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ABSTRACT. The space, ﬁ(M), of all mappings of the compact manifold M
onto itself which can be approximated arbitrarily closely by homeomorphisms is
studied. It is shown that H(M) is homogeneous and weakly locally contractible.
If M is a compact 2-manifold without boundary, then H(M) is shown to be lo-
cally contractible.

1. Let M be a compact manifold and H(M) denote the space of all homeomot-
phisms of M onto itself. We shall study the space, H(M), of all continuous func-
tions of M onto itself which can be approximated arbitrarily closely by elements
of H(M). All function spaces on compact spaces will be assumed to have the su-
premum metric, p; i.e.,if X and Y are spaces with d the metric on Y and f and
g are functions from X into Y, then p(f, g) = sup, ., {d(f(x), g(x)}. Since M is
compact, the topology thus generated agrees with the compact-open topology.

A mapping of an n-manifold, M”, onto itself is said to be cellular if for each
y € M", /~1(y) can be expressed as the intersection of a nested sequence of n-
cells. Armentrout (z < 3) [4] and Siebenmann (n >5)[20] have recently shown
that H(M™), n £ 4, is precisely the space of all cellular mappings of M™ onto
itself. Hence most of the results of this paper could be stated in terms of spaces
of cellular mappings. Cellular mappings have been studied extensively (cf., La-
cher [15], [16]).

Let H,y(M) denote the space of all homeomorphisms of M onto itself which
equal the identity when restricted to the boundary of M and, following our pre-
vious notation, let Fla(M) denote the space of all continuous functions of M onto
itself which can be approximated arbitrarily closely by elements of Hy(M). We
shall state some of the major results concerning H(M) and Hy(M) and then in-
dicate which of the analogous theorems can be proven for H(M) and Hyz(M):
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(i) It is well known that for any compact manifold M each of H(M) and
Hy(M) is a separable metric space, a topological group under composition of func-
tions and topologically complete.

(ii) Let B" be the standard n-ball. The Alexander isotopy [1], first used
in 1923, is very useful in dealing with Hy(B") and combined with the fact that
Hy(B") is a topological group provides a trivial proof that Hy(B") is locally con-
tractible. Mason [19] showed that Ha(Bz) is an absolute retract and Anderson [3]
proved that Ha(BI) is homeomorphic to /, (separable Hilbert space).

(iii) Recently Cernavskii [6] and Edwards-Kirby [7] proved that for any com-
pact manifold each of H(M) and Hy(M) is locally contractible.

(iv) Of current interest is the problem of whether H(M) is an /,-manifold
(i.e., locally homeomorphic to I,). Geoghegan [9] has shown that H(M) x I, n
H(M) and Hy(M) x 1, % Hy(M).

We shall discuss in this paper the state of the corresponding statements for
H(M) and Hy(M):

(i) H(M) and ﬁa(M) are obviously separable metric spaces. In addition
they are not merely topologically complete, but are complete under the supremum
metric. Neither space is a topological group, under composition of functions,
since the inverse of a cellular map need not be even well defined. However, we
do prove (§2) that H(M) and lTla(M) are homogeneous.

(ii) Making use of an Alexander-type homotopy and the fact that Ha(B™) is
homogeneous, we give a simple proof (§3) that this space is locally contractible.
Elsewhere the author [13] has shown that ﬁa(Bz) isan AR and Geoghegan [9]
has proven that Fla(Bl) is homeomorphic to [,.

(iii) It is unknown whether H(M) is locally contractible for an arbitrary com=
pact manifold. In §4, it is shown that H(M) and lTla(M) are weakly locally con-
tractible. Then by modifying slightly the techniques of Edwards-Kirby we show in $5 that
if M? is a compact 2-manifold then ﬁa(Mz) is locally contractible.

(iv) Geoghegan and Henderson [10] proved that HM)x 1, » HM). In §4,
using a theorem of Anderson [2], we give an easy proof of the fact that if H(M) is
an l,-manifold for a particular compact manifold M, then H(M) is an I, -manifold.

If /€ HM) and € >0, let N())={g € HM)|p(g, /)< él. When we wish to
speak of a neighborhood in H(M) we write NJ{f) N H(M) to denote {g € HM))|
plg,N<d If X and Y are spaces with X C Y, the complement of X in Y will
be denoted by X when there is no possibility of confusion. The boundary of X
is written 0X, the closure of X is written X, and 1 x denotes the identity map
on X. We use the symbol Int X to denote the interior of the set X and I to de-
note the closed unit interval.

The work of this paper is an extension of a portion of the author’s doctoral
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dissertation written under the direction of Louis F. McAuley at State University
of New York at Binghamton; the proof of Lemma 5.1 was contained in that disser-
tation.

2. In this section we shall use a result of Edwards-Kirby [7] and an isotopy
control devise motivated by a technique of Mason [18] to prove that if M is a com-
pact manifold, then H(M) and ITIa(M) are homogeneous. (A space, X, is homo-
geneous if given x, y € X, there exists a homeomorphism ¢: X — X such that

b(x) =y.)

Lemma 2.1. Suppose g, € H(M), {¢;}7, is a sequence of positive numbers
such that €, < €,/2, €;< 1/2% for each i, and {¢;: H(M) = HMNZL) is a se-
quence of homeomorphisms satisfying:

(@) plg; 0«00 (gy)s 1) < € 55 for i 0.

®) If pfsd; _y 0+ 00(gg)) 2 ¢;» then ¢, =/, for i>1.

() If plfsp,_y 0 0hlgg) <€, s then PB ) 000 (g)))=
P{sp;_y o0 dy(gy)), for i>1.

@ If plfsp;_,0+-0¢,(gy) > €41 then PN, 000 () >¢ i1?
for i>0.

(e) If { € HM), P(fs g9) = (@5 &ygo))

Then ¢ = lim, b, ©--- 0, is a homeomorphism of (M) onto itself taking g,
to 1,.

