TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 195, 1974

ALMOST EQUICONTINUOUS TRANSFORMATION GROUPS
BY
PING-FUN L AM

ABSTRACT. A class of transformation groups called strictly almost equicon-
tinuous transformation groups is studied. Manifolds which carry such transforma-
tion groups are determined. Applications to related classes are obtained.

0. Introduction. We consider an arbitrary group of homeomorphisms G of a
metric space X. Let N(X, G) be the set of points in X where the family of maps
G fail to be equicontinuous. The set N(X, G) is an object of study in this paper.
If we provide G with a suitable topology, then G becomes a topological group T
and the group of mappings G induces, in a canonical way, a transformation group
(X, T). The set N(X, G) is now renamed N(X, T). It has been generally known
in literature that the set N(X, T) possesses certain interesting topological properties and
it plays a role in determining isomorphic classes of actions of T on X. A more well-
known result is that of Homma-Kinoshita [11], which shows that if X is locally compact,
if T is the additive group of integers and if the set N(X, T) is finite and does
not disconnect X, then N(X, T) has at most two points and the points are fixed
points of T. The same conclusion is obtained by Kaul [ 15] and Gray-Roberson
L9], which allow the finite set N(X, T) to be a compact zero-dimensional set at
the cost that X is restricted to be locally connected. The theorems of Kaul [15]
and Gray-Roberson [9] are consequences of Theorem 1.7 of this paper. See the
proof of (1.17). Theorem 1.7, however, does not require that X be locally con-
nected. Gray-Roberson 9] also gives results for general acting groups T. Under
the above hypothesis it is shown in [9] that there are at most two minimal sets
in N(X, T) and if T is either connected or abelian, then N(X, T) consists of one
or two fixed points. Parting from this direction there are results on the topological
conjugacy problem in terms of the set N(X, T) (see Husch 13] and its references).
For other recent developments see remarks at the end of the paper.

We consider the following two classes of transformation groups. Class I,
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N(X, T) =@. Class II, @# N(X, T) # X and that N(X, T) is sufficiently small

in X (for example if N(X, T) is al-dimensional and X is a 3-dimensional space).
Class I is called equicontinuous transformation groups. Generally speaking,
Class II can be called strictly almost equicontinuous transformation groups in the
large. We will refer to both I and II as almost equicontinuous transformation
groups. In this paper we study Class II. We investigate the set N(X, T) and
some related problems such as to determine manifolds which carry such transfor-
mation groups. When N(X, T) is zero-dimensional, a rigorous definition for

Class II will be given in $1 (cf. Definition 1.6). The definition is more general
than that given by Gray-Roberson [9]. We mention that Class I and Class II have
opposite dynamica:l properties in many respects. For the analysis of such dy-
namical properties, we refer the interested readers to a forthcoming paper by us on
dynamical properties of almost equicontinuity.

One of the main results that we obtain is Theorem 1.7, which roughly asserts
that when the set N(X, T) is zero-dimensional it must belong to one of five
special types given in the theorem. No assumption of local connectedness of X
is needed. The theorems of $1 extend the main results of [11],19] and [15]. An
attempt is made in $2 to pass these results to Class II in general. Only the more
immediate properties which can be inferred from the method are stated in this
paper. For more indirect applications see L14]. In $3 we show that manifolds of
dimension at least 2 which carry zero-dimensional N(X, T) such that Cl(x7T) is
compact for each x € N(X, T) are necessarily of four standard topological types.
Results on manifolds when N(X, T) is of Class II but not of zero-dimension are
now available in recent literature (cf. for example [5]).

This paper also serves to prove and extend some theorems which we have
announced in | 19]. They are Theorems 2, 4, 5, 6 and 9 of | 19]. Theorem 2 of [ 19]
is given as Theorems 1.7 and 1.22 here. Theorem 5 of L19] is given in generalized
form as Theorem 1.28. The generalization is that the original hypothesis is re-
placed by a weaker one, which becomes the same as that of Theorem 2 of L19].
Theorem 6 of [ 19] has been extended in many respects (cf. remarks at the beginning
of $2). It is proved in Theorem 2.12. Theorem 9 of [19] is proved in Theorem 3.4,
with a correction on statement (IV). Theorem 4 of [19] follow's from results of 3 3.

The paper is written in a series with [20] preceding it and followed by a
forthcoming work by us on dynamical properties of almost equicontinuity. Our
work [20] provides the foundation for a property which we call indivisibility and,
most important of all, obtains sufficient topological conditions for this abstract
notion, which is to be used in definitions here.

Standing hypothesis. All phase spaces of transformation groups are assumed
to be metric spaces unless otherwise stated. A chosen metric is given to each
such metric space.
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Standing notations:

(1) (X, T): a transformation group with phase space X and acting group T.
The assumption on the space X follows that of standing hypothesis.

(2) E(X) = E(X, T): the set of all equicontinuous points of (X, T) with re-
spect to a prechosen metric of the metric space X. The complement, the set of
all nonequicontinuous points of (X, T), is denoted by N(X) or N(X, T). In
Proposition 1.1 the notations are used more generally for uniform spaces.

(3) X*= X U {oo}: the one-point compactification of X.

(4) SAE: strictly almost equicontinuous transformation groups (see Defini-
tion 1.6).

1. Strictly almost equicontinuous transformation groups. The objective of
this section is to give a definition of strictly almost equicontinuous transforma-
tion groups (Definition 1.6), to give a classification theorem for this class
(Theorem 1.7) and to simplify the classification when the phase spaces are non-
compact (Theorem 1.28).

Let X be a uniform and T, space with a prescribed uniformity U and let
(X, T) be a transformation group. We say that a point x € X is equicontinuous
(with respect to T and lU) if for every u€ U there exists velU such that for
yeX

(x, y)ev implies that (xt, yt) € u for all t€T.

We say that x is nonequicontinuous otherwise. We let E(X) or E(X, T) denote
the set of all equicontinuous points of X under T. We let N(X) or N(X, T) de-
note the set of all nonequicontinuous points of X under T.

Let X be a metric space with a prescribed metric d and let (X, T) be a
transformation group. We say that a point x € X is equicontinuous (with respect
to T and d) if for every €> 0 there exists 8> 0 such that for y € X

dx, y) <& implies that dxt, y2) <€ forall teT.

The point x is said to be nonequicontinuous otherwise.

When X is a metric space with a prescribed metric d, the relation of the two
previous definitions of equicontinuity is given as follows. Let U(d) be the uni-
formity of X generated by the metric d, i.e. U(d) has a base which consists of
sets V, ={(x, y) € X|d(x, y) <e} for all ¢> 0. Then x € X is equicontinuous with
respect to T and d if and only if it is equicontinuous with respect to T and
U(d). These terminologies and properties are all well known.

In order to understand our formulation of the definition of strictly almost
equicontinuous transformation groups, we first make a few preliminary remarks.

The condition of compact orbit closures for nonequicontinuous points. This

condition is useful only for phase spaces X which are noncompact. It ensures
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that each nonequicontinuous point of the metric is ‘essential’ in the sense that
no nonequicontinuous point shall disappear when the prescribed metric of X is
replaced by another metric of X which is compatible with the topology of X.

Let (X, T) be a transformation group, where X is a Tychonoff space. Let
&X) be the set of all uniformities of X which are compatible with the topology of
X. For a chosen U € ¥X) it would be convenient here to denote E(X) by E(X|U)
and N(X) by N(X|).

Proposition 1.1 following concerns a few simple but important cases about how
the set E(X|U) is changed with respect to the change of U.

1.1, Proposition. Let (X, T) be a transformation group, where X is
Tychonoff. Let &X) be the uniformities of X which are compatible with the
topology of X. The following properties hold.

(1) Let U, € XX) be such that

Cl(pT) is compact for every p € N(X|U o

then E(X|W) C E(X|Uy) for all U e (X).

(2) Let the phase space X be compact, or more generally let every orbit
closure in X be compact. Then E(Xlul) = E(sz) for all 111, 112 € 4X).

(3) If X is locally compact and U* is the induced uniformity on X from the
(unique) uniformity of the one-point compactification X* of X, then E(X|U) C
E(X|U*) for all U € 3(X).

(4) If X is a locally compact uniform space with a prescribed uniformity U
and if

CL(pT) is compact for every p € N(X|U)

then the sets E(X) and N(X) are unchanged when U is replaced by the induced
uniformity from the one-point compactification of X.

(5) If X is a locally compact separable metric space with a prescribed
metric d and if

CI(pT) is compact for every p € N(X) with respect to d,
then the sets E(X) and N(X) are unchanged when d is replaced by an induced
metric from the one-point compactification of X.
Proof. (1) Let p € N(X|U). There exist anet {z]} in T, anet {x} in X and
some u € ‘uo such that
(a) limx,=p, (pt, x2) ¢ u fort,€ll}.
1

By the compactness of Cl(pT) we may assume the existence of the limit g =
lim;pt . Consider U €8(X). Choose a symmetric v €U such that qv"' Cgqu. Then
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for i sufficiently large we have (pt, x2) ¢ v. For otherwise there exists arbi-
trary large i such that pt;€qv and then x ¢, equ. Then (ptl, lei) €v3 Cu for
such i. This contradicts (a). Hence N(X|Up) C N(X|U). Hence E(X|U) C E(X|Up.

The proof of (1) is completed. _

(2) follows from (1). (3) is given in Proposition 2.11 of Lam [ 20]. Statements
(4) and (5) are direct consequences of (1) and (3).

The proof of Proposition 1.1 is completed.

As a result of Proposition 1.1(4), (5) we have that if X is locally compact
and if points in N(X) are so secured that they have compact orbit closures, then
in analyzing the set N(X) we may always assume that an induced metric or uni-
formity from the one-point compactification is being used. This adaptation will be
useful for passing results from compact phase spaces to noncompact phase spaces
(see (1.28) and (2.17)). As for proving results such as Theorem 1.7 we, however,
find no advantage to select this special metric for X.

We consider a transformation group (X, T).

Zero-dimensionality vis. total disconnectedness for the set N(X). Let X be a
locally compact metric space. The set N(X) is in general not a closed subset of
X. Hence if the set N(X) is totally disconnected, it is not a priori a zero-dimen-
sional set. In the following we show that these two properties are equivalent.
This equivalence permits us to use the more general hypothesis that N(X) is
totally disconnected in Definition 1.6, in place of the hypothesis that N(X) is
zero-dimensional. The total disconnectedness hypothesis is preferable for the
technique of $2. The proof of the equivalence is based on the following theorem
of Lam [19].

1.2. Theorem. If X is a metric space, then N(X) is a countable union of
closed invariant sets.

The proof of Theorem 1.2 is given in [20, (1.4)].

