TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 195, 1974

AN ASYMPTOTIC FORMULA IN ADELE
DIOPHANTINE APPROXIMATIONS

BY
MELVIN M. SWEET

ABSTRACT. In this paper an asymptotic formula is found for the number of
solutions of a system of linear Diophantine inequalities defined over the ring
of adeles of an algebraic number field. The theorem proved is a generalization
of results of S. Lang and W. Adams.

1. Introduction. Serge Lang [5S] defines a number to have type < g if g is

a positive increasing function for which |gb - p| > 1/4g(q) for all ¢ sufficiently-
large. Lang then shows that the number A(N, b) of solutions of |gb - p| < ¥(q)
with ¢ < N is asymptotic to Sy = 22”1 24(q) if b has type < g and ¥ decreases
so slowly that ¥(g)gg(¢)"! increases to infinity with g. W. Adams [1] has ex-
tended this result of Lang to the simultaneous approximation of real numbers by
rationals. I have also shown in [8] how these results may be extended to linear
forms. The purpose of this paper is to show that the Lang-Adams theorem holds
for the approximation of linear forms in the ring of adeles over a number field k.

A p-adic theorem, as well as some of the results in [8], could be stated as corol-
laries to the theorem proved here. The theorem proved is probably not the best

possible such theotem. This is suggested by a metric example I will give later.
Diophantine approximations over the adeles have previously been considered
by David Cantor in [2]. In his paper Cantor shows adele analogues of some of
the basic theorems. To some extent, I have followed Cantor in notation and set-
ting up the problem in the ring of adeles.
I wish to thank Professor W. Adams for his help and encouragement in my work.

2. Notation. We use k to denote an algebraic number field of degree » with
ring of integers 0. Let P be the set of all primes of k. We write P for the
set of all infinite primes, and P for the set of all finite primes. When P, and
P_, are used as subscripts, we will replace them by 0 and oo respectively. For
b € P, we let ky DOk denote the completion of k with respect to {

We may assume P is the set of all prime ideals of 0. For Pe Py x € ky
let v =v,(x) be the {rorder of x. We normalize the absolute value | |, associated
with D so that |x], = N¥~¥, where N is the norm of the ideal k.

Presented to the Society, January 18, 1972 under the title Counting solutions of
adéle Diophantine approximations; received by the editors May 21, 1973.
AMS (MOS) subject classifications (1970). Primary 10F30, 10F45.
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Let x — x()

si=1,+++,n, be the embeddings of & into C, the complex
numbers. We arrange the notation so that the first R, embeddings map into the
real numbers R and the remaining maps consist of R, pairs of complex conjugate
mappings listed so that

(R+R+i) _ x(R 1)

X fofi'—‘l’""Rz‘

The infinite primes of & can be identified with the first R = R, + R, of these
mappings. We use | | to stand for the ordinary absolute value on C. If P is the
infinite prime corresponding to x — x{¥), then we set |x|’ = |« if &) is real,
otherwise we set |x|, = |x¢?|2. The infinite prime P is called real when D¢
R and complex otherwise. If P is real, then kp = R and we will often identify

k with a subfield of R by means of x — %), A similar statement can be made
when P is complex, in which case k, = C. Hence, if we write | |, for the ex-
tension of | |, to ky, we may think of | |, as the ordinary absolute value when
kp =R and the square of the ordinary absolute value when ky=C.

For p € P, the set 0, of all x in kp for which |x|, <1 is the ring of p-
adic integers of ky. For Pe P, we set Dp=k,

Let S be any subset of P. Consider the product Ik, over all €S, with
componentwise algebraic operations. For any a in this product we use ap to
stand for the Pth component of a. We define the ring kg of S-adeles to be the
subset of this product consisting of all a with @, € 0, for all but a finite number
of P. Note that this is not the ring usually referred to as the S-adele ring. We
embed k in kg by identifying a € k with the element in kg, also denoted by 4,
for which @y =a €k forall peS. Welet S, =S NP and S;=S NP, Then
we can write kg = kg X kso. For a € kg we write a* for the kg , component
of a, and we write a- for the kso component of a.

