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INVOLUTIONS PRESERVING AN SU STRUCTURE
BY

R. J« ROWLETT

ABSTRACT. Bordism theories SU, (Z 2 all) for SU-manifolds with involution
and SU, (Z 2 free) for SU-manifolds with free involution are defined. The latter
is studied by use of the SU-bordism spectral sequence of BZ 29 and the orders of
the spheres s4n43 i antipodal action are determined. It is shown that
SUZk(ZZ’ free) — SUZk(ZZ’ all) is monic, and that an element of SUZk(ZZ’ all)
bounds as a unitary involution if and only if it is a multiple of the nonzero class
aeSU 1°

1. Introduction. Conner and Floyd defined and studied the bordism of unitary
manifolds M with smooth involution T preserving the unitary structure ([4], [5],
[1]). Suppose M is also an SU-manifold; we think of the SU structure as being
given by a trivialization ¢: det (M) = M x C of the (complex) determinant of the
tangent bundle of M (see [9, VIII]). Then T preserves the SU structure if
¢(det dT) = (T x 1)¢.

Two such SU-manifolds with involution, (Ml’ Tl) and (Mz’ Tz)’ are bordant
if there is an SU-manifold N with JN the disjoint union of M; and ~ M,, and a
structure-preserving involution 7 on N with T'|M, = T,. The set SU,(Z,, all) of
equivalence classes, under this bordism relation, is then a graded algebra over the
bordism ring SU,» with operations induced by disjoint union and Cartesian product.

One also obtains SU.(Z 2 free) in the same way, but requiring all involutions
to be fixed point free, as well as a relative theory SU,(Z,, rel) whose elements are

represented by SU-manifolds M with involution free on dM. As usual, one obtains
a long exact sequence

w SULZ, free) < SUL(Z,, all) = SUL(Z,, rel)
* 1 ]

[

of SU,-modules, where 7 and s are forgetful and d[M, T] = [OM, T|OM]. The reader
can easily supply the details (compare [1, $10]).

Also, as usual, a free involution is determined by its quotient space and an
element of the relative group is determined by the normal bundle of the fixed point
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138 R.J. ROVLETT

set. Unfortunately, the fixed point data is not very amenable to calculation, due
to our ignorance of SU-bordism. However, this paper presents several results
about the entries in (1.1), including:

(1.2) The kernel of the forgetful map

F: SU(Z,, free) — Uy(Z,, free)
is {ﬁo[So, Al + B[S 1, Al: B; € torsion SU, L
(1.3) If A represents the antipodal involution on a sphere, [s4743, A] €
SUin s (Zz’ free) has order 22"+2 if n is odd, and 22"+ if n is even.

(1.4) r is a monomorphism in even dimensions.
(1.5) For k> 1 there is an exact sequence

SU,,_ (2, al) L5 5U,(Z,, all) L vz, a),

where ¢ is multiplication by the nonzero class a € SU,.

Notes. For (1.3), $%+3 is given an SU-structure by means of its usual
imbedding in C27+2, For (1.2) and (1.5), st is given the SU-structure obtained
via a trivialization of #(S!); with this structure [S1] = a.

C. B. Thomas [10] has shown that (1.3) also gives the order of [S47+3, 4] in
the symplectic group Sp*(Zz, free). Theorem (1.5) is definitely not true in odd
dimensions; [S!, A] lies in Ker F but not Im t.

2. The SU-bordism of BZ,. Let (M, T) be an SU-manifold with free involu-
tion, and let M/T be the quotient space obtained by identifying Tm with m for
each m € M. M/T is a unitary manifold [s). Furthermore det AM)/det dT is
identified with det {M/T); hence ¢ defines a trivialization ¢/T: det M/T) &
(M/T) x C. Thus M/T is an SU-manifold. The double cover M — M/T is classie
fied by a map f: M +» BZ,, and we see at once the analog of [3, (19.1]:

(2.1) Proposition. The assignment [M, T} — [M/T, {1 defines an isomorphism
SUZ,, free) SUL(BZ).

Since SU,(BZ,) = SU, ®SU,(BZ,, %) our problem is to study the latter sum-
mand. Writing BZ, = RP(w), notice that i”: RP(n) C RP(=) is the inclusion of a
unitary manifold if » is odd, and of an SU-manifold if 7» =3 mod 4. This defines
Taks1 €Uge,1(BZp®) and 0, 5 €SU,, 1(Z), %). Letting *: S' — * be the
point map, there is also

o, =[sL i~ [SY, *] esU (BZ,, *).