00

Proof. Property (a) implies that ¢(g,) = 1. To see that ¢ is onto let f €
H(M) and suppose [ # 1 u+ Choose a large enough integer, #, so that elfs 1y )>
€;. Since ¢, ©.+-9¢, is a homeomorphism, there is an element [ of H(M) so
that ¢ ©...0¢ (7) f-

However, p(f, ¢, 0+ +- 0 (gg)) > p(/, 1,)-plp,0... °¢0(g0), w2 €&-
€;42 > €41 and hence, by property (b), qS(/ ) b;00n- °¢0([ )=f.

Sumlarly, since ¢|(p,©- °¢0)'1({/|p([, L)>e) =, 00|
(p; 00 °¢°)"l({/|p([, Lo>el)s ¢ is 1-1 and continuous on ¢~ (H(M) - -{1,}).
To show that ¢ is mdeed 1-1, we need to show that if f# g, € H(M), then (f)
# 1. Let i be the smallest integer so that ¢, , < p{f, go) By properties (c)
and (e), p(@;0+++2hy(f)s ;0 - 2py(gy)) 2 ¢;,;. And hence by property (d),
plp,0--e08 (1), p, 0. 0hi(gy)) > ¢ . But this implies that

P, 1) 3 0610, 8,9---0 g = s o+ -0 Bl L)
261" 2> G0/

which shows that (/) # 1,.
To show that ¢ is continuous at g, note that if p(fs go) < €;5 then
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PB()s 1,) S pB(), B,y 0one0 (N 4+ pld,_y 0r0(1), b,y 0+ -0By(gy)
+pl@,_y 0eer0d(gy), lgy))

(-]
<22€) te e <2<Z l—>+i+--!-- <.-1-l-?.

=t j=i 27

Finally, ¢’l is obviously continuous on H(M) - {1 M} and we have shown
that if p(f go) 2 ¢, , then p(@(f), 1,)> ¢, /2. Hence ¢~1 is continuous.

As a corollary to their main theorem Edwards-Kirby [7, p. 80] obtain the fol-
lowing result: Let {B,|1< i< p} be an open cover of M. Then there exists a
neighborhood, Q, of 1M in H(M) and a map ¢: Q x [0, p] — H(M) such that: For
each b €Q and each j, j=1,-++, p, if j= 1< t<j,then (b, t)lB ¢(b,])|B
@b, 0)= b for all b € H(M); p(b, p) =1, forall b € HM); and #(1,, ,t) 1, for each
t € [0, pl. We will make use of the following immediate corollary to the above

statement.

Lemma 2.2 (Edwards-Kirby). Given 7> 0, there is a 8 > 0 such that if b €
HM) and p(b, 1 )< 8, then there is a map H: [0, pl — H(M) such that by=h, b
= IM’P(}":’ 1 )<7] /orall t € [0, pl and for each j, j=1,2,004,p,if j- 1<t
<j, then b IB =bh |B (where H(2) is denoted b).

The map H can be defined so that in addition if b|OM = 15, then b, |0M =
laM [7, p- 64]o

Lemma 2.3. Let M be a compact manifold. For every €> 0 there exists a
cover {By,+++,B,} of M and an € >0 such that if f € HM) and (f, 1,)> ¢,
then for each j, 1_1 2,000 b, p(/lB 1~)>e.

Proof. It suffices to prove the following statement: Let M be a compact
manifold. Given €> 0 there is an € >0 such that if b € H(M) with p(b, 1,)>
¢, then there exist x, y € M so that dlx, y)>¢', d(Kx), x) > €' and d(Ky), y)> €'. (To
complete the proof of the lemma, first notice that it suffices to deal only with elements of
H(M), and then choose an open cover {B,-++, B p} of M of mesh less than €.

The above statement is obviously true if M is a compact O-manifold. Assume
inductively that it has been demonstrated for all compact manifolds of dimension
<n-1. Let M be a compact n-manifold and suppose €> 0 is given. Pick n>0
such that 7 < ¢/4 and such that if S is a subset of M of diameter < 27, then §
is contained in a ball of diameter less than €¢/8.

Using the inductive hypothesis and the fact that M can be covered by a fi-
nite number of coordinate patches we next choose €' > 0 such that

(a) € <n/4;
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(b) For each x € M, there is a ball, B_, containing % such that if w € an
Nint M, then €' < d(x, w) and if w € 0B,, d(x, w)< 7/2;

(c) If g € H(OM) with p(g, 15,)> 1/2, then there exist elements x, y € OM
so that d(x, y) > €', db(x), x) > €', and d(b(y), y) > €'.

Now, suppose b € H(M) with p(h, 1,)> €. Pick x € M such that d(b(x), x)
>e€. Chooseaball, B, so that x € B, if w € 9B, NInt M then d(x, w)> € and
if w € 9B, then d(x, w)<n/2.

Now either (i) there is a y € 9B, N M such that d(b(y), ) > 7 or (ii) there
isayedB, nlnt M such that d(bly), %) > 9 or (iii) 5(3B,)C N, (x).

In case (i), d(b(y), y) > d(b(y), x) = d(x, y) > n = n/2> n/2. Hence by prop-
erty (c) of the definition of €', the conclusion of the inductive statement is sat-
isfied.

In case (ii), d(x,y)> €' and d(b(y), y)> /2> ¢'. Hence x and y are the
desired points.

In case (iii), let B be a ball of diameter less than ¢/8 bounded by 5(dB,).
Now, b(x) ¢ B, for otherwise d(x, b(x)) < d(x, B) + diam B< n+ ¢/8< /4 + e/8 <
€. Therefore, b(B )= B and we can choose y € B x such that dly, x) > ¢/2 (this
is possible since dlam M >¢€). Then dly, bly)) > dly, x) - d(x, bly)) > /2 -9 -
/8> ¢/2-¢/4-¢/8=¢/8>¢.