1.3. Proposition. Let X be a locally compact metric space. Then N(X) is
zero-dimensional if and only if it is totally disconnected,

Proof. The necessity is clear. To prove the sufficiency we observe that
every closed subset of X is locally compact and every locally compact totally
disconnected set is zero-dimensional. Hence if N(X) is totally disconnected,
then Theorem 1.2 implies that N(X) is a countable sum of zero-dimensional closed
sets. Such a set is known to be zero-dimensional (cf. Hurewicz-Wallman [12, p. 18]).

The proof of Proposition 1.3 is completed.

The condition that a set is indivisible by T. Condition (c) of Definition 1.6
is a nonstandard property. It requires that the set E(X) be indivisible by T. We
recall this special definition of indivisibility from [19]. Again a transformation
group (X, T) is under consideration.
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1.4. Definition. Suppose that N(X) is zero-dimensional. A subset Y of X
is said to be indivisible by T, if whenever there exist a sequence {¢,} in T and
a point y, €Y such that lim _, yot, = p €N(X), then the sequences {yz,} have
p as a limit point for all y €Y.

By considering suitable subsequences we see that Y is indivisible by T if
and only if for every sequence {tni in T whenever there exists y, €Y such that
lim _  yot,=0 € N(X), then lim _  yt, =p for every y €Y.

Although Definition 1.4 appears to be simple and abstract, it is shown in
1191, 120] that there exist various topological conditions which give this property,
and many other topological conditions, though very similar to the first set, do not
give this property. The conditions of [ 20] are summed up in Theorem 4.22 of [20],
when N(X) is zero-dimensional. In the form of metric phase spaces, as so as-
sumed here, we have the following result from [ 20, Theorem 4.22].

1.5. Theorem. Suppose that X is a locally compact metric space and that
N(X) is zero-dimensional. A sufficient condition for the set E(X) to be indivis-
ible by T is that there is a dense subset D of E(X) so that one of the following
cases occurs.

(1) D is a semicontinuum.

(2) D is locally compact, connected and invariant (the condition ‘‘invariant”’
can be omitted if T is connected.

(3) D is connected and either D or X is locally connected.

(4) D is connected and N(X) is either scattered or locally compact.

(5) D is the union of a family {Mx} of connected sets, which are totally
ordered by inclusions and which are disjoint from Cl(N(X)).

The sufficient conditions are also sufficient conditions for a condition
called "E(X) is CC-indivisible by T’ in [19], which is slightly stronger than
the present one when X is not compact.

In application of Theorem 1.5 the set D is often taken as E(X) itself. There
are, however, applications where it is known only that a dense subset D of E(X)
rather than E(X) itself has one of the five properties of Theorem 1.5 (see for
example [14]). Each of the five properties in (1.5) implies that the set E(X) is
connected. However, an example is given in [20] which shows that there is a
compact connected metric space X, a zero-dimensional N(X, R), where R is the
group of real numbers, a connected set E(X, R), but that E(X, R) is not indivisible
by T. Note that for such counterexamples the set N(X) is not closed, otherwise
E(X) would be locally compact and (2) of (1.5) would be satisfied with D = E(X).
Also for such counterexamples the space X should not be locally connected
according to (3) of (1.5). For general cases we do not have a single topological
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condition which is a suitable replacement for our indivisible condition of Defini-
tion 1.6.

In L 20] we define indivisibility in great generality which contains the present
definition as a very special case. To be self-contained we will avoid using
general theorems of [20] as much as possible. The essential use of [20] is the
support of the property of indivisibility in Theorems 1.7, 2.12, 2.16 and 2.17 by
topological sufficient conditions and for proofs of (1.27), (2.11), (2.17).

We are now in position to define our definition of Class II transformation
groups (cf. Introduction) for the case that N(X) is zero-dimensional.

1.6. Definition. A transformation group (X, T) is said to be strictly almost
equicontinuous (SAE) if X is a locally compact connected metric space and the
following conditions are satisfied:

(a) N(X) is nonempty and totally disconnected.

(b) For each p € N(X) the set Cl(pT) is compact.

(c) The set E(X) is indivisible by T.

Note that condition (b) is automatically satisfied if X is compact.

The most important theorem of this section is the following one.

1.7. Theorem. If (X, T) is strictly almost equicontinuous, then the set
N(X) is necessarily compact and zero-dimensional. Explicitly the set N(X)
must be of one of the following five kinds:

(i) a union of two fixed points (X, T) is called type 2 for this case),

(ii) a fixed point (type la),

(iii) @ minimal set which is homeomorphic to the Cantor set (type 1b),

(iv) a topological Cantor set which has a fixed point and all other orbits
are dense in N(X) (type 1c),

(v) an orbit of two elements (type 1d).

Any one of the last four types in (1.7) is called type 1. Our types are
named as those of Kinoshita (cf. references in 17]), in which he considered only
discrete flows, hence only type 2 and type la can occur (cf. (1.17)).

Theorem 1.7 is intended as an extension of part of the following classical
theorem of Kerékjartd.

1.8. Theorem (Kerékjarté L16]). Let f be an orientation preserving self-
bomeomorphism of the 2-sphzre S 2 whose powers (both positive and negative)
are equicontinuous except for a finite number of points. Then

(A) The number of exceptional points is at most 2.

(B) For the nonexceptional point case [ is topologically conjugated to a
rotation about a diameter; for the one exceptional point case [ is topologically
conjugated to the homeomorphism obtained from extending the translation on the
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plane by adding the fixed point {oo}; for the two exceptional points case [ is
topologically conjugated to the homeomorphism obtained from extending the dila-
tion (f(x) = x/2) on the plane by adding the fixed point {oo} (the proof of
Kerékjdrté bas an error for the case when f is periodic, cf. Eilenberg [G]).

Works related to (A) of Theorem 1.8 are [11], [9], [15] (cf. Introduction).
As for (B) of Theorem 1.8 it is also shown in [11] that if X is compact and
if N(X) is a union of two fixed points p and ¢, then

lim *x)=p forall x4£q, lim f™x)=gq forall x#p.
700

n— =00
If X is compact and N(X) is a fixed point 2, then

lim fx)=z forall x€X.
|nf2ee

We also have a general result in this respect (cf. Theorem 1.22). This generaliza-
tion is useful for applications in $52, 3. For a strong generalization of (B) of
(1.8) see [13] and its references. A discussion for the difficult case when N(X) =&
can be found in Montgomery-Zippin [21].

We begin to prepare some lemmas for the proof of Theorem 1.7. The first
thing to do is to convert the equicontinuity property of T to the equicontinuity
property of sequences in T. By abuse of language we say that a sequence {t"}
in T is equicontinuous at x € X if the range of the sequence is equicontinuous
at x.

In the following we assume that a transformation group (X, T) is given. Let
d be the metric of X.

Let {tn¥ be a sequence in T and x € X. Then {tn¥ fails to be equicontinuous
at x if and only if there exists a subsequence {t,,k} of {t,}, corresponding sequences
{ank} and {b”k} in X and a number 7> 0 such that

(@) iy Omg =% = lim b, da

nglny’ b"lgt"k) >rn
As we shall see it is often convenient to replace a given sequence {t"§ by its
subsequence which satisfies (a). Such a subsequence is characterized as follows.
1.9. Remark. Let {t,} be a sequence in T and p € X. The following state-
ments are equivalent:
(1) Every subsequence of {tn} [ails to be equicontinuous at p.
(2) There exist two sequences {a"}, {bnf in X and a number r> 0 such that
lim a =p=lim b ; d(a"tﬂ, bntn) >r.

n—00 n—00

It follows that if a sequence {tni in T fails to be equicontinuous at p € X,
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then there exists a subsequence {tnk} of ftn} so that every subsequence of {t"k}
fails to be equicontinuous at p. These properties for sequences of maps are well
known.

1.10. Remark. Let x€ X. Then the following statements are equivalent:

(1) xe N(X).

(2) Some sequence in T fails to be equicontinuous at x.

(3) ,(x) £ 0 for some sequence a =1{t,}> | in T.

The function f, of Remark 1.10(3) is an upper semicontinuous function f,:
X — [0, ] defined by

falx) = inflsupidia (S (x)t )n > 1}}e> 0} (dia = diameter),

‘where S (x) is the e-open ball of x. The function has the property that f,(x) = 0
if and only if a is equicontinuous at x. The function f, shows the analytic
nature of the nonequicontinuous points of the sequence a = {t "3. Ve will, how-
ever, give no further details of this function, other than remarking that some of
the following lemmas can be phrased in terms of these functions. A crucial lemma
follows.

1.11. Lemma. Let X be locally compact and connected and let N(X) be zero-
dimensional. If a sequence {tnl in T fails to be equicontinuous at p € X, which
bas a compact orbit closure, then for some a€ E(X) and for some subsequence
{tnk} of it,} we have lim,_ at;l: =p. :

Proof. Clearly p € N(X). We first replace {t_} by a subsequence so that every
subsequence of the subsequence is nonequicontinuous at p. The sequence {tni
is then characterized by Remark 1.9(2). By the compactness hypothesis of Cl1(pT)
we may further assume the existence of g=lim _,_ pt . By Theorem 1.2 we have
that if x € N(X), then Cl(xT) C N(X). Hence Cl{(pT) C N(X) and so g€ N(X).

Now by the hypothesis that N(X) is zero-dimensional at p, p has arbitrarily
small relatively open and closed neighborhoods W in N(X). Applying the hereditary
normal property of the metric space X to the sets W and N(X) - W, both relatively
closed in N(X), we obtain arbitrarily small open neighborhoods V of p such that
dV N N(X) =g. Since X is locally compact, we may assume that Cl1(V) is com-
pact. Since X is connected we may further assume that & # dV N E(X) = dV. We
can then choose a sequence {Vn} of open neighborhoods of p which has the fol-
lowing properties:

C1(v)) is compact, @# oV, CE(X) for all n,
® Vi2V,D.ee, lim dia(V ) =0, V, £X.

n—oo

Since we have assumed that every subsequence of {t,‘} is nonequicontinuous at p,
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by Remark 1.9 there exists some € > 0 such that
(b) dia(Vntn)>e forall n=1, 2,¢¢0.

For the same reason that neighborhood V of p can be obtained by hypothesis we
can choose open neighborthoods U and U, of g which have the following properties:

© C1(U) is compact, dia(U) <¢/2, Cl (Ul) cu,
@+ 0U CEX), g4 U, CEX).

The lemma will be proved by contradiction. We will first establish two asser-
tions which are based on the assumption that the lemma is false. The contradic-
tion and the proof of Lemma 1.11 are immediate consequences of these assertions.

Ve denote the component of V which contains p by A . Then A D A,D
AzD.en.

