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ON A CERTAIN SUM IN NUMBER THEORY. II
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ABSTRACT. We derive “‘exact order’’ of the function

E kpmiﬂﬁ (ﬁ, —]:" .
ks\x kP
Here p and 8 are nonnegative real numbers and, for given real 81, 82, eee, 8 o

P,e =max].(k8j) where (t), for real t, denotes distance of ¢ from the nearest

integer. Using our results, we obtain the solution of the basic problem in the
theory of lattice points with weight in rational many-dimensional ellipsoids.

L. Introduction. Let Q(u) = Qluy, 2y +oey u') be a positive definite qua-
dratic form in r > 2 variables with a symmetric integral coefficient matrix and
determinant D. Let b’., M,. be integers, Mi >0 and a; be real numbers, j=
1,2,..., r. Let us put, for x>0,

r 7"/ 2x7/2 exp(2mi 3 ab)

A(x) =Y exp [2mi 3 au), W(x) = =L 1S

j=1 VDM My eee MTXr/2+ 1)

’

where & =1 if all the a,.M]. are integers, and 8 = 0 otherwise. Here the summa-
tion runs over all systems u = (u, u,, «++, #) of real numbers such that (u) <
and u; = b]. (mod Mj), i=1,2,e0e,n

For p >0 put P(x) = P(x) = A(x) - V(x) and

1 -
M Pp(x)=-l_;(-;3f: P()(x - 0P~ Yd: for p>0,
) M) = [*|P,(d]%d for p20.

In the papers [3], [5] and [9] it is shown that O-estimates of these functions can
be obtained from O-estimates of the functions
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F()= Y lg2kmin’/2=¥/x/k, 1/P),
ksy\/x

F(x) = Fp,ﬁ(x3 a.,.) = Y ®° minP(/%/k, 1/P).
ksyx

Here, p and B are nonnegative real numbers, k is a positive integer and P, =
max..) ;... (a,,.M’.k), where (t), for real ¢, denotes the distance of ¢ from the
nearest integer, and where we put min(4, 1/B) = A for B = 0.

In fact, we have proved in the aforementioned papers that

3) P(x) <« x'“'l/zFl(x) for r> 4,
@ P,(d) < /4= I/ZFp,,/z_l(") for r>4 and p> 0
and
/2=1/2
(5) M(x) < & Fopity- 1 (%)

Here, we write A < B instead of |A| < cB, where c is a constant depending
only on a, M]., b’., ps ¥» € and 8. In the sequel we always assume that x> ¢
and p>0, B>0.

In [6], considered as the first part of this paper, the function F(x) is studied
especially in the case when @) =@, =+ =0a . Let us recall some results (see
[6, Theorems 1, 5, 6 and 7)).

(A) Always,

P +1V/2 « B(x) < xP/2 for p<B-1,
D2« F) <P 2 1gx for p=B-1,
KD/ 2 Flx) « x@+ 12 gor p> B -1,

and these results generally cannot be improved.

(B) Let p<B -1, y>0, and let the inequality P, < k=7 be fulfilled for
infinitely many k. Then F(x) = Q(x/), where
6 f=By+p)/2Ay+ 1.

(C) Let p<B -1, y>0, and let the inequality P, > k™7 hold for all
Then

) Ax) < /+1/20r+ D),

If moreover a; =a,=-cv=0a, then
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Flx) <« «f for p<B-2,
Ao <+ xC+V/2 155 for p=f-2,

Flx) < of 4 xP+1/2 for p> B -2.

The aim of the present paper is to improve the relation (7), actually we are
going to prove the following

Main Theorem. Let p<B -1, y> 0 and let the inequality Py, > k™7 hold
for all k. Then F(x) < x| for p<B-1=1/y, and F(x) < s +V/2 1€ x other-
wise, where we put € =1 for p=f3-1~1/y or By=1, and € = 0 otherwise.

1. Proof of the Main Theorem. Let, for n=0, 1, .«-,

1
= kP ~5\_/_’-"___’
Tn Z min (k 7

k

where we are summing over all &, 2" <k <2"* 1 Thus

(8) Fx) < X T,
"s\x

First we need some estimates of the number of &, for which Pk is small.
Let I and M be positive integers, and let M < k; <k, <-.. <k, <2M be num-
bers of the interval [M, 2M] fulfilling the inequality 2~!~! < P, <2~L. Denote
by K the smallest positive integer such that P, <2. 27!, From the obvious
inequality (£, * E) <€D +(€))s & and &, are real, we obtain &, > K, k, -
kl >K,een, lev- k’u-—l > K, and then kv > vK. Hence, using the assumption
2.275 P> K77 > (Ww/k,)” > (0/2M)”, we conclude that

© v<277

(A similar method was used in the paper [2, p. 216}, the same method in the paper [1,
p. 131]). We are going to use this result in the sequel without any further refer-
ence. Further, let us note that

> KminfWa/k 1/P) < T kP xPHD/2
ks\x; P &> k<\x
Thus (cf. the assertion (A) of Introduction) in T, we can sum only over those &
with P, <c. Finally let us recall that it is sufficient to consider only these |,

with 2/ < M7 (see (9)).
Now we successively obtain
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T, < 3 2027Wyone-B pinBiyx, 2n 4l
21<27"

- 2'!00-;34»1) E 2-1/')' min'e(\/;, 2n+l).
227
Let us consider two cases. First, let 2"7*1) «\/x. Hence 2"*! « Vx
provided 2! « 27", In this case we obtain

-B+1 2-/ ! 1 1(B-1/
T, < me-B+1) Z 2=1/Y +Bln+l) _ nlo+1) Z (B 7).
Thus
zn(')'ﬁi'P) for ﬁ)’> l,

T, < 7@+ for By=1,
2P+ g By <1,

Summing over all 7 with 27 *+D « /%, i.e., 2® < x/27*D) e obtain

! for By>1,
(10) p> T <{«1gx for By=1,

ng 1/2(r+1)
2"axx P27+ ) g By<1.