We denote the multiplicative group of units of kg by k%, and call this the
group of S-ideles. Clearly, a € kg is an idele if and only if @, is nonzero for
all Pin S and |ap|, = 1 for all but a finite number of P €.

We extend | |, to kg by defining |al, = |ayl, for @ in kg. For TC S and
a € kg, put |a|y =TI, g |aly, if this product converges; and otherwise set laly
= 0. So, if a € k¥, then |a| # 0. For @, b € kg, write a<b if |a|» < |b|, for
all peS, and write @< b if a< b and |a|, < ||, for all infinite primes in S.
If SOP, and x=(x),+++,%,) €T we write [*] = max lxillo/"bwhete ny is the
local degree of P and the max is taken over all p € P, and all i satisfying 1<
i<m

We topologize kg in the usual way by requiring that the sets {x €kg: x-b
< al, a € k¥, form a neighborhood basis at b in kg. This makes kg into a
locally compact additive topological group.
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It is well known that 0 is a discrete subset of k_ and k_/0 is compact.
If SC P, by the strong approximation theorem, k is dense in kg

We now define some measures, all of which will be denoted by p when there
is no ambiguity. Let p, be the Haar measure on k, normalized so that [L,(Dp) =
1 when b € P, and so that p is ordinary Lebesgue measure when peP_. The
Haar measure pg on kg is normalized by requiring that this measure agree with
the product measure on

k(N = [T kyx I o
peT YeS-T

where T is any finite subset of S. So

R, R
polx € kg x<al=2 1z 2|al$.

Whenever we talk about a measure on kg we mean the product measure pg. If
G is a discrete subgroup of kg we will always take the counting measure. Fur-
thermore, if k{'/G is compact we normalize the measure p on this group so that
the measure of the group is just the ;L's" measure of any measurable set of repre-
sentatives in k7' of the cosets of G. So (k7 /o™) = 2_mR2|d|”'/2 where d will
always stand for the discriminant of k.

If o is a topological automorphism of k' the modulus of 0 is defined by
mod o = u(0X)/p(X) where X is any measurable set in kg, If o is a kg module
automorphism of kg’ with determinant det o, then mod ¢ = |det o] s°

3. Statement of the theorem. Let L be the system
S
Li(x)=z aijxj, i:l,...’r’
=1

of linear forms with coefficients in kg. Set m =r+s. We will suppose z =
(zpeeesz) )y x=(xp500052), and y=(y;5 ooy y,) are related by z = (x, y).
Suppose A, is the jth component of the coefficient matrix of the system
S

(¢ . L?(z) = Zl a?]z,. -z, 1Zign
Write 8y for the determinant of the 7 x r submatrix of A, with the P-adic ab-
solute value of its determinant maximal. We define 8 = 8(L) = (8,) € ks For
simplicity, we will assume that § 2 P_, except when we specifically state other-
wise.

We let ¥ be a mapping from the positive reals R, to k¥. We would like to
count the number A(N) of solutions x €0°, y €n” of

L=y, <y, 1%ign

M <N

@
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We will show how to do this when |((¢)|¢ does not decrease too fast. Note, there
are only finitely many x € 05 with [x] < N, because [x] < N defines a bounded
region in k5 =R*" which therefore contains a finite number of points of the lat-
tice 0°, Also, in the same way the number of y corresponding to a given x in
(2) is finite. In fact, if |(2)]  <27", then y is uniquely determined; for, if y'
and y" both correspond to the same x, then

¥i=y;-y; <HmaxiL () -y’ LLx) -y} < HY(R),

SO

INotm y | = 1y} = ¥iloo < 1HY(R], < 1

and thus y = 0.
We use M to denote the transpose system

r
M].(y) = ‘g ayy, 1Zj<s.

