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ANALYTIC EQUIVALENCE

AMONG SIMPLY CONNECTED DOMAINS IN C(X)

BY

HUGH E. WARREN

ABSTRACT.  This work considers analytic equivalence within the analytic

function theory (or commutative Banach algebras which was introduced by E. R.

Lorch.   Necessary conditions of a geometric nature are given for simply con-

nected domains in   C(X).   These show that there are a great many equivalence

classes.   In some important cases, as when one domain is the unit ball, the

given conditions are also sufficient.   The main technique is the association of

a simply connected domain in  C(X) with a family of Riemann surfaces over

the plane.

1.  Introduction.  There are many extensions of analytic function theory to

settings other than one complex variable.  In any such extension one can raise

the question of when two sets are analytically equivalent, that is, of when two

sets support isomorphic families of analytic functions.   In this paper the under-

lying analytic function theory is that due to E. R. Lorch [7]. The space in which

analytic functions will be defined and take their values is C(X).   This space is

the commutative Banach algebra of continuous complex valued functions on a

compact Hausdorff space X.  The norm in C(X) is the uniform norm.   An

analytic function in C(X) is one that can be locally represented by power series

/ —» 2 gn(f - g)n where g and gn belong to C(X) and the series converges in

the norm of C(X) on a ball about g.

The problem of characterizing the sets in C(X) which are analytically equiv-

alent to the unit ball was previously considered by the author in [9] and [10].

The present paper develops methods which solve thai problem and which say a

good deal about the equivalence problem for simply connected domains in general.

Necessary conditions for equivalence are given which show that the number of

equivalence classes must be very large.

The principal analytic device is the association of each simply connected

domain in C(X) with a collection of Riemann surfaces which are called
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266 H. E. WARREN

the sections of the domain.   An analytic equivalence between two domains induces

analytic equivalences between their sections.   In appropriate circumstances

equivalences between sections can be assembled into an equivalence between the

domains.

Beyond analytic equivalence the sections of a simply connected domain lead

to an extension of the notion of taking quotient functions.   Quotient functions

have been important in the Lorch function theory.   For a description see [2],

A good deal of specialized notation is necessary.   To begin, the uniform norm

of a function / £ C(X) is ||/|| = sup {\f(x)\; x £ X}.   For e > 0 the open ball of

radius e about / is B(f, e) = {g e C(X); \\g - f\\ < (\.  Write C for the complex

numbers and D(z, e) for the disk of radius t about z.   We embed C in C(X) by

identifying each complex number with the constant function on X which takes that

complex value.   If / £ C(X) and z e C, then / + z is the function whose value

at x £ X is f(x) + z.   Write B for   B(0, 1)  and- D fot D(0, 1).   The set B is the

open unit ball of C(X).

An open connected set will be called a domain.   We shall speak of domains

in C and in C(X), according to context.   The letters U and V will be reserved

for domains in C(X).   Domains U and V are (analytically) equivalent if there

exists a one-to-one analytic map $ of U onto V whose inverse is also analytic.

We shall refer to 0 as an (analytic) equivalence of Í7 onto V.   An equivalence

0 has the property that the derivative <£'[/] at any function / £ U is a nowhere

vanishing function.   If conversely <£'[/] is nowhere vanishing, then $ is an

equivalence on some neighborhood of /.   See the introductory remarks in [2].   If

g, h e C(X) and h is nowhere vanishing, then the maps /—► f + g and j —>hf

are equivalences of C(X) onto itself.   Thus it is no restriction of the equivalence

problem to make assumptions such as 0 £ U and $'[0] = 1.

Given a function / in a domain V we write By(f) for the largest ball B(f, e)

contained in V.   When context is unambiguous, write simply B(/).  For each

x £ X we have the evaluation map E  : C(X) —» C defined by E (f) = f(x).   Given

/ £ V put   Vx = Ex(V)  and D[x, f] = Ex(B(f)).   The dependence of D[x, f] on V

will|be left implicit.  Note that D[x, f] is a disk in V    centered at f(x).

The letters $ and VP will be used for mappings from C(X) into C(X).   The

value of $ at / £ C(X) is the function $[/], and the value of $[/] at x £ X is

$[/Kx).   Juxtaposition will denote composition, in the manner of operators.   For

example VPÍt/] = VP[<Ï>[/]] and EJÜf] = $[/](*). However, fg is the usual product function

when f.ge C(X).

The letters y and r¡ will denote paths in various spaces.   The same symbol

will be used both for the function that defines the path and for the image set.   The

sum y + f] has the usual meaning: traverse y, then traverse r¡.   For w, z e C
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write [w, z] for the straight line path on C from w to z.   For /, g e C(X) write

[/, g] for the straight line path in C(X) from / to g.

Two Riemann surfaces are called equivalent if there is a bijection between

them which is holomorphic (in both directions).   The bijection will be referred to as

an equivalence between the two surfaces.   We shall rely heavily on the uniformiza-

tion theorem [l], that a simply connected, noncompact Riemann surface is equiva-

lent either to the plane or to the disk.

2.   Sections.   In the discussion under this heading V will be a simply con-

nected domain in C(X) and x will be a point of X.   For each f e V let A(x, /)

be a copy of the planar disk D[x, /].  Think of A(x, /) as lying above D[x, /].

Let P be the projection of A(x, /) onto D[x, /].  Let Mx be the disjoint union of

the disks A(x. /), feV.   Define px: V — Mx by px(f) e A(x, /) and PpJ,f) =

f(x).  In other words px(f) is the center point of A(x, /).

Let A be the first uncountable ordinal.   For the ordinal numbers ; = 0, 1, • • •, ñ

we shall inductively define equivalence relations R. on M .   We write Sx . tot

the quotient space M /R..   Our goal is to define i?ß so that c   _ is a simply

connected Riemann surface.   We shall call S   _ the section of V at x.
x, u

Define wRQz  to mean Pw = Pz.   Suppose R . has been defined for ; < A.   Let

Q : Mx —» Sx . be the quotient map, and put A[x, /]. = Q (A(x, /)).  Define

a   .: V — s'    by a   . = Q.p .  Define P: SK,-+C by PQ.w = Pw, we M.   As

part of the induction hypothesis we assume that for j < k

(1) wR.z and i<j imply wR .z;

(2) if A[x, /]   n A[x, g]   is not empty and if w e A(x, /), z e A(x, g) with

Pw = Pz, then Q w = Q .z;

(3) Q. is an embedding of A(x, /) and A[x, /]. is open in Sx .;

(4) a    . is continuous.