Lemma 2.4. Let M be a compact manifold and let € > 0 be given. Then there
isa 5=08(¢) > 0 such that if b € H(M) and p(b, 1,)< 3, then there is a bomeo-
morphism Y: H(M) — H(M) such that

(a) if p(fs 1) > €, then Y(f) = f;

) if plfs1,)< 8, then ()= fb=1.

Proof. By Lemma 2.3 we can choose a cover {B),+++, B,} and a number 7

> 0 such that if p(f, 1,)) > ¢, then p(/| l,\_)>4n, for j=1, -n,p

Then by Lemma 2.2, there isa §, 0< 6 < 7 such that if p(b, 1,) <& then
there exists a map H: [0, p] — H(M) such that by =b, b, =1y, P(bvlm) <n
for every t € [0, p] and for each j, j=1,.+¢,p, if j=1 <t <j, then }’le blB.
Next for each j, we define a map A : HM) — [0, 1] by

Al =0, if p(f|B, 13 ) < 3n,
pU1B 1) !
,_T_-a, if 317<p(/|B 1 )<41),
=1, if p(/IB]., 13)241,.
i

For each j, 1<j<p, define ¥;: HM) — H(M) by



406 W. E. HAVER

viN= =f7lh

i=17= A0
Define y: H(M) — H(M) by ¢ = Y, Ocee 0Py,
To prove that ¢ isa bomeomorphxsm it suffices to show that for each j, x/r].
is a homeomorphism. The fact that if j~ 1<t <j, then b |B =b, |B implies that
for each positive number, s, l/l {7 € H(M)Ip(/IB 1~) slisa homeomorphxsm of

{f e HM)|p(/ |B 1~) = s} onto itself. Therefore t/l is 1-1 and onto. This fact

and the continuity of )L proves that 1,0 and its inverse are continuous.
To see that condmon (a) is met, note that if p(f, 1 )> ¢, then for each j,
p(/IB lfv) 2 47 and hence ¥, () =1
Bj
Now suppose plf, 1,) <8. Then p(/, 1,)< 7 and hence ¢,(/) = fb“bl.
Assume inductively that u/f. oces oty (f) = /b'lb. 15 then since

p(/})- lbl- llB IM|B ) < p(/b lb -1 M) <I£/, IM) + P(b 1, lM) + P( j=1 IM). _<.37I’
-1 -1 -1 -1
Y~ b, ) = b~ h;_ b7 b = b7,

Therefore

Y =g, W, o @ () e N = o= th = 571

It is interesting to note that the statement and proof of Lemma 2.4 remain
valid if H(M) is replaced throughout by H(M).

Lemma 2.5. Given a> 0 there exists b’ =b'(a) > 0 such that if b<b', g €
H(M) such that plg, 1 M) < b, and c >0 are given then there exists a homeomor-
phism Yz HM) — HM) such that

G) plyle), IM) <c

(i) i plf, ) 2 a, then Y(f) = f;
(iii) if p(f, g) < b, then p(Y(f), Y(g)) = p(f, g);
Giv) #f p(f, g) > b, then p(f), yl(g)) > b.

Proof. In Lemma 2.4, let € =a/2. Then let b’ = min(8(¢)/2, a/2). Suppose
b<b' and g € H(M) are given with plg, 1 u) <b. Choose b € H(M) such that
P, g) <min(b, c) and p(b, 1,,) <b. Then by Lemma 2.4, there exists a homeo-
morphism r: H(M) — H(M) such that if p(/, 1,)) > a/2, then Y(/) = f and if p{/,1,)
<2b, then Y(f) = fb~1. It is trivial to check that ¢ satisfies conditions (1)—(1v).

Theorem 2.6. If M is a compact manifold, H(M) is homogeneous.

Proof. Let g, be an arbitrary element of H(M). It is sufficient to show that
there exist sequences {¢; {7, and {¢;: H(M) — H(M}}. satisfying the hypothesis
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of Lemma 2.1 and hence that there exists a homeomorphism ¢: H(M) — H(M) tak-
ing g, to 1,.

Choose a sequence of positive numbers ki*;:l such that for each i, €0 <
6/2 €< 1/2* and &n s b'(ei), where b'(ei) is the number promised in Lemma
2.5 for a = ¢ Let b € H(M) be chosen so that p(b, g,) < ;. Define the homeo-
morphism ¢0 H(M) — H(M) by ¢0([) fb=1. Note that p(¢o(g0),l )-p(gob"l Ly
=plgys )< ¢, and that if f € HM), p( (1), by(g)) =pf, gy)

Now assume inductively that homeomorphisms @, b s+ ¢o’.-1 have been
defined satisfying conditions (a)—(d) of Lemma 2.1.

In Lemma 2.5, let a=¢;,b=¢; ,,c=¢, , and g=¢,_, o...og (go). By
the inductive hypothesis, p(g, 1,) = p(¢] 10000 do(go) 1)< € ;41 Therefore,
since €, ) < b'(e ), by Lemma 2. 5, there exists a homeomorphlsm ¢ H(M) —H(M)
such that

(i) p(¢i° cee 0 (gg)s 1)< € 425
i) if plf,;_j ©--v0 $o(ge)) 2 ;> then ¢ (N=1;
(iii) if p(f, $iq 0 © Bo(ggN < €; 410 then;

p(¢j(]'), ¢j Oees o¢o(go)) = p(f, ¢j-1 Oses o¢0(go));
(iv) if p(f, ¢’j-l 0...06 (g ) > €410 then p(¢j(f), G000 °bo(gy)) >

€iv1°
But these are precisely conditions (a)—(d) of Lemma 2.1 that the homeomor-

phism qS’. was to satisfy (condition (e) refers only to ¢,). The proof of Theorem
2.6 is completed.

In order to simplify notation we used the symbol H(M) throughout this sec-
tion. The identical proofs also show that ITla(M) is homogeneous (recall the
comment following the statement of Lemma 2.2).

