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ABSTRACT.  We derive "exact order" of the function

2     k" m
ksy/ic

Here p and ß aie nonnegative real numbers and, for given real  8,, ?2, • • •, S

P,  - max.(AS.) where (z>, for real t, denotes distance of t from the nearest

integer. Using our results, we obtain the solution of the basic problem in the

theory of lattice points with weight in rational many-dimensional ellipsoids.

I.  Introduction.   Let Q(u) = Q(z<j, a2, •«•, af) be a positive definite qua-

dratic form in r > 2 variables with a symmetric integral coefficient matrix and

determinant D. Let b., M. be integers, M. > 0 and a. be real numbers, / =

1, 2, • • •, r. Let us put, for x > 0,

/        ' \ zrr/V/2exp(27rz2':  , a.b)
A(x) = £ exp ( 2ni £ a .u. ) ,       V(x) =-,,   , , = I    V 8,

\     7 = 1    ' J y/DMyM2... MTXr/2+ l)

where 8 = 1 if all the a.M. ate integers, and 5=0 otherwise. Here the summa-

tion runs over all systems u = iuy u2, ••«, *J of real numbers such that 2(«) <x

and a. ■ b. (mod AC),  ;' = 1, 2, .. •, r.

For p > 0 put P0(x) = P(x) . A(x) - V(x) and

(1) PP{x) = fXp)îXoHt)(x-t)P~ïdt   forP>0>

(2) Mp(x) = J* |Pp(t)\2dt   for p > 0.

In the papers [3], [5] and [9] it is shown that 0-estimates of these functions can

be obtained from 0-estimates of the functions
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Fj(x) =   £   lg 2k min'72" \<fx/k, 1/Pfc),

ks.\fx

F(x) = Fpß(x- a) =   £   kpminß(\Tx/k, 1/Pfe).

k&/x

Here, p and /S are nonnegative real numbers,  k is a positive integer and P. =

max.  . , (a.M./e), where (t), for real /, denotes the distance of t from the
7    * »¿ • * *   »'       7    7

nearest integer, and where we put min (A, 1/ß) = A for B = 0.

In fact, we have proved in the aforementioned papers that

(3) P(x) « W4- 1/2Fj(x)    for r > 4,

(4) Pp(x) « xr/4~ 1/2FAr/2_ /x)    for r > 4 and p > 0

and

(5) V*)<<*r/2~1/2F2P+I.r-1(*)-

Here, we write A <KB instead of \A\ < cB, where c is a constant depending

only on a.. M., b., p, y, f and ß. In the sequel we always assume that x > c

and p > 0, ß > 0.

In [6], considered as the first part of this paper, the function F(x) is studied

especially in the case when a x = 0-2 = • • • = a . Let us recall some results (see

[6, Theorems 1,5,6 and 7]).

(A) Always,

X(P + D/2 « p(x) « xß/2 fot p<ß-l,

X(P + D/2 « p(x) « x/3/2 lg x    tot p = ß_lf

x(P + l)/2<<F(x)<<x(P+l)/2      forp>/3_1)

and these results generally cannot be improved.

(B) Let p<ß-l, y> 0, and let the inequality Pfc « k~y be fulfilled for

infinitely many k. Then F(x) = Q(x* ), where

(6) /=(/3y + p)/2(y+l).

(C) Let p<ß-\, y>0, and let the inequality Pfe » £~r hold for all £.

Then

(7) rtx)«A1/2^+1l

If moreover d. •« a, ■•••«■ Ct, then
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Fix) «x1 for p < j8 - 2,

F(x)«xf+x{p + 1)/2lgx   forp=/3-2,

F(x)«xf+x(p + 1)/2 fotp>ß-2.

The aim of the present paper is to improve the relation (7), actually we are

going to prove the following

Main Theorem. Let p< ß - 1, y>0 and let the inequality Pk^> k~y hold

for all k, Then F(x) « ¿ for p < ß - 1 - 1/y, and F(x) « x^ + 1)/2 lg* x other-

wise, where we put f=l for p = ß - 1 - 1/y or ßy = 1, and t = 0 otherwise.