If F forgets SU-structure, Fo_ =r_ for n=4k+3 and also for 7 = 1, since S*

bounds in U 1°
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(2.2) Proposition (Conner-Floyd [4], [5]). U,(BZ,, %) is the U,-module gen-
erated by the 1,, |, for all k> 1, with the relations

k = =
2%,,_1=0 and [CPD]ry,_, =27y, ;.
In particular, Uzk(BZZ, *) = 0.

For any pair (X, A) there are homomorphisms d: U"(X, A) - SUn_z(X, A)
and d': Un(X, A) - U, _ (X, A) which send (M, f) to (N, 7|N), where N is the
submanifold dual to ¢,M and to (c,M)?, respectively. Notice that dr kel = a1
but, since r,, , is represented by an SU-manifold, d(r4 ke l) =0=d'(r ke l)'

Let t: SU (X, A) — SUMI(X, A) be multiplication by a. Combining [6,
(15.2)] and (2.2) gives:

(2.3) Proposition. For each n>0 there is an exact sequence

. F
0— SU,, (BZ,, *) <> SU,,,  (BZ,, ¥~ U, (BZ,,*)

(BZ,, ¥ @ U,,,_,(BZ, *) = SU, (BZ,, ¥) = 0.

’ 2m +1
d,d")
SUZm-I

(2.4) Proposition. For 1<n<6, SU(BZ,,*)=Z2,,Z,, Z, 0, 0, 0, respec-
tively. The generators are O QO and 03 azal = 403.

Proof. For m =0, (2.3) gives F: SU (BZ,, ) = U (BZ,, *). Setting m = 1,
(2.2) implies U 3’(BZ 2 *)=2Z 4 With generator 15 € Ker (d, d"). Thus (2.3) breaks
up to show SU,(BZ,, *) =Z, on ao, and SU,(BZ,, *) is a group of order 8.

Define B =9[CP(D]? - 8[CP(2)] € U ; then dB=a? € SU, [6, p. 33). Since
7, is of order 2, Br, = [CP(l)]zrl. Therefore

403 =d(4fs) = d([CP(I)]ZTI), bY (202)a

(dp)[s?, i) = (dB)oy, since (dB)[S] =0,

= a2y
aal.

Thus SU 3(BZ 29 *)=Z g With generator 0.

Since #o,) = tdlr,) = 0, SU(BZ, ¥) = 0. With m =2 in (2.3), this means
(d, d') is onto. But (d, d) connects two groups of order 16, by (2.2) and the pre-
vious paragraph. It follows that F = 0, so SU/(BZ,, *) = 0, which also implies
SU(BZ, %) =0. O

Ve now recall the structure of SU,, for which [9, X] is a convenient general
reference. In particular, SU"/ torsion =0 if 7 is odd. Moreover, there exist ele-
ments b?k €S Ugy» one for each partition of %, so that torsion SU, is the Z >
vector space with generators ‘{ab?", azbf"}.
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As in [3, §7] there is a spectral sequence {E;.q: r>1; py 920} with

Im U, (RP(p), RP(p - 1)) — SU, (RP(p), RP(p - 1))

4" Tmsu,  (RP(p+r- 1), RP(p) — SU,, (RP(p), RP(p - 1)

E'

and E% associated to a filtration of SU » +q(BZ » *). Observe that

P
1 _ - a~ .
Ep o= 5SU,, (RP(p), RP(p - 1) = SU;
E;.o is generated by the class of the usual map
g,: (D?, $2=1) — (RP(p), RP(p - 1))

attaching the p-cell of RP(p). Also,

\ ~ 22®5Uq if p is odd,

E; =H/(BZ,; SU) =

ba 22 "Te Tor(Z,, SU)) if p is even.

Thus 52 =0 for p even, g#1, 2 mod 8, and for p odd, ¢ =3, 5, 7 mod 8.
Thxs spectral sequence has E 4 = E®. We will show something less than this.
(2.5) In {E' } the differentials d4l¢+l 8f? d4k+l.8j+l’ d4k,8j+l’ and

dik gj42 € of maxmal rank, forall £>1, j>0.