Theorem 2.7. Let M be a compact manifold. Then ﬁa(M) is homogeneous.
3. In this section we consider ﬁa(B"), where B" is the Euclidean n-ball.
Theorem 3.1. H,(B") is locally contractible.

Proof. Since Hy(B") is homogeneous, it suffices to show that Hy(B™) is
locally contractible at lB . We show, using an Alexander-type homotopy, that
N (1 ,) is contractible within itself to 1 .

For any [ € Hy(B™), define f:R" = R" by
&) =f(x), «xeB"

= x, x ¢ B™.

Next define A: H{B")x I — H,(B") by
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A(, D) = 1_:.‘./‘(1;’,:), 0<t<1,
1+t \1-t ‘

= X, t=1.

We note that A is continuous, A(f, 0) =f, A(f, 1) = lg, and A(f, 1) € ﬁa(B")
forall f € Hy(B") and ¢ € I. Furthermore, since p(f, IB,,)< € implies that
p(A(f, 1), 15,)< ¢ A contracts Ne(an) within itself to 15, for every €¢> 0.

Actually it is possible to prove that ﬁa(B") is locally contractible without
knowing that Hy(B™) is homogeneous. See [12].

For the special case, n = 4, it is not known whether 170(34) is equal to
Cea(B4) =1{f: B* >B4|f|0B* = 1,54 and [ is cellular}. However, the map A
does show that Cea(B4) is locally contractible at 1g4.

It was mentioned in the introduction that Hy(B2) is an AR [13]. The follow-
ing theorem is also contained in [13]:

Theorem 3.2. Let a be an open cover of ﬁa (B2). Then there exists a lo-
cally finite polybedron, P, and maps b: ﬁa(Bz) —P,g:P—> ﬁa(Bz) and 0:
HyB) x1— ﬁa(Bz) such that

(a) foreach f € Ha(Bz) there is an element, U, of a such that 0(f, 1) € Ups
for each t € I;

(b) 6(/,1) = [, for each € Hy(B?);

(c) 6(f, 0) = gb(f), for each f € Hy(B?);

(d) 6(f, 1) € Hy(B?) for each f € Hy(B?) and ¢t € [0, 1).

This theorem will be used in §5. Theorem 3.2 implies that the inclusion map
i:H a(Bz) - ﬁa(Bz) is a homotopy equivalence. Siebermann [20] has asked
whether i: H(M) — H(M) is a homotopy equivalence, for an arbitrary compact man-
ifold M.

4. In this section we obtain some general topological results conceming the
closure of a uniformly locally contractible space (compare with [8D. These re-
sults are then used in order to give partial solutions to the following unsolved
problems:

(i) Let M be a compact manifold. Given 8 > 0 does there exist a contin-
uous function ¢ g: H(M) — H(M) with the property that for each g € H(M),
plg, 5(g) < &2

(ii) Let M be a compact manifold. Is H(M) locally contractible?

Proposition 4.1. Let Y be a metric space and X be a uniformly locally con-
tractible subset of Y. Let 8> 0 be given and let [: P — X be a map of an ar-
bitrary locally finite polybedron, P, into X. Then there exists a map ¢: P x I —
X so that for each p € P:
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() if t40, ¢(p, 1) € X;
) if tel, df(p), p(p, 1)) <d.

Proof. Let 8,,8,,:++ be a decreasing sequence of positive numbers such
that 8, <8/3, 8, < 1/3n, and if A, C X with diam(4 )< 33, ,, then iz 4, — X
is null-homotopic in a subset of X of diameter less than 3".

Suppose P x (0, 1] has a fized locally finite triangulation. If 7 is a simplex
of P x (0, 1], define the two positive integers, m, and n, as follows:

m, = max {dim o|r <o},

n, = min{n|n is an integer and if r <o, then 0 CP x [1/n, 1}}.

Note that if 7' <7, m0 > m, and n > n,.

Consider P x (0, 1] to have a locally finite triangulation such that if 7 is a
simplex of P x (0, 1], then diam(/(m,(r)))< & mpany (Where 7y is projection on the
first coordinate).

We will define a map ¢: P x (0, 11 = X by induction on the skeleta of P x
(0, 1). Define ¥,: (Px (0, 11)% 5 X as follows. If 0 is a O-simplex of P x
(0, 1], let ¢ (o) be an element of X such that plf(m, (o)), ¥ (0)) < &

mong

Assume inductively that there exist maps ¥/y,+++, ¥, _; with the following
properties for j=1y00e,k~1:

i) !ﬁj maps (P x (0, 11¥ into X;

(i) ¢, extends ¢, _,;

(iii) if 7 is a j-simplex of P x (0, 1], then diam ¢ ,.(r) < Smr snr=j®

Ve define ¥, : (P x (0, 11 - X as follows: If 7 is a j-simplex of
(Px (0, 1Dk, j<k, let Y lr=t,_,lr. If 7 is a k-simplex of (P x (0, 1]}, we
note that diam(, _,(bdry 7)< 35 1) If k# 1, this is true by the induc-
tive hypothesis since if 7' <7, diam@,_,¢')) < 8 irtampt =(k=1)< Omramr=(k=1)"
(Remember, if 7’ < 7, then my, >m, and 1.4 > n,.) In the special case k=1,
suppose 7 = {r’,7"). Then

diam (¢, _, (bdry ) = p( ("), ("))
<Py, flay (#N) + plf Gy 7)), £l (M) + p(f Gy (), (")

mpt4myy + diam () + 8

mf" +ﬂrll
<é ) =30 .
mein, + 8mf+nr + m_4+n, 3 me4n,

In either case, ¥, |bdry 7 =4, _,|bdry 7 can be extended to a map, t/lklr, in
such a way that !ﬁk(r) is a subset of X of diameter less than amr+nr-(le-l)-l =

8m1+n7~ g+ Ve have shown that i, satisfies the inductive hypothesis.
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Then define ¢: P x (0, 11 = X by ¥(p, ) = lim,_,, ¥ (p, 1).
Finally define ¢: P x [0, 1] = X by

(o, ) =ylp, 1), if t£0,
= f(p), if =0,

For t # 0, local continuity is assured since P x 0, 1] is locally finite. If
(p, t) € Px (0, 1] and ¢< 1/n, let 0 be a simplex containing (p, ) and suppose
dim 0=s. The diameter of ¢(0) is lessthan 8, . __ by property (c) of the
inductive statement. But, s <m, and 7,2 n; hglce diam(¢(0)) < 5,,o_< 8,,-
Also, if ' is a vertex of 0, p(f(m (")), #la") < 5, Y <3,. Therefore

g +m

ple(p, 1), B(p, 0)) < pllp, 1), 0" + plepla”), f(m (")) + plf (rrl(o')), (o))
<38, <3(1/3n) = 1/n.