=

Let g: R, — R,,, be an increasing function. We say L has type < g if
€)) max [M(y) - x | < g(iZ) "1z "
i
has only finitely many solutions z = (x, y) € 0™, The motivation for the right-

hand side of (3) is the following version of Dirichlet’s theorem.

Proposition. If S D P, then there are infinitely many z = (x, y) € 8™ such
that

lLi(x)-yilSSC]?‘-sn/” 1 Si.<.'-
If SC P, then there are infinitely many z € o™ such that
L=yl <emmh,  1gign

Here c is some constant depending on k and L.

A proof of a slightly different version of this adele theorem may be found in
[2, Theorem 2.3].
We prove the following theorem.

Theorem. Assume the following:
(i) L bas type < g
(ii) yY(t) is decreasing.
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(iii) F()"7+29) 2 Igll(t)l'ts"g(ts/')" increases to oo,
(iv) (1) <1, ie., |¢(t)l <1 for all finite primes % €.
ORIGIN |l/l(t)|"l <C /or all pairs of infinite primes Py, b,, where C is
a constant zndependent of
Then the number MN) of solutions of (2) is

sn=1 )%
N Ol dt)

@ =y [7 ”"ll'/'(‘)ls“"*o(f F()

with y = ns2Rma™R2 5L = 1a)—m/2,
S0

Remark. If we specialize the type theorem to the case k=Q, S=P_, we
get the homogeneous version of the theorem in [8].

Remark. If we assume S C P, delete condition (v), and replace the right-
hand side in condition (iii) by |!//(t)| St”’"g(t’/ )%, then we can show, by making
only minor changes in the proof of the above theorem, that the number of solu-
tions of (2) and [y] < N satisfies

AW~y [Y = Tgo) g de

for some constant y. This specializes to a p-adic theorem when k= Q. A simi-
lar result may be proved when S includes some but not all primes of P,

In$41 develop some results from the geometry of numbers which I will need
when I prove the above theorem in §5. In $6 I will show how a metric result fol-
lows from this theorem,

4. The geometry of numbers over k. We call A an m-dimensional o-lattice
if A is a discrete D submodule of k7, and k7./A is compact; this last condition
is the same as requiring that A contain m k-independent elements. We call
pk”/A) the determmant of A and denote this by det A. Note that D'" is a lat-
—mR 2|d|™/2, From our identification of k., with R R, cf2y
R”, it is clear that an D-lattice is just an ordinary R™™ lattice with the same

tice with det =

determinant. Note that not every lattice in R”™ is an p-lattice.

If a is an ideal of k, we let aA be the set of all sums 2 4 x, with 4, in
aand x; in A. It has been shown by K. Rogers and H. P. F. Swinnerton-Dyer
[7, Theorem 1] that

Proposition 1. If A is an o-lattice in k7, there exist m k_, independent
points Pyy+++, P in A and an ideal 52 0 in k such that

A=DP1+-'-+an_l+BPm

where the ideal class of b depends only on A.
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We may now state the following:

Proposition 2. @A is an o-lattice with det oA = Na™det A.
Proof. The first assertion follows from the expression
GA=aP +.cc+aP _, +abP .

To prove the second assertion we may suppose a is integral. Then aA C A and

AJah DPl +'”+°Pm-l + bpm

aPy+ et o.Pm_l + a.me

= (5/a)"" ! x b/ab = (/)™
so the order of A/aA is (N@™. The proposition now follows.
For x = (xl, e, xm), y = (yl, e, ym) we denote the dot product by x « y
= 2:‘ %y Also, let Tr denote the trace function extended to k. We define

A'l={x6k°’2:x-y€o for all y € A},
A* ={x €k™ Te(x+y) €Z forall y €Al

It is straightforward to show

Proposition 3. A* = D=1A-1, where D is the different of k, i.e. D1 is
the fractional ideal consisting of all x € k such that Tt(ax) €Z for all a € o.