Assertion A. If Lemma 1.11 is false, then there exists an integer r such that
At CU, forall n>n

Proof of Assertion A. Assume that there exists no integer r such that
A, CV, forall n>r Then for any positive integer i there are integers m;, n,
such that i<m;<n; and A t ¢ U,. Note that the sets Am! n; 2T connected.
Since pe A . forall i and pt ‘e U, for sufficiently large i, we can use (c) to
conclude that for all sufﬁciently large i there exists y, €A m; with y;t € au,.
By the compactness of GUI we may assume the existence of the lxmxt

lim,_,, y;t, =a€dU,. Since a€ E(X), we have
lim at” = lim (y L n )t lim y.=p.
i—00 i i00 z—v°° !

In this case Lemma 1.11 is true. Hence Assertion A is valid.

Now by applying (a), (b) and (c) above we can obtain a sequence {x ”In =

, 2,+++} with x, €V, and xntnd U. For integers k, n such that 1 <k <n we

let C, ., be the component of x, in C1(V}). From a result of K. Menger (18,
vol. 2, p. 172] we have that C, N JV, # @. Here the property V, # X in(a)
is used.

Assertion B. If Lemma 1.11 is false and if r is an integer given by Asser-
salnN U= & forall n> s,

The proof of Assertion B is similar to that of Assertion A, and we omit it.
The relation between U and U, in (c) is used in the proof.

tion A, there exists an integer s > r such that C

We now assume that Lemma 1.11 is false. Let s be an integer of Assertion B.
The set lim inf{C an=8 s+1,. -} contains at least one point, namely p.
Hence C = lim sup{C un=s, s+1,...} is a connected set (cf. [18, vol. 2,

p. 171]). Then CC As We choose z, € C, N 9V _ and let z be a limit point of
the sequence {z |n=s, s+1,-++}. Then z€9V_N A_. In particular z¢€ E(X).
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By Assertion A we have z¢ € U, forall n>r. Hence for z, sufficiently near z
we have z t € U,. This would contradict Assertion B.
The proof of Lemma 1.11 is completed.

1.12. Lemma. Let (X, T) be SAE (see Definition 1.6). If a sequence {t}
in T is such that for a point p, € X, every subsequence is nonequicontinuous at
by, then {tn¥ is equicontinuous at all points of X other than p .

Proof. Let p be an arbitrary point in X at which {t,} is nonequicontinuous.
We show p = p,. By Proposition 1.3 the hypothesis of Lemma 1.11 holds. By
(1.11) there exists a subsequence ft"ki of {¢,} and some a € E(X) such that

lim,_  at “; = p. By hypothesis the sequence {t } is nonequicontinuous at by
If we apply (1.11) with p replaced by p, and with {z, } replaced by {t, } we find a sub-
sequence {s} of {1 k} and some b€ E(X) such that hm bs! =p1. By the hypothesis
that E(X) is indivisible by T (cf. Deﬁmtxou 1.4), apphed on the sequence {s I,
we must also have that lim; as; " = p . This together with lim,_ at) =p
above imply that p, = p.

The proof of Lemma 1.12 is completed.

"k

1.13. Theorem. Let (X, T) be strictly almost equicontinuous. The only
possible relatively closed invariant subsets of N(X) are the set N(X) itself, the
empty set or a fixed point.

Proof. Let M be relatively closed and invariant in N(X) and suppose that
M # N(X) and M #@. Let p € N(X) - M. There exists a sequence {£,} in T which
fails to be equicontinuous at p. According to Lemma 1.11 there exist some
a€ E(X) and a subsequence {ski of ftni such that lim, _, as,:l = p. Since E(X)
is assumed to be indivisible by T, we have that lim,  _ xs; 1= p forall xe E(X).
Now let z be an arbitrary point in M. Since M is relatively closed in N(X), we
have some ¢ > 0 such that S(p) NC1(M) =&, where S(p) is the e-open ball of p.
Since X is connected and N(X) is zero-dimensional, there exist points in E(X)
which are arbitrarily near 2. Since M is invariant, all cluster points of the se-
quence {zs,} are in C1(M). It follows that every subsequence of {s,} is nonequi-
continuous at z. According to Lemma 1.12 the set M must be a single point.
Since M is invariant, the point is a fixed point.

The proof of Theorem 1.13 is completed.

1.14. Lemma. Let (X, T) be SAE. If a sequence {t }in T is nonequicon-
tinuous at p € X, there exists a subsequence a ={s,} o/ {t,} such that
lim, | xsk =p forall x€ X, except possibly /ora set N _1. The set N.-

has at most one element and can be characterized as the set of points wbere
{S l} is noneqwcontmuous.
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Proof. According to Lemma 1.11 there exist a subsequence {tn } of {t"} and
some a € E(X) such that lim,_, at;k1 = p. Since the set E(X) is assumed to be
indivisible by T, we have lim,_ xt_!=p forall x€ E(X). Note that the set
E(X) is dense in X. Suppose that the sequence {z_ 1} is equicontinuous at every
point of X; then we may let {s,} be {t;kl} and then Lemma 1.14 holds. In this
case N _;=¢ and lim, _, ;vcs,:l =p for all x€ X. Assume now that there is a
point g€ X at which {t;;} is nonequicontinuous. We let {s;ll be a subsequence of
{t;li so that every subsequence of {s} 1} is nonequicontinuous at ¢ According to Lemma
L.12 the sequence {s} 1} is then equicontinuous everywhere except at the point ¢. Since
lim, :cs,:1 =p for x€ E(X) and E(X) is dense in X - {g}, we have
lim, | xs,:l =p for xe X - {ql.

00

The proof of Lemma 1.14 is completed.
We state a weak form of Lemma 1.14 for the convenience of application in
the sequel.

1.15. Lemma. Let (X, T) be SAE. If p € N(X), then there exists a sequence
{ui} in T such that lim; | xu,=p forall x€ X, except possibly for a point of
N(X).

1.16. Proof of Theorem 1.7. As a result of Theorem 1.2 we have that
Cl(pT) C N(X) for all p € N(X). We choose an arbitrary p € N(X) and let M =
Cl(pT). If M = N(X), then clearly N(X) is compact and zero-dimensional. If
M £ N(X), then M is a fixed point p according to Theorem 1.13. For the latter
case we take an arbitrary g€ N(X), ¢ # p, if any such point exists. Again if
Cl(gT) # N(X), then ¢ is a fixed point; hence N(X) = {p} U {g} by (1.13). We
have thus shown that N(X) is compact and zero-dimensional. In addition we have
shown that if N(X) has a fixed point p then the set A = N(X) - {p} is either
empty, a fixed point or that it consists of points each of whose orbits is dense
in N(X). If N(X) has no fixed points, then every orbit in N(X) is dense in N(X).

We now claim that if the space N(X) has an isolated point, then the number
of points in N(X) is at most 2. Let p be an isolated point in the topological
space N(X). By Lemma 1.15 there exists a sequence {u,} in T such that

lim xu =p = lim yu, for x,y € X -1{g},
i—00 : i—00 :

where ¢ is an exceptional point. Since p is isolated in N(X), we must have that

xu;=yu;=p, whenever x, y € N(X) - {g} and for i sufficiently large. It follows
that x = y, whenever x, y € N(X) - {g}. The set N(X) accordingly consists of
one or two points.

If now N(X) has an isolated point, then according to the previous analysis
the set N(X) must be either a fixed point (type 1a), a union of two fixed points
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(type 2) or an orbit of two elements (type 1d).

If N(X) has no isolated points, then it is a self-dense compact zero-
dimensional metrizable set and such a set is well known to be a topological
Cantor set. The transformation group (X, T) is then of type lc if N(X) has a
fixed point, and is of type 1b if N(X) has no fixed points.

The proof of Theorem 1.7 is completed.

1.17. Theorem. If (X, T) is SAE and if the group T is either connected or
abelian, then N(X) is the union of one or two fixed points.

Proof. The theorem is obtained by Gray-Roberson [9] in tems of their
stronger hypothesis. The technique of the proof of (1.17) is, however, the same
as that of [9]. If T is connected, then each point of the totally disconnected in-
variant set N(X) must be a fixed point and therefore only type la and type 2 can
occur. If T is abelian, we take a point p € N(X) and apply Lemma 1.15. Let {,}
be the sequence given in (1.15). Take a point x € E(X) and an abritrary t€ T;
then xt€ E(X) and by Lemma 1.15 we have

p= lim (xt)ui = lim (xui)t =(lim xu'.)t = pt.

i —00 i—00 1—00

Hence N(X) also consists of fixed points for this case and the previous argument
applies.

The proof of Theorem 1.17 is completed.

1.18. Remark. If (X, T) is SAE, then the phase space X is necessarily
separable.

Proof. The property (1.18) is a special case of the following theorem of
P. Alexandroff: A connected, locally compact metric space is separable (cf.
Pfluger [23, pp. 22-23]). We give a separate proof for our case.

Let p € N(X) and V be a compact neighborhood of . Let the sequence {u,}
be given as in Lemma 1.15; then by (1.15)

X=<U Vu,.'l>uiq¥
i=1

where g is the possible exceptional point. Hence X is a locally compact and
o-compact metric space, which is therefore separable.

The next property states that SAE are relatively simple if measured by the
spread function. In [19] we define the spread function fr.: X — [0, =] by

f1(x) = inf{sup{dia (S(x))|t€ Ti|e > 0},

where S (x) is the e-open ball around x (compare Remark 1.10). The function f;.
has the properties that it is upper semicontinuous, [r(x) = f(x¢) for all x€ X
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and t€ T and that x € N(X) if and only if f.(x) # 0 (see [20]). In [20, Remark
1.6(3)} we show that if X is a minimal set, then /T is a constant function. For
SAE we have one more value for f. .

1.19. Remark. If (X, T) is SAE, then [r assumes exactly two values.

Proof. By applying Lemma 1.15 to points in N(X) we see that f(x) = dia(X)
for all x€ N(X). Since f,(x) = 0 if x€ E(X), the proof is completed.

It should be interesting to give further analysis of the set N(X) of Class II
transformation groups of the Introduction by regarding N(X) as a new phase space.
We give a simple result of this kind here.

1.20. Remark. If (X, T) is SAE, then the following properties hold:

(1) N(N(X), T) =& if (X, T) is of types la, 2 and 1d.

(2) N(N(X), T) = N(X) if (X, T) is of types 1b and lc.

Proof. The proof of (1) is obvious. For the proof of (2) we note that N(X) is
infinite for those cases. Let p € N(X). By (1.15) there exist a, be N(X), a £ b,
and a sequence {uii in T such that limi_m au;=p = limi_mo bui. It follows that
p € NIN(X)).