Condition (1) with 2 = 0 and condition (2) say that the action of Q. is to

identify certain disks in M    where their projections overlap.  Condition (3) says

that Sx . is a 2-manifold and that the disks A[x, /]. are coordinate patches.

Condition (4) insures that if y is a path in V, then the composition a    .y is a

path in S    ..

The map P projects A[x, /]   one-to-one onto D[x, /].  This is because

PQ. = P and because P projects A(x, /) one-to-one onto D[x, /].  In view of (2)

if A[x, /]. and A[x, g]. have nonempty intersection, then P projects the union

of these two disks one-to-one onto D[x, /] U D[x, g\.  So when A[x, /]. and

A[x, g]^ overlap it makes sense to speak of the straight line path in S    . from

0"xw-(/) to o-^yig)'  The symbol [/, g\xj will denote this path.

We define wR.z to mean that for ; < A
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(l') wR.z and

(2') if w £ A(x, /) and z £ A(x, g) and if y is a path in V from / to g,

then a    .y is homotopic in S    . to [/, g]    .
X i J X 9 7 X i /

In (2') note that [/, g\x . exists because Q.w = Q .z is a point common to

A[x, /]. and A[x, g]..   The paths   a     y and [/, g]    . have the same initial and

final points, namely a    if) and a    ig).
X,J X,J

To justify this inductive definition we first verify (1) through (4) when / = 0.

Condition (1) is vacuously true.   Since wRQz means Pw = Pz, the map QQ makes

the same identifications as P.   We can thus identify QQ with P and S   . asa

set with P(M ).   We have

P(fA) =   U P(A(x, /)) =  U D[x, /]  =  U Ex(B(f)) = E (V) = Vx.
fev ¡eV feV

Since P is an equivalence of A(x, j) onto D[x, /], the quotient topology of Sx Q

matches the relative topology of V^ in the plane.  Thus Sx 0 coincides with the

starting section V .   Conditions (2) and (3) follow from QQ = P,  and (4) follows

from a   n = E .
x,0 x

We next show that (1) through (4) are satisfied when ; = k.   Condition (1) is

the same as (l').   To show (2) suppose w, w' £ A(x, f) and z, z' £ A(x, g) with

Q.w' = Q.z' and Pw = Pz.   Since w'R.z', condition (2*) holds for / < k.   From

wRQz,  which is the same as Pw = Pz, and from (2 ) with /' = 0 we get wR¡z.   By

adding (21) with / = 1 we get wR2z, and soon.   By induction wR^z.

Before checking (3) we verify that R,   is an equivalence relation on Mx.   Let

w, z, £, be points of M    with w e A(x, /), z £ A(x, g), £ £ A(x, h).  The subscript

/ is understood to vary over 0 < ; < k.   Condition (1 ) meets the conditions of

reflexivity, symmetry, and transitivity because R . is an equivalence relation.   We

proceed to check (2') against these requirements.   Let y be a path in V from /

to /.   Since V is simply connected, y is homotopic in V to the point path [/, /].

Hence a   .y is homotopic in S    .to [/, /]   ,■•   This shows that wR.w, so R,

is reflexive.   Suppose that wR.z and that 77 is a path in V from g to /.   Since

-77 goes from / to g, the relation wR.z implies - a   .7? is homotopic to

[/. g]     .   Thus a   .72 is homotopic to [g, /]    . and zR.w.   This establishes that
x,t X,J X,J K

R,   is symmetric.

Suppose that wR.z and zRk£. Let y be a path in V from f to g and 77 a

path in V from / to h. The path — y + 77 goes from g to h. The relation wR.z

implies a    .y is homotopic to [/, g]    ., and zR,£ implies -a    .y + a    .77 is
** 9 / X g j ft X p J X j J

homotopic to [g, h]    ..   Thus a    .77 is homotopic to [/, g]    . + [g, h]    ..   Since

R .  is transitive, 0.142 a Q -z « Q.£ is a point in the intersection of A[x, /]., A[x, g]., ,
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and A[x, h]..  The union of these same disks is equivalent under P to

D[x, /] U D[x, g] U D[x, h\.   In the latter union [/(x), g(x)] + [g(x), h(x)] is homo-

topic to [/(x), h(x)].  It follows that [/, g\xj + [g, h\xj and hence oxjq are

homotopic in Sx . to [/, b\%..  Thus wRk£, and Rfe is transitive.

Now check condition (3).  By (1*) the equality Qkw = Qkz implies Pw = Pz.

The map P is one-to-one on A(x, /), and PQ, = P; therefore Qfc is one-to-one on

A(x, /).   In the quotient topology of Sx k a neighborhood base at a point Qfcw

consists of sets of the form  KJQAN ) where the union is over g e V and N    is
ft     g s

either a neighborhood in A(x, g) of a point z   with u/Rkz or empty if no such z

exists.   Say w e A(x, /), and let N be a neighborhood of w in A(x, /).   For each

g e V put N    = 0 if  Qkw 4 A[x, g]fe and otherwise let N   C A(x, g) be deter-

mined by P(N ) = P(N) n D[x, g].  With this choice of the N    we have Qk(N) m

U QAM )•  This means QA.N) is a neighborhood in 5   ,  of ÖiW.   Letting w and

A/ vary over all possibilities shows (3) is true.

The next result leads up to condition (4) but is important in its own right.

Lemma 2.1.  If g e B(f), then a% fc(g) e A[x, /]¿.

Proof.  From g e B(f) we get g(x) e Ex(B(f)) = D[x, /].  The equation Pw =

g(x) thus determines a point w e A(x, /).     The relation px(g)RQw follows from

Pw = g(x) = Ppx(g).   In the simply connected domain V any path y from g to

/ is homotopic to [g, /], which lies in V because g e B(/).   Consequently a    y

is homotopic in S   , to [g, /l     = a    [g, /] when ; < A, that is, (2') holds for 0 < ; < A.