If Pj,.-+, P are the independent points in Proposition 1, we can find
points P{, ey P’:‘ such that

P.-P‘.: 1’ igi’.
L. 0, otherwise.

So, A-1- OP; Fooet DP’;_1+ b‘lP"n, and hence A~!, and therefore, also,
A*, is an o-lattice. We call A* the polar lattice of A. This is just the ordinary
polar lattice in R™ with respect to the bilinear form (x, y) = Tr(x - y).
We now give some examples of o-lattices we will need latter.
Example 1. Let L be the independent system L (2) = E;.'f__l a;z, 1<i<m,
with a . € k.. The coefficient matrix A of this system has determinant in kY.
So, L determines an automorphism L: z — L(z) = zA of k7 with mod L =

|det A|_. If A is an o-lattice, then so is L(A). It is clear that

det L(A) = mod L det A = |det A|_ det A.

Now, let M be the system with coefficient matrix tq-1 (the ¢t stands for trans-
pose). Then
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L(z) « M(w) = (z4) « W!A™Y) = 2AA~ W 'w) = 2 « w.

Hence L(A)~! = M(A~!) and therefore also
LAY = D71L(N)~1 = D= 1MA= 1) = M(D~ A1) = M(AD).

Example 2. Assume SC P, and let L be the system of independent linear
forms L(z)= 27, a;z,, 1<i<r<m, with coefficients a;; € k. Let € be an
idele <1 in kg and define

A=Ay =1z €o™ChT: L(z)<e 1<igrh

Since all P € S are nonarchimedean the set AL,e is an o-module. The set is
discrete because A LeS o™, Also, it contains the m k_-independent elements
ae; where a is an appropriately chosen element of 0 and e; is the m-tuple with
1 in the ith position and 0 elsewhere. Hence AL,e is an o-lattice.

We compute the determinant of A L,e Let A bethe 7rx m coefficient matrix
of the system L and let Ay be the Pth component of this matrix. Write 8y for
the determinant of the 7 x r submatrix of Ay with the P-adic absolute value of
its determinant maximal. Also, write 8y for the determinant of the submatrix of
A, with the P-adic absolute value of its determinant maximum; this last submatrix
may be of any size i x i with 0 < i< 7, and by convention we take the determinant
of a 0x 0 matrix to be 1. We define 8= (0,) € kg, 8'=(5}) € ks.

Proposition 4. If 8,8’ are ideles and ¢ < 5/8', then
-mR2 m/2 -
det Ap =2 |d|™%|e™ 78] 5.

Proof. It suffices to prove the order of 0™/A is |e7"8|g. Set
E={z€kf:z,<1,1<i<ml,
E'={z €k L,-(Z)S" z;<1, 1<i<n 1<j<ml

Since all b in S are nonarchimedean, E and E' are groups with E'C E. Because

o™ is dense in E, each coset of E' in E contains an element of 0™ and there-
fore the injection 0™ — E induces an isomorphism 8™/A = E/E'. Thus, we

need to find the order #(E/E') of E/E'. But p(E)=1. So #(E/E")= p(E")"1,
and therefore it suffices to prove p(E') = |¢8~1|,.
Consider the inequalities

) L )<L, 1<i<n  z,<1, 1<j<m
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Let B be the coefficient matrix of the left-hand side of (5), and let B, be the

Pth component of B. Let C p denote the m x m submatrix of B, with the P-adic
absolute value of its determinant maximum. Clearly, det C, = e;i det D, where
Dy is a jx j submatrix of Ay. I claim that j=r, and therefore, clearly, det Dy
=8p. Suppose that j<r. The submatrix of Ap with determinant &, yields a sub-
matrix of B, with determinant €;70,; so |¢7'8], < |57 det Dy|, and therefore

lely > lelz=7> 18, /dec D, |, > 18/5'],

which is a contradiction.