We have thereby shown that ¢ is continuous.

Finally, if (p, t) is any element of P x (0, 11, p(¢(p, 2), /() = p(¢(p, 2), $(p, 0))
<39, < S.

Proposition 4.2. Let y be a metric space and X be a uniformly locally con-
tractible subset of y. Let 8> 0 be given and let {: A — X be a map of an ar-
bitrary ANR, A, into X. Then given 8 > 0, there exists amap Y: Ax 1 — X so
that for each a € A:

(a) ¢la, 0)= f(a);

®) Yla, 1) € X;

(c) d(f(a), Y(a, 1)< forall t €l

Proof. Choose a cover, B, of A with the property that if B € B, then
diam f(B) is less than 8/2.

Since A is an ANR, by a theorem of Hanner [11], there are a locally finite
polyhedron P, maps g: A — P and w: P — A and a homotopy H: Axl—>A
such that H(a, 0) = a, Hla, 1) = wg(a) and for each a € A, H(a, ) C B, for some
B e 3.

By Proposition 4.1, there exists a homotopy ¢: Px I — X such that ¢(p, 0)
= fuw(p)s ¢(p, 1) € X and dlfw(p), ¢(p, 1)) <8/2. Define Y: Ax I —X by

Yla, t) = f(Hla, 20)), 0<t<k,
= ¢lgla), 2t =1), ¥ <t<l.

Note that ¢ is continuous, since f(H(a, 1)) = fwgla) = p(gla), 0). Also,
y(a, 0) = f(H(a, 0)) = f(a) and ¥(a, 1) = $(g(a), 1) € X. By the definition of H,
if 0< t <Y, then d(f(a, 0), Yla, 1)) < 8/2 and by the definition of ¢, if <t
1, then d(y(a, ), Yla, 1)) < 8/2.
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Proposition 4.3. Let Y be a metric space and X be a uniformly locally con-
tractible subset of Y. Given €> 0, there is a 8> 0 such that if y € X and [:A—
Ngly) NX is a map of an arbitrary ANR, A, into Ngly)NX, then there is a map
G:Ax1—NJy)NX such that for all a € A, Gla, 0) = f(a) and Gla, 1) =y.

Proof. Let ¢> 0 be given and choose 6 > 0 small enough so that there ex-
ists a homotopy H:(N,s(y) N X)x I = N{(y) nX such that H(x, 0) = x and H(x,1)
=y,forall x € st(y) NX. Now suppose A is an arbitrary ANR and f: A —
Nsly)n X is given. We will make use of the map ¢ defined in Proposition 4.2 to
define G: A x I — N (y).

Let

Gla, 1) = Yla, 21), 0<t<Y,
= H(Yla, 1),2¢-1), % <t<1.

Then G is continuous, maps A x I into Ny) N X, Gla, 0) = ¥/(a, 0) = f(a)
forall @ €A and G(a, 1) = H(¢(a, 1), 1) =y for all a € A.

As mentioned in the introduction, if M is a compact manifold, Cernavskii [6]
and Edwards-Kirby [7] have shown that H(M) and H a(M) are locally contractible
spaces. Using the fact that if f, g, b are arbitrary elements of H(M) then p(f, g)
=p(fb=1, gh=1), it is trivial to show that H(M) and H 3(M) are uniformly locally
contractible. Therefore, Propositions 4.1, 4.2, and 4.3 hold where X is replaced
by H(M) (or Hy(M)) and X by H(M) (or Ha(M)). A space Z is said to be weakly
locally contractible at z € Z if given any open set U containing z, there exists
an open set V with z € VCU such that if P is any locally finite polyhedron and
f: P — V any mapping, then there is a map G: P x I — U such that G(p, 0) = {(p)
and G(p, 1) =z forall p € P. To indicate our partial solutions to the problems
discussed at the beginning of this section we will restate some of the results of
the preceding propositions in the following theorem:

Theorem 4.4. Let M be a compact manifold.

(i) Given 8> 0 and a map F: A — H(M) of an ANR, A, into H(M), then
there exists a continuous function ¢g: A — H(M) with the property that p(F(a), ¢4())
<8, for all a€ A. (This statement also holds if H(M) is replaced by
Hy(M) and H(M) by Hy(M).)

(ii) H(M) and H,(M) are weakly locally contractible.

A closed set K of a space X is called Z-set if for any nonempty homotopi-
cally trivial open set U in X, U~ K is nonempty and homotopically trivial. R. D.
Anderson [2] has shown that if {Z},., is a countable collection of Z-sets in I,,
then ], - Ui>0Ni is homeomorphic to /,.
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Proposition 4.5. If M is a compact manifold and H(M) is locally homeomor-
bhic to 1,, then H(M) is locally homeomorphic to 1,.

Proof. Suppose N is a neighborhood of 1, in H(M) that is homeomorphic to
l,. We will show that NNH(M) is homeomorphic to 1,, thereby demonstrating the
proposition.