From this fact and from fi (g)RQw an induction gives [ix(g)R,w.  To finish the proof,

"x.*^ = C^xW = Qkw € à[x> f]k'

Turning to condition (4), define neighborhoods N  C A(x, /) by P(N ) =

D(f(x), ().   By (3) the sets Qk(Nf) ate a neighborhood base at o   k(f).  If

g e B(f, () C B(f), then ^x#ife(g) e Qk(N().  This means that o"x ̂  is continuous.

Transfinite induction defines Sx . for 0 </ < fl.   In addition (1) through (4)

are satisfied.

Lemma 2.2.   Every £02/22 0/ S    . Aas íAe /orro a    .(/) /or some / e V.

Proof.  For w e A[x, g]. put / = g + (Pw - g(x)).   This gives / e B(g) and

w = ax>.(/).

Lemma 2.3.  Each S    . is path connected.

Proof. Given w = oxj(f) and z = °xJg), let y be a path in V from / to g.

The path o    .y connects w to z.
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Lemma 2.4.  Each S    . is a Riemann surface.

Proof.   The projection P is an equivalence of A[x, /]. onto D[x, /], and

{A[x, /].; / £ V| is an open cover of S    ..   By (2) the complex structures of

A[x, /]. and A[x, g]. match up if the two disks overlap.  Since S    . is connected,

it is a Riemann surface.

Lemma 2.5.   There exists an ordinal number J < ii with the property that

k > ] implies S    , = S    ..

Proof.   The Riemann surface S       is separable.   From the open cover

{A[x, /] ; / £ V{ extract a countable subcover |A[x, / 1 ; n = 1, 2, etc.!.  For

pairs of positive integers (b, 222) define j(n, m) as follows.   If A[x, / ]_ and

A[x, / ]fl have nonempty intersection, put j(n, m) = 0.  If A[x, / ]    and A[x, / ]

are disjoint let j(n, m) be the least ordinal /' with the property that A[x, / ]. and

A[x, / ]. are disjoint.   We show that j(n, m) < ii.   Suppose A[x, / ]. and A[x, / ].
m   ) ' * * 22/ ' 272   J

have nonempty intersection for all j < ii.  In particular we have w £ A(x, / ) and

z £ A(x, / ) with QQw = QqZ, which is equivalent to Pw = Pz.   For all /' < ii

condition (2) gives Q .w = Q .z, which is equivalent to wR -z.   Given 7 < Q there

is a k with j < k < ii.  The relation wR.z holds, so (l') and (2') hold.  Since

;' is any ordinal less than ii, we have wRQz by definition.   Thus A[x, / ]    and

A[x, /  lo both contain QQw = QQz,  and j(n, m) = 0.

The supremum of the couritably many ordinals j(n, m) < ii is some ordinal

/ < Q.  This is the / in the statement of the lemma.  For suppose 24/ £ A(x, / )

and z £ A(x, fm) with Q.w = Q.z, In particular A[x, /L and A[x, / ], have

nonempty intersection.   Since / > j(n, m), it must be that A[x, / ]_ and A[x, / ]_

have nonempty intersection.   The relation Q.w = Q.z implies Pw = Pz, and

condition (2) with j = ii then implies Q„w = QQz.   That is, wR.z implies wRqZ.

Recall that |A[x, / L; n = 1, 2, etc.j covers Sx   .   For any w', z' e M

there are w and z as above with wR-w' and zR~z', hence wR.w' and zR .z'.

If w RjZ , then wR.z because R. is an equivalence relation.  Consequently

wRqZ, and since Rq is an equivalence relation, w 'RqZ .  This means R. is at

least as strong as R_.   From condition (1) we deduce that R,=R. whenever

/ < k < ii.  Since S   . m Mx/R,, we are done.

Theorem 2.6.   The surface S   „ is simply connected.'       x.a e *

Proof.   Given a closed path y in S    Q consider y to be a continuous mapping

of [0, l] into Sx _ with y(0) = y(l).  Since the range of y is compact, it is

covered by finitely many disks A[x, g .]„.   As / increases from 0 to 1 the image

y(t) successively enters and leaves these disks.   Renumber the g-, with repetitions



ANALYTIC EQUIVALENCE 271

and omissions as necessary, and partition [0, l] into successive intervals

[f._ j, t.] so that y(r) e A[x, g.]B for I. j < t < t\ and i m 1, • •., n.   We agree

that /„ = 0 and  í j = 1.   We put gQ = gn.

For 1 < í < n we have y(r._ x) e A[x, g¿_ j] ß n A[x, g^.   Condition (2) with

; = 0 shows that the union of A[x, g._ ^q and A[x, g .]ß contains the straight line

path Ui-vthrf   ?"

*? = W Sl]x,0 + ' ' ' + [S„. v gJXta-

The paths y and 72 are homotopic in  U- A[x, g¿]p.> hence homotopic in S   Q.  To

prove the theorem it suffices to show q is nullhomotopic in S   Q.

Choose w( e A(x, g._j) and z. e A(x, g¿) with QQwi = QQz{ = y(r\_x).  Let

r)   bea path in V from g._ j to g..   Let / be the ordinal number of Lemma 2.5.

Since w.RQz. and / < 0, condition (2*) with / = / shows that a   .77. is homotopic

in S    j to [g.   ., g.]    ,.   By Lemma 2.5, R, = P„, and so a  -77. is homotopic
X,J Z" A J   XtJ J U _X,Jt     X

in S       to [g.   ,, g ]   0. Summing these paths for 1 < i < n, we see that

ff   „(7/j + • • • + 77 ) is homotopic to 77.   The path 7/j + • • • + 77   is closed, hence

nullhomotopic in V.  In turn ox   (77 j + ... + 77 ), 7/ and y are nullhomotopic in

Sx,Q'

In place of Sx fl, A[x, /]Q, etc., write Sx, A[x, /], etc.   That is, from now on

suppress the subscript 0.   To emphasize the role of V we shall frequently write

S (V) fot S .   For examples of domains V see the last part of [lO] and the end

of this paper.

3.   Sections and equivalence.  Here we investigate the relation between

sections of a simply connected domain V and analytic functions defined on V.

Let $: V —» C(X) be analytic.   Fix a point x e X and define $ : S (V) —» C as

follows.   For each g e V let <$[/] = 2 g (/ - g)" be the power series expansion of

3> at g.   Write the points of the disk A[x, g] C S (V) in the form o (g) + z, where

2 is a complex number and P(a (g) + z) = g(x) + z.   Define $    on A[x, g] by

(3-D 9jf>s(g) + z) = £ g„(*V.
n=0

The collection {A[x, g]; g e V¡ covers Sx(V); therefore $    is defined on all of

S (V), although possibly many valued.

