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ABSTRACT. The space, H(M), of all mappings of the compact manifold M

onto itself which can be approximated arbitrarily closely by homeomorphisms is

studied.   It is shown that H(M) is homogeneous and weakly locally contractible.

If M is a compact 2-manifold without boundary, then H(M) is shown to be lo-

cally contractible.

1. Let M be a compact manifold and H(M) denote the space of all homeomor-

phisms of M onto itself. We shall study the space, H(M), of all continuous func-

tions of M onto itself which can be approximated arbitrarily closely by elements

of H(M). All function spaces on compact spaces will be assumed to have the su-

premum metric, p; i.e., if X and V are spaces with d the metric on V and /and

g are functions from X into Y, then p(f,g)= supxeX\d(f(x), g(x))l Since M is

compact, the topology thus generated agrees with the compact-open topology.

A mapping of an n-manifold, Mn, onto itself is said to be cellular if for each

y £ M", f~  (y) can be expressed as the intersection of a nested sequence of »-

cells.   Armentrout (» < 3) [4] and Siebenmann (» > 5) [20] have recently shown

that H(M"), n /= 4, is precisely the space of all cellular mappings of M" onto

itself.  Hence most of the results of this paper could be stated in terms of spaces

of cellular mappings.   Cellular mappings have been studied extensively (cf., La-

cher [15], [16]).

Let Hd(M) denote the space of all homeomorphisms of M onto itself which

equal the identity when restricted to the boundary of M and, following our pre-

vious notation, let Hq(M) denote the space of all continuous functions of M onto

itself which can be approximated arbitrarily closely by elements of HS(M).  We

shall state some of the major results concerning 77(M) and H#(M) and then in-

dicate which of the analogous theorems can be proven for 77(M) and H¿(M):

Received by the editors December 20, 1972 and, in revised form, July 9, 1973.

AMS (MOS) subject classifications (1970).   Primary 54H15, 57E05;  Secondary 57A60,

57A20.

Key words and phrases.   Spaces of homeomorphisms, cellular mappings, closure of

the space of homeomorphisms, compact manifolds, infinite dimensional manifolds, homo-

geneous spaces.

(1)   Research partially supported by NSF Grant GP 33872.
Copyright O 1974, American Mathematical Society

401



402 W. E. HAVER

(i)  It is well known that for any compact manifold M each of H(M) and

Hg(M) is a separable metric space, a topological group under composition of func-

tions and topologically complete.

(ii)  Let B" be the standard «-ball.  The Alexander isotopy [l], first used

in 1923, is very useful in dealing with Ha(Bn) and combined with the fact that

Hg(Bn) is a topological group provides a trivial proof that Ha(Bn) is locally con-

tractible.   Mason [19] showed that Ha(B2) is an absolute retract and Anderson [3]

proved that Ha(Bl) is homeomorphic to l2 (separable Hubert space).

(iii)  Recently Cernavskii [6] and Edwards-Kirby [7] proved that for any com-

pact manifold each of H(M) and Hg(M) is locally contractible.

(iv) Of current interest is the problem of whether H(M) is an /"2-manifold

(i.e., locally homeomorphic to ¡2). Geoghegan [9] has shown that H(M) x l2 *b

H(M) and Ha(M) x ¡2 % Ha(M).

We shall discuss in this paper the state of the corresponding statements for

H(M) and Ha(M):

(i)  H(M) and Ha(M) ate obviously separable metric spaces.   In addition

they are not merely topologically complete, but are complete under the supremum

metric.  Neither space is a topological group, under composition of functions,

since the inverse of a cellular map need not be even well defined.  However, we

do prove (§2) that H(M) and HAM) are homogeneous.

(ii)  Making use of an Alexander-type homotopy and the fact that Ha(Bn) is

homogeneous, we give a simple proof (§3) that this space is locally contractible.

Elsewhere the author [13] has shown that Ha(B2) is an AR and Geoghegan \9\

has proven that Ha(Bl) is homeomorphic to ¡2.

(iii)  It is unknown whether H(M) is locally contractible for an arbitrary com-

pact manifold.   In  §4, it is shown that H(M) and Hg(M) ate weakly locally con-

tractible. Then by modifying slightly the techniques of Edwards-Kirby we show in §5 that

if M2 is a compact 2-manifold then Ha(M ) is locally contractible.

(iv)  Geoghegan and Henderson [10] proved that H(M) xl2*s H(M).   In §4,

using a theorem of Anderson [2], we give an easy proof of the fact that if H(M) is

an /--manifold for a particular compact manifold M, then H(M) is an l2 -manifold.

If / e H(M) and £ > 0, let N((f) = {g e H(M)\p(g, f) < f}.  When we wish to

speak of a neighborhood in H(M) we write Ne(f)C\H(M) to denote ig e H(M)\

pig, /)< e].   If X and Y ate spaces with XC Y, the complement of X in Y will

be denoted by X when there is no possibility of confusion.  The boundary of X

is written dX, the closure of X is written X, and 1^ denotes the identity map

on X.  We use the symbol Int X to denote the interior of the set X and / to de-

note the closed unit interval.

The work of this paper is an extension of a portion of the author's doctoral
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dissertation written under the direction of Louis F. McAuley at State University

of New York at Binghamton;   the proof of Lemma 5.1 was contained in that disser-

tation.

2.   In this section we shall use a result of Edwards-Kirby [7] and an isotopy

control devise motivated by a technique of Mason [18] to prove that if M is a com-

pact manifold, then H(M) and Hg(M) are homogeneous.  (A space, X, is homo-

geneous if given x, y £ X, there exists a homeomorphism 0: X —» X such that

0(x)=y.)

Lemma 2.1. Suppose g0 £ H(M), i^S^lj is a sequence of positive numbers

such that ef+1 < c/2, e. < \/2i for each i, and }0¿: H(M) -» 7i(Ai)|£0 is a se-

quence of homeomorphisms satisfying:

(a) p(0¿ ° ... o 0o(go), 1M) < e.+2, for i > 0.

(b) If p(f, 0,- _, ° • • • ° 0o(go)) > V then <[>.(f) = f, for i > 1.
(c) If p(f, 0,._ i ° • • • ° 0o(go)) < f/+1, then p(0¿(/), 0. o ... o 0o(go)) =

p(/,0¿_l°...o0o(go)), for ¿>1.