We may assume Cjp appears in the same rows of B, for each P. We denote
the submatrix of B in these m rows by C. The other rows of B may be repre-
sented as linear combinations of the m rows of C. By Cramer’s rule, the coef-
ficients in these combinations will be of the form det C'/det C where C’' is some
submatrix of B. But, by the choice of C, det C'/det C < 1. Hence, because all
P €S are nonarchimedean, the inequalities (5) hold if and only if the inequalities
hold for the rows of C. Hence, E' = C~!E and therefore

WE") = p(C1E) = (mod C™)u(E) = |det clig= |81
This proves the proposition.

A theorem similar to Proposition 4 may be found in [6].
Suppose L has the form

S
©) L2 = Zl 8,2 = %y L1SIST
=

with m=r+ s. Then & =8’ and both are ideles.
We now compute the polar lattice of A L.e when L has the special form (6).
Let M be the transposed system

r
Ml.(w)zwi+ E @ w; o 1<j<s,
so that
r S
@) Zews=-— Z Li(z)wi+s + Z M].(w)z’..
=1 =1

Define a; = a to be the integral ideal of k consisting of all @ in 0 for which
aa;<1,1<i<r 1<j<s. Also, define b= b, to be the ideal b, =, §°;
so a €0 is such that @< € if and only if @ € b. We now prove

Proposition 5. beaLALle CAy,e Ifallthe a;; satisfy a;; <1, then equality
bolds.
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Proof. Let e, be the m-tuple with 1 in the ith position and 0 elsewhere.
It is clear bae,C A,. So (Bae) /\"l C o, and therefore f)(:u’\‘l C o™, Since
k is dense in ks, we can replace the a;; by elements of k and still get the same
lattices A L.é AM. ¢ Soassume a. € k and set

a,=(0,...,0 1,0,.¢¢,0, @yppcees @, ) ek™

where the 1 is in the jth position. Because 0z; € 5" and L (Oa) 0, then
ta; C A, so (aa) A'IC 8. By (7), with weabA,_l and zeoa, we get

M].(aBALl)a.a (aBA7Y) - ag; = aBMAL! . az) C ab

so canceling the @’s we have afAT! C C Ay, as desired.

Now assume a,;< 1 forall i and j» So a=0, and we can assume a;; €0,
Let w €Ay and z EAL. Then M, (w)eband L [2) € b. So, by equation (7), we
see that z - w € b, and therefore z - (b=1w) € o, Thxs shows that B‘lA C A7l
as desired.

It is easy to produce an example to show that equality does not in general
hold in Proposition 5.

5. Proof of the theorem. Let ¢ be an idele with /(0) > € > ¢/(N) and satisfying
') |e|’ Iel‘,l < C for all infinite primes P, P, where C is the constant of
condition (v). Set Iy=N/F(N) and note 1< 1y <N if N is sufficiently large.
We first find an estimate of the number a(N, e) of solutions x € 0%, and y € "
of the inequalities
L{x)-y,<e¢, N-Iy<[F<N.

Defme systems L and M by the formulas
z. for 1<i<s,

Ei(z) =

-1 s
N .
—_ (E ai_s].zj-zi) for s+1<i<m,

00 . .
z;+ E a8, for isj<s,

=1
M].(z)=
‘W
—z, for s+1<j<m,
lN ] -t -

where for a € kg, as usual, @™ denotes the k., component of a. Note, we are
assuming real numbers such as !/ N are embedded along the diagonal in k. Let
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LY be as in (1) and define M by

r
0 0 .
M].(z) =z;+ z @2 1<j<s
=1
In Example 2 of §4 we used L? and €® to define an d-lattice 1'\’_'0 = ALO g with

determinant

-mR
det ALO =2 2|47 Sy

lm

Then, by Example 1 of S4, A = LA LO) is an o-lattice with determinant
71
det A =

({l-v.)'
€% o0 L l GI S

with y, = 2""R2|d|"‘/2|5(L)|$0. We see a(N, €) is just the number of points of
A in the region T of k7 consisting of all z € k7, satisfying

8 det A=

N-1y,<[A <N, x=(zl,u-,zs),

z; Slys  i=s+lyeee,m.