Lemma 3.1.   The mapping 0    is holomorphic on S (V).

Proof.   Any function element given by (3.1) is an analytic continuation of

any other.   To see this let g and h be any two functions in V.   Choose functions

8 = fo> fi> '"> f„~ b ia y so tnat /. e B(f._ x).   This is possible because V is
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a domain.  Since fl> is analytic, the power series expansions of $ at /.   t and

/. are rearrangments of each other.   Consequently the power series expansion of

$    at a (/.) is a rearrangement of the expansion at a (/._ j).  Lemma 2.1 shows

that a (/.) £ A[x, /._ j]; therefore the function element of $    at a (h) = a (f ) is

a continuation of the element at a (g) = a (fQ).

Theorem 2.6 shows that S (V) is simply connected.   The monodromy theorem

thus implies that $    is single valued.

We call $    the quotient function of $ at the point x.   Putting z = 0 in (3.1)

we get the characteristic relation

(3.2) $> *(«» = *kK*>«

or equivalently,

(3.3) *>x(g)) = Hx<D[g].

This generalizes the older notion of quotient function, which was characterized

by 0 (E g) = E 3>[g].  See [2].  This older version of the quotient function need

not exist, even for simply connected domains V.   Again see [2].

Consider the case of an analytic map $ which is an equivalence of a simply

connected domain U onto a simply connected domain V.   For each x e X we

define a map $*: Sx(U) -* Sx(V).  Given g £ Í7 there is a ball b(g) = B(g, t)

which is contained in By(g) and whose image under $ is contained in B„($[g]).

Put S[x, g] = ax(b(g)).  The set S[x, g] is a subdisk of A[x, g] in S ((/).  Lemma

2.2 and the fact that a (g) e 8[x, g] show that the disks S[x, g], g e V, cover

SX(U). As before let $[/] = 2 gn(f - g)" be the power series expansion of $ at

g.  Define $x on d[x, g] by the conditions

00

(3.4) P<t>x(ax(g) + z) = Z gSx)zn, that is, P$x = $
22=0 *

and

(3-5) <J>x(o-x(g) + z) £ A[x, $[g]] C Sx(V).

It is possible to satisfy these conditions because

PQx(8[x, g]) = 0x(5[x, g]) = <Px(o-x(è(g)))

= Bx0[Mg)] C ExBy(í>[g]) = PA[x, <D[g]].

Lemma 3.2.   Tie map $* is ab equivalence of S (U) onto S (V).

Proof.   We show first that $* is single valued, hence holomorphic.   Let g and

h be any two functions in U.   Choose   functions g = fQ, /1? • • •, /   = h in U so
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that fi e b(f{_ j).   Proceed as in the proof of Lemma 3.1 to the application of the

monodromy theorem, which implies that $* is single valued.

Condition (3.4) with z = 0 says P$x(o~x(g)) = 0[g](x).   Since P  i» one-to-ot e

on A[x, $[g]] and Pox(<b[g]) = $[g](x), we have

(3.6) **(ax(g)) = ox(<t>[g]).

Being an equivalence of U onto V, $ has an analytic inverse f: V —» U.   The

map ¥ induces f*: Sx(V) ~*Sx(U) with the property Wxffx = oV.  By Lemma 2.2

every point of S (U) has the form <*x(g) for some g e U, and

Likewise $xm* is the identity on S (V).  It follows that $x is an equivalence of

Sx(U) onto SX(V).

We call <t* the section mapping of 0 at the point x.  One result of Lemma

3.2 is that if U and V are equivalent, then their corresponding sections must be

equivalent.   Other conditions for equivalence will come from looking at all the

sections_ simultaneously.

Write S(U) fot the disjoint union of all the sections S (U), x e X.   Each

/ e U induces a function Sf: X —■* S(U) according to the rule Sf(x) = o (/).  The

function Sf satisfies

(1) Sf(x) e A[x, /] for all x, and

(2) PSf = / is continuous.

Put W(U) = [Sf; f e U\.  Write W*(U) tot the collection of functions /: X — S(U)

which satisfy

(1 ) each point y e X has a neighborhood Y and an associated function

h e U so that x e Y implies f(x) e A[x, b], and

(2 ) the function Pf: X —♦ C is continuous.

We say U is full if W*(U) - W(U).

Lemma 3.3.   // U and V are equivalent simply connected domains and U is

full, then V is full.

Proof.  Let 4> be an equivalence of U onto V and let V be the inverse

equivalence of V onto U.  Fix a function / e W*(V) and put g(x) = *P(/(x)),

x e X.   This makes sense because by (1*) we have f(x) e Sx(V).  The function

value g(x) belongs to S ((/).  We show that g belongs to W (U).

Given a point y e X, choose a neighborhood Y of y and a function h e V

so that x e Y implies f(x) e A[x, h].  In particular f(y) e A[y, h\; therefore

f(y) = a (h + z) fot some complex number z.   Put h  = h + z; notice that

h' e Bv(h).   Choose a ball b(h') about h' so that b(h') CBy(h) and * maps
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b(h') into By(y[b']).  Put S[x, h'] = ax(b(h')). Lemma 2.1 shows that S[x, h'] C

A[x, h] fot all x.   By (2') the point y has a neighborhood Y' on which P/(x)

differs from h'(y) = P/(y) by less than half the radius of b(h').  Since h' is

continuous, y also has a neighborhood V* on which h'(x) differs from h'(y) by

less than half the radius of b(h').  For x £ Y n Y' n Y" it follows that f(x) e

8[x, h'].  Condition (3.5) in the definition of ¥x shows that g(x) = \P(/(x))

belongs to A[x, m[/b']] when x e Y n Y'D V.

To show that Pg is continuous at y let W   be the restriction of m to b(h').

The section of ¿>(i ) at x is the disk centered at h'(x) with radius equal to the

radius of b(h').  The mapping VP* is the quotient function of VP* at x in the

older sense, as well as the newer.  Lemma 3 in [10] shows that as x —» y the

function *P    converges uniformly to \P    inside a neighborhood of ¿'(y).  For

x £ y n y' n Y" we have

Pg(x) = PW*(/«) = Tx(/(x)) = V*(P/«).