(d) If p(f, 0¿. , o ... o çSo(go)) > ei+i, lèen p(çi.(/), 0. o ... o0o(gQ)) > íj+1,

/or i > 0.

(e) 7/ / £ H(M), p(f, gQ) = p(0o(/), 0o(go)).
Tèe» 0 = lim¿_4OO0l. o • •. o 0O ¿sa homeomorphism of H(M) onto itself taking gQ

to 1M.

Proof.   Property (a) implies that 0(go) = 1^.   To see that 0 is onto let / £

H(M) and suppose // L.   Choose a large enough integer, i, so that p(/, l^)^

t..   Since 0. ° • • • ° 0O is a homeomorphism, there is an element / of H(M) so

that 0¿ o--. °0o(/)=/.

However, p(/, 0¿ ° • • • ° 0o(go)) > p(MA1) " P&i °'" ^oW' 1AI) ̂ e« ~

f¿+2 > f¿+1 and hence, by property (b), 0(/ ) = <p.o...o d)Q(f ) = /.

Similarly, since 0|(0; ° • • • ° 0O)" 1Ct/lpC/, 1M) > í¿1) = 0,- ° • • • ° 0_o |
(0f <>••• °0O)~ Hi/|p(/,lM)> «,.!),  0 is 1-1 and continuous on 0~H//(M)-Jl^i).

To show that 0 is indeed 1-1, we need to show that if f /= gQ £ H(M), then 0(/)

4 iM.   Let i be the smallest integer so that e.  x < p(f, gQ).   By properties (c)

and (e), p(0¿ o ... o 0Q(/), 0¿ o ... o 0o(gQ)) > e. 1#  And hence by property (d),

p(<f)j o ... o 0O(/), 0¿ o ... o 0Q(go)) > €{ x.   But this implies that

p(0(/), lM)>p(0(/),0¿°---°0o(go))-p(0I.°"-°0o(go), 1M)

^f,+l-í,+2>f,+A

which shows that 0(/) 4 1^.

To show that 0 is continuous at g0, note that if p(f, gQ) < ff-» then
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pW>. 1M) < PW). Í!°- °9i0(/)) + P(0¿_, »•• • «¿„(A 0,-.! »-"W

+ p(çS._1 o...o0o(go), <p(g()))

< (Z 2, ,) ♦ ef + « l+1 < 2 (Ê -) + - ♦ —t < -V
\/-i    7      '      t+l       \,=z 27    2'    2,+1    2'"3

Finally, 0       is obviously continuous on //(AI) —{lw| and we have shown

that if pif,g0)> «I+1, then pi<pif), 1M)> «I + 1/2 . Hence çS-1 is continuous.

As a corollary to their main theorem Edwards-Kirby [7, p. 80] obtain the fol-

lowing result:   Let \B.\l<i<p\ be an open cover of M.  Then there exists a

neighborhood, Q, of 1M in H(M) and a map <f>: Q x [0, p] —* Mm) such that:   For

each h eQ and each j, j = 1,-• •, p, if j - 1 <t <j, then <p(i, z)|B;. - <p(h, j)\B-;

<f>(h, 0) = h for all i e H(M); <f>(h, p) = 1M for all h eH(M); and <p(lM, f)= 1M for each

/ 6 [0, pi.   We will make use of the following immediate corollary to the above

statement.

Lemma 2.2 (Edwards-Kirby).   Given r¡ > 0, there is a 8 > 0 such that if b e

H(M) and p(h, 1M) < 8, then there is a map H: [0, p] —♦ H(M) such that hQ = h,bp

= 1M, p(ht, 1M) < 77 for all t e [O, p] and for each j,  j = 1, 2,- • • , p, if j - 1 < t

<j, then ht\B. = h\B. (where H(t) is denoted h}.

The map H can be defined so that in addition if h\dM = lj^> then h \dM =

18M [7, p. 64].

Lemma 2.3.   Let M be a compact manifold.   For every  e > 0 there exists a

cover {By ,• • • , B A of M and an e' > 0 such that if f e H(M) and (/, lM)> e,

then for each j,  j = 1, 2,- - • , p, p(f\B., 1~ ) > ('.
'     Bi

Proof.   It suffices to prove the following statement:  Let M be a compact

manifold.   Given   e > 0 there is an f' > 0 such that if b e   H(M)  with p(h, 1M) >

t, then there exist x,yeM so that a\x, y)>t, d(h(x), x)>t   and d(h(y), y)> t'.  (To

complete the proof of the lemma, first notice that it suffices to deal only with elements of

H(M), and then choose an open cover {By,- • •, BA of M of mesh less than e .)

The above statement is obviously true if M is a compact 0-manifold.  Assume

inductively that it has been demonstrated for all compact manifolds of dimension

< n - 1.   Let M be a compact «-manifold and suppose ( > 0 is given.   Pick 77 > 0

such that r; < e/4 and such that if S is a subset of M of diameter < 277, then S

is contained in a ball of diameter less than f/8.

Using the inductive hypothesis and the fact that M can be covered by a fi-

nite number of coordinate patches we next choose € > 0 such that

(a)  i'<77/4;
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(b) For each x £ M, there is a ball, Bx, containing x such that if w £ dB

nlnt M, then «' < d(x, w) and if w £ dBx, d(x, w) < r¡/2;

(c) If g £ H(dM) with p(g, 13M) > 77/2, then there exist elements x, y £ dM

so that  d(x, y)>t', d(h(x), x) > f\ and d(h(y), y) > t'.

Now, suppose b £ H(M) with p(h, 1M) > f.   Pick x £ M such that d(h(x), x)

> f.  Choose a ball, Bx, so that x £ Bx, if w £ dBx O Int M then atx, h>) > f' and

if lev e <5Bx, then d(x, w) < r\/2.

Now either (i) there is a y £ dBx O dM such that ¿(¿(y), x) > 77 or (ii) there

is a y £ dBx O Int M such that d(h(y), x) > 77 or (iii) ¿>(<?Bx) C N_(x).

In case (i), ¿(My), y) > at¿(y)» x) - atx, y) > » - n/2 > «/2. Hence by prop-

erty (c) of the definition of e', the conclusion of the inductive statement is sat-

isfied.

In case (ii), d(x, y) > f' and d(h(y), y) > r\/2 > t'.  Hence x and y are the

desired points.

In case (iii), let B be a ball of diameter less than f/8 bounded by b(dBx).