H.   Proof of the Main Theorem.   Let, for n = 0, 1, • • •,

where we are summing over all k, 2" < k < 2n+ . Thus

(8) F(x)<<     £   Tn.
2n<iyß

First we need some estimates of the number of k, tot which P,   is small.

Let / and M be positive integers, and let M < ky < k2 < • • • < kv < 2M be num-

bers of the interval [M, 2M] fulfilling the inequality 2~l~   < P. < 2    . Denote

by  K the smallest positive integer such that P, < 2 • 2    . From the obvious

inequality (fj ± f2)< (f y) + (f,)» fj and £2 are real, we obtain ky > K, k2-

ky > K, •", kv—kv_y > K, and then kv>vK. Hence, using the assumption

2 • 2~l > PK » K~y > (v/kv)y > (v/2M)y, we conclude that

(9) v«2"l/yM.

(A similar method was used in the paper [2, p. 216], the same method in the paper [l,

p. 131]). We are going to use this result in the sequel without any further refer-

ence. Further, let us note that

Z       kPminHyß/k,l/Pk)«    Z^«^ + 1)/2.
k£\fx; P,>c k<\fx

Thus (cf. the assertion (A) of Introduction) in T   we can sum only over those k
n *

with P. < c. Finally let us recall that it is sufficient to consider only these /,

with 2Z « My (see (9)).

Now we successively obtain
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Tn«      J!     2"2-//y2n^-#mhA/x, 2"+/)

= 2»(P-^ + D      2:     l'1'? mn^yfi, 2" + ').

2'<k2^

Let us consider two cases. First, let 2n(y*1^ « v'x- Hence 2n*1 <S.\fx

provided 2Z <5C 2r". In this case we obtain

7 «2«o°-/3+i)    v   -2~i/y +ß(n+n = 2n(p+l)    y    2uß~l/y).

2u2yn ll<*2yn

Thus

T   «
71

2*(7/3 + P)    for ßy>l>

2"^+1)n    for/3y=l,

2"^ + 1)      for/3y<l.

Summing over all » with 2"(r+1) «y^, i.e., 2" «x1/2(r+1) we obtain

x1 fot ßy > 1,

(10) Z ^«{x'lgx for/3y=l,
272^xi/2(r+D

x(P + l)/2(y+l)   for )Sy<1>

In the sequel we may suppose that 2n^+ '' » \fx and let us recall that

2" « y/*. We obtain

Tn « 2»vO-/3 + l)      £     2~l/y miaß(yß, 2n + /)

2'«2^

<<2n(p-/3+i)j2n/3 22 2K/3-1/r) + x/3/2    23   2_//r

(        2,+n«2n(?+1);2/+nSVÏ 2'>V3?/2n

<<2n(P + 1)        J]     2Z(/S~1/r) + x('8"1/'y)/22"(p~'S+1+1/'y)

2l*\fx'/2n

Í2"<fi+»(Jx/2n)P-l/y    forßy>l,

2"<" + 1>lg(cx/2») for/3y=l,

2n(^+1) for/3y<l,
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i.e.

(11) Tn<<x(ß-l/y)/22n(p-ß + UVy) for/3y>l,

(12) Tn«2"^ + 1)lgx forjSy=l,

(13) Tn<<x(ß-Vy)/22n(P-ß + i.+ i/y)+2„(p + i)   iolßy<h

First assume that p - ß + 1 + 1/y < 0. Then necessarily ßy > 1, and if

s=      z      r„.
x1/2(^+1)«2"*v^

then we find by (11) that

(14) 5<<JC(/8-l/r)/2 + Co-^ + l + l/7)/2(y+l) = x/

Next, let p - ß + 1 + 1/y = 0. Then again ßy > 1, and by (11) we have

(15) s «*c/3-i/r)/2 lg x_ x(P + D/2 lg x

Finally, let p - ß + 1 + 1/y > 0. In this case we sum (11)—(13) over all n with

2" « \ß and obtain

06) ¿«x^1^2 forj8y/l,

(17) 5«x^ + "/2lgx   for j8y=l.

From (10), (14)—(17) and (8) we obtain the assertions of the Main Theorem.