By (2 ) the function Pf is continuous.   Since P/(y) = h (y), we see that Pg

is continuous at y.

We have shown that g satisfies (l') and (2 ).   Since U is full, there is a

function g' e U with <rx(g') = g(x) for all x.  Hence

o-x(<D[g']) = <Dx(o-x(g')) = <S>x(g(x)) = *«V*(/(x)) = f(x).

In other words / = S$[g'] belongs to W(V).  This shows that W*(V) C W(V).  The

inclusion W(V) C W*(V) is always true.  Thus W(V) = W*(V), and the lemma is

proved.

Any ball B(f, () is full.   This is because the section of B(f, e) at x is

D(f(x), e).  If g is continuous and g(x) £ D(f(x), e) for all x, then ||g - /|| < t,

that is, g £ B(f, e).  Suppose V = Uißtz> Y2); z e C, \z\ <l¿\.  If the space X

consists of more than one point, then the domain V is not full, even though its

sections are the same as those of the unit ball B.

4.   Sections and continuity.  We are interested in comparing S (V) with

S (V) as x —» y.   To begin with we give rules for how a subset of one section

should translate into another section.   We assume V is a simply connected

domain that contains the zero function.

Let u be a domain in S (V) that contains a (0).  We say T: 0 —> S (V) is

a translation of 0 into S (V) if

(1) PTwv = Pw for all w £ 0;

(2) Tax(0) = ay(0);

(3) T is continuous;

(4) T is one-to-one.
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Such a translation need not exist, but if it does we say 0 translates into

S (V).
y

Lemma 4.1.   // 0 translates into S (V), then the translation T is unique and

holomorphic.

Proof.   Let w be any point of G.   Choose disks A[x, /] and A[y, g] with

w e A[x, /] and Tw e A[y, g].   By (3) there is a neighborhood N oí w in

A[x, /] such that T(N) C A[y, g].   The projection P is a local uniformizing param-

eter on both A[x, /] and A[y, g]; therefore (1) shows that T is holomorphic at

w, hence holomorphic.   Putting w = o (0), we see from (2) that T is completely

determined on a neighborhood N of o (0).   Since 0 is connected, the uniqueness

theorem for holomorphic functions shows T is unique.

We say that a set E C Sx(v) translates into 5 (V) if E is contained in a

domain G which translates into S (V).
y

We examine the possibility of translation when V is equivalent to the unit

ball B.   For every x the section of B at x is the unit disk D = D(0, 1).   For

r > 0 put K(r) = \z e C;  |z| < r\.

Lemma 4.2.   Let $ be an equivalence of B onto V with $[0] = 0.   For each

y e X and rQ e (0, 1), there is a neighborhood Y of y so that x e Y implies

®y(K(r0)) translates into SJ.V) and $x(K(r0)) translates into S (V).

Proof.   Lemma 3-2 shows that $* is an equivalence of D onto S (V).  Thus

the quotient function $    is locally one-to-one on D.   Choose r.  and r2 with

rQ <rx <r2 < 1.   Put Sj = inf l|z -tf|; z 4 tu, $ (z) = $ (w) and \z\, \w\ <r2\.

We have 81 > 0 because $    is locally one-to-one.   Put t = A tain \81,r2-rl\.

The quantity 82 = inf \\Q>  (z) — $ (w)\; \z — w\ = e and \z\, \w\ <r2\ is positive.

Lemma 3 in [10] states that $    converges uniformly inside D to $    as x —»y.
x y

In particular y has a neighborhood Y so that |$ (z) - 4> (z)\ < A82 whenever

x e Y and z e K(r2).  It follows from Rouche's theorem that if x e Y and

z e K(r. + e) there are unique complex numbers a(x, z) and b(x, z) satisfying

(4.1) \z - a(x, z)\ < € and $x(«(x, z)) = $(z),

(4.2) \z - b(x, z)\ < e and <Dy(è(x, z)) = <¡>x(z).

In checking (4.2) observe that 2e < 81 and that if \z - w\ = t then  |$ (z) - $ (w)\

> A82 for x e y and z, w e K(r2).

Put 0 = $y(D(0, rt)).   For x e Y define T: Q   -* S (V) by
y

(4.3) T<t>y(z) = $*(*(*, 2)).

We show that T satisfies all the conditions for a translation. Condition (1) follows
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from the second parts of (3-4) and (4.1).   From the hypothesis $[0] = 0 we get

$x(0) = 0 and hence a(x, 0) = 0 for all x.   Condition (2) holds because

Ta (0) = T<Ky(0) = <Dx(*,(x, 0)) = $x(0) = a (0).
y *

To verify (3) fix a point zQ £ £>(0, r,) and consider the branch of Í»"1 which

satisfies *i(x, zQ) = 0" $ (z0).  This inverse function is continuous in a neighbor-

hood of $ (zQ); therefore a(x, z) is continuous at z = zQ.   Since $y and $x are

equivalences of D onto S (V) and Sx(V) respectively, T is continuous.

Suppose T$y(z) = TQy(w).  From the definition of T we get <$x(«(x, z)) =

Í>x(íi(x, w)), and since 4>x is one-to-one, a(x, z) = a(x, 142).  Line (4.1) shows that

|z - w\ < 2( and <$ (z) = $ (u/).  Since 2e < Sj, the definition of Sj implies

z = w.   Thus (4) holds, and T is a translation.

For x £ Y put 0x = <t>x(D(0, rj).  Define T: 0x — Sy(V) by TOx(z) =

4>y(e(x, z)).  The argument that T is a translation is the same as above until we

come to condition (4).   Suppose z, w £ D(0, rj) and T<I>x(z) = T$x(w).  The

definition of T and the one-to-one property of $y imply ¿>(x, z) = b(x, w) = £.

From (4.2) we get \Ç- z\ < e, \C- w\ < t and $x(z) = <Dy(£), <t>x(w) = 4>y(*;).  The

function a(x, £) is defined because £ £ K(fj + t).   By (4.1), z = a(x, £) = it».

We have <F(K(rn)) C 0y and for x £ Y, $x(K(r0)) C 0x. This proves the lemma.