Now, h(x) i B, for otherwise d(x, h(x)) <d(x,B)+ diam B < 77 + e/8 < e/4 + e/8 <

e.  Therefore, h(B )= B and we can choose y £ Bx such that d(y, x)> f/2 (this

is possible since diam M > e).  Then a"(y, h(y)) > d(y, x) - d(x, h(y)) > e/2 - 77 -

e/8 > e/2 - f/4 - f/8 = f/8 > f'.

Lemma 2.4.   Le/ M be a compact manifold and let f > 0 ¿>e given.   Then there

is a 8=8(e) > 0 saci /¿ar if h £ H(M) and p(h, 1M)<8, then there is a homeo-

morphism 0:7?(M) —>/7(m) such that

(a) if p(f,lM)>(,then ifr(f) = /;

(b) // p(/, lw) < S, tie» ifr(f) = fh~X.

Proof.  By Lemma 2.3 we can choose a cover (B.,..•, B  j and a number 77

> 0 such that if p(f, 1M) > f, then p(/ |B., 1^ ) > 477, for ; = 1,•.., p.
Bi

Then by Lemma 2.2, there is a 8, 0 < 8 <r¡ such that if p(h, 1M) < 8 then

there exists a map 77: [0, p] —* H(M) such that bQ = h, b   = 1^,, p(77t, 1M) <77

for every / £ [O, p] and for each /', 7 = 1, • • •, p, if / - 1 < / < 7, then h,\B, =h \B..

Next for each ;', we define a map À.:  77(M) —» [O, l] by

A//)-0, if p(/|B., 1^)<3t7,

MV».*
-L. - 3, if 377 < p(f \B, U ) < 477,

77 1     Bj

-1, if p(/|B;.,l^)>477.
i

For each /, 1 < j < p, define 0y: /7(M) -► r7(M) by
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Define iff. H(M) -* //(Ai) by if/ = if/   ° • • • ° if/y.
To prove that ^ isa homeomorphism it suffices to show that for each /', ifr.

is a homeomorphism.  The fact that if / — 1 < / < /j then h \B. = h \B. implies that

for each positive number, s, ip \{f £ H(M)\p(f\B , 1~) = s] is a homeomorphism of
_ ~ /

j/ e H(M)\p(f\B., 1~) = s| onto itself.   Therefore if/, is 1-1 and onto.   This fact*      Bj 1

and the continuity of A. proves that if/ ■ and its inverse are continuous.

To see that condition (a) is met, note that if p(f, 1^) > t, then for each /,

p(f\B, l^)>4r¡ and hence   if/.(f) = /.
7      B: J

Now suppose p(f, 1M) < 8.   Then p(f, 1M)< rj and hence if/y(f) = fb~lhy.

Assume inductively that if/._y ° • • • °if/ y(f) = fh~lh._y',   then since

Piß'^j.ßf, lAllBy) <P(/Í- Vi' ^-^ W + PÍ*"1. V+PC*M»V53?.

t*,(/*~ V 1> - /»" V l*A*7 = /*" '*/ •

Therefore

ww/i^c—^iV»—»-/*-**, -/»->.

It is interesting to note that the statement and proof of Lemma 2.4 remain

valid if //(M) is replaced throughout by H(M).

Lemma 2.5.   Given a > 0 í¿ere exists b  = b (a) > 0 such that if b < b , g €

//(Al) such that p(g, 1,,) < b, and c > 0 are given then there exists a homeomor-

phism if/: H(M) —♦ H(M) such that

(i) p(if/(g), 1M) < c;

(ii)  if p(f, g) > a, /¿en ^(/) = /;

(iii)   if p(f, g)<b, then p(if/(f), if/(g)) = p(f, g);
(iv)  if p(f, g) > b, then p(ifi(f), if/(g)) > b.

Proof.   In Lemma 2.4, let f = a/2.  Then let b  = min(5(f)/2, a/2). Suppose

b < b   and g € //(Al) are given with pig, 1M) < b.  Choose h € //(Al) such that

p(h, g) < min(i>, c) and p(h, 1^) < b.  Then by Lemma 2.4, there exists a homeo-

morphism if/: H(M) —* H(M) such that if p(f, lM) > a/2, then if/(f) = / and if pifA^

< 2b, then ip(f) = fh~ .  It is trivial to check that ifi satisfies conditions (i)—(iv).

Theorem 2.6.   // Al z's a compact manifold, H(M) is homogeneous.

Proof.   Let gQ be an arbitrary element of //(Al).   It is sufficient to show that

there exist sequences le¿ ]V .  and !<£•: /7(A1) —* W(Af)i^0 satisfying the hypothesis
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of Lemma 2.1 and hence that there exists a homeomorphism 0: H(M) —» H(M) tak-

ing g0 to V

Choose a sequence of positive numbers i£¿!^i  such that for each i, e. , <

í¿/2, e. < 1/2' and e. x < fe'(ff), where e'(f¿) is the number promised in Lemma

2.5 for a = f¿.   Let h £ H(M) be chosen so that p(b, gQ) < f2.  Define the homeo-

morphism 0O: H(M) -» HUA) by 0o(/)= fb~l. Note that p(0o(go)'V-pW»"1» V

= (Ag0, h) < f2 and that if / £ H(M), p(0o(/), 0o(go)) = p(f, g0).

Now assume inductively that homeomorphisms 0Q, 0j ,• • • , 0-   ,  have been

defined satisfying conditions (a)—(d) of Lemma 2.1.

In Lemma 2.5, let a = t., b = ey+1, c = f.+2 and g = 0y-1 o... o 0o(gQ).   By

the inductive hypothesis, p(g, 1M) = p(0.   jO... o 0Q(go), 1M) < e. j.   Therefore,

since e. j < b'(c.), by Lemma 2.5, there exists a homeomorphism 0.: H(M)—*H(M)

such that:

(i) p(0.° ... °0o(go)'lM)<iy+2;
(ii) if p(f, 0;._ j o . •. o0Q(go)) > ey, then <f>.(f) = /;

(iii)  if p(f, 0y_! ° • • • °0o(go)) < f/+Ii then;

p(0 .(/), 0.0... o0Q(go)) = p(f, 0 ._ j o ... o0o(go));

(iv)  if p(f, 0;._ j o ... o 0Q(go)) > ey+1, then p(0y(/), 0. o ... o 0o(gQ)) >

But these are precisely conditions (a)—(d) of Lemma 2.1 that the homeomor-

phism 0. was to satisfy (condition (e) refers only to 0O).  The proof of Theorem

2.6 is completed.