We have seen that the property of Lemma 1.15, when properly interpreted,
gave some interesting dynamical properties. For some other applications we need

to know the limits lim, xui'l for x€ X, directed by the inverse sequence

00
{ui' 1} in T. In this case it would be convenient to limit ourselves to compact
phase spaces. If X is not compact, we extend the transformation group to X*,

the one-point compactification of X.

1.21. Lemma. Let (X, T) be a transformation group, where X is compact and
let {t,} be a sequence in T. Then 1.} bas a nonequicontinuous point in X if
and only if {t; Y bas a nonequicontinuous point in X.

Proof. The proof follows directly from some known properties of function
spaces (see [8, Chapter 11] and its references). Let C be the set of all contin-
uous maps from X to X. If C is given the sup-norm metric, then the function
space is complete and its topology coincides with the compact-open topology.
Consider the subset G = {n*|t€ T}, the transition group of T. Lemma 1.21 follows
essentially from the fact that the inverse operation on G is uniformly continuous
[8, Theorem 11.18]. Let A = {n*|z€{s }}. If A is equicontinuous at every point
in X, the Ascoli theorem shows that Cl(A), the closure of A in C, is compact.
Since then the set Cl1(A) is totally bounded, so must be the set Cl1(A~ 1), by the
uniform continuity of the inverse of G. The set C1(A~!) is now totally bounded
and complete and is therefore compact. The Ascoli theorem then gives that A~}
is equicontinuous at every point of X. Hence {t "¥ is equicontinuous everywhere
if and only if {z, 1} is equicontinuous everywhere.
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1.22. Theorem. Let (X, T) be SAE and X be compact. The following prop-
erties hold:
(1) For every a € N(X) there exist some sequence {51} in T and some
be N(X) such that
lim xs;l =a forall x#b, lim xs,=b forall x£a
i—00 i—00
(2) The sequence {sii in (1) can be chosen so that the sequence {sii {the
sequence {s;.‘ 1} is nonequicontinuous at a {at b} and equicontinuous elsewbere.
(3) The sequence {sl} in (1) and (2) can be chosen as a suitable subsequence
of any sequence which is nonequicontinuous at a.

Proof. We begin with a sequence fsi} which is nonequicontinuous at @ and
modify it successively by subsequences. Step I. Replace {si} by a subsequence
so that every subsequence of this subsequence is nonequicontinuous at a. Step II.
According to Lemma 1.14 we may replace {s i} by a subsequence again so that
lim, :cs;.'l =a for all x€ X — A, where the set A has at most one element and
can be characterized as the set of points where fs;." 1} is nonequicontinuous.
Since {s;} has a nonequicontinuous point, namely @, by Lemma 1.21 the sequence
{si' 1} must also have at least one nonequicontinuous point. Hence the set A is
a singleton and we denote it as b. Step IIl. Finally we let the sequence {z } in
Lemma 1.14 be is;ll and let p be b. If we modify {si'l} by a subsequence
which satisfies the conclusion of Lemma 1.14, the final sequence {s;} and {s; 1
have the properties (1), (2) and (3) of Theorem 1.22. The sequence fsif obtained
at the end of Step III is nonequicontinuous at @ due to the requirement in Step I;
the sequence is nonequicontinuous at a only, due to Lemma 1.12. The sequence
{si' 1} obtained at the end of Step III is nonequicontinuous exactly at b due to
Lemma 1.21, which is applied by taking {z,} to be the sequence {s;} at the end
of Step III.

The proof of Theorem 1.22 is completed.

We remark that if (X, T) is SAE of type 1b, 1c, 1d or 2, then X is necessarily
compact (cf. Theorem 1.28) and so Theorem 1.22 applies. If (X, T) is of the re-
maining type la and X is not compact, then the property (1) of Theorem 1.22 in
general fails (for example take the dilation f(x) = x/2 of the plane and consider
the discrete flow generated by the homeomorphism).

Let (X, T) be SAE and suppose that X is noncompact. We will obtain
special properties of N(X) by taking the one-point compactification X*= X U {oo}
of X and by extending the transformation group of X*. First we need the follow-
ing basic property.
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1.23. Proposition. Let (X, T) be a transformation group where X is a locally
compact T, uniform space; then (X, T) can be extended (uniquely) to a trans-
formation group (X*, T).

A straightforward verification gives the proof of Proposition 1.23. Note that
it is necessary that oot =oe for all t€T.

If (X, T) is SAE, then by Theorem 1.7 the set N(X) is compact and by
Remark 1.18 the space X is separable. According to our earlier remark, Propo-
sition 1.1 (5), we have that the set E(X) is unchanged if the original metric of X
is replaced by one which is induced from X*= X U {e}. Hence we have either
N(X*) = N(X) or that N(X*) = N(X) U fes}. For either case it is clear that N(X*)
is zero-dimensional. It is interesting to see that this property holds in more
general form. The property given in Remark 1.24 should be important for studying
transformation groups of Definition 1.6 with either condition (b) or both conditions
(b) and (c) violated.

1.24. Remark. Let (X, T) be a transformation group, where X is a locally com-
pact separable metric space. If N(X) is zero-dimensional, then N(X*) is zero-
dimensional. Here an induced metric from X* is used on X.

Proof. By Proposition 1.1(3) we have N(X*) C N(X)U {e}. Now a zero-
dimensional space remains zero-dimensional after adding a point (cf. Hurewicz-
Wallman [12, p. 19]).

1.25. Lemma. If (X, T) is SAE and if X is noncompact, then e € N(X®).

Proof. Choose p € N(X). By Lemma 1.15 there exists a sequence {z} in T
such that lim,_ _ xu, = p for all x€ X except possibly one point. In particular
points x arbitrarily near the point oe € X* have this property. On the other hand
we have oot = oo for all z€ T. Hence € N(X¥).

Now if (X, T) is SAE, then X* is a compact connected metric space and
N(X*) is compact and zero-dimensional and E(X*) = E(X). It appears that we have
already shown that (X*, T) is SAE. This is not quite the case. The condition
" that the set E(X) is indivisible by T in (X, T) (Definition 1.6(c)) is not exactly
the same as the set E(X) is indivisible by T in (X*, T). According to Definition
1.4, applied to the present case, the set E(X) is indivisible by T in (x*, 1) if
and only if E(X) is indivisible by T in (X, T) and in addition the following
property holds:

Property (o). Whenever there exist a sequence {t,} in T and a point y, €
E(X) such that lim,_, yot, =, then lim _ , yt = forall y€ E(X).

The Property (.) together with the property that E(X) is indivisible by T in
(X, T) has been called that E(X) is CC-indivisible by T in x, 7 [191.

We need a result of [20].
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1.26. Lemma. Let (X, T) be a transformation group, where X is locally com-
pact. If x, € E(X) and {t,} is a sequence in T such that lim _, xot, = p € N(X),
then there exists a neighborbood U of x such that if y € U then the limit points
of the sequence 1yt } are all in N(X).

Proof. The lemma is an immediate consequence of Corollary 3.4 in [20],
where more generally locally compact T, uniform spaces are considered. The
corollary states that the limit points of fytn} are actually in Fu(X), a closed and
invariant subset of N(X).

1.27. Theorem. If (X, T) is SAE, then (X*, T) is SAE, provided X is non-
compact.

Proof. From the discussion Lemma 1.26, it suffices to prove Property (a).
We prove the property by contradiction. Thus assume that there exist a sequence
{t"l in T and points y,, y, € E(X) such that lim _  yot,=c and « isnota
limit point of the sequence {yltn}. By replacing {tni with a subsequence we may
assume the existence of z =lim __ yt, z€X

We first claim that the sequence {7 } has a nonequicontinuous point in X.
Thus let A ={x€ X|lim _ _ xt_ =oo}. If {z } is everywhere equicontinuous at X,
then the set A is relatively closed in X. Now if x,€ A then X0 d N(X), for
otherwise the orbit closure of x, is in X and we would not have lim _  x,t, = oo.
By applying Lemma 1.26 to the transformation group (X*, T), we find a neighbor-
hood U of x such that for each y € U the limit points of the sequence {ytn} are
all in N(X*). Since N(X) is compact by Theorem 1.7 and since x,€ E(X), we
may assume that the limit points of {ytn} are in a neighborhood of o disjoint from
N(X). It follows that lim___ yt_ =oe for all y€ U. Hence the set A is also open
in X. Since the space X is connected, we have either A =X or A = &. However
A # & by our hypothesis in the proof and A # X, since X contains the compact
invariant nonempty set N(X). We then have a contradiction. Hence we may assume
that the sequence {t,} has a nonequicontinuous point in X.

Let p € N(X) be a nonequicontinuous point of {z }. It follows from Lemma 1.14
that there exists a subsequence {sk} of {tn} such that lim,_, xs,:1 =p forall
x € E(X). Let z€ X be the point introduced at the beginning of the proof, i.e.
z=lim_ _ _ yt,. If z€ E(X), then since lim,__ y,s, =z, we have lim,_ zs,:l =y
Then y, = p and we have a contradiction, since y, € E(X) and p € N(X). On the
other hand if z€ N(X), then from the hypothesis of (X, T) that E(X) is indivis-
ible by T in (X, T), we have that lim _  yt, =z forall ye E(X). This, how-
ever, is impossible, since lim,_ _y,t, = and y € E(X). We then have a con-
tradiction for the case that {z "} has a nonequicontinuous point in X.



182 PING-FUN LAM

The proof of Theorem 1.27 is completed. Note that the proof can be
shortened in case E(X) is known to be connected.

As a consequence of Theorem 1.27, we have the following important property
for almost equicontinuous transformation groups.

1.28. Theorem. If (X, T) is SAE (Definition 1.6) and if X is not compact,
then N(X) is a fixed point.

Proof. It follows from Theorem 1.27 that (X*, T) is SAE. By Lemma 1.25
we have N(X*) = N(X) U le}. By applying Theorem 1.13 on (X*, T) we see that
N(X) is a fixed point.

1.29. Corollary. Let (X, T) be SAE such that N(X) is a union of two fixed

points p and q. Then there exists a sequence fsif in T such that
lim xsi'l =p forall x#q, limxs,=q forall x#p.
1—00 1—00

Proof. By Theorem 1.28 the space X is compact. In Theorem 1.22 we have
such a sequence {s;} for two points @, b€ N(X), which are not necessarily dis-
tinct. The fact that p and g are fixed points gives that they are distinct and
{a, b} =1p, q}.

1.30. Example. (1) The discrete flows generated by homeomorphisms which
are the usual linear fractional transformations on the 2-sphere give examples of
type 2 and type la of Theorem 1.7 (see Kerékjirt [16] and Theorem 1.8). The
examples can easily be extended to higher dimensional spheres and to continuous
flows.