Let V be a simply connected domain in C(X) with 0 £ V.   Each section

S (V) is an open simply connected Riemann surface.  The surface is open

because P(S (V)) = V    is an open subset of the finite plane.   It is known [l] that

such a Riemann surface is equivalent either to the plane or to the disk.   Assume

that S (V) is always equivalent to the disk.   In this case there is a unique

equivalence Fx of D onto Sx(V) which satisfies Fx(0) = ctx(0) and (PFx)'(0) > 0.

Put F   = PFX.   The Riemann surface of the holomorphic function Fx is SX(V").

Definition.   We say x —» S (V) is continuous at x = y if for each r £ (0, 1)

there is a neighborhood  Y of y for which x £ Y implies Fy(K(r)) translates into

S (V) and Fx(K(r)) translates into S (V).   In this case we also say S (V)
x y x

converges to S (V) as x —» y.

If all the sections S (V) are single sheeted, then this definition is equivalent

to the Carathè'odory notion of convergence of domains.   For two versions of

Carathe*odory's definition see [3] and [4].  Roughly speaking, the possibility of

translating Fy(K(r)) into S (V) means that S (V) is not too big.   The possibility

of translating Fx(K(r)) into S (V) means that S (V) is not too small.

Lemma 4.3.   // $X(V) converges to S (V) as x —, y, then Fx converges

uniformly inside D to F .

Proof.   For n = 2, 3, etc., put Dn = D(0, 1 - b"1) and let Kn be the closure
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of D .   Let A  be any directed set so that the net \x(a); a e A1 converges in X

to -y.   With respect to nets we use the terminology of Hu [6].  For each n the set

Fy(Kn) eventually translates into Sx(a)(y) and F*(aXr<n) eventually translates

into S (V).

Let Gx be the inverse of Fx, that is, Gx is the equivalence of SX(V) onto

D with Gx(o-x(0)) = 0 and G'x(ox(0)) >0.   The function Ha=G TFx(a) eventually

maps Dn holomorphically into D with Ha(0) = 0 and H'a(0)>0.  Being uniformly

bounded, the family \Ha; ae A] is eventually normal in each Dn, hence even-

tually normal on D.   Let H be an accumulation point of \H  ; a e A\ in the

topology of uniform convergence on compact subsets of D.   There is a subnet

A* of A with \Hß\ ß e A*i converging to H.   In particular H: D —» D and //(0)

= lim /¿yo) = 0, H'(0) = lim H'ß (0) > 0.

For each « eventually H» maps Dn into D, with HM) = 0.  The Schwarz

lemma, shows that eventually HA0) < n/(n — 1).  On the other hand, the function

J g = Gx,aSFy eventually maps Dfl into D with ]A0) - 0.   By the Schwarz

lemma j'ß(0) < n/(n - 1).  We have

]'¿0) = G'x{ß)(ax(ßA0))F'y(0) = iFx(^(0)c;(o-y(0))j-l = ffl^o),- *;

thus for each » eventually

(» - 1)/« < f/^O) < n/(n - 1).

This makes H'(0) = 1.   A corollary to the Schwarz lemma [5] implies that H(z) = z.

In other words the subnet \Ha; ß e A   1 converges uniformly inside D to the

identity.

Since F    is continuous on D, the subnet }PX/«) = PyHß', ß e A  \ converges

uniformly inside D to F .

We finish the proof of this lemma by a contradiction argument.   Suppose F

did not converge uniformly inside D to F    as x —♦ y.   In that case there would

be a compact K, and f > 0, a net |x(a); a e A ¡ converging to y and points

zae K satisfying |Px/a\(za) - Py(xa)| > ( for all a.  Construct the subnet

[F  ,o.; ß e A*\ as above.   This subnet converges to F    uniformly on K.   Even-

tually \PxtßXzß) - Py^ysM < f' which is a contradiction.

The following result is needed for Theorem 5.3.  It also shows how disks

A[x, h], h e V, behave under translation.

Lemma 4.4.  If h e V and if x —* S (V) is continuous at x = y, then for x

in some neighborhood of y the point a (h) e S (V) translates into A[x, h] C 5 (V).

Proof.   Choose functions 0 = hQ, h j, ..., hn = h in V with B(h,   j) O B(h.)
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nonempty for i = 1, • • •, n. Let 77 be the path \hQ, h^\ + ••• + \h _ j, h ]. The

path a 77 is compact in S (V) and is contained in Fy(K(r)) for some r £ (0, 1).

The continuity of x —» S (V) at x = y means Fy(K(r)) translates into 5 (V) for

x in some neighborhood Yj of y.   For x e Yj the path cr 77 translates into S (V).

Recall that D[x, h.] = E (B(h.)).  Use the continuity of hQ, hv ..., h    to

choose a neighborhood Y 2 of y on which h .(y) £ D[x, h] and [¿-„¡(y), ¿¿(y)] C

D[x, ¿._j] U D[x, b.\.   Put Y = Y! n Y2.

For x £ Y let T be the translation of a 77 into S (V).   The translated path

is polygonal, and its vertices are the points Ta (h.).   We show by induction that

Tay(h{) e A[x, h{].  This is true for i = 0 because hQ = 0 and Tcr (0) = ffx(0).

Suppose Ta (h._^) £ A[x, A.^j].   Since B(h._^)Ci B(h ) 4 0> the projection P

is an equivalence of A[x, h ._ t] U A[x, è.] onto D[x, h ._ j] U D[x, A.].   See

Lemma 2.1.  Since PT = P, P sends T[o-y(/>,_i), ay(A¿)] one-to-one onto

L&._j(y), A-(y)].  By choice of Y2 this segment lies in D[x, ht_^\ U D[x, h], so it is

the image under P of a segment in A[x, h._ j] U A[x, i.].  One end of the latter

segment is Ta (h,   j); the other end is Tct (A.).  Since h .(y) e D[x, h.], we have

Ta (h.) £ A[x, bX  By induction Ta (h) e A[x, h].

5.   Domains equivalent to B.   We know the following conditions are necessary

for a domain V to be equivalent to B:

(5.1) V is simply connected;

(5.2) each section of V is equivalent to the disk;

(5.3) x —» S (V) is continuous at each point of X;

(5.4) V is full.

The first of these is necessary because every equivalence is a homeomorphism.

The others follow from Lemma 3.2, Lemma 4.2, and Lemma 3.3 respectively.