For each positive integer i, let Z,={f € N| there exists x € M with
diam f~}(x) > 1/i}. Now, NNH(M)=N -Ui>02i. So to show that NN H(M) is
homeomorphic to [, it suffices, by Anderson’s theorem, to prove that for each i,
Z, is a Z-set. By standard arguments (cf., (14, p. 57D), Z; is a closed (rel N) sub-
set of N. Suppose U is a nonempty homotopically trivial open subset of N and
let 25"l s U- Z, be given. Then choose a map g: B" — U so that gls®=!
=f. By lzfoposition 4.1 (applied to the case where X = H(M), P=B" and 8 =
p(g(B™), U)) there exists a map ¢: B” x I — U such that, for each w € B”,
d(w, t) € H(M) if t#41 and p(w, 1) = gw). Now label the points of B” radially
so that B" ={tx|x € $"~1,0< t< 1}. Define F: B® — U~ Z, by Fltx)=(ex, o).
Note that F|"~! = f and for each ¢< 1, F(tx)= $ltx, ) € HM)NUC U~ Z,.

5. In this section we show that if M? is a compact 2-manifold, then ﬁa(Mz)
is locally contractible. Lemma 5.1 will be proven using a slight modification of
the lifing process of Edwards-Kirby (and is valid in all dimensions). We then
make use of the canonical approximation result for ﬁa(Bz) (Theorem 3.2) to show
that ITla(Mz) is locally contractible.

If U is a subset of a manifold M, a proper imbedding of U into M is an im-
bedding h: U — M such that 5~1(0M)= UN M. If C and U are compact sub-
sets of M with CC U, let I(U, C; M) denote the set of proper imbeddings of U
into M which are the identity when restricted to C. Let T(U, C; M) denote the
set of all mappings of U into M which can be approximated arbitrarily closely by
elements of I(U, C; M).

The statement of Lemma 5.1 corresponds to that of Lemma 4.1 of [7] except
that in the situation under consideration it is not possible to obtain a homotopy
by using the Alexander isotopy as in the Edwards-Kirby paper. (The inversion
devise of Siebenmann (see [20, Main Idea]) was developed to handle a similar
situation and is valid in all dimensions. Unfortunately, it also does not lead to
the desired homotopy.) We are, however, able to obtain a homotopy for the 2-
manifold case (Proposition 5.3).

We have omitted the details of the proof of Lemma 5.1 in those places where

the argument parallels that of [7].

Lemma 5.1. Let positive numbers a, b, 8 be given with 1< a<b<2. Then
there exists a positive number €, , 5 < & so that if
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T(a.b,s) = {f GT(Bk X 43", aBk‘ X 43"; Bk x R")'

k n
PUIB x (a s D/DBT 1 ) <eg )]

then there exists a continuous function

Pas, 5y la,p,5= 100 - 4B", 9B* x 4B™; B* x R")

such that for all f € i;(a,b,S):
(1) b, 5. 5B x (4B™ ~ bB™) = 154y (4pn_ gy
2 ¢, 4, 5B x aB"= [|BE x aB™;
3) PP, 4.5 Igkxspn) < /2.

Proof. As in the proof of Lemma 4.1 of [7] it suffices to show that there ex-
ists an "(a,b,'S) >0 and a map ¢: l—za,b,S) —T(B* x 4B", dB* x 4B"™; Bk x R™)
satisfying conditions (1)-(3), where

T8 = f €T(B* x 4B™, (3B* x 4B™) U ([5/16, 11B* x 3B"); B* x R™)|

(f|B* x ((a + 8)/2)B", 1 Y<e }
el / BAx((asby2)B" (@528

plays the role of T( a,b, )

We shall produce such a map ¢ by assigning to each pair (b, i), where b €
Tla,p,5) NIB* x 4B", (9B* x 48" U([8/16, 11B* x 38™); Bk x R") =T}, , o
A1'and i is a positive integer, an imbedding b': B% x 4B™ — B* x R" in such a
way that:

(i) »*|B* x aB" = b|B* x aB";
(i) b'|(9B* x 4B") UB* x (4B" - bB™) = L g5k s pnyupkx(4Bn—pBnY

(iii) given 1> O there exists 6 > 0 and an integer N such that if i, j> N
and d(b(x), g(x))< 8 for all x € B® x ((a + b)/2) B", then d(bi(x), g'(x)) <7 for
all x € B* x 4B7;

(iv) if b|B% x (a+ bY 2)B™ = 1g4y((41ny/29mm then p(bYs 1ghy pa) < 8/4.

The construction of a collection of such imbeddings would complete the
proof of Lemma 5.1 as the following argument indicates: Let f € I_('a,b.S) and
choose a sequence of elements of Tz a5, 5N {h;}, which converges to f. Then
define @(f) to be lim, _bi. By property (i), $(/)|B* x aB™ = f|B* x aB" since
for any x € B* x aB", bi(x) = b (x) and {b(x)} converges to f(x). Similarly,
property (ii) assures that ¢(/)|(9B* x 4B") U B® x (4B" - bB") is the identity
map. Property (iii) guarantees that ¢ is well defined (independent of the choice
of the sequence {h,}), $(f) is an element of T(B* x 4B", dB* x 4B™; B* x R™),
and that ¢ is continuous. Property (iv) guarantees that if [ |B* x ((a + b)/2)B" =
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1 5kx((asp)/2)Bn then p@(f)s 1gkyspn) < 8/4. Hence, we can choose ‘('a,b,S)
small enough (making use of the continuity of ¢) and thereby redefine Tza b.5)
so that pB()s Lkyspn)<8/2 forall [ €Ty, , 5. o

Given a pair (b, i), we shall make use of a modification of the lifting dia-
gram of [7] to obtain the map b,

B"[x R" B’ix R"
.y-l 7-!
B X R" LS B* X R"
B"lxer" B! B"e n
X T
B’]x idr" h BJW‘ "
| ITT
(B’f X T") - (2D% X zo")"———s(e'i X T7) - (D* X D")
i . i
Bklx (T" - 2D") B’ix (T" - D")
a a
B* X 48" h B* X R"