2.6) Corollary. Let p>2, ¢>0. E‘ =0 whenever p is even or q is odd,

except for Eu“.z 8j41°

The corollary follows without trouble from (2.5) and the structure of torsion
SUx. To show E* = E® it suffices to verify that the exceptional entries of (2.6)
persist to E™.

Proof of (2.5 Begin with & = 1. It follows from (2.4) that d2 ,0° d2
and d"' 4,2 must be isomorphisms. SU, acts on the spectral sequcnce as m [3,
7.1l Since d o # 0, it follows that d2 (l ® bs’) # 0 and hence d2 ; and
d2 5,841 have maxlmal rank, In the same way, d? 1 #0 implies d2 14,8741 1s an
isomorphism for all j.

To use the same reasoning on d3 4,2 somewhat more care is required. d> 4.2
maps onto E?2 1,4» Which is generated by 1® B, where B' €S U, is the generator.
FB'=2B ¢ U, [6, (19.1)]. Now suppose 2x = f' bs’ €SUg; 45 smce U8;+4 is
free abelian, BF(ba’) Fx eUg, o This cannot bc, because d(BF(b2") = a 28]
#0. Therefore 1 ® b¥B' 40 eE 1.8j44 2nd d3 4,842 has maximal rank,

To complete the proof, define Smith operators in the spectral sequence as
follows, Let A! oat Ep.a E‘ _4,q @ssignto [M, /1 esU, (RP(p), RP(p - 1))
the class of [N, /lN] €SU, 4. {RP(p - 9, RP(p - 5)), where { is transverse
regular on RP(p - 4) and N=f 'IRP(p 4). This can be done because the normal



INVOLUTIONS PRESERVING AN SU STRUCTURE 141

bundle of RP(p - 4) in RP(p), being the quotient of the normal bundle of S?~4 C §?,
has a natural SU structure.

This construction commutes with ', and we receive A? : E’ e Ep_4.q
for each r, commuting with d". Clearly, A! takes [D?, g,) to [D -4, 8y_4): Thus

A;' a is an isomorphism for p > 5, and so is A:’ < (2.5) then follows by an easy
induction from the case k=1. 0O

From (2.6), aE;.q =0 for all p> 2. It follows that Im ¢ C SU*(Bzz, *) can
contain only multiples of ao,. Together with the exact sequence

SUL(BZ ) < SUL(BZ,) = ULBZ,)
of [6, (15.2)], this observation proves Theorem (1.2). In addition

(2.7) Proposition. SU,,(BZ,, *) =0 unless 2k =2 mod 8. SUs,“z(BZZ, *) is
the Z ,-vector space on {ab?kol i

Proof. It remains only to show that the {abg "01} are linearly independent.
For this, note that the composition

SUgy ,ABZy ¥) — SUg,  AZ,, [ree) — SUg, . ,,
b8
1

where the latter map forgets involution, maps the ab:"g, to a basis of torsion
SUgh,, O -
Proof of Theorem (1.3). Consider O4ns3s FO4n,3 is of order 2 "+° by (2.2).

Forodd n, 42+ 3=7 mod 8 and F is monic, by (2.3) and (2.7).
Let © be the product in U, introduced by Wall [11]:

x © y=xy+ A[CP(1)]? - [CP(2)]) Dx Dy

where D is the composite Fd: U, — U, _,. Let x(® be the k-fold product x © x ©
««+0x, Then x(")rl = x"rl since 7, has order 2. Let x, = [CP(1)]; then x{? =8
and Dx, = 2. By [9, pp. 265-266], if n is even we can choose b, €SU,, such that
ab_#0 and Fb_=x{?™. Therefore

22"*""04’”_3 = d(22"*2r4n+5) = d(xf’”zrl), by (2.2)

= d(x{Dx{?Mr ) = (d(x{PNk,0; = 2,0, #0, by (2.7) and (2.3).

Thus O3 has order 227+3, g

3. The Smith homomorphism. The Smith construction appeared abruptly in
the proof of (2.5), and it is convenient to reconsider it at this point. Let [M, T] €
‘ SU(Z,, [ree). For large g, there is an equivariant map g: (M, T) — (§49+3, 4).
Make g equivariantly transverse regular to § 44-1 Then N = g~ 15491 is an SU-
manifold, and assigning (N, T|N) to (M, T) defines the Smith homomorphism

A: SU (Z,, free) — SU, _ (Z,, free).
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Applying the isomorphism (2.1), the Smith operators of (2.5) are induced, not
by A, but by A, where 7: SU,(BZ,) — SU,(BZ,, *) is projection on the sum-
mand. But, as it turns out, this makes no difference.

