differential equation

m n-1
6.10 J]Up- ri)e(i)]w + 2 (—l)‘(b)+jgj(t)Djw = (=1)€®)+14(y),
i=l j=0

where the r; are complex constants, r; # r; for i £j, 1)+ -+ elm)=n. For
a fixed k, 1< k<m, let r,= 0 and let

(6.11) 0<p= max {=rs 1, is reall.
Let r, be the root such that

(6.12) —r,=p, and e(b) its multiplicity.
Let g; and | be‘representable as

(6.13) gj(t) = J-: e"Stdy(s) for 0<j<n-1,
(6.14) () = f‘: e~ St dg(s),

absolutely convergent Laplace-Stieltjes transforms for t > 0, such that their

determining functions satisfy (1.3). Assume that, for p =0,
(6.15) J, 57 ®@ilay () < for 0< < elw),
and, for p> 0,

(6.16) J, (= 07 Pledyg(s) + da(s)] <en

Then there exists a unique solution of (6.10) for t > 0 of the form
6.17) w()=c- f: e~ *tdw(s), w(p)=wl+p)=0,

so that w(=)=c, where c is a complex constant and the integral is an absolutely
convergent Laplace-Stieltjes transform for t > 0,

(6.18) f : €5 dw(s)| < oo.

There is a corollary of Theorem 6.2 analogous to that of Corollary 3.3 which
we shall not state. However, we shall need the following:

Corollary 6.1. In Theorem 6.2, if ¢ + cy, satisfies

fp (s - p)=et®)=t | + cyy)| <ee  for some constant {> 0,
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then
fp (s - 2~ ¥ des(s)] < oo.

7. Proof of Theorem 6.2. The case where c # 0 is contained in the case
where ¢ = 0 if we replace { in (6.10) by cg, + /. So we seek a solution w of
the form (6.8). If p = 0, then (6.11) implies that r, =r, =0, e(b) = e(x), and
ne, o- ri)e(i) = D¢®P(- D), where P(t) is a polynomial of degree 7 — e(k)
and P(¢)# 0 for ¢> 0. Our desired result follows directly in this case from Hart-
man [2, Theorem 2.11.

If p> 0, then

WD) == [Z e=Stdw(s) == e~ P! [~ e=5tdu(s + p) = e~ P(s),
o IR /s

() == f : e~ td5(s), where &(s) = w(s + p).
Similarly, we put
7D ()= ?TW, (W=7 e tddls), where §(s)= (s + ).

Substituting these expressions into (6.10), we get

(7.3) DB DY + z; (1) (DT = (1) @],

j=0
where P(z) is a polynomial of degree 7 — e(b), P(t) nr i=1;idb’ e+ T+ p)e(i),
P(t);é 0 for t>0, and

n-1
B0 - 070 3 (Mg ) 2f7 ety

where y (s)=0 on [0 pl. Again we can apply Hartman [2, Theorem 2.1] to equa-
tion (7. 3) because y =0 on [0, p] implies [, s-e(b)""ld? (s)] < > for 0<j<
e(b)9 and

fo s=®)|(s)| = L (s = p)=*®|dd(s)| < ooy

by assumption. Hence, we get a unique solution w for (6.21) of the form w(t) =
Io et do(s), where &+ 0) = &(0) = 0, or a unique solution w for (6.10) of the
form (6.8), where the integral is absolutely convergent for ¢ > 0.