Let T" denote the n-fold product of S! and identify an n-cell in T" with
2B". Let €: R® — T be a covering projection such that &|2B" is the identity
and let e: BE x R" — B% x T" be equal to idx e. Let D", 2D", 3D", 4D" be
concentric n-cells in T™ — 2B" such that jD” C Int(j + 1)D” for j=1, 2, 3. Also
let D, 2Dk, 3Dk, 4D* be concentric k-cells in Int B* such that 8/16B* C D*
and jD* C Int (j + 1)D® for j=1, 2, 3. In addition, let 4D” and 4D* be chosen
small enough so that the diameter of each component of e~ 1(4D* x 4D") is less
than 8/4. Then let @: T" — D" — Int((a + 5)/2)B" be a fixed immersion with
the property that G restricted to ((3a + b)/4)B” is the identity [17]. We shall
choose fz a,b,8) Small enough so that h(B* x aB®)C B® x ((3a + by 4)B™ for all b
€ Tza,b,b‘) N 1. Let a denote the product immersion idx@: BEx (T - D") —
B* x Int (@ + b)/2)B". If ‘Za,b,S) is chosen small enough, for each b € I_Za.b,s)
N1 we can canonically choose an embedding b: BE x (T - 2D™) — B* x (T"-D")
so that the lower square of the diagram commutes.

We note that 5|(B* = 2D*) x (T” - 2D") is the identity map, since b is the
identity on [5/16, 11B* x 3B” and 8/16B* C D*. Therefore, to obtain 'I\;, we extend
b to be the identity on (B*~2D¥)xT™ ¥ € , o is chosen small enough, then if x €
(3D* x 3D™) - (2D* x 2D™), then bx) € (3 1/2)D* x (3 + 1/2)D". Consider the
restriction of 7 to (B* x T) - (3D* x 3D"). By the Schoenflies theorem [5] we
can extend this restriction of ’b\' to a homeomorphism 5 Bk x T" — B* x T".
This extension may not be canonical, i.e., if {’l;'i} is a Cauchy sequence of imbed-
dings, it does not follow that {;J;} is a Cauchy sequence of imbeddings.
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Until this point the construction of the diagram is independent of i and varies
only with the imbedding b. Consider 4D* x 4D" to be {tx|x € d(4D* x 4D"), 0<
t< 4}, Ve then define the homeomorphism w: B% x T" — B® x T" which takes
(3 + 1/2)D* x (3 + 1/2)D" to (1/i)D* x (1/i)0" by

(a) w |B* x T" - (4D*% x 4D™) = 1
. B*«T"-(4D*x4D™’

wftx) = [ - G+ ¥NDU -1/ +1/ilx,  3+% <14,

() t 1
= —x 0<t<3+%.
G+%)’ -

Then 5': B* x T — B* x T" is defined by 5(x) = wBlx). Then &' lifts to the
homeomorphism A: th x R" — B® x R™. We note that i has the property that for
some constant, M, d(b', id)< M. Finally, let y: Int (5B* x 5B") — R* x R" be a
homeomorphism which is a rat'l\ilal expansion and is the identity on ((3:5 + b)/4)B*
x ((3a + b)/4)B". We extend h' by the identity to a homeomorphism h% Rk x R"
— R® x R™ and define h': B* x 4B" — B* x R” by

bi(x) = y'lzliy(x), x € B* x vB",
= X, x € B® x (4B™ - bB"™).

Since d(z"‘, id)< M, b? is continuous and therefore is a homeomorphism.

To check property (i) note that ai'li"lw:ley(x) = x for all x € B® x
((3a + bY/4)B", and that € was chosen small enough so that if x € B x aB”, then
b(x) € B% x ((3a + b)/4)B™. That property (ii) is satisfied was guaranteed by the
choice of the homeomorphism y.

Each stage in the construction of b? is canonical except the use of the
Schoenflies theorem. Therefore, to show that property (iii) is satisfied we must
only show that given 7' > 0, there exists 8’ > 0 and an integer N such that if
d((x), g (x)) < 8 for all x € (B%x T) = (2D* x 2D") and if i, j > N, then
p(h%, g)<7n'. Let N be chosen so that 2/N<7' and 8'<7'/16. If x € 3pk x
3D", then h(x) and 2(x) are elements of (3 + 1/2)D* x (3 + 1/2)D" and hence
dpi(x), gix) < 2/N< q". If x ¢ 3D% x 3D", b (x) = 5 (x) and g(x) = g(x) and
hence d(b%(x), g/(x)) = dlw b (x), “’,-E("» <168'< 7.

Fi_rlally, if blB’e x ((a + b)2)B" = 1akx((a4b)/2)B7 and i is any positive in-
teger, 5'|(B% x T") = (4D* x 4D™) = 1 gk 1w )_(4pkx4pny Buts 4D* and 4D"
were chosen small enough so that the diameter of each component of e~1(4D*x 4D")
is less than 8/4. Therefore, p(b, 1 Bkxqpn) < O/4.
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Lemma 5.2. Let n+ k= 2. Let positive numbers a, b, 8 be given with 1<
a<b< 2. Then there exists a positive number €, , 5 < d so that if

T(a.b,S) = */ GT(B" x 4B", aBk x 4B™; Bk % R")'

(f|1B* x ((a + b)/2)B™, 1
el B*x((a+bY2)B"

) <€a,p,5)]
and 1> 0 is given tb-e-n there exists amap G, , § 1y} T(a,b,s) -—»H‘,(B’c x 4B™)
such that for all | € I(a’;b,S)z

(1) Gy p,5,mNIB® x (4B™ = bB™) = 1pk, (spn_ppny

2 P(G(,,b,s,n)(/)lBk x aB", f{|B% x aB™) < 1;

3) p(G(a.b.s.n)(/)’ lka4B") <é.