Let B, be the boundary of T expanded by the diameter b of some funda-
mental parallelepiped of A C R*™. Then, if p is Lebesgue measure on R"™, we
see that

T B,
N, = £ ) .
. Ry & (det A)

We have

R, R
uT = «zR LR 2ymys QR 1 AN - 1M 2y

2)mlm IN nst"s-ldt

and

pB, = O(N"s=1177b)
if
(10) b<<l,.

Using in (9) the value for det A given in (8), we get

N -1 -1
a1 alN, & = ylel} [ Moty 5= 1de + O(N"S= |5

provided that (10) holds, where
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R, R, m mR
y = ns(2 1,72 /yl=2’"R” 2]8(L)|;.;|d|""/2ns.

Ve now find an upper bound for b. Let pr;5 +++, p__ be the successive mini-
mum of A with respect to the distance function f* polar to the distance function
f: k2 —=R,, f(z) = [z]. It can be shown (see [3, Chapter V, Lemma 8]) there is
abasis ¢, +++, ¢, of A satisfying f*(c)) < inmp.. So, if we choose b to be
the diameter of the fundamental parallelepiped determined by this basis, we see
that

b<Yle| <LfMe)<up,, .

By Mahler’s theorem (see [3]), if p} is the first minimum of A* with respect
to f, then

12) Kby, < 1.

So, we can find an upper bound for g and hence for b by finding a lower bound
for p}. This is where we use the type condition.
If a= e o b= Beo’ and AMO = AMO,eO are defined as in $4, we know

13) NoSelA g
where C= beag_D. Now M and L are such that
M(z") . T(2) = 2’ « 2"
so, as in Example 1 of $4, the lattices A and A* = M(A’zo) are polar. Define
A= Mc lAM o

Then, by (13), A*C A. So, if Fl is the first minimum of A with respect to f,
then ji; <p¥. Hence, we will find a lower bound for ;.

Choose z' €¢” IAMO such that f(z') = [z] = }L‘l. By a simple application of
Minkowski’s theorem, there is ¢ € C such that

R, -R
A< 2 ?d” Norm o ¥,

By the definition of b given in $4, we have

vy (€)
Norm b= 11 Np Y M}l,
pes ) 0

so [c] <« |e|§l/ " and therefore, also, |Norm c| << |e|_'§0l where the constants
implied by << do not depend on N.
Ve have z=cz' € AMO C o™, Hence, with this z = (x, y), we have
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T

xj+za?jy,-560s 1<jss
i=1

From the definition of { and A we see that

r

%+ 2 diy, < cfi 1<j<s,
(14) i=1
IN
y;S— cip 1Zign
¢ A

Hence max i Ix,. + M,.(y)l s S |Norm clﬁ'l'lel So << FI’. By the type condition, this
implies

as) g(]—z-l)-lra—m/s << V;‘
By (14) and condition (v') for €,
< iyiyrale ] << 2zl 5o lel 1 = g el 5.

Ve also Eave [x] << Ikt Iel's'l/ * from (14), since € <§(0) implies that cr; <
(Iy/€)cpy for large N. Therefore [z] << lNﬁ'lIel;l/ ", and then by (15)

le| ;/sl;‘-,m/s‘—qm/sg(rgl)- 1o ﬁr;_
Solving for F.l we get

16) (57 ™2 ) V" << i

Minkowski’s convex body theorem says #}" < 27m4ee(R)/V ; Where V, is the
volume of the region defined by f(z) < 1. It is easy to see (in the same way we
got (8)) that

-mR
A7™ << det(A) = Norm ¢™™(|e|7, Iy ™2 ™2 gmiye-sg| SO) < |d5IR™.
So, by our bound for [z]|, we have

‘?lmn << fﬁ"lflgmﬁ'{'" <« Iizn l‘l;s - Ns"/F(N)S"M;.