(2) Let T be the discrete free group of two generators s and ¢ acting on the
2-sphere X, where ¢ acts as the extension of the dilation of the plane to the
sphere by adding the fixed point {eo} and s is the reflection with respect to the
equator. It is readily verified that (X, T) is of type 1d. Here N(X) is the union
of the north pole and the south pole of the 2-sphere, and o= north pole.

(3) Ve have no examples for types 1b and 1c. However, it seems that con-
struction similar to (2) may yield such examples.(1)

We remark that in the study of (X, T) of Definition 1.6 and related classes
of transformation groups the condition that X is connected can sometimes be
omitted. For example if T is connected, then each component of X is invariant
and the investigation may be reduced to the components of X. -

(1) Such examples have recently been found. They will appear in a forthcoming paper.
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2. The set N(X), arbitrary dimension. In §1 we have seen a relatively com-
plete analysis of transformation groups whose set of nonequicontinuous points
N(X) is zero-dimensional. In particular, it is shown in Theorem 1.7 that for a
large class of such transformation groups the set N(X) is of special topological nature. Pre-
sumably this phenomenon holds without the assumption that N(X) is of zero-
dimension. As a beginning step we will apply results of $1 to more general cases
by making quotient structures. We will make decomposition X, of X so that the
acting group T permutes members of X, and that X,, endowed with the usual
quotient topology, becomes metrizable and the canonically induced quotient
transformation group (X, T) is SAE (strictly almost equicontinuous). In this way
we obtain results on the set of components of the set N(X), or more generally, of
an arbitrary invariant subset S which contains N(X).

The main result which we obtain in this section is Theorem 6 of [19] which
is here generalized in several ways. The compactness hypothesis of the set
N(X) in [19] is replaced by the more general property that N(X) is semiclosed in
the sense of Whybumn [25]. The set N(X) is further replaced by an arbitrary semi-
closed invariant subset which contains it. The various topological hypotheses in
Theorem 6 of [19] are replaced by a single condition of indivisibility in Theorem
2.12. An analogue theorem of [19, Theorem 6] for noncompact phase spaces is
obtained, which shows that in this case N(X) is a continuum (cf. Theorem 2.17).

Now associated with the decomposition X, of X there is a canonical pro-
jection m: X — X, (onto). This projection is a transformation group homomor-
phism, i.e., 7 is continuous and m(xt) = (m(x))t for all x€ X, te T. In general
the image of an equicontinuous point of x € X under 7 is not necessarily an equi-
continuous point of X,. However, it is true for a useful case as given in the
following remark. For more discussion of effects of homomorphisms on equicon-
tinuous points see our forthcoming work on dynamical properties of almost equi-
continuity.

2.1. Proposition. Let (Xi, T) be transformation groups, where X, are metric
spaces with [ixed metrics (i =1, 2). Let f be a homomorphism of (Xl, T) onto
(X,, T) and xy€ E(X,). If | is uniformly continuous and there exists a base
{Bnln =1, 2,...} of neighborhoods at x such that /(Bn) are neighborhoods of
f(xy) for each n=1,2,--.. Then f(x,) € E(X,).

Proof. Let ¢ >0 be given. By the uniform continuity of { there exists
8,> 0 such that x, y€ X, and d,(x, y) <&, imply that d,(f(x), fly)) <, where
d; are the metrics on X; (i = 1, 2). By the fact that x € E(X) we have a §,> 0
such that y € X, and d,(xy, y) <8, imply that d (x.¢t, yt) <8, forall t€T.
Choose B to be one of the {B_} such that d,(x(, b) <3, forall be B. By
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hypothesis /(B) is a neighborhood of [(x,). There exists a 8; >0 such that the
85-open ball of f(xy) isin f(B). Now if u€ X, and d)(u, [(x()) <3, then we
claim d,(ut, {(x))) <e for all € T. It would follow from the claim thae f(x,)€ E(X,).

To see the claim we let b€ B be such that f(b) = . Then d,(xg, b)
< 8,: hence d (xyt, bt) <8, forall t€ T. Hence for all ¢ € T we have
d,(f(xq0), [(B) < €. Since f(xyt) = [(xy)t, [(b2) = [(b)t = ut, we have
d,(ut, f(x))t) <e for all teT.

The proof of Proposition 2.1 is completed.

A similar proof shows that Proposition 2.1 holds for uniform T, phase spaces
X, and X,.

Note that it is a corollary of the uniform space version of Proposition 2.1
that if (X, T) is a transformation group, with X a locally compact T, uniform
space and if we take the one-point compactification transformation group (X*, T)
then E(X) C E(X*). This is because the inclusion map i: X — X* is uniformly con-
tinuous. This result was proved directly in [20]. The result was given as Proposi-
tion 1.13(3) in [20].

In defining the class of transformation groups SAE of §1 (Definition 1.6) we
require that the set E(X) be indivisible by T. Similarly in studying an arbitrary
N(X), not necessarily zero-dimensional, or an invariant set S which contains
N(X) it requires a suitable condition of indivisibility on the set E(X)= X — N(X),
or, respectively, on the set X — S. Such a general setting of indivisibility is pro-
vided in [20]. The following is a special indivisibility which we will need.

2.2. Definition. Let (X, T) be a transformation group and Y C X. The set
Y is said to be indivisible by T if for every sequence {t”} in T whenever there
exists some y, € Y such that the sequence {yot n¥ has a limit point in a component
K of N(X), then for every y € Y the sequence {yz } has a limit point in K.

Definition 2.2 extends Definition 1.4, where N(X) is required to be zero-
dimensional. Definition 1.4 is supported by topological sufficient conditions
given in Theorem 1.5. Likewise the present definition is supported by the follow-
ing two theorems.

2.3. Theorem. Suppose that (X, T) is a transformation group, X is a locally
compact metric space and that the metric on X is complete. A sufficient condi-
tion for a connected subset Y of E(X) to be indivisible by T is that one of the
following cases occurs.

(D) Y nCIN(X)) =&.

(2) Y is locally compact and invariant.

(3) N(X) is scattered.

Moreover, if N(X) is either zero-dimensional or C1(N(X)) is compact the com-
pleteness condition of the metric is not needed.
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Proof. The theorem follows from Theorem 4.1 of [20]. In [20, Theorem 4.1]
the problem is treated somewhat differently, where instead of a metric space X
is assumed to be a uniform T, space and instead of concluding on the property
of Definition 2.2 it concludes on a slightly stronger condition that Y is completely
indivisible by the class of all nets Q in T, Q h Y (cf. [20, Definition 2.2, 3.1]).

2.4, Theorem. Suppose that (X, T) is a transformation group, X is a locally
compact metric space and the components of N(X) are compact. A sufficient con-
dition for a connected subset Y of E(X) to be indivisible by T is that one of the
following cases occurs:

(1) Y is a semicontinuum,

(2) Either X or Y is locally connected.

(3) N(X) is locally compact.

Moreover the set Y in conditions (1) and (2) may be replaced by one of its dense
subsets.

Proof. The theorem follows from Theorem 4.2 of [20]. The remark given in
the proof of Theorem 2.3 also applies here.

Out of the six conditions given in the two previous theorems we select two
important applications for illustration.

2.5. Corollary. Suppose that (X, T) is a transformation group, where X is
a locally compact metric space. Then a connected subset Y of E(X) is indivis-
ible by T provided either one of the following conditions holds:

(1) The set N(X) is compact.

(2) The set N(X) has compact components and the space X is locally con-
nected.

Proof. (1) follows from condition (1) and the last remark of Theorem 2.3. (2)
follows from condition (2) of Theorem 2.4. .

We now come to the choice of topological hypothesis of the set N(X) or most
generally of the set S which contains it. We will use the hypothesis that the set
S is semiclosed in the sense of Whyburn [25, p. 131]. A subset K of a metric
space X is said to be semiclosed if its components are closed and any conver-
gent sequence of components of K whose limit set intersects X - K converges to
a single point of X — K. If the space X is compact, this is equivalent to the con-
dition that for every €> 0 the union of all the components of K of diameter
dia(K) > € is a closed set [25, p. 132, (5.4)]. We prefer the semiclosed condition
to the more restricted one that S is compact. The replacement of the semiclosed
condition of § in Definition 2,6 by compactness will slightly simplify a few
proofs in this section, but it would lack the generality to include sets such as
arbitrary zero-dimensional sets.
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2.6. Definition. Let (X, T) be a transformation group, where X is a compact
metric space. l.et § be a nonempty, semiclosed, invariant subset of X. We let
X,(S) denote the decomposition of X, whose equivalence classes are components
of S and points of X —S. Let X,(S) be given the quotient topology. Then canon-
ically (X, T) induces a transformation group (X,(S), T). Let m: X — X,(S) de-
note the canonical projection which takes every point of X to its equivalence
class. The action of (X,(S), T) is determined by the law that m(xt) = (m{(x))t for
x€X, teT, i.e. by requiring that 7 is a homomorphism of (X, T) onto (X,(S), T).
We call (X,(S), T) the S-partition transformation group of (X, T) and the canonical
map 7 the S-projection of (X, T).

According to a theorem in Whyburn [25, Chapter VII, (5.1), (5.2)] a necessary
and sufficient condition that X,(S) is metrizable is that § is semiclosed. Hence
X,(S) of Definition 2.6 is a compact metric space. The decomposition X,(S) of
X is upper semicontinuous in this case.

The case when X is noncompact will be considered later in the section.

2.7. Proposition. Let (X,(S), T) be the S-partition transformation group of
Definition 2.6. The following properties hold:

(1) The S-projection m is a transformation group homomorphism of (X, T)
onto (X.(S), T). ‘

(2) The restriction of m to X — S is a homeomorphism onto its image.

(3) If x€ X-S, then there exists a decreasing sequence of neighborhoods
{B} of x such that {n(B )} are neighborboods of mlx).

4) If xe E(X) n (X = S) then nlx) € E(X,(S)).

Proof. (1) and (2) follow immediately from the definition of (X*(S), 7).
(3) If x€ X - S then 7~ n(x)) = x Let {U,} be a decreasing sequence of
compact neighborhoods of 7(x) such that #(x) = M U . Then

x =17t = v (N0,) = N0,

Hence {7~ (U )} form a base of neighborhoods of x whose images under  are
neighborhoods of w(x).

(4) follows from (3) and Proposition 2.1.

The proof of Proposition 2.7 is completed.

2.8. Lemma. Let (X,(S), T) be the S-partition transformation group of
Definition 2.6, If X — S has a point which is not almost periodic, then

N(X,(9)) £ 2.