Proof. Let ¢ a,b,8) be the positive number obtained in Lemma 5.1. By Theo-
rem 3.2 there is a mapping 0': H,(B* x 5B™) — Hy(B* x 4B™) such that 61())|B*
x (4B" - bB™) = 1gk, (4 pn_ppnyand PO, )< min(6/2, 1), for all f €
-ﬁa(Bk x bB™). (This follows from applying Theorem 3.2 to the 2-ball B* x bB"
and an arbitrary open cover of diameter less than min (8/2, 1), obtaining a map of
ITIa(B" x bB") into H, (B* x bB") and then extending the elements of H;(B* x bB™)
by the identity on B x (4B™ - bB™).) Define Gy, , 5.y’ 1(q,5,8— HalB* x 4B™) by

G(avb .3.7))(/) = 01(¢(d,b,8)(/)|8k X bB”)’

where ¢( a.b.5) is the mapping obtained in Lemma 5.1.
It is easy to check that this map satisfies properties (1)—(3).

Proposition 5.3. If n + k=2, then there exists a neighborbood Q of lgkxspn
in T(B* x 4B", 9B* x 4B™; B* x R"™) and a homotopy

y: 0 x[0, 1] »TB* x 4B™, 0B* x 4B™; B* x R™)
such that Y(f, 0) = [, ¥(f, 1) € T(B* x 4B, (3B* x 4B™) L (B* x B"); B x R™),
¥(f, D|0(B* x 4B™) = f|0(B* x 4B™), for all [ € Q and t € [0, 1].

Proof. For each positive integer, 7, let v; = 1/2, Choose the neighborhood
Q small enough so that if f € Q, then p(f, 1gkxspn) < €Qavg,1401,04)

Assume inductively that mappings fysee<s f i have been defined so that for
each i, 1<i<j, f; € Ha(B" x 4B"), f; depends canonically on f, and

k n n
) -(1+2)B"=1
1) 1B x (4B" - ( +vl) ) B"x(w”-(lwi)B")'

2 P(/i’ Ika4Bn) SV

-1 -1 1Rk
3) P(/ilBk x (1 + vi+1)B", //1 °e '/i-llB x (1 + vi+l)Bn) < t'(1-|~1)1."_2.1<|-1¢vi"’1;111.."4)’
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%) [t e 71 €T(B* x 4B™, 0B* x 4B™; B* x R™),

l+v, ,+1+v,
(5) p(,/l-l e fi-IlBk X ( i42 5 l+1) B ,

1 <e .
(B*x((14v, +1+umyz)a")) L4y, 9014y, 1075 04)

i42
Now applying Lemma 5.2, for each f € Q, let /j +1 be defined by

urpteerth
fia1 = Gty vy 0 vy 3ty 50,9 )
[The map G is well defined by Condition (5) of the inductive hypothesis—in
the case j+ 1 =1, Q was chosen small enough to meet this requirement.]
Conditions (1)=(4) of the inductive hypothesis are guaranteed by the applica-
tion of Lemma 5.2. Condition (5) follows from (2) and (3): If x € B® x

@+ Vit 1+wv,,,)/2)B", then f“_l(x) e BEx (1+ v’.+2)B", since

j+2
Yiss | lin 1 1,1 i
P(/“,p lka4B")<v ioh and 2 +— > u""‘"ziﬂ -1-2“_3 +2,7 =1/2 =V
Therefore,

AYTYeee 716, ) = ATt e (TR, £ (TG
pRLEREEIREAN,

Let g=lim, i w/[l oo /.‘ Now, g is continuous since if x € B* x B", then
glx)=x and if x € B¢ x [1+ v L+, 18", then d(g(x), x) < 1/2/. (Assume x
eBExixv,  , 1+ v]]B Note that /",/'I(x) € Bt x((U+v; + 140, V2)B"
By property (1), g =ffrt e I (x). Hence

dgle), ) = dfft oo 171, )

ATt e f7RGTRGTEN, £74G M + &1 7

<e€ )
=1 +v’..1 +v’._ 1 ’vj+2

<+ s+, =127 4 1/20 4 12742 <1/20)

(1), 2

j=1

)+(v R

For each j, j=0, 1,-++, we can define an Alexander homotopy 5/1 oxlo 1]
— T(B* x 4B", 0B* x 4B"; B x R") by ¢ (f, ) =[f7} «-- 4G, 1~ 1), where
A is the Alexander isotopy defined in $3 thh BEx (1+uv, )B" playmg the role
of B". Note that for each ¢ € [0, 1], p(l/l’.(/, 1), g)< 1/2=1, Forif x € B%x
48" - (1 + v’.)B", gl'j(/, )(x) = g(x) and if x € BEx (1 + v’.)B", a(!/Ii([, ) (x), glx)) <
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dW (f, D(x), x) + d(g(x), x)< 1/27 + 1/21 = 1/27=1, by the previous argument.
Also, «/r (f, 0) = /[ ) /]'_l and :p(/, 1)= //" coe ['l We obtain the desired map
/g Qx[O -1 (B" x 4B", dB* x 4B" B* x R") by composing the homotopies
Yo ¥yse e+« in the following manner:

, i_ i_ i+l _
¢(f,t)=¢l- /,27*1(-5_; )9 2 .lStSZ : 1’
j 27 21 2i+l

and letting ¥(f, 1) = g.

Theorem 5.4. If M? is a compact 2-manifold, then H (Mz) is locally con-
tractible, and hence if IM? = ¢, H(M?) is locally contractzble.

Proof. Since H a(Mz) is homogeneous, it suffices to check local contract-
ibility at 1 2 But this follows from Proposition 5.3 exactly as in [7].

The only place the fact that n + k= 2 is used is in the application of Theo-
rem 3.2. Therefore, an affirmative answer to the following question would show
that ﬁa(M"‘) is locally contractible for any compact m-manifold, M™: Given & >
0 does there exist a continuous mapping 0: ﬁa(B”') — Hy(B™) such that
plf, 6N < 8, for all f € Hy(B™)?
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