(3.1) Proposition. Im A C SU,(BZ,, *).

Proof. Consider if: SU,(RP(p), ¥) — SU,(BZ,, #). The spectral sequence
has

Ey op=1m & /Im i1,

(3.2) Claim. If A": SU (BZZ, *) = SU,_ ((BZ) is the restriction of A, then Ker A’
-Imz* and Ker 7A’ —Iml

On the other hand, E?’ ¢=0 forall g, by (2.6). Hence Im A’ NKer 7 =0,
which is (3.1).

We thus prove (3.2). Suppose [M, T] € Ker #A’. Then there is an SU-manifold
P with involution T' such that

a(P, T") = (N, T|N) - (N x $°, 1x A).

Let g: N x §% — 5% — §49+3 pe the obvious equivariant map. Without loss of
generality we may assume ¢ is large enough for g to extend to an equivariant
g (P, T') — (54943 4),

The normal bundle of N in M is clearly N x R* with action (T|N) x A.
Thickening P and pasting it to M x I one can construct a cobordism from (M, T)
to (My, T,) where the latter is classified by a map into (S 4943 4) whose image
intersects S‘q 1 transversely, in (5%, A). Thus (Mg, Ty ) admits an equivariant
map into (5%, A). Under (2.1) it falls into Im z* . The converse is obvious.

If [M, T] €Ker A' the same argument applies, but (T, T') = (N, T|N) and
the image of (M, T,) misses §49-1 Hence (Mg, T;) admits an equivariant map
into (%, 4). O

It should be noted that Im A is properly contained in SU,(BZ,, *). For
example, ¢, ¢ Im A since SU(BZ,) =0.

Let B: SU (Z,, rel) = SU,_((Z,, rel) be multiplication by the 4-disk
D* with anupodal action.

(3.3) Proposmon. There is a commutative diagram:
(Zz. rel) % sU (Zz' free)

b |

(2, rel) 2 SU, (Z,, free)

n+l

"+5

Proof. Same as the unitary case [1, (10.3)]. Briefly, if g: (M, T) —
(s%9-1, A) is an equivariant map, then by suspending g one obtains an equivariant
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map b: d(M x D%, T x A) — (§49%3, A) which is transverse regular on §49-!, O
Using (2.1), let 7' be the restriction of r to SU,. That is, r'[M] = [M x S0,
1x A] €SU(Z,, all).

(3.4) Proposition. 7 is a monomorphism.

Proof. By (3.3) and (1.1), Ker 7 = Im d CIm A, On the other hand, Im A is
orthogonal to the summand SU,, by (3.1). O

Proof of Theorem (1.4). By (2.7) every element x € SU 2 h(Z 2 free) can be
written

x=y[S0, Al + adSL, A], ye SUpps 2€SUy, s

Let e: SU(Z 2 free) — SU, forget involution. If f(x) =0 then 2y + a2z = e(x) = 0.
Since a?z cannot be divisible by 2 we must have z = 0. Then y =0 by (3.4). O

4. Complex Wall manifolds. A unitary manifold M has a complex Wall structure
if there is a map f: M — CP(1) and an isomorphism ¢: det (M) & f*£, where
& — CP(1) is the canonical line bundle. There is a bordism theory W, for such
objects, and a homology theory W, (X, A) for which Stong [9, VIII] is the general
reference.

An involution T on M preserves the complex Wall structure if [T = f and
¢(det dT) = T'¢, where T': f*é— [*¢ isinducedby Tx L:Mxé—Mx
Without belaboring the details, it should be clear that one has theories W, (Z 2 Q)
for Q = free, all, rel, and an exact sequence

Wi (Z,, free) == W(Z,, all) — W(Z,, rel)

4D t P) j

Since an SU-structure is a complex Wall structure with f = point map, (1.1)
maps into (4.1) via forgetful maps G.
If T is free, f defines g: M/T — CP(1) and ¢ defines an isomorphism

¢/T: det AM/T) = det AM)/det dT — g*£ = (f*€)/T.
Thus M/T is again a complex Wall manifold, so
(4.2 Wi (Z,, free) & W, (BZ).