Proof. By (1) and (2) of Proposition 2.7 the restriction of # to X -§ is a
transformation group isomorphism of (X — S, T) onto (m(X = S), T). Hence X,(S)
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also has a point which is not almost periodic. If N(X,(S)) were empty then
(X,(8), T) is a uniformly equicontinuous transformation group. According to
Gottschalk-Hedlund [8, Theorem 4.38] such a transformation group is uniformly
almost periodic. We would then have a contradiction. Hence N(X_(S)) # & as

asserted in the lemma.

2.9. Lemma. Let (X,(S), T) be the S-partition transformation group of
Definition 2.6. If N(X) CS then N(X,(S)) is totally disconnected.

Proof. Let 7 be the S-projection of Definition 2.6, If N(X) C S, then E(X)N
(X-8)=Xx-5. According to Proposition 2.7(4) we must then have N(X*(S)) C
n(S). By the topology given to X,(S) the set m($) is totally disconnected, so
must be the subset N(X,(S)).

In order to verify a condition on indivisibility of the next theorem, we need
the following lemma, which follows from two results of [20].

2.10. Lemma. Let (X, T) be a transformation group, where X is a locally
compact separable metric space. Let Y be a subset of E(X) and D be a dense
subset of Y. If the components of N(X) are compact, then Y is indivisible by T
if and only if D is indivisible by T.

Proof. The lemma is a consequence of the general result [20, Lemma 3.7].
Lemma 3.7 of [20] shows that Lemma 2.10 holds for a locally compact T, uni-
form space and for the kind of indivisibility that is given in Definition 2.2, except
that all sequences there are to be replaced by nets. For locally compact separable
metric spaces Definition 2.2 and its analogue with sequences to be replaced by
nets are equivalent according to [20, Proposition 2.9].

The proof of Lemma 2.10 is completed.

A major theorem follows.

2.11, Theorem. Suppose that (X,(S), T) is the S-partition transformation
group of Definition 2.6, constructed out of a transformation group (X, T) and a
semiclosed subset S of X, where X is now assumed to be connected as well as
compact. Suppose also that the following conditions are satisfied:

(1) NX)CS.

(2) The set X - S is indivisible by T (Definition2.2).

(3) There exist some x€ X — S which is not almost periodic,

Then (X, (S), T) is SAE (Definition 1.6).

Proof. Clearly X,(S) is a compact connected metric space. It remains to
verify conditions (a), (b), and (c) of Definition 1.6 for the transformation group
(X,(S), T). In order to satisfy condition (a) the set N(X,(5)) must be nonempty
and totally disconnected. Since, by hypothesis (3) of the theorem, the set X — §
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has a point which is not almost periodic, the set N(X,(S)) is nonempty according
to Lemma 2.8. Since, by hypothesis (1) of the theorem, N(X) CS, we must have
that N(X*(S)) is totally disconnected (use Lemma 2.9). Thus condition (a) has
been verified. Condition (b) of (1.6) is automatically satisfied, since the space
X,(S) is compact.

It remains to verify (c) of (1.6) for (X,(S), T). Since #(S) is totally discon-
nected and X,(S) is connected, the set #(X - §) is dense in X,(S). The set
mX - S) is a subset of E(X,(S)) by Proposition 2.7(4). By Lemma 2.10 it then
suffices to show that the set Y = #(X - §) is indivisible by T. According to
Definition 1.4 to show the latter is to show that for every sequence {tn} in T if
there exists a point y, € Y such that lim___ yt, = p € N(X,(S)), then the se-
quence {ytn¥ has p as a limit point for all y € Y. We let x and %, be points in
X - S such that #{x) =y and n(x ) = y,. By the compactness of X the sequence
{x,t,} has a limit point z € X. It follows from the equation m(at) = ()t for all
a€X, teT, that n(z) = p. Since (X = §) C E(X,(5)), we have 7~ [N(X,(S)]ICS.
Hence z€S. Since N(X) may be a proper subset of S, the point z is conceiv-
ably a point of E(X). We show that this cannot occur. For if z € E(X) then x, would
be a limit point of {z¢7 '}, It would follow that y, is a limit point of {pz!}.
This is impossible, since p is in N(X,(S)), so must be any point in its orbit
closure. We conclude that z € N(X). Let K be the component of N(X) which
contains z. Then the sequence {xotni has a limit point in K. Since the set
X - S is assumed to be indivisible by T in hypothesis (2), we must have that
{xt_} also has a limit point in K (cf. Definition 2.2). By projecting down to
X,(S) by the map =, it follows that the sequence {yt } has a limit point in #(K).
Since the set N(X) is a subset of S, the component K of N(X) lies in a component
L of S. Then L € X,(5). Since z€ K and m(2) = p, we conclude that #(K) = p.
Hence {yt”} has a limit point in p. This proves (c) of Definition 1.6 for
(x,(8), 7).

The proof of Theorem 2.11 is completed.

The following analysis of the set § can be readily derived by projecting X
to X,(5) and by applying Lemma 1.15 to (X,(S), T). The set S of Theorem 2.11
splits into two disjoint sets A and B. The set A = 7~ [N(X,(5))] is compact
invariant and is precisely the union of those components C of S which have the
following property: There exist p € C, x € X — § and sequence {tnl in T such
that lim _  xt =pé€ C. Each component of A then contains a component of
N(X). The set B =S — A is invariant and is a union of components of S. The
set B N N(X) is then the union of all components of N(X) which lie in B. If
x€X-S, and p€B and {t,} a sequence in T then lim _  xt, £ p.

A number of similar applications of Theorem 2.11 can be obtained. The fol-
lowing theorem gives some of the important consequences.
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2.12. Theorem. Let (X, T) be a transformation group, where X is a compact
connected metric space. Suppose that the set N(X) is semiclosed and nonempty,
the set E(X) is indivisible by T and that there exists some x € E(X) which is
not almost periodic, Then the following properties hold:

(1) N(X) bas at most two invariant components.

(2) If T is connected, then N(X) has exactly one or two components; in
particular the set N(X) is compact.

() If T is abelian, then N(X) bas at least one invariant component.

(4) If N(X) bas finite number of components, then the number is at most two
and N(X) is the union of those two components.

(5) The set of periodic points in (X, T) is contained in two (possibly one)
components of N(X).

Proof. We let S = N(X) and form the S-partition transformation group
(X,(8), T) as defined in Definition 2.6. Let m: X — X,(S) be the S-projection.
We observe that if K is a component of N(X), then K is invariant if and only
if n(K) is a fixed point of X,(S). Another observation is that, whether X is com-
pact or not, if P is a finite invariant subset of X and (X, T) is SAE, then P C
N(X). This fact follows, for instance, from Lemma 1.15. It follows in turn from
Theorem 1.7 that P has at most two points. These observations prove (1) and (4).

For proving (2) it suffices to see that every component of N(X) under a con-
nected group is invariant.

(3) If T is abelian, then N(X,(S)) has a fixed point y by Theorem 1.17. The
set 7~ l(y) is then necessarily an invariant component of N(X).

(5) If x € X is periodic, then xT is compact and invariant. Then #{(x)T is a
compact orbit in (X,(S), T). By Lemma 1.15 the only compact orbits of (x,(5), T)
are those in N(X,(5)). An examination of Theorem 1.7 shows that the only com-
pact orbits in N(X,(S)) are either fixed points (type 2, 1a or 1c) or an orbit of
two points (type 1d). The proof of (5) then follows.

2.13. Remark. Theorem 2.12 holds if N(X) and E(X) are replaced by S and
X ~S,, where S is any semiclosed invariant set which contains N(X). Moreover,
each invariant component of S o €ontains a component of N(X).

Proof. Save for the last statement, the proof is the same as that of (2.12),
with N(X) and E(X) to be replaced by S and X — §,. The last statement comes
‘from the fact that such a component C is expressible as C =7"1(3), y a fixed
point of N(X,(S)). In the notation of the analysis following Theorem 2.11 the
set C is then a component of the set A. Hence C contains a component of N(X).

Perhaps we should point out that we prefer the general set S to the special
set N(X) in Definition 2.6 and Theorem 2.11 for reasons more than just generality.
In general the set N(X) is not semiclosed, but there are interesting semiclosed
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sets which contain N(X), for instance, the set CI{N(X)). There are also cases
like in the proof of Theorem 3.4(3), where the N(X) is zero-dimensional, whence
it is semiclosed, but it is the boundary components (of the manifold) which con-
tain N(X) that we want to determine.

It is shown in (2) of Theorem 2.12 that under the hypothesis of the theorem if
T is a connected group, then N(X) has at most two components. A result of this
kind is now given for arbitrary acting group.

2.14. Lemma. Let (X, T) be a transformation group, where X is a compact
connected metric space, Suppose a subset S of X bhas the following properties:
(a) S is a nonempty, semiclosed and invariant set which contains N(X).

(b) The set X —S is indivisible by T.

(c) There exists some x € X — S which is not almost periodic.
Let x,, x, € S. If there is no component of S which meets both Cl(x,T), and
Cl(x,T), then Cl(x,T) lies in a component K; of S (i =1,2).

Proof. Let (X,(S), T) be again the S-partition transformation group of Defini-
tion 2.6 and 7 be the S-projection. Let A =Cl (xiT) (i =1, 2). Since no com-
ponent of S intersects both A, and A, we have #(4 Jnad)=g. If y, =
x), then (A) = Cl(y,T) (i =1, 2). Hence n(A)) and w(4,) are two disjoint
orbit closures in the transformation group (X,(S), T) which is SAE. We now apply
Theorem 1.22(1). The transformation group (X, T) in (1.22) is now replaced by
(X,(5), T), and the point a there is now taken to be (x,). The first equation
Theorem 1.22 then implies that the entire orbit closure (A 2) must degenerate
to the single point b. Hence n(A 2) is a fixed point b. Likewise m(A l) isa
fixed point a Let K, (i = 1, 2) be components of S defined by K, =7"1(a) and
K,=n" 1(b). Then Cl(xiT) =4, CK; G=1,2

The proof of the lemma is completed.

2.15. Definition. Let (X, T) be a transformation group and let Y be an in-
variant subset of X. A dynamical separation of Y is defined to be a decomposi=
tion of Y into disjoint nonempty invariant subsets K and L such that neither
set has a limit point of the other. If such a separation exists, the set Y is called
dynamically disconnected (such a set is also called decomposable by Smale [24]).

2.16. Theorem. Let (X, T) be a transformation group, where X is a compact
connected metric space, Let S be a subsetof X wbhich has the properties (a), (b)
and (c) of Lemma 2.14. If S is dynamically disconnected, then S is the union of
two invariant components.