In order to simplify notation we used the symbol 77(M) throughout this sec-

tion.   The identical proofs also show that Hg(M) is homogeneous (recall the

comment following the statement of Lemma 2.2).

Theorem 2.7.   Let M be a compact manifold.   Then H^(M) is homogeneous.

3.   In this section we consider H9(Bn), where B" is the Euclidean «-ball.

Theorem 3.1.  Hd(Bn) is locally contractible.

Proofo  Since H9(Bn) is homogeneous, it suffices to show that H9(B") is

locally contractible at 1     .We show, using an Alexander-type homotopy, that

N,(l     ) is contractible within itself to 1     .
f   ß72 _ A Bn

For any / £ Hd(Bn), define f:Rn -> R" by

f(x) = f(x),       x £ Bn,

= x, x 4 Bn.

Next define A: //.¿B") x 7 -» Ha(Bn) by
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A(f,t)(x) = lzlf(l-LLX),
i + t \i-t J 0</<l,

-X, t-1.

We note that A is continuous, A(f, 0) = /, A(f, l) * lß„ and A(f, t) £ H9(Bn)

for ail / £ Ha(Bn) and r £ 7.  Furthermore, since p(f, lßn) < e implies that

p(A(f, t), 1B„)< e, A contracts Nf(lß„) within itself to lßn for every e> 0.

Actually it is possible to prove that H9(Bn) is locally contractible without

knowing that 77j(B") is homogeneous.  See [12],

For the special case, n = 4, it is not known whether HAB ) is equal to

Ce3(B4) = i/: B4 -»B4|/|<5ß4 - laß4 and / is cellular!. However, the map A

does show that Ce9(B ) is locally contractible at lß4.

It was mentioned in the introduction that H9(B2) is an AR [l3L  The follow-

ing theorem is also contained in [13k

Theorem 3.2.   Let a be an open cover of H.(b).   Then there exists a lo-

cally finite polyhedron, P, and maps b: Hg(B2) —* P, g: P —* H9(B2) and 6:

Hg(B2) x I -> 7?a(B2) such that

(a) for each f £ HJB2) there is an element, U., of a such that 6(f, t) £ U,,

for each t £ I;

(b) 6(f, 1) . /, for each f £ H9(B2);

(c) 6(f, 0) = gb(f), for each f £ H9(B2);
(d) 6(f, t) £ H9(B2) for each f £ H9(B2) and t £ [0, 1).

This theorem will be used in §5.  Theorem 3.2 implies that the inclusion map

i: H9(B2) —* H9(B2) is a homotopy equivalence.  Siebermann [20] has asked

whether i: H(M) —» 77(M) is a homotopy equivalence, for an arbitrary compact man-

ifold M.

4.  In this section we obtain some general topological results concerning the

closure of a uniformly locally contractible space (compare with [8]).  These re-

sults are then used in order to give partial solutions to the following unsolved

problems:

(i) Let M be a compact manifold.  Given 8 > 0 does there exist a contin-

uous function 0 j: 77(A1) —» 77(M) with the property that for each g £ 77(M),

(ii)  Let M be a compact manifold.  Is 77(A1) locally contractible?

Proposition 4.1.   Let Y be a metric space and X be a uniformly locally con-

tractible subset of Y.   Let 8 > 0 be given and let /: P —» X be a map of an ar-

bitrary locally finite polyhedron, P, into X.   Then there exists a map 0: P x 7—»

X so that for each p £ P:



THE CLOSURE OF THE SPACE OF HOMEOMORPHISMS 409

(a) <p(p, 0) = f(p);

(b) if t¿0, <f>(p,t)e X;

(c) if t e I, d(f(p), cp(p,t))<8.

Proof.   Let 8y, 82,- • • be a decreasing sequence of positive numbers such

that 8y < 8/3, 8n < 1/3«, and if An C X with diam(An) < 3Sn+1, then z: Aß -» X

is null-homotopic in a subset of X of diameter less than 8 .

Suppose P x (0, l] has a fixed locally finite triangulation.   If r is a simplex

of P x (0, l], define the two positive integers, mT and nT as follows:

mT = max ¡dim o\r < o],

nT « min i«|« is an integer and if r <o, then o C P x [l/n, l]}.

Note that if r* < r, wzr» > mT and «r» > nT.

Consider P x (0, l] to have a locally finite triangulation such that if r is a

simplex of P x (0, l], then diam(f(tty(r))) < 8m (where Ty is projection on the

first coordinate).

We will define a map if/: P x (0, l] —♦ X by induction on the skeleta of P x

(0, l].  Define if/Q: (Px (0, l])° -» X as follows.  If o is a 0-simplex of P x

(0, l], let if/Q(o) be an element of X such that p(f(rfy(o)), if/Q(o)) < 8m        .

Assume inductively that there exist maps if/y , • • • , ^i_i  with the following

properties for / = 1, • • •, k - 1 :

(i) if/j maps (P x (0, l]y into X;

(ii) if/j extends ^„ji

(iii)  if r is a /-simplex of P x (0, l], then diam if/ .(r) < 8
■ . l zzir+"r-;

We define if/k: (P x (0, l])fe —» X as follows:  If r is a /-simplex of

(P x (0, l])*, / < k, let ifrh\r = ifrk_y\r.  If r is a ¿-simplex of (P x (0, l])*, we

note that diam(t/f^_1(bdry r)) < 3§m       -(k-l)'   ^ ^ ^ *» tn's *s true ^Y £^e induc-

tive hypothesis since if r   <r,  diam(t/r,    ,(r'))<8     , ,,    ,v<8 .,   ...
lr ~«-lv mr'+izr' -(ft-I)      mr+nr-(«-D

(Remember, if r  < r, then Z7zr, > 7Wr and zzr/ > nT.) In the special case k = 1,

suppose r = (r*, r").   Then

diam(^)fc_1(bdry r)) = p(if/Aj'), if/Q(r"))

< pdf, At'), f(ny(r'))) + pí/^r')), /(^(r"))) + pt/G^Í/)), ^Q(r"))

<8mTl+n, +diam(/(zr1(r))) + S

<S +8^+8 =3S
mr+nT mT+nT mT+nT mT+nT

In either case, ifrk\bdty r =« <A¿_ Jbdry r  can be extended to a map, ^Jr, in

such a way that 4/At) is a subset of X of diameter less than 8 ,.   ..   . m
J ' ft mf+nf—(ft—1 J—1

8m       _£.  We have shown that  i//k satisfies the inductive hypothesis.
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Then define i(r: P x (0, l] -»X by tf/(p, t) = lin^ 0.(p, t).