Proof of Corollary 6.1. If p = 0, this is contained in Corollary 2.1(vi) of [2].
If p > 0, then a transformation as in the proof of Theorem 6.2 will reduce this
caseto p=0.
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8. A system of solutions corresponding to each root. Our next result is the
following

Theorem 8.1. Let K, p, 7, and e(b) be as in Theorem 6.1. Let Q be an in-
teger such that 0< Q< e(k), and { a constant. If p=0, assume that {> Q and
that the coefficients of (6.1) satisfy the conditions of Theorem 6.1, and in addi-
tion.

n=-1
(8.1) T [, om0 i)l <= for02is0,
=j
where e(k) is the multiplicity of r,. Then there exist Q + 1 functions wy, «++,
wg representable as absolutely convergent Laplace-Stieltjes transforms

BDw W=7 et dofs) for 150, 00 =00=0, [ 5¢|do ()] <o,

such that

83) () =eXuly) o [(1 ¥ wo/il+ 3 w (e ~ING - j)!]

j=1
is a solution of the homogeneous equation (6.1) for i =0, +++, Q.

If p>0, assume that { > Qe(b) and that the coefficients of (6.1) satisfy the
conditions of Theorem 6.1, and in addition

n-1
(8.1 )\Z=i f,, (s - p)"(b)*je(b)°§|r2‘j|ldax(s)| <o for 0<j<0,

where e(b) is as in (6.3). Then there exist Q + 1 functions wys+++, wy repre-
sentable as Laplace-Stieltjes transforms

w(t)= " e=Stdw (s) for t>0, wl+p) = w(p) =0,
6.2 0= [ e <tdo,

fp (s - V0= |do (5)] < o»,

such that (8.3) is a solution of (6.1) for i =0, +++, Q.

K iato (6.1), we obtain the

Proof of Theorem 8.1. If we substitute y = €’
equation (6.7) where ¢ = 0, and the g.(¢) are given by (6.9). Therefore the con-
clusions of Theorem 8.1 will follow directly from the case 7, = 0 of Theorem 8.1.
Therefore write (6.1) as

n=1
(8.4) D*UIPD)w + 3 (~1)°W+g (ID7u(r) = 0,
j=0
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where the &; satisfy the conditions of Theorem 6.2 or equivalently those of The-
orem 6.1 for 7= 0, and condition (8.1) or (8. 1') above. Let P(z) = 2""('() a, 4L,
If p=0, then r,=r1,=0, e(b) = e(k) and our result is contained in [2, Corollary
2.4). If p> 0, we wish to prove the existence of Q + 1 functions Wys ooy Wy
satisfying (8.2') such that

(8.5) w(t) = [(l + wo(t))t’/z! + Z w (t)t' ifi- ])]

j=1
is a solution of (8.4) for 0 < i< Q. The case where O = 0 is contained in Theo-
rem 6.2 and Corollary 6.1. For if ¢ = 1, the solution (6.17) can be written in the
form

w=lsw,, w@®=[" e do/s), (s = p)~¢|dw (s)] < oo
0 0 ? 0 » 0

Suppose that 0< N< Q (< e(x)), that w(, +++, wy_, exist as specified, and that
(8.5) is a solution of (8.4) for i =0, «++, N~ 1. In order to simplify notation,
write (8.4) as

n
(8.6) Llwl= X b, (" =0
o=0
where b () = (- l)c’“('()g () for 0 <k < e(c) -~ 1 and Boreq(d =

1%a,+g u(x)(t)] for 0<o<n-elk), and g (¢)=0. Also let vo=1+w, v;=
w, for j> 0. In [2], Hartman showed that w = wy (together with w,i=0, ...,N 1)
in (8.5) satisfies (8.4) if and only if

Llw] = (- 1)K+,

where (- 1)*®) =37 _ p Smias(N.0) ¢ =D € =ol/rllo~7). In other
words,

n=-1 min(N,0)

n N
6N (= X X < w(o")+ > X a,gowg’_,.')+c 8N?
o=e(K) T=1 o=l T=l

where the c;:k are constants. The function f is representable as an absolutely
convergent Laplace-Stieltjes transform with determining function ¢ given by
n
dp() = 2 Z, clpt™ T doy_ ()
’ o=ze(K) r=1
8.7")

n=1 min(N,0)