Proof. We let S = K U L be a dynamical separation of S. Let x € K and
y€L. Then xT CK and yT CL, since K and L are invariant. Since neither one
of K and L has a limit point of the other set, we have Cl(xT) N L =& and
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Cl(yT) N K =@. Now if C is a component of S, then C cannot simultaneously
meet K and L, whence it cannot meet both Cl1(xT) and Cl(yT). By Lemma 2.14,
% is contained in an invariant component of S in K and y is contained in an
invariant component of S in L. It follows that K and L are the union of invariant
components of S. By Remark 2.13 we have that Theorem 2.12(1) holds if N(X) is
replaced by S and E(X) is replaced by X — S. It follows that K is an invariant
component of § and L is an invariant component of S.

The proof of Theorem 2.16 is completed.

Up to now $2 considers only transformation groups which have compact
phase spaces. We now give results for those whose spaces are noncompact. The
results are given in Theorem 2.17 and Corollary 2.18.

2.17. Theorem. Let (X, T) be a transformation group, where X is a locally
compact connected metric space which is noncompact. Let S be a nonempty sub-
set of X wbhich bas the following properties:

(a) The components of S are compact.

(b) Any convergent sequence of components of S whose limit set intersects
X — S converges to a single point of X — S.

(c) CL(pT) is compact for all p€S.

(d) The set X — S is indivisible by T.

(e) There exists x € X — S which is not almost periodic.

(f) N(X) CS.

Then S is a continuum.

Proof. First by the theorem of P. Alexandroff that a locally compact con-
nected T, metric space is separable (cf. [23]) we have that X is separable. We
let Y be the quotient space of X whose equivalence classes are components of
S and points of X — S. The decomposition Y is upper semicontinuous; hence Y
is metrizable and (X, T) induces canonically a transformation group (Y, T) such
that ¢(x2) = (¢(x))t forall x€ X, t€ T, where ¢p: X — Y is the canonical pro-
jection which takes every point to its equivalence class. To prove those proper=
ties rigorously one may take the one-point compactification transformation group
(X*, T) and then take the S-partition transformation group ((X*),(S), T) of
Definition 2.6. Note that from (a) and (b) the set S is given as semiclosed in X.
It is also semiclosed in X*. To show the latter it suffices to see that if a se-
quence of components of § converges and has « as one of the limit points, then
e is the only limit point. This is true, since in a compact metric space the limit
of a convergent sequence of a connected set is connected. Note that if 7 is the
S-projection of (X*, T) to ((X*),(S), T) then Y = (x* )4(8) = #(w). This argument
also shows that if X is given the induced metric from X* and Y is given the in-
duced metric from Y*= (X*),(S), then ¢ is uniformly continuous. Note that

¢=”lx-
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We now give X and Y induced metrics from their one-point compactifications.
This does not change the set N(X) according to Proposition 1.1(5). If x €
E(X)n (X - S) then ¢(x) € E(Y). The proof is the same as that of Proposition
2.7(4). Since N(X) CS, we have E(X)DX - S, Hence ¢(X - S) C E(Y). We claim
that (Y, T) is SAE.

Condition (b) of Definition 1.6 is due to (c) here and that N(Y) C ¢(S). (a) of
(1.6) is satisfied, That N(Y) £ & is obtained by showing N(Y*) £ & (use (2.8))
and that m(e0) £ N(Y*) (use (1.15)). For (c) of (1.6) we need to show that E(Y) is
indivisible by T. The set ¢(X — ) is dense in Y according to the definition
of Y. By Lemma 2.10, E(Y) is indivisible by T if and only if (X - §) is in-
divisible by T, That ¢(X - S) is indivisible by T is a consequence of the fact
that X — § is indivisible by T. This is argued the same as in the proof of
Theorem 2.11, Hence (Y, T) is SAE. Since Y is noncompact, by Theorem 1.28
the set N(Y) is a fixed point p. Let o, and =, be points at infinity of X and
Y respectively. If we apply Corollary 1.29 to (Y*, T) we find a sequence {s,}
in T such that

lim ys7!=p forall yev, lin ys;=e, forall yeY -{p}.

1—00 1—00
Let x€ X — ¢~ X(p); then ¢ = (x) # p; hence we must have lim,_,
Since points in S have compact orbit closure, we then have § C ¢~ 1(p). Since
¢~ Xp) = ¢~ UN(Y)) C S, we conclude that § = ¢~ 1(p). Hence S is its own com-
ponent and is therefore compact and connected,

The proof of Theorem 2.17 is completed.

xsi = ool.

We give a special application of Theorem 2.17,

2.18, Corollary. Let (X, T) be a transformation group, where X is locally
compact, connected and noncompact. Let E(X) be connected and contain a point
which is not almost periodic. If N(X) is compact, then it is a continuum.

Proof. We verify that (X, T) satisfies the conditions of Theorem 2.17, with
§ = N(X). Condition (f) is automatically satisfied. Condition (e) is satisfied,
since X - § = E(X). Conditions (a), (b) and (c) are satisfied since N(X) is com-
pact. Finally condition (d), which is the same as that E(X) is indivisible by T,
is satisfied by Corollary 2.5(1).

In Theorems 2.11, 2.12, 2.16, 2.17 and Corollary 2.18 we require the condi-
tion that E(X) has a point which is not almost periodic, It would then be desir-
able to give sufficient conditions for this condition, We give them in the follow-
ing two propositions.

2.19, Proposition. Let (X, T) be a transformation group. In order that E(X)
bas a point which is not almost periodic it is sufficient, and in case X is compact,
also necessary, that the following property bold:
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(i) There exist points p € N(X), x, € E(X) and a sequence {t,} in T such
that lim _  xqt, = p.

Proof. Sufficiency. The point % in (i) is not almost periodic. If x, were
almost periodic, then Cl(xoT) is a minimal set [8, Theorem 4.07]. Since a min-
imal set is either a subset of E(X) or a subset of N(X) (use Theorem 1.2), we
have a contradiction. A

Necessity. By hypothesis there exists x, € E(X) which is not almost
periodic. In order to show (i), with x, for x, it suffices to show that Cl(x;T) ¢
E(X). One verifies readily that an orbit closure which lies entirely in E(X) must
be a minimal set. Since X is now assumed to be compact, such a minimal set is
compact. In a compact minimal set every point is almost periodic [8, Theorem
4.05]. It follows from these reasonings that Cl(x,T) ¢ E(X).

The proof of Proposition 2.19 is completed.

2.20. Proposition. Let (X, T) be a transformation group, where X is compact
connected. Suppose N(X) is nonempty and semiclosed. Let

a = max{f(x)|x €X} (for [, see Remark 1.19),
B = infif(|x e X,

y = max{dia(C)|C: components of NX)}
The following properties hold:
(1) If y<a, then E(X) bas a point which is not almost periodic.

(2) If y< B, then for every component C of N(X) there exists p € C such
that property (i) of Proposition 2.19 holds.

Proof. (1) By hypothesis there exists p € N(X) such that y < f(p,)- Let
s be a real number such that y < s < [1(p,). The definition of the spread function
is such that

fx) = inf{supldia(S ()]s € T}e> 0},

where S(x) is the e-open ball around x. Hence there exist sequences {x,} and
fy'} in X and a sequence {t,‘i in T such that

lim %, =pq=lim v, Aty y,t,)> s

where d is the metric for X. We may assume the existence of

a= lim x
n—0o0

Then d(a, b) > s.
Now let (X,(S), T) be the S-partition transformation group of Definition 2.6

alp b= lim yf, and g= lim bot, € NX).
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with § = N(X). Let == X — X,(S) be the S-projection. By the property that
w(xt) = n{x)t for all x€ X, t€ T, we have
o ix_r::o alx) =nlp,) = },1-‘:100 ly,),

,{i_?:o alx )t = nla) £ n(b) = ,{ﬂ ay)t,.
The inequality is due to the fact that y < s < d(a, b); hence no element in X,(S)
can contain both @ and b. It follows from (a) that 7(p,) € N(X (S)). Now N(X,(S))
is totally disconnected. This is because of N(X,(S)) Cm(S) by Proposition 2.7(4). By
Proposition 1.3 the set N(X,(S)) is zero-dimensional. By Lemma 1.11 there exist some
y € E(X,(S)) and a sequence {z,} in T such that lim _ _ yz, = n(p,): Let x =
7~ Xy). Then x € E(X) and we must have lim xt €m™ (a(p,)). Property (i)
of Proposition 2.19 is satisfied. The proof of (1) is now completed by applying
Proposition 2.19.

The proof of (2) is similar. Here the point p, can be chosen from any com-
ponent of N(X).

The proof of Proposition 2.20 is completed.

Note that we use max instead of sup to define the numbers a and y in
Proposition 2.20. This is because the functions f,. and dia are upper semicon-
tinuous functions on compact spaces; hence they assume absolute maxima.

To illustrate the meaning of Proposition 2.20 we let N(X) in (1) be totally
disconnected. Then y in Proposition 2.20 is such that y = 0. The number a ig
Proposition 2.20 has the property that a =0 if and only if N(X) = &. It follows
from Proposition 2.20(1) that if N(X) is totally disconnected and nonempty and if
X is compact connected, then E(X) always has a point which is not almost
periodic. This fact has been proved in Lemma 1.11, provided we take Proposition
2.19 into account. The application of Proposition 2.20 is, of course, intended for cases
where N(X) is not zero-dimensional.

3. Manifolds which carry SAE. In this section we apply $31 and 2 to obtain
a result of transformation groups whose phase spaces are manifolds. It is shown
in Theorem 3.4 that the only manifolds which can admit SAE (Definition 1.6) are
topologically the standard ones, namely, n-cells, n-spheres, n-disks and closed
upper half-planes of the euclidean n-spaces. The proofs make use of results of
the generalized Schoenflies theorem. We remark that before us Kinoshita [17] has
shown that if a closed n-manifold admits SAE for discrete flows then it is topo-
logically an n-sphere.

We begin by simplifying the definition of SAE.

3.1. Proposition. Let (X, T) be a transformation group, where X is a con-
nected metrizable n-manifold (n >2). Then (X, T) is SAE if and only if the fol-
lowing conditions are satisfied:
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(a) N(X) is nonempty and totally disconnected.
(b) For each p € N(X) the set CL(pT) 1s compact.

Proof. It is shown in [20, Theorem 5.3] that if X is a metrizable n-manifold
(n>2) and if condition (a) holds, then E(X) is indivisible by T. Hence (c) of
Definition 1.6 can be omitted for this case.

3.2. Corollary. Let (X, T) be a transformation group, where X is a compact
connected metrizable n-manifold (n > 2). If N(X) is totally disconnected, then it
is compact and in fact it is either empty, a union of one or two points or a Cantor

set,

Proof. By Proposition 3.1, (X, T) with the given hypothesis is SAE.
Corollary 3.2 then follows from some of the conclusions of Theorem 1.7.