Whether T is free or not, one may choose x € CP(1) and make f equivariantly
transverse regular to x [8, (4.1)). Since f*¢ is trivial over N = f~1(x), the
assignment of (N, T|N) to (M, T) defines a homomorphism

d: W(Z,, Q) = SULZ,, Q).

Then there are Rohlin-Dold sequences.
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(4.3) Proposition. For Q = free, all, rel, there are exact sequences

SUMZ,, Q) o SULZ,, Q) - We(Z,, 0)
L d )

The proof is a copy of [9, pp. 169—-172], using 8, (4.1)] to secure the needed
transversalities. For Q = free, (4.2) and (2.1) identify (4.3) as the usual Rohlin-
Dold triangle in the bordism of BZ,.

(Perhaps one should note that (4.3) is stronger than the sequence [8, (4.2)]
used by the author in the O/SO case. This is because a stronger notion of struc-
ture-preserving has been used.)

Unfortunately, F': W, (Z ,9 @ll) = U(Z,, all) is not monic. Thus the sequence

SUAZ,, all) — SULZ,, all) — Us(Z,, all)

need not be exact. A similar phenomenon is well known in the case of the SO-
bordism theories [2].

Also unfortunately, the product of complex Wall manifolds need not be a com-
plex Wall manifold. Thus W,(BZ,) is not a W,-module under the usual Cartesian
product. However, we can circumvent this difficulty.

Recall that for any pair (X, A), F': W (X, A) — U,(X, A) is monic [9, p. 153].
In fact there is a splitting ®: U, (X, A) — W,(X, A) which assigns to (M, ) the
submanifold N C M x CP(1) dual to det r(M) ® £. Given u € U,, x € U(X, A),
define the Wall product u ©x by

(4.4) u° x=ux+ 2[CP(1)]?-[CP(QQN)DxDy, where F = Fd as before.

(4.5) Proposition. Under the Wall product the image of W (X, A) in U(X, A)
becomes a W -module. In fact, for w € W, x € W, (X, A), w ox = F'®(wx) and
D(wx) = wDx + (Dw)x — [CP(1)] Dw Dx.

The proof parrots one of Stong’s [9]; we indicate the preliminaries. Let P =
CP(w). U,(P) is the free U, -module on lai =[CP(i) C CP()1} [6, (1.5)].

U(P x X, P x A) = U,(P) ® U«(X, A) [7,6.2).

Let H: U (P x X, Px A) — U_(P x X, P x A) send (M, f x g) to (N, (f x g)j)
where j: N C M includes the submanifold dual to f*A, A — CP(w) being the uni-
versal line bundle. Then H(a,® y)=a,_, ® y.

Let p: U (X, A) = U (P x X, P x A) send (M, g) to (M, fx g), where f:
M — P classifies det r(M), and let m: U, (P x X, P x A) — U,(X, A) be the pro-
jection. Then D = mHyu by definition.

If P x P — P classifies A ® A, there is induced a product

U,(P) ® U (P x X, Px A) = UP x X, P x A).
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Clearly ®(z) = nH(a u(2)). Furthermore, there is a commutative diagram

Uy ® Uy(X, A) — ULX, A)
lrep ln
UP) ® Ug(P x X, P x A) — U (P x X, P x A)
in which the top map is the usual U -module structure.

Since w, x are represented by Wall manifolds, write pw=a,® a, +a, ® a,
and px=a, ® B, +a, ® B, for a, eU,, B, €U, (X, A). One may then compute
D(wx) and ®(wx) in exactly the same way as in [9, pp. 165-166). Finally, the
identity (w, o w,) ox=w, o(w, 0x) is easily obtained from the formula for D. O

Observe that d is natural with respect to maps of pairs, and commutes with
9: U, (X, A) — U,(A). The Wall product inherits these properties. In particular, if
(X, A) is a CW-pair then W, acts,via (4.4), on the W,-bordism spectral sequence {F ;.qi

of (X, A), and the action FZ. e ®W —-F :’q 4+s i identified with the composite

H(X, A W) @W — Hy(X, A4 W, ®W) — H(X, & W,,)

q4s
(compare [3, (7.1))).
Now set (X, A)=(BZ,,#). f n=1or n=4k+3 let o, € W (BZ,, *) be
[RP(n), i"). If p: Wn(BZ » *) — H"(BZ 2 *) is the usual evaluation [3, $6], then
y.(wn) is the nonzero class in H”(BZ 2 %)

(4.6) Proposition. Suppose n =4k + 1. Let o €W (BZ,, *) be represented
by Y" = RP({ @ (2k - 1)C — CP(D)), and the map [: Y — BZ, classifying the
double cover S(§ ® (2k - 1)) — Y". Then plw ) #0 € H (BZ,, *).