Finally define 0: P x [0, l] —► X by

0(p, t) = ifi(p, t),    if t 4 0,

= f(p),        if / = 0.

For t ¿ 0, local continuity is assured since P x (0, l] is locally finite.  If

(p, t) £ P x (0, l] and / < 1/n, let o be a simplex containing (p, t) and suppose

dim ff= s.   The diameter of <j>(o) is less than 8 by property (c) of the

inductive statement.  But, s < m^ and »„.>»; hence  diam(0(a)) < 5„   <8 .

Also, if   a' is a vertex of o, p(f(ir Ao')), 0(ct'))< S <S.  Therefore

p(0(p, r), 0(p, 0)) < p(0(p, t), 0(o')) + p(0(a), /(^(a'))) + ?(/(*,(*')), /(p))

<3S„< 3(1/3«) = 1/».

We have thereby shown that 0 is continuous.

Finally, if (p, t) is any element of P x (0,1], p(<p(p, t), f(p)) = p(<f>(p, t), 0(p, 0))

< 38x < 8.

Proposition 4.2.   Let y be a metric space and X be a uniformly locally con-

tractible subset of y.   Let 8 > 0 be given and let f: A —* X be a map of an ar-

bitrary ANR, A, into X.   Then given 8 > 0, there exists a map 0: A x 7 —» X so

that for each a £ A:

(a) 0(a, 0) = /(a);

(b) 0(a, 1) £ X;

(c) d(f(a), 0(a, /)) < 8 for all t £ 7.

Proof.   Choose a cover, 55, of A with the property that if B € SB, then

diam /(B) is less than 8/2.

Since A is an ANR, by a theorem of Hanner [ll], there are a locally finite

polyhedron P, maps g: A —* P and w: P —» A and a homotopy 77: A x 7 —» A

such that T7(a, 0) = a, 77(a, l) = M>g(a) and for each a £ A, H(a, l) C B, for some

B eSB.
By Proposition 4.1, there exists a homotopy 0: P x 7 —♦ X such that 0(p, 0)

- fw(p), 0(p, 1) £ X and a"(/w(p), 0(p, i)) < 5/2.  Define 0: A x 7 -♦ X by

0(a, r) = /(//(a, 2r)), 0<f<M,

= 0(g(a), 2r - 1),      H</<1.

Note that 0 is continuous, since /(77(a, 1)) » fwg(a) = <f>(g(a), 0).   Also,

0(a, 0) m f(H(a, 0)) - /(a) and 0(a, l) = <f>(g(a), 1) £ X.  By the definition of H,

if 0 < t < V2, then d(i//(a, 0), 0(a, /)) < 8/2 and by the definition of 0, if XA < r <

1, then ¿(0(a, H), 0(a, t))<8/2.
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Proposition 4.3.   Let Y be a metric space and X be a uniformly locally con-

tractible subset of Y.  Given ( > 0, there is a 8 > 0 such that if y e X and f:A—>

Ng(y) OX z's a map of an arbitrary ANR, A, into Ng(y) O X, then there is a map

G: Ax I —» N((y) n X such that for all a e A, G(a, 0) = f(a) and G(a, l) =y.

Proof.   Let f > 0 be given and choose 8 > 0 small enough so that there ex-

ists a homotopy H:(N2 s(y) D X) x / —» Ne(y) O X such that H(x, 0) = x and H(x, 1)

= y, for all x e N2g(y) nX.  Now suppose A is an arbitrary ANR and /: A —>

Ng(y) DX is given.   We will make use of the map ifi defined in Proposition 4.2 to

define G: A x 1 -* N((y).

Let

G(a, t) = if/(a, 2t), 0<t<V2,

= H(if/(a, 1), 2f-l),      lA<t<l.

Then G is continuous, maps Ax I into NÁy) D X, G(a, 0) = if/(a, 0) = f(a)

for all a e A and G(a, 1) » H(<f>(a, l), l) = y for all a e A.

As mentioned in the introduction, if M is a compact manifold, Cernavskii [6]

and Edwards-Kirby [7] have shown that //(Al) and H AM) are locally contractible

spaces.  Using the fact that if /, g, h ate arbitrary elements of //(Al) then p(f, g)

= p(fh~   , gh~  ), it is trivial to show that //(Al) and Ha(M) ate uniformly locally

contractible.   Therefore, Propositions 4.1, 4.2, and 4.3 hold where X is replaced

by //(Al) (or Ha(M)) and X by H(M) (or //¿(Al)).  A space Z is said to be weakly

locally contractible at z e Z if given any open set U containing z, there exists

an open set V with z e V C U such that if P is any locally finite polyhedron and

/: P —» V any mapping, then there is a map G: P x / —» U such that G(p, 0) = /(p)

and G(p, 1) « z  fot all p e P.   To indicate our partial solutions to the problems

discussed at the beginning of this section we will restate some of the results of

the preceding propositions in the following theorem:

Theorem 4.4.   Let M be a compact manifold.

(i)  Given 8 > 0 and a map F: A —♦ //(Al) of an ANR, A, into /7(A1), then

there exists a continuous ¡unction $g: A —» H(M) with the property that p(F(a), <ps(a))

<8, for all a e A.   (This statement also holds if  //(Al) z's replaced by

Ha(M) and //(Al) by Ha(M).)

(ii)  //(Al) and HAM) are weakly locally contractible.

A closed set K of a space X is called Z-set if for any nonempty homotopi-

cally trivial open set U in X, U — K is nonempty and homotopically trivial. R. D.

Anderson [2] has shown that if {Z^.>Q is a countable collection of Z-sets in Z,»

then / - UI>o^,- is homeomorphic to l2.



412 W. E. HAVER

Proposition 4.5. // M is a compact manifold and H(M) is locally homeomor-

phic to l2, then H(M) is locally homeomorphic to /,.

Proof. Suppose N is a neighborhood of 1M in 77(M) that is homeomorphic to

¡2- We will show that NnH(M) is homeomorphic to 72, thereby demonstrating the

proposition.