We now assume that V is a domain in C(X) which satisfies (5-1) through

(5-4).   We also assume V contains the zero function.  Our aim is to prove that V

is equivalent to B.   As standard notation we let Fx be the unique equivalence of

D onto Sx(V) with Fx(0) = 0-^(0) and Fx(0)>0, where Fx = PFx.

Lemma 5.1.   The function 0 defined by $[/](x) = F (f(x)) maps B analyti-

cally into C(X).

Proof.   Each function F    is an ordinary holomorphic function on D.  It has

a power series expansion

00

(5.5) Fx(z) = Z an(x)zn
J2sl

that converges for |z| < 1.   The coefficient a (x) is given by
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(5.6) an(x) = r~nP" F>e'V in6A6/2n)

tot each r satisfying 0 < r < 1.   Condition (5.3) and Lemma 4.3 show that for each

r in this interval F (re1   ) converges uniformly in 6 to F (re1   ) as x —»y.   It

follows that a (x) is a continuous function of x, that is, a    e C(X).  Likewise
-71 71

supg \F (re1   )| is a continuous function of x, and it has a maximum value M(r)

on the compact space X.   Equation (5.6) gives us \a || < r~"Al(r).   This is true

for 0 <r< 1; therefore (lim sup ||«n||  '")"   > 1.   This inequality implies that

the power series S a f converges when ||/|| < 1, that is,when  f e B.   Inpartic-

ilar   2 ajn is a continuous function.   By the definition of 0 and (5.5)

00

<K[/](x) = Fx(f(x)) = £ « (x)(/(x))".
72=1

Thus <£[/] = 2 ajn, and $ is analytic on B.

Lemma 5.2.  If f e B and g(x) = Fx(f(x)), then g e W*(V).

Proof.   The function Pg: X —» C is continuous because Pg(x) = PFx(f(x)) =

Fx(/(x)) = 0[/](x) and $[/] is continuous.   For all x the function value g(x)

belongs to S (V) = FX(D).   Fix a point y e X.   By Lemma 2.2 there is an

b e V with a (h) = g(y).   We show that g(x) e A[x, h] fot x in some neighborhood

of y, and so conclude that g e W (V).

Modify the proof of Lemma 4.2.   As a first step we everywhere substitute F

fot $    and Fx tot $x.   This is permissible because Fx is an equivalence of D

onto $x(y)» Fx(0) = o (0) and F    converges uniformly inside D to F    as x —» y.

Choose rQ = |/(y)|» and proceed to choose the neighborhood Y and the functions

a(x, z), b(x, z).  For x e Y and z e K(rl + e) we have

(5.7) a(x, z) = Fx1Fy(z)    and    b(x, z) = F~lFx(z)

where F~    and F~    are the appropriate branches of the inverse functions of

F    and F .   In particular the branches are chosen so that a(x, b(x, z)) = z.
x y

Equations (5.7) and the uniform convergence of F     to  F    show that a and b

ate continuous at (x, z) = (y, f(y)).

Let T be the translation of 0   = Fy(D(0, T])) into Sjy).  By (4.3)

TFy(b(x, z)) = Fx(a(x, Ax, z))) = Fx(z).  In particular

(5.8) TFy(b(x, f(x))) = Fx(f(x)) = g(x).

By Lemma 4.4 we may shrink the neighborhood Y so that, for x e Y, TFy(f(y)) =

Tg(y) = Ta (h) e A[x, h].   Since PT = P and since h is continuous, we may

further shrink Y so that T translates a fixed neighborhood N of a (h) into
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A[x, tí] when x e Y.   Shrink Y for a third time to insure that x £ Y implies

Fy(b(x, f(x))) e N.   This is possible because / and Fy aie continuous and b is

continuous at (y, f(y)).  Equation (5.8) and x £ Y imply g(x) £ T(N) C A[x, h].

Theorem 5.3.   For V and B to be equivalent it is necessary and sufficient

that V satisfy (5.1) through (5.4).

Proof.   We have already remarked on the necessity of the conditions.   If the

conditions are satisfied, we claim that the analytic mapping 0 of Lemma 5.1 is

an equivalence of B onto V.

To show that <ï> maps B into V let / be any function in B and let g £ W*(V)

be the function of Lemma 5.2.   By condition (5.4) there is an h e V with

ax(h) = g(x) for all x.   Thus h(x) = PoJJt) = Pg(x) = $[/](x).  In other words

$[/] = h belongs to V.   As a byproduct we get the equation

(5.9) o-x(<D[/]) = ax(h) = Fx(f(x)).

This can be used to show that 0 is one-to-one.   For if $[/] = $[g], then by (5.9)

Fx(f(x)) = a ($[/]) = a ($[g]) = Fx(g(x)).   For each x the mapping Fx is one-to-one;

therefore f(x) = g(x) fot all x, that is, / = g.

We next show that <E> has an analytic inverse on $[B].   Let / be any function

in B.   The derivative of 0 at / is the function $'[/].   The value of $'[/] at

x £ X is
CO

<K'[/](x) = Z  na(x)(f(x))"-1 = F'Af(x)) 4 0.
22 = 1

The derivative on the right is not zero because F    is locally one-to-one.  Thus

<$'[/] is nowhere vanishing and has a multiplicative inverse in C(X).   It follows

[2] that <Ï>[B] is a domain and that the inverse of $ is analytic.   Call the

inverse mapping *P.

We have shown that $ is an equivalence of B onto $[ß] and that <¡>[B] C V.

By Lemma 3.2 the section map Ox is an equivalence of D = Sx(B) into Sx(<i>[B]).

Since P$x = $ , the surface 5 (<5[B]) is the Riemann surface of the holomorphic

function $ on D. In the same way S (V) = FX(D) is the Riemann surface of Fx

on D. Together (3.1), (5.5) and the expansion $[/] = 1 ajn imply that $x = Fx;

therefore 5x«E>[B]) = Sx(V).

Let / be any function in V and put Sf(x) = ox(f).   We show that Sf belongs

to W*($[B]).   For each x we have Sf(x) £ Sx($[B]) because ojf) £ Sx(V) =

S ($[ß]).   The function PS/ = / is continuous.   Let y be a point in X.   By Lemma

2.2 there is an A £ 3>[B] with a (h) = Sf(y).   By condition (5.3) the point ay(h) =

Sf(y) translates.into S ($[ß]) = S (V) for x in some neighborhood Y of y.   For
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a given x e Y let T be this translation.   By Lemma 4.4 we can shrink Y so that

x e Y implies

Tay(h) = TSf(y) = Tay(f) e A[x, b] n A[x, /].