From our Main Theorem and assertions (A) and (B) of the Introduction, we

are able to state the following corollary (cf. Theorem 8 of [6]).

Corollary 1.   Let y be the least upper bound of all the numbers r > 0, for

which the inequality P, <& k~   has infinitely many solutions.  Then

lg F(x)
lim sup- = max

x^+00    lg x

fßY + P    P+ i\

\2(y+l)'     2   /'

(For y = +CO we put ißy + p)/2(y + 1) = ß/2.)

Using the inequalities

F0,,/2-lW<FlW-<F0,r/2-.Wl^

and the hypothesis of Corollary 1, we obtain

Corollary 2.   Let y be defined as in Corollary 1.  Then
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lg FjU)
lim sup —;-

lg*
X—+00

((i-ljyTT'l}

Let us recall that moreover

s/\-in  v   te2*fiw«*''4-1/2 23 7/2. x « Vx lg   x     for r^= 4,

Vx lg x       for r = 2, 3,

(W

Ft(x)>>    23   lg2*»Vxlg*.
TisVx"

These results together with the results of [6] thus give full information

about "exact order" of the functions F(x) and F Ax).

III.   Applications of the Main Theorem.   From the Main Theorem and (3)—(5)

we obtain immediately:

Theorem 1.   Let r> 4 and let y denote the least upper bound of all the

numbers r> 0, for which the inequality P, <5C k~   has infinitely many solutions.

Let 0<p<r/2-2- 1/y (for y « +« we put 1/y = 0 and l/2(y + 1) = 0).  T£e72

(13) Pp(x) «x'-/2-l-(r/2-l-p)/2(y+l)+i

for every í > 0. Let p> r/2 — 2 — 1/y, p > 0.  Then

Pp(x)«xr/2+P/2lgKx,

where k = 1 for p = 0 aTza" for p = r/2 — 2, else k = 0. If y = +°° and 0 < p <

r/2 - 2 then moreover,  P (x) « xr/2~ '.

Theorem 2.   Leí y 6e defined as in Theorem 1.  Le/ 0 < p < r/2 - 3/2 - l/2y.

Then

MpU)«*'-1-(r/2-1-p)/(r+1)+€

/or every c > 0. Let p>r/2- 3/2 - l/2y, p > 0. TieTj

Mp(*)<Kx,/2+'' + 1/2lgK*,

w¿ere k. = I for p = r/2 - 3/2, e/se k = 0. If y =+<* and 0 <p <r/2- 3/2 tie«

moreover M (x) «: xr~ .
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In papers [5] and [s] the following results are proved (y is as above):

(D) If A(x) i 0, then

Pp(x) = fl(x('-1)/4 + ̂ /2)    and    Mp(x)»x'/2 + P + U2.

(E) Let bx - b2 - • «• - bf - 0, 0 < p < r/2 - 1. Then

Pp(x) = Çl{xr/2-l-(r/2-l-P)/2(y + l)-e)     and

Mp(x) =QUr-l-(r/2-l-p)/(y+l)-i)

for every e > 0.

Let us note that the assumption by = b2 = "• = b =0 cannot be omitted

generally. (See [8, p. 271] or [4, p. 393].) These results together with Theorems 1

and 2 give our final results, which partly solve the basic problem in the theory of

lattice points with weight in many dimensional ellipsoids.

Theorem 3.   Let y be defined as in Theorem 1 and è, = b2 = ••- = b =0.

Let 0 < p < r/2 - 2 - 1/y.  Then

lim sup-P--= r/2 - 1-,-(r/2 - 1 - p).
X-+00       lg x 2(y + 1)

Theorem 4,   Let y be defined as in Theorem 1 and k as in Theorem 2.  Let

p > r/2 - 3/2 - l/2y and p > 0.  Then

xr/2 + P + 1/2«Mp(x)«xr/2 + p + 1/2lgKx.

Let 0 < p < r/2 - 3/2 - l/2y and by = b2 = ■ •. = bf = 0.  Then

lg   M     (X) y
lim sup-= r - 1-(r/2 - 1 - p).
x^+oc,     lgx y+1
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