For each positive integer i, let Z; = \f £ N\ there exists x £ M with

diam p1 M > 1/'}.  Now, N n 77(M) - N -\J.>QZ..  So to show that N n 77(M) is

homeomorphic to 72 it suffices, by Anderson's theorem, to prove that for each i,

Z. is a Z-set.  By standard arguments (cf., [14, p. 57]), Z¿ is a closed (reí N) sub-

set of N.   Suppose U is a nonempty homotopically trivial open subset of rV and

let /: S"'1 —» U -Zi be given.  Then choose a map g: B" —» U so that g|Sn-1

= /.   By Proposition 4.1 (applied to the case where X = H(M), P = Bn and 8 »

p(g(Bn), U)) there exists a map 0: Bn x I —» U such that, for each w £ Bn,

<p(w, t) £ H(M) if t ¿ 1 and <f>(w, l) = g(w).  Now label the points of B" radially

so that B" = irx|x £ Sn~ H 0 < / < 1}.  Define F: Bn -* U - Z. by F(rx)- 0(ix, r).

Note that F\S"-l = f and for each t < 1, F(/x) - 0(rx, f) £ 7/(M) nUCU-Z..

5.   In this section we show that if M    is a compact 2-manifold, then H9(M )

is locally contractible.  Lemma 5.1 will be proven using a slight modification of

the lifing process of Edwards-Kirby (and is valid in all dimensions).  We then

make use of the canonical approximation result for HÂB ) (Theorem 3.2) to show

that H9(M:  )  is locally contractible.

If U is a subset of a manifold M, a proper imbedding of U into M is an im-

bedding h: U —» M such that h~ r(dM) = U (~i dM.   If C and U ate compact sub-

sets of M with CCU, let 7(7/, C; M) denote the set of proper imbeddings of U

into M which are the identity when restricted to C.   Let 7 (U, C; M) denote the

set of all mappings of 77 into M which can be approximated arbitrarily closely by

elements of 7(77, C; M).

The statement of Lemma 5.1 corresponds to that of Lemma 4.1 of [7] except

that in the situation under consideration it is not possible to obtain a homotopy

by using the Alexander isotopy as in the Edwards-Kirby paper.  (The inversion

devise of Siebenmann (see [20, Main Idea]) was developed to handle a similar

situation and is valid in all dimensions.  Unfortunately, it also does not lead to

the desired homotopy.) We are, however, able to obtain a homotopy for the 2-

manifold case (Proposition 5.3).

We have omitted the details of the proof of Lemma 5.1 in those places where

the argument parallels that of 171.

Lemma 5.1. Let positive numbers a, b, 8 be given with 1< a < b < 2. Then

there exists a positive number e.   b $\<8 so that if
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ha,b,S) = ^ € ̂ (ß* X 4B"' dßk X 4ß"; B>t X R"y

p(f\Bkx((a + b)/2)Bn, 1    . n)<etahSj
Bkx«a+bV2)Bn        <a>b'b)

then there exists a continuous function

K,btf Tia,b,t)^ JiDk -4ßn-dBk x4ß";ß** R")

such that for all f e I (a ¡, j\:

W 4>{a,b,%)if)\Bkx(4Bn-bBn)= lBkxUB«-bBny

<2> ̂ («.t.s/^l0*x aß"=f\ßk x flß";

<3>  pttla.b.sW*  1B*x4Bn)<g/2-

Proof. As in the proof of Lemma 4.1 of [7] it suffices to show that there ex-

ists an e'(a b %) > 0 and a map <f>: T[a b S) ->7(ß* x 4/3", <?B* x 4/3"; B* x R")

satisfying conditions (1)—(3), where

Tla,b,%) "{fe r(ßk x 4B">(<9ßk x 4ßn) u (tS/16' ÜB* x 3Bn); ß* x R")|

p(/|B*x((fl + «/2)B", 1   j „)<('(aj8J
ß*X((a+6V2)ß"        t0»*»0'

plays the role of r(a6> 8).

We shall produce such a map <£ by assigning to each pair (h, i), where h €

T}abS) ni(Bk x 4Bn, (dBk x 4B")U([S/16, l]ß* x 3B"); B* x R")- 7"|   fc j,

n/ and z is a positive integer, an imbedding h': Bk x 4B" —» B* x /?" in such a

way that:

(i)  hi\Bk x aß" - h\Bk x aß";

(ii)  ¿<'|(<?Bfe x 4B") uBk x (4B- - bBn) - l(aBftX4B")uB*x(4B»-*B»);

(iii) given 77 > 0 there exists S > 0 and an integer N such that if z, / > N

and ¿(2>(x), g(x)) < S for all x e Bk x ((a + ¿)/2) B", then ¿(¿'(x), g'(*)) < V for

all x e Bk x 4B";

(iv)  if h\Bk x ((«+ è)/2)B" - lBftx((a+é)/2)B»' then P{h'> 1Bftx4B»)<S/4-

The construction of a collection of such imbeddings would complete the

proof of Lemma 5.1 as the following argument indicates:  Let / £ /(   .  g\ and

choose a sequence of elements of /!   b g\fï/» {h{], which converges to /.  Then

define <f>(f) to be lim^^b].  By property (i), <f>(f)\Bk x aB" = f\Bk x aß" since

for any x e Bk x aß", ¿j.(x) = i.(x) and {¿¿(x)| converges to /(x).  Similarly,

property (ii) assures that <f>(f)\(dBk x 4ß")uß* x (4ß" - bBn) is the identity

map.   Property (iii) guarantees that <f> is well defined (independent of the choice

of the sequence {b\), <f>(f) is an element of T(Bk x 4ß", dßk x 4ß"; B* x R"),

and that <f> is continuous.   Property (iv) guarantees that if f\B   x ((a + e)/2)ß"»
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1ß*x((a+2,)/2)ßn»then PW)» 1ß/cx4ß"^- 5/4'  Hence» we can choose ^,b,S)

small enough (making use of the continuity of 0) and thereby redefine / ',    ,  j.

so that p(0(/), lBkx4B„)<8/2 for all / € T'{abS).