+ 2 X < d{f yc(t-s)sa°fdt:.)~_,.(8)} +c }'N(t)

o=1 r=1
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Our desired result follows from Theorem 6.2 and Corollaty 6.1 if
(8.8) J; (s - p)-e(b)+Ne(b)-§|d¢(s)| < oo,

But this follows because

n N
X X T Tdwy_ (s

f (s - p)-e(b)+Ne(b)-§
4 o=e(K) 7=l

<Y X, fp (s = PN-Ne®=L g (s)] <o
o T

where c,, is a constant, since 0 > (N - 1)e(6) - { > (N - r)e(b) - {. The second

term on the right-hand side of (8.7') satisfies (8.8) because the determining func-
tions are convolutions of two functions which are 0 on [0, p1, and are therefore
0 on [0, 2p). Finally,

fp (s - p)'e(b)’Ne(b)°c|dyN(s)l <= by assumption.

9. Another form for a system of solutions corresponding to each root. In this

section, we prove

Theorem 9.1. In the equation (6.1), let the coefficients ai(t) satisfy the con-
ditions of Theorem 6.1. Then for 0< i< e(k), (6.1) bas a solution of the form

9.1). y() = er'(ttiw(t) = e"‘tz"(l - f: e"‘dco(s)) y o+p)=w(p)=0,

where the integral is absolutely convergent for t > 0.

Proof of Theorem 9.1. Arguing as in the proof of Theorem 8.1, it is clearly
sufficient to prove the theorem for the case where r, = 0. Write (6.1) as the homo-
geneous equation (8.4), where the 8; satisfy the conditions of Theorem 6.2.

The case where i = 0 is just Theorem 6.2. Let 0< i< e(«) and make the
change of variables w — t'w in (8.4). The resulting differential equation is of
the form

n=-1
0:2) +7HD - P*PPEDYew) + T (- D)X g (DTw = (~1)*O+ 7 (1),
j=0

where the coefficient functions go,.(t) are of the form
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9.3 8o 0 = ; cjmgm(t)t'("'j), j<m<min(i+j,n=-1),
the ¢, are constants, and fo(8) = 0. Notice that

9.4) gof0 =[5 eStdyy (o) [o) = [T e (o),

where ¢(s) =0 and

9.3" in(s) = § Cim f : (s - a)?=7 dy )/ (n = L.

Consequently, Theorem 9.1 for the case where 7, = 0 is contained in the following

result:

Theorem 9.2. Let e(b), e(x), 0< i< e(k), and P(t) be as in Theorem 6.2.
In (9.2), let g, (1), [,(t) be representable as absolutely convergent Laplace-
Stieltjes transforms for t > 0, and let goj(t), fo(t) satisfy the conditions of Theo-
rem 6.2. Then, for every constant c, (9.2) has a solution representable as an

absolutely convergent Laplace-Stieltjes transform

9.5) w(t) = ¢~ f : e~Stdw(s) for t>0, wp)=w(p)=0.

Proof of Theorem 9.2. For p =0, e(b) = e(k) and the theorem is contained
in Theorem 4.1 of [2], and the result follows from the fact that from (9.3f),

J; s-e(K)w'ldyoj(s)] < o0, fo s‘e(K)|d¢o(s)| < o0,

and ¥+ 0) = ,,(0) = 0= ¢+ 0) = ,(0) = 0.
If p> 0 and if we write w(t) as e ?*u(¢) and fo(0) as e P () asin
(6.19) and (6.20), then (9.2) becomes

~ . n-1 . . ~
(D) PP DX¢'D) + IZ% (1) OHig ) (D = (1) ()

where, as in the display after (6.21),
&0 = f S e (s), ¥, (s)=0 on [0, p].
But now we are reduced to the case where p = 0, because Pt) £ 0 for ¢ >0,

~ .
J, s ®dgyo) <o and J 5= @iy, (5)] < oo

because ?oj(s) =0 on [0, pl
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