Proof. The disk bundle D(£ @ (2k — 1)) has Chem classes induced from the
base CP(1). Hence it is a Wall manifold and the antipodal involution is structure
preserving. Let Az U (BZ,, ¥) — U _,(BZ,, *) be the unitary Smith homomor-
morphism. By [1, (10.3)],

AZE=1[y", ] =[RP(3), *] =1,

By [1, (10.2)},

r fl=1,+ Ez:h[X"’zf“]rzl. o1 €U (BZ,, %),
J

Thus plw,) =plr) £0. O

(4.7) Corollary. Using the Wall product, W,(BZ,, *) is generated over W, by
the 0,y n=2j+1

Proof. It is clear that F2 = F® . Since W, is torsionfree,
0.9 P.q *

2 A . ~ 2
Fl (=HSBZy *; W)= H(BZ, ¥)@W xXF, ,®W,
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For p even, F, ; =0. For p odd, let e, generate F =Z,. If x qu, then by
(4.4) xo o, corresponds toe,®x¢€ F ’.

[3,(18.1)]. o
5. On SU(Z,, all).

a The rest is entirely standard

(5.1) Lemma. W,(Z,, rel) = Eq W, (MU(2q)), where MU(2q) is the Thom space
of the universal bundle y — U(2q).

Proof. Given [M, T] € Wn(Z ,» 7el) let F be a component of the fixed set and
let v — F be the normal bundle. Since det r(M)|F = (det 7(F) @ det v), det 4T
acts on det r(M)|F as multiplication by (- 1) in the fibers.

Imbed Dv in M as a tubular neighborhood of F and let f: M — CP(1) and
¢: det (M) = f*¢ give the Wall structure. Via a homotopy, if needed, assume
f|Dv factors through projection on F. Then det dT must act in the fiber of
det 7(M) over x € F as multiplication by the determinant of (¢~ 'qS)x =1

Therefore dim v is even, so classifying the fixed set defines a homomorphism

W2, rel) = 3 W,(MU(29)).
q

The rest of the proof is like [8, (3.2)l. O

(5.2) Lemma. Im r: Wq(Zz,/ree) — Wq(Zz, all) is
IM x S°,1><A:[M]€W }  if q is even,

{iMx S, 1x A: [MleW if q is odd.

q- l

Proof. Choose [M] € W,. If n =4k + 3, [M] cw_ corresponds in W,(Z,, free)
to [M x $4#+3, 1 x A], which certainly bounds in W,(Z,, alD). If n=4k+ 135,
(M cw_ = d([M] o[D(£ & (2k - 1)), A]), where (5.1) is used to define the Wall pro-

duct in W*(Z 2 rel). Thus (5.2) follows from (4.7) and the fact that W2m+l =0. O

(5.3) Corollary. F': W {Zpal) - U (Z), all) is monic if q is even. If q is
odd, W (Zz’ all) contains only the classes [MxS!,1xA}, so F'=0. :

Proof. Consider the diagram
WA(Z,, free) = W (Z,, all) = W (Z,), rel)
la lb lc
Uq(Zz, free) — Uq(Zz, all) — Uq(Zz, rel)

a and ¢ are monic, by (4.2), (5.1), the results of [1] on the unitary groups, and the
knowledge that W (X, A) CU(X, A). Thus Ker 6 CIm r. If ¢ is even, the compo-
sition W, CU, — U,(Z,, al]), sending x to 5%, Al is monic [1]. If ¢ is odd,
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Uq(Z 2 all) = 0, again by [1]. Hence the corollary follows from (5.2) in either
case. 0O
Theorem (1.5) is an obvious corollary of (5.3) and (4.3). We can also prove

(5.4) Proposition. Im r: SU*(ZZ, free) — SU*(ZZ, all) is generated by [s°, Al
and [S!, Al.

Proof. Given x € SU"(ZZ, free), by the results of $2 we can write x =
yo[So, Al + yl[S 1, Al + z, where z € Ker t = Im d. But since rd = dr it follows
from (5.2) that Im rd is generated by [$°, A] and [s!, A]l. O
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