Corollary 3.2 illustrates an advantage of our treatment of transformation
groups with zero-dimensional N(X) from the unified point of view of indivisibility,
rather than from a particular topological point of view such as that N(X) is
closed and E(X) is connected. If we follow the latter assumption, then the set
N(X) is assumed to be compact to begin with and the conclusion of Corollary 3.2
would not appear as strong as it is here.

3.3. Lemma. Let (X, T) be SAE. For every p € N(X) there exists a sequence
fti} in T with the following properties, depending on whether X is compact:

(1) If X is noncompact, then for each neighborbood V of p and compact set
K C X there exists a positive integer m such that Kt; CV forall i>m.

(2) If X is compact, there exists some q€ N(X) such that for each neighbor-
bood V of p and compact set K CX, qd K, there exists a positive integer m
such that Kt,CV for all i>m.

Proof. Statement (1) follows immediately from statement (2). If X is non-
compact we consider the one-point compactification transformation group (x*, 1)
and apply (2) to (X*, T). From the statement of (2) and that o is a fixed point
disjoint from the fixed point N(X), it is necessary that g = . Hence K becomes
an arbitrary compact subset of X. Thus (2) implies (1).

(2) We apply Theorem 1.22. We let @ in (1.22) be the point p and let the
sequence {si“l} of (1.22) be denoted by {til. The point & in (1.22) is our point
q in Lemma 3.3(2). Thus by Theorem 1.22 we have that
(@) ;li.n:o xt,=p forall x#g,
and that {2} is equicontinuous everywhere except g. Now let V be a neighbor-
hood of p and K a compact subset of X, g ¢ K. For each x € K there exists a
neighborhood U, of x and a positive integer i, such that U t; CV for all
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i>i , due to the equicontinuity of {¢,} at x and equation (a). Since K is com-
pact, it is covered by a finite family {U Xt } of such sets U, . If we set
m= max{z li=1,2,+. n}, then Ke, Cv forall z>m

The proof of Lemma 3.3 is completed

3.4. Theorem. Let X be a connected metrizable n-manifold (n > 2). If X
admits an SAE, i.e. with respect to a certain acting group T and a certain metric
of X the set N(X) is nonempty, totally disconnected and the orbit closure of its
every point is compact, then the following properties hold.

(1) If X is a closed manifold, then X is topologically the n-sphere.

(2) If X is an open manifold, then X is an open n-cell.

(3) If X is compact with boundary, then X is a closed n-cell.

(4) If X is noncompact with boundary, then X is topologically the closed
upper half of the euclidean n-space.

Proof. (1) For proving this case the technique is identically the same as
that used by Kinoshita [17] for proving discrete flows. Let p, {t.} and g be de-
fined as in Lemma 3.3(2). Let V and W be euclidean neighborhoods of p and ¢
respectively. Let K be the compact set X — W and m be the integer given in
Lemma 3.3(2). By Lemma 3.3(2) we have Kt CV. Hence X=W U Vt;;l. Now
any compact manifold which is the union of two open n-cells is topoiogically the
n-sphere (cf. [1] and [17]). This proves that X is topologically an n-sphere.

(2) Let p and {t,} be given as in Lemma 3.3(1). Let V be an euclidean
neighborhood of p and Cl(V) be compact. Let W be an open neighborhood of oo
in X* such that W N C1(V) =@. Let K be the compact set X*~ W and m the
integer of Lemma 3.3(1) with respect to V and K. Then Kt, CV. Hence KC
Vt;l C Cl(V)t;l. Let V, = Vt;ll. Then V, is an open n-cell and VCKCV,.
Ve repeat the previous argument with V, in place of V and replace W by a
smaller neighborhood of =. We continue this process indefinitely and we let W
decrease to . We then obtain a sequence of open n-cells

(-]

V=V, ,CV, CV,Ceee, with X = J V.
n=0
Now a union of monotonically increasing sequence of open n-cells is an open

n-cell (cf. Brown [2]). Hence X is an open n-cell.

(3) and (4). For these two cases we first show N(X) C 90X, where 9X is the
boundary of the manifold X. The set dX is invariant under any transformation
group built on X. Suppose now (X, T) is SAE as assumed. Let p be an arbitrary
point in N(X). It follows from Lemma 1.15 and the invariance of dX that
p € N(X). Hence N(X) CdX.

(3) We claim that 0X is homeomorphic to the (z —1)-sphere $"~ 1| First
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09X has a finite number of components, since X is compact. Define a syndetic
subgroup (also called uniform subgroup) G of T by G = {t€ T|Ct =t for all com-
ponents C of dX}. It is easy to verify that N(X, T) = N(X, S). Also it is clear
that (X, G) is SAE. Let pe N(X) and Cp be the component of dX which con-
tains p. We now apply Lemma 1.15 with G in place of T. Since a component of
9X has more than one point and components of dX are invariant under G, Lemma
1.15 shows that C » is the only component of dX. Hence 9X is connected and is
therefore a connected closed (n - 1)-manifold. If n = 2, then X is a compact
connected metrizable 1-manifold without boundary and is then necessarily a top-
ological circle. If n> 3 then »—1>2 and Theorem 3.4(1) implies that dX is
topologically $"~!. For all cases we have that 9X is topologically $"~ 1

We now make the doubling manifold X 2 of X, which is obtained by making
two disjoint copies of X and identifying points in the boundaries in the ca-
nonical way. Give an arbitrary metric for the compact metrizable space X 2, The
trans formation group (X, T) extends canonically to a transformation group
(X2, T). It is readily verified that (X2, T) is SAE. In fact, N(x?) = N(X). Since
X? is a closed n-manifold we may apply Theorem 3.4(1) to conclude that X 2is
topologically S™. The space X is then a topological n-disk. Thus we may re-
gard X? as a standard n-sphere S”. Then 0X is the image of a locally flat
embedding of $”~! into $”. This embedding can be extended to $”~! x
(=1, 1) — S” (embedding) (cf. [3, Theorem 3]). From here on the assertion that
X is a closed n-cell is the direct consequence of the generalized Schoenflies
theorem proved independently by M. Morse [22] and M. Brown [1] (also see their
references on B. Mazur).

(4) By Theorem 1.28 we know that N(X) is a fixed point p. Hence the com-
ponent C » of dX which contains p is invariant and all other components consist
of equicontinuous points. It follows from Lemma 1.15 and the fact that elements
of T take components of dX to components of dX that C, is the only component
of 0X. If we extend (X, T) to (X*, T) then (X*, T) is SAE (Theorem 1.27) and
N(X™*) = {oo} U N(X) = {oo, p}. If we apply Corollary 1.29 to (X*, T) we see that X
contains no nonempty compact invariant subset other than {p}. In particular, the
set dX is noncompact. The set 39X is then an open (n — 1)-manifold. If n > 2
we apply Theorem 3.4(2) to (X, T) to conclude that X is an open (n - 1)-cell.
If n=2, then JdX is a noncompact connected metrizable 1-manifold without
boundary and is necessarily a topological open interval, which is then also an
open (n — 1)-cell.

We form the doubling manifold X2 as in the proof of (3) and extend (X, T)
to (X2, T) canonically. Give X 2 an induced metric from its one-point compacti-
fication €X2)*. A proof similar to that of Proposition 1.1(5) shows that the
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nonequicontinuous set N(X) is unchanged when the original metric is replaced
by the induced metric from (X?)*. Likewise if Y is the other copy of X which
together with X forms X2, then N(Y) is unchanged when the original metric is
replaced by the induced metric from (X?)*. It follows that N(X?) = {p}. In par-
ticular (Xz, T) is SAE. Since X? is an open n-manifold which carries SAE, it is
necessarily an open n-cell by Theorem 3.4(2).

We now show that X is topologically the closed half-plane of R2. We ob-
serve that (X2)* is topologically the n-sphere S”. Let (X?2)* = {oo} U X% Then
{oo} U OX is a topological (n — 1)-sphere which we denote as 2"~ !, There is no
loss of generality in assuming that (X?)* is the standard n-sphere S”. Hence
there exists an embedding f: $”~! — §” such that f(§”~1) = 37!, This em-
bedding is locally flat everywhere except possibly at «€ §”, We separate cases
according to the dimension 7 of X. If n =2 the previous discussion clearly
shows that X is topologically the closed half of R2. For n =3 we use the fol-
lowing theorem of Harrold-Moise [10): Let K be a topological 2-sphere in S 3
that is locally flat except at a single point p and let A and B be the comple-
mentary domains; then either C1(A) or C1(B) is a closed 3-cell. In our case
K = 22, Hence either X U fo} or Y U foe} is a closed 3-cell. Hence either X
or Y is topologically the closed half of R3. Since Y isjusta copy of X, this
proves the case n=3. For n>3 we use the following theorem of Cantrell [4]:
Let S be a topological (n - 1)-sphere in S™ (n>3), p€ S and G a component
of S" — S. Suppose that S has a local collar in C1(G) at each point of S - {p}
then C1(G) is a closed n-cell. Hence {oo} U X is a closed n-cell for n> 3. It
follows that X is topologica.lly the closed half-plane of R" for » > 3. This
completes all cases for (4).

The proof of Theorem 3.4 is completed.

3.5. Remark. (1) Theorem 3.4 is valid also for the case n =1 for SAE. The
equivalent property for SAE stated in (3.4) should now include that E(X) is in-
divisible by T. The same proof for (3.4) applies for this special case.

(2) The converse of Theorem 3.4 also holds, i.e., the four types of manifolds
given in (3.4) admit SAE. It is easy to see that each such manifold carries dis-
crete flows and continuous flows which are SAE. Such transformation groups with
other acting groups can also be constructed.

(3) Theorem 3.4 has been announced as Theorem 9 in [19]. Part (IV) of
[19, Theorem 9] is incorrect and is now corrected as (4) of Theorem 3.4.

Added in proof. Since this paper was written, some literature on the subject
of almost equicontinuous transformation groups has appeared in publiéation.
Particularly we mention that F. B. Roberson obtained independently some re-
sults related to Theorem 1.28 bere or Theorem S of our announcement [19].
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Roberson arrived at the conclusion that N(X) is a fixed point for uniform spaces,
but with a bypothesis which is more restricted than that of Theorem 1.28 when
the phase spaces are metric spaces. The results of Roberson appeared in *'A
theorem on the near equicontinuity of transformation groups’’, Proc. Amer. Math.
Soc. 27 (1971), pp. 189 —191 and in “*Some theorems on the structure of neafly
equicontinuous transformation groups”, Canad. ]. Math. 23 (1971), pp. 421-425.
We also mention that a number of other results on almost regular hbomeomorphisms
on manifolds bave been obtained by L. S. Husch since the works of [5}, [13].

We thank Professors W. Gottschalk, S. Kinoshita, M. Morse and R. Summer-
hill for discussions.
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