Given a pair (h, i), we shall make use of a modification of the lifting dia-

gram of [7] to obtain the map h1.

di

B* X R"-► B* X R"

J r' v Jr-
B* X Rn-► B* X Rn

J   '                                  P ^B* XT"-► B* X T"

î id 5       N
b* x r"-► b* x r"
î r - U

(B* X T") - (20* X 2£>")-► (B* X 7"1) - (O* X /J")

Î   '                                  Í Î'
B* X (T" - 2D")---► B* X (F" - /)")

B* X 4B"-^-► B* X R"

Let T" denote the n-fold product of S    and identify an «-cell in T" with

2Bn.   Let e~: R" —> T" be a covering projection such that ê~\2B" is the identity

and let e: Bk x Rn — Bk x T" be equal to  id x 0.   Let D", 2D", 3D", 4D" be

concentric «-cells in T" - 2Bn such that jDn C Int (7 + l)D" for 7 = 1, 2, 3. Also

let Dk, 2D*, 3D*, 4Dfe be concentric ¿-cells in Int Bk such that 8/16B* C D*

and jDk C Int(;'+ l)Dfe for /'= 1, 2, 3.   In addition, let 4D" and 4Dk be chosen

small enough so that the diameter of each component of e~  (4D   x 4Dn) is less

than 8/4.   Then let a: T" - D" —. Int ((a + 7>)/2)ß" be a fixed immersion with

the property that a. restricted to ((3a + b)/4)Bn is the identity [17], We shall

choose e|a b S) small enough so that h(Bk x aBn)C Bk x ((3a + b)/4)B" tot all h

£ l'.   ,  g. n 7.   Let a denote the product immersion   id x a : Bk x (T" - Dn) —*

Bk x ¿it((a+ b)/2)Bn.   If (',    , 5, is chosen small enough, for each h £ I ̂ a b ¡*

n7 we can canonically choose'an embedding  h: Bk x (V - 2D") -• Bk x (Tn'-Dn)

so that the lower square of the diagram commutes.

We note that h\(Bk - 2Dk)x (V - 2D") is the identity map, since h is the

identity on [8/16, ÚBk x 3Bn and 8/16B* C Dk.  Therefore, to obtain h, we extend

h to be the identity on (Bfe-2D*)xT". If ('   b j.  is chosen small enough, then if x £

(3D*1 x 3D") - (2D* x 2D"), then Vix) £ (3+ l/2)D* x (3 + 1/2)D".  Consider the

restriction of h   to (ß* x T") - (3D* x 3D").   By the Schoenflies theorem [5] we

can extend this restriction of h  to a homeomorphism h : B   x T" —» B   x T".

This extension may not be canonical, i.e., if \h.\ is a Cauchy sequence of imbed-

dings, it does not follow that í¿¿} is a Cauchy sequence of imbeddings.
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Until this point the construction of the diagram is independent of i and varies

only with the imbedding h.  Consider 4Dk x 4D" to be f/x|x e d(4Dk x 40"), 0<

i < 4],  We then define the homeomorphism w.: B* x T" —» Bk x T" which takes

(3 +• 1/2)0* x (3 + 1/2)0" to (l/i)Dk x (l/z)D" by

(a) w.|B*xr"-(4D*x4D") = l   .     „        .      m,
' B*xT"-(4D*x4D")

w hx) . t(i - (3 + Ü))(2)(4 - 1/z) + l/z]x,      3 + 'A < t < 4,

(b) t

(3 + H)i
0<i<3+H.

Then P: Bk x T" -» B* x T" is defined by i'(x) - w.Rx).  Then /b1' lifts to the

homeomorphism b1: B   x Rn —* B   x Rn. We note that h' has the property that for

some constant, Al, d(P, id) < Al.   Finally, let y: Int(èB* x bBn) —» Rk x Rn be a

homeomorphism which is a radial expansion and is the identity on ((3a + i>)/4)ß*

x ((3a + b)/4)Bn.  We extend hl by the identity to a homeomorphism h1: Rk x Rn

-* RkxR" and define ti: Bk x 4Bn -* Bk x R" by

h\x) « y" lPy(x),      xeBkx bB",

- x, x eBkx (4B" - ¿B").

Since d(h', id) < Al, il is continuous and therefore is a homeomorphism.

To check property (i) note that az'~1z'~1u/r1ey(x)=« x for all x e Bk x

((3a + b)/4)Bn, and that t' was chosen small enough so that if x e Bfe x aB", then

¿(x) e B   x ((3a + b)/4)Bn.   That property (ii) is satisfied was guaranteed by the

choice of the homeomorphism y.

Each stage in the construction of h1 is canonical except the use of the

Schoenflies theorem.   Therefore, to show that property (iii) is satisfied we must

only show that given r/' > 0, there exists 8' > 0 and an integer N such that if

d(h (x), g (x)) < 8' fot all x e (BkxV)- (20* x 20") and if z, j>N, then

p(A *, ¡"0 < r/'.   Let N be chosen so that 2//V < 77' and 8' < 77'/16.  If x e 3D* *

3D", then h(x) and g(x) are elements of (3 + 1/2)0* x (3 + 1/2)0" and hence

dih '(x), gz'(x)) < 2//V < 77'. If x £ 3D* x 3D", h(x) = è (x) and g (x) = g (x) and

hence ¿(P'(x), g~''(x)) =» d(wl(x), w.g(x))< 165' < r/'.

Finally, if h\Bk x ((a + b)/2)Bn = 1B«x((a+6)/2)B" and 2 is any Positive in*

teger, P'|(ß* x V)- (40* x 4Dn)= l(Bftx7>zM4Dftx4D»r  But. 4D* ^ 4D"

were chosen small enough so that the diameter of each component of e~ (40 x4D")

is less than 8/4. Therefore, p(h', lßfcx4ßn) < S/4.
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Lemma 5.2.   Let n + k = 2.   Let positive numbers a, b, 8 be given with 1 <

a < b < 2.   Then there exists a positive number e,    ,  g. < S so that if

T(a,b,S) = '/ e7(ß* x 4ß"' ößt x 4ß"; ß* x R")|

p(/|B*x((a + è)/2)B", 1   . „)<(,    ,,,1
ß*x((a+i)/2)ß"        (a'fc'S)

and r] > 0 z's gzVe« í¿e« /¿ere exz's/s a map G,   ¡, S -n): ¡<a b $) —,HABk x 4ß")

such that for all f £ I.   .  g.:

<« G(fl.6.8.i,)V)|B¿ x (4ß" - M»»)- lßfex(4ßn_ißn);

(2) P(G(a¿ Sl7)(/)|ß*xaß",/|ß*xaß")<77;

(3) p(G(a]b]S[ri)(f),lBkX4Bn)<8.