From condition (iii), it is now easy to see that [z] <N S/ if N is large. Hence

by (16)
(el 45 ™eNN =) Y << < i,
and therefose from (12) and condition (iii)

b<<p, <N s Ymm << 1 F(N)= 1.
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Now (10) is clearly satisfied, so (11) now reads
N - -1 -1
a7 olN, & = el [ oy 5= 1ap 4 NS~ 1|50 AN 7Y,

The rest of the proof follows Lang [5]. We apply formula (17) to € = {(N)
and € = (N - 1)) to get the theorem. Since ¥ is decreasing we see

a(N, $(N)) < MN) = MN = 1)) < a(N, YAN - 1))

Then, by (17) with € = (N) and € = (N - 1)),

AN) = MN - )= y|${(N)| :-IN As=1g
o sn-1
S - 'l/’(N - IN)lgN n IN
+ 0(<I¢(~-l~>lg— Ay + ,

Note, F increasing implies |)(2)|52°" is also increasing. Hence

VAN = BISIN = 1" < [ANEN™ < [WN|FUN = 57 & sunsn=1p),
so ' ’
saN*" =y N)|5 0y, « NG [N

N-I)|T - < ,
AN - 5 - [N < TR T

and therefore also |/(N - 7,))|5 << |#(N)|. Using these estimates in (18) we get

A

Now F(z) — 0. So if N is large enough N — Iy >N - 1/FIN) > N/2 and there-
fore, because () and 1/F(¢) are both decreasing,
@O WUDISN™ NI L, g
< s detis et t.
F(N) F(N) “JIN-ly F(2)

Also, because ¥ is decreasing, we get
N - N -
Mg [ nogy = ] MG

+ OUJg(N - I)IS - [N DN~ 1),

lﬁ(N) rNsn-ll
19 AN) - XN - zN)=y|¢(~)|;f:_1N —— O(I 15 N)

@1

Ve have already estimated the error term in this last expression. Hence (19),
(20), and (21) yield
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W lalgen d,).

MN) = MN = 1) = yf:"N |¢(t)|§t$n-1dt+0( N-ty =0

Equation (4) now follows by induction.

6. A metric theorem. We put a measure on the space of all systems L of r
linear forms in s variables by identifying the form L with an rs-tuple in kg°
made up of the coefficients of L. We will determine a type for almost all systems
L. For simplicity, we restrict ourselves to the case when § O P_. As prepara-
tion we state the following adele version of the convergence theorem:

Proposition 6. Let & R, — k¥, If 2 . < |[x])|5 < oo then, for almost all
systems L, there are only finitely many solutions x € 0%, y € 0" of

(22) Li(x) -y;<d[x]), 1<ign

This is the easy part of the Khinchin metric theorem; the other part asserts
that, if the above sum diverges, then, under certain conditions, for almost all
systems L (22) will have infinitely many solutions. A proof of this theorem for
the adeles, in the case s =1, may be found in [2].

If k=Q and S =P_, the above proposition gives a type for almost all sys-
tems L. However, in the general case, type is defined in terms of an inequality

on the volume | | ¢ and not by simultaneous inequalities such as in (22), so the
proposition does not apply directly. By modifying the proof of a theorem in (4,
p. 96] we can get what we need, if the set of primes § is finite.