In the sequel we may suppose that 27(”*+1) > \/% and let us recall that
2" K \/x. We obtain

T «20@-B+D) 5 2-V7 pigh(yz, 274D

2l ca”n
« 220-B+1) {20,3 > HB-1N 2 ¥ 2-1/7}
len (7 + ”;21*"5\/; 2'>\/':?/2"
& nP+1) 2 B-1/7) | ((B-1/7)/29n(0=B+14+1/7)
vzt

2@+ fz/aMB-17 for By>1,
< x(ﬁ-l/'}')/zzn(o-ﬂ+l+l/7)+ mP+1) lg(cx/zn) for By=1,

7@+ for By <1,
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i.e.,

(11) T < x(,3-1/7)/22n00-ﬁ+1+1/’)') for B},> 1,
n

(12) T, <2"C+D g4 for By =1,

13) Tn < x(ﬁ- 1/7)/22'1(,0"5"'1-"' 1/7).,_ 2"074- 1) for By <1.

First assume that p- 8+ 1 + 1/y <0. Then necessarily By > 1, and if

S = > T,
x1/2(7+1)«2”«v;
then we find by (11) that
(14) S« xB-17V2+0=B+1+1/7)/ 2y +1) _ S,

Next, let p— 8+ 1+ 1/y=0. Then again By > 1, and by (11) we have

a1s) S < xB-1/7V2 g g 04 D/2 g o

Finally, let p- 8+ 1+ 1/y> 0. In this case we sum (11)-(13) over all n with
2" < y/x and obtain

16) Sk xP+1)V/2 for By £ 1,
(17) S« xP+1/2 15 x for By=1.

From (10), (14)=(17) and (8) we obtain the assertions of the Main Theorem.
From our Main Theorem and assertions (A) and (B) of the Introduction, we
are able to state the following corollary (cf. Theorem 8 of [6]).

Corollary 1. Let y be the least upper bound of all the numbers > 0, for
which the inequality P, < k=7 bas infinitely many solutions. Then

. lg Fx) By+p p+1)
lim sup = max{ ———, — )¢
x—too g% Ay+1° 2

(For y =+ we put (By + p)/2(y + 1) = B/2.)
Using the inequalities
Fo,p/ai® <P <Fy o (9 1gx
and the hypothesis of Corollary 1, we obtain
Corollary 2. Let y be defined as in Corollary 1. Then
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lim su =max ([ -2)-Y_ l .
X—NI'OE lgx 4 2 Y+ 1’2

Let us recall that moreover

/A2 o p5 4,

1-71(:c)<<x'/4"1/2 ) lg 2k Vxlg?x  for r=4,
k<VE kr/Z—l

Vxlgx forr=2,3,
and
Fx)>» ¥ lg2k»Vxlgx
ks\x
These results together with the results of (6] thus give full information

about *‘exact order” of the functions F(x) and F (x).

II. Applications of the Main Theorem. From the Main Theorem and (3)—(5)
- we obtain immediately:

Theorem 1. Let r> 4 and let y denote the least upper bound of all the
numbers 1> 0, for which the inequality P, < k=7 bas infinitely many solutions.
Let 0<p<7/2-2-1/y (for y=+00 we put 1/y=0 and 1/Ay + 1) = 0). Then

(18) Pp(x) & xr/2-l-(r/2- 1=-p)/2(y+1)+€
for every €¢>0. Let p>1/2-2-~1/y, p>0. Then
Pp(x) < x'/z"p/zng x,

where k=1 for p=0 and for p=1/2~2,else k =0. If y=+e0 and 0<p<
7/2 = 2 then moreover, Pp(x) <« /21

Theorem 2. Let y be defined as in Theorem 1. Let 0< p<1/2-3/2-1/2y.
Then
M (x) & xr- l’(r/Z- l"P)/(7+ 1)+€
0
for every €>0. Let p>1/2~3/2-1/2y, p>0. Then
Mp(x) & xf/2+P+ 1/2 ngx,

where k=1 for p=1/2~3/2, else k=0. If y=+o0 and 0<p <r/2-3/2 then
moreover M (x) < %7~ 1
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In papers [5] and [8] the following results are proved (y is as above):
(D) If A(x) £0, then

P,(x) = Q=D 4D and M () > /240172,
(E) Let by=by=-+-=b =0, 0<p<r/2-1 Then
Pp(x) = Q(x/2-1-0/2=1-p)/2(y + 1)-€) 54
My(x) = "~ 1=(r/2=1-p)/ (7 + 1)-€)

for every € > 0.

Let us note that the assumption &, = b, =-+- =56 =0 cannot be omitted
generally. (See [8, p. 271] or [4, p. 393).) These results together with Theorems 1
and 2 give our final results, which partly solve the basic problem in the theory of
lattice points with weight in many dimensional ellipsoids.

Theorem 3. Let y be defined as in Theorem 1 and by =b,=+-+=b =0.
Let 0<p<1/2-2-1/y. Then

1g|P,(x)]|

. I 1

lim su _.____=r/2-1_ (/2_1_ ),
x_.+£ Ig x 2+ D P

Theorem 4 Let y be defined as in Theorem 1 and k as in Theorem 2, Let
p>r/2-3/2-1/2y and p>0. Then

xr/2+,0+l/2 < Mp(x) & xr/2+p+l/2 ngx.
Let 0<p<1/2-3/2-1/2y and by =b,=+++=b =0. Then
lg Mp(x) 1

lim sup =r-1-
x—too g% y+1

(r/2-1-p)
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