Proof.  Let f.   .  g, be the positive number obtained in Lemma 5.1.  By Theo-

rem 3.2 there is a m'apping Ö1: Hg(Bk x bB") — H9(Bk x 4Bn) such that <?H/)|B*

x (4ß" - bB") = lBfex(4B7._èB72)and p(6l(f), /)< min (8/2, 77), for all / £

H9(Bk x bB").   (This follows from applying Theorem 3.2 to the 2-ball B* x 7>B"

and an arbitrary open cover of diameter less than min (8/2, 77), obtaining a map of

Hd(Bk x bB") into Hg(Bk x bB") and then extending the elements of 7/a(ß* x bBn)

by the identity on B* x (4ß" - bB").) Define G,   b^vy' '"(a,6.S)-*Ha(ß* x 4B") by

where 0,    ,   ^ is the mapping obtained in Lemma 5.1.

It is easy to check that this map satisfies properties (1)—(3).

Proposition 5.3.   If n + k = 2, then there exists a neighborhood Q of lß7jX4ß72

in T(Bk x 4B", dBk x 4B"; B* x R") and a homotopy

0: Q x [0, 1] -*jBk x 4B", dBk x 4B"; B* x R")

such that 0(/, 0) = /, 0(/, 1) £ T(Bk x 4B", (dßk x 4B") U (B* x B");  B* x R"),

0(/, f)|<?(B* x 4Bn) = /|d(B* x 4B"), for all f £ Q and t £ [0, l].

Proof.  For each positive integer, i, let j». - l/2'.  Choose the neighborhood

Q small enough so that it f £ Q, then p(/, 1ß*x4B«)< i(l+t;2,l+«i,v4)-

Assume inductively that mappings fx,- • •, f. have been defined so that for

each i, 1 < i < j, f¡ £ H9(Bk x 4B"), fi depends canonically on /, and

a) ti»**^-fc*^-^w-<.^.v

(2) Mi>lBKAB<><v*+y

(3) p(/¿|B* x (1 + vi+x)B", ff'1 . ../-\|B* x (1 + vi+x)B") < W^.l^,^)'
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(4) //f1 ••• f'1 eT(Bk x 4Bn, <?B* x 4B"; B* x Rn),

(/l + v. , + 1 + v. ,\

f/fl»./r,i«**(—^2—-)ß"'

(B*X((l+vi.+2+l+vi.+1V2)Bn)/     f(1+v,+2'1+,'i+l't'i+4r

Now applying Lemma 5.2, for each / e Q, let /,., be defined by

(//J"1— fj1)
/y+i = Ga^HlA^uvvjHr e(i+vy+3,i+Vy+2.v.+5)

[The map G is well defined by Condition (5) of the inductive hypothesis—in

the case /+ 1 = 1, Q was chosen small enough to meet this requirement.]

Conditions (1)—(4) of the inductive hypothesis are guaranteed by the applica-

tion of Lemma 5.2.  Condition (5) follows from (2) and (3):  If x e B   x

((1 + Vj+i + 1 + yy+2)/2)ß", then /y+1(x) e B* x (l + fy+2)ß", since

Pifi+V 1  *      J<»i*4   a««*   V-^+V-^- + v ...-L+-J-+-J-. 1/2'*.!,. _
'+1    B*x4B"       '+4 2 2        '+*    2',+4      2'+3     Z*4 '*2

Therefore,

<*//fx • • • /,;i«. «) - «W1 • • • f^fjiï*»* f,^fJ+\M»

<i(i+vy+3.i+vy+2.t/y+5r

Let g = lim.    //j     ••' fj . Now, g is continuous since if x € B* x B", then

g(x) = x and if x € B* x [l + w.+1, 1 + v.lß", then d(g(x)t x) < 1/2'.  (Assume x

e B* x [l x vy+1, 1 + vy]ß". Note that f'AyfjHx) € B* x ((l+wy + 1 + wy_1)/2)B".

By property (1), g(x) = //j"    • • • /." Hx).   Hence

d(g(x), x) = tZffï1 .. - /"Hx), x)

< ¿ff"1 - • - /-.VZ-y/-1«)), /-.VZ-Hx))) + aXfJ^if-Hx)), x)

<f(l+vl+Vl„y+2) + (t'J+3 + l/,+2)

<w. , + !>., + ».,- l/2'+2 + l/2'+3 + l/2'+2 < 1/2''.)-   ;+2        j+3        ;+2

For each /, j •* 0, 1,« • «, we can define an Alexander homotopy if/.: Q x [0, l]

— f(B* x 4Bn, dBk x 4ß"; B* x R") by #.(/, /) -//f1 • • • fjiyMff1* 1 - f). where
A is the Alexander isotopy defined in §3 with B   x (1 + v.)ßn playing the role

of B". Note that for each / e [0, l], p(if/.(f, t), g) < l/2'~ \ For if x e B* x

4ß" - (1 + Vj)Bn, ifi.(j, t)(x) = g(x) and if x € B* x (1 + vy)ß", afyy(/, f)(x),g(x))<
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d(tf/.(f, t)(x), x) + d(g(x), x)< 1/2' + 1/2' = 1/2'-l, by the previous argument.

Also, 0y(/, 0) = ff'1 - • • /T^ and 0y(/, l)=//~1- •• fjl. We obtain the desired map

0: Qx[0,1] -♦ T(Bk x 4B", dBk x 4B"; B* x R") by composing the homotopies

0O» 0j»* • • in the following manner:

and letting 0(/, l) = g.

Theorem 5.4.  If M2 is a compact 2-manifold, then HAM2) is locally con-

tractible, and hence if dM   «0, H(M ) is locally contractible.

Proof.  Since 77.(M ) is homogeneous, it suffices to check local contract-

ibility at 1   -.  But this follows from Proposition 5.3 exactly as in [7],

The only place the fact that n + k = 2 is used is in the application of Theo-

rem 3.2.   Therefore, an affirmative answer to the following question would show

that Hg(Mm) is locally contractible for any compact 777-manifold, Mm:   Given 8 >

0 does there exist a continuous mapping 0: HAß"1) —» 77.(Bm) such that

p(f, 6(f)) < 8, for all / £ 77a(Bm)?
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