Proposition 7. Let S2 P, be a finite set of primes, and let e R, > R, If
) <1 and f? =17 (1=M g1 <0, 1>7>0,
then for almost all L, there are only finitely many x € 0%, y € o' satisfying
(23) miaxIL,-(x) -ylg S, z=(x )

Proof. It is easy to see, if we replace (22) by
(24) inf{l, L) -y}<e@), z=(x)) 1<in

then the proof of Proposition 6 shows that for almost all systems L the inequalities
(24) have only a finite number of solutions when [ ¢™~!{(¢)|{dt < (the € in
(24) is as in Proposition 6, i.e., & R, = k¥).

For the proof of Proposition 7, we assume, for the sake of simplicity, that r =
1. Let F be the set of all L for which (23) has infinitely many solutions. Sup-

pose (23) holds for z = (x, y). If we put

(z)
@5) inf{1, |L (9 = y 1= e[,
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then 7, =75(2) >0 and Ep 7, > 1. Let v be the number of elements in S, and
choose a positive integer A so large that v/A <7, Wehave A<[Z, AT,] <
2, [Ary] + v; and therefore, if B=A4 - >0, then B <2, [Ary(2)]. So there ex-
ists by = by(z) such that by is an integer and

(26) 0 < b, <[Ar(2)] < Ar(2), ; by = B.

There are only a finite number of possibilities for each by. So, if L € F, we may
assume, for each P €S, by = by(z) takes on the same value for infinitely many
solutions z = (x, y) of (23); i.e., we may assume b, takes on a value depending
only on L and noton z. By (26), if we set [, = b,/A, then

OSIpSfp, ZI,=B/A=(A—1J)/A>1—7].
»
Then (25) implies there are infinitely many solutions of

27) inf{1, |Ll—y1|p¥$6(['fl)l’.

Now II, dt)"® <dr)1=7. Therefore, since ST '™l =M dt converges, we see
that the set E(b), b= (bp),es, for which (27) has infinitely many solutions, has
measure zero. But F C UE(b) where the union is over all tuples & = (by) with
by >0 and 2, by = B. So the measure of F is also zero. This proves Proposi-
tion 7,

If we apply Propositon 7 to the transposed system M of s forms in r vari-
ables, we find that by taking g(¢) so that

00 mnm=1 &t
(28) j 1 @W?Ff':—m converges,

then almost all L have type <g. So, fora g satisfying (28) and a i satisfying
conditions (ii)—(v), we have that formula (4) holds for almost all L.

It may be possible that Proposition 7 can be refined, and therefore a better
metric theorem would result. For example, in the case £ =Q, § = P, almoa all
systems have type < logl*""7 t, while Proposition 7 can never give a type any bet-
ter than O(¢%). Also, in the case k= Q and S consists of one p-adic prime, one
can show almost all systems L have type < logl”’t (see the Khinchin metric
theorem in [G] where it is shown that almost all p-adic systems

L) -yl , <eld), 2= "l!al,x“"ih lyl}

have only a finite number of solutions, if te(t) is decreasing and = £~ le(1)" < o).
However, if S contains more than one infinite prime it seems unlikely the integral
in Proposition 7 can be improved to anything better than
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r: 75" 1e(1)" log 1)~ dt

since, for example, the measure of the set
{(a, &) €R?: inf{1, |d|} inf{1, ||} <€}

is of the form 2€(1 + 2log €~ h.

In the'case s <r our theorem will still hold if we replace the definition of
type with the following definition of -type:

Definition. Let g: R, — R, be an increasing function, and let ¥: R, — k¥.
Define €(t) by the formulas

() =y, () for peS
(D) = (g(t)z"’"lx/u(t)lso)‘l/" for peP_,

Then we say the system L has y-type <g, if M(y) - x; < el[y1), 1<j<s, has
only finitely many solutions y € o’ and x € 0¥,

In this case we may apply the Xhinchin convergence theorem (Proposition 6)
directly to obtain the following metric corollary to the type theorem:

Proposition 8. Assume s <r If [T g5t~ 1dt converges and conditions
(ii) through (v) of the type theorem hold, then

N -
A(N) Nyfl £y de
for almost all systems L.
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