Using PT = P and the continuity of h and /, shrink Y further and choose an

open disk N about a (h) = a (f) to achieve T(N) C A[x, A] n A[x, /] and /(x) e

P(N) for x e Y.   For all x the projection P is one-to-one on A[x, /], the point

■Sf(x) belongs to A[x, /] and PSf(x) - f(x).  Thus, for x e Y, Sf(x) e T(N) C

Mx, h].  It follows that Sf e W*($[B]).

By Lemma 3.3 the domain $[ß] is full; therefore Sf = Sg for some g e $[8].

This gives us / = PSf = PSg = g e fl>[ß]. Hence V= ÍÍB], and V is equivalent to B.

6.   Continuously tubular domains.   We consider here the effect of removing

condition (5.2), that is, of allowing S (V) to be equivalent to the plane.   As an

example let r: X —» (0, oo] be continuous and put U(r) - \f e C(X);  |/(x)| < r(x)I.

The domains  U(r) are simple representatives of equivalence classes of domains,

just as B = 1/(1) is such a representative.   We shall show that (5.1), (5.3) and

(5.4) characterize the domains equivalent to some U(r) it the definition of (5.3)

is modified.

Let V be a simply connected domain in C(X), and assume that V contains

the zero function.   Each section S (V) has an interior mapping radius r(x) with

respect to ^(0).   The section Sx(V) is equivalent to the plane precisely when

Ax) = oo.   Let Fx be the unique equivalence of D(0, r(x)) onto S (V) with

Fx(0) = ctx(0) and Fx(0) = 1, where F% = PFX.   We shall also use the mapping

Gx: Sx(V) -* D(0, Ax)) which is inverse to Fx.

Definition. We say x —» S (V) is continuous at x = y if the radius function

r is continuous at y and if for each rQ e (0, Ay)) there is a neighborhood Y of

y with the property that when x e Y

(1) Fy(K(rQ)) translates into Sx(V),

(2) Fx(K(rQ)) translates into Sy(V).

Note that by itself the continuity of r implies Fx is defined on K(rQ) when

x is close to y.

Lemma 6.1.   // r is continuous and F    converges uniformly inside D(0, r(y))

to F    as x —> y,  then x —» S (V) is continuous at x - y.

Proof.   Repeat the proof of Lemma 4.2 except write r2 < r(y) in place of

r2 < 1 and write F in place of $.

Lemma 6.2.   If x —tS (V) is continuous at x = y,  then F    converges uni-

formly inside D(0, Ay)) to F    as x —» y.
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Proof.  As in the proof of Lemma 4.3 let Ma); a £ A] be a net converging

to y.  Our hypothesis implies that for any rQ < Ay) the set Fx*a)(K(rn)) even-

tually translates into S (V).  Thus Ha = G TF*^ is eventually defined on

D(Q, rQ).  Observe that Fx(a', T and G    are all holomorphic and one-to-one; the

same is true of Ha.  Since Ha is a univalent map of D(0, rQ) and since Ha(Q) = 0

and Wa(0) = 1, the Schwarz lemma shows that H(D(0, rQ)) omits at least one

complex number of modulus rQ. It follows from one of the Koebe distortion

theorems [8] that {Ha; a € A} is eventually normal on D(0, rQ).  Since rQ < Ay)

is arbitrary, {Ha; a £ A} is eventually normal on D(0, Ay)).

Being normal, the net {Ha; a € A] has an accumulation point H and a subnet

{H a\ ß e A \ converging to H in the topology of uniform convergence on compact

subsets of D(0, Ay)). The functions H g are univalent with range in D(0, Ay))

and satisfy Hß(Q) = 0, Hß(0) = 1; their limit H has these properties too.  Using

the Schwarz lemma when Ay) < °° and Liouville's theorem when Ay) = <», one

shows that H(z) = z.   From here one follows the proof of Lemma 4.3.

Definition. A domain in C(X) is called continuously tubular if it is equivalent

to a domain of the form U(r) where r: X —» (0, oo] is continuous. (This terminology

is motivated by the case X = [0, l].)

Theorem 6.3.   Let V be a domain containing the zero function.   For V to be

continuously tubular it is necessary and sufficient that V satisfy (5.1), (5.4), and

the modified version of (5.3).

Proof of necessity.   Assume that r: X —* (0, oo] is continuous and that $ is

an equivalence of U(r) onto V.   Condition (5.1) holds because U(r) is simply

connected and í> is a homeomorphism.  Lemma 3.3 and the fact that U(r) is full

imply (5.4).   To show x —» S (V) is continuous we first normalize <$ so that

$[0] = 0.   Suppose to begin with that <£[g] = 0, g £ U(r).  Define \P on U(r) by

¥[/] = (/-«) £  (g/r2)"r.
22=0

Here g  is the complex conjugate of g, and g/r   vanishes when r is infinite.

The quotient function

f>) = (z - g(x))/(l - zgXx)/r2(x))

is a fractional linear transformation of D(0, Ax)) onto itself.  The map W is an

equivalence of U(r) onto itself that sends g to 0.   If we apply the inverse of \P

and then $, we get an equivalence of U(r) onto V that sends 0 to 0.   Call this

new equivalence $, so that $[0] = 0.

By Lemma 3.2 4>x is an equivalence of D(0, Ax)) onto SJ.V).   The normali-
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zation 4>[0] = 0 implies $x(0) = a (0).   It follows that the interior mapping radius

of S (V) with respect to a (0) is r(x)|$>'[0](x)|.  This radius function is continuous

because r and $'[0] are continuous.   It is positive because r is positive and

$'[0] is nonvanishing.

Put s = r|$'[0]|  and define F on U(s) by F[f] = $[//<I>'[0]].   The mapping F

is an equivalence of U(s) onto V satisfying F[0] = 0 and F [0] = 1.   By Lemma

3.2, Fx is an equivalence of D(0, s(x)) onto Sjy), and Fx(0) = <rx(0) and

F (0) = 1.  Fix y e X.   As a special case of Lemma 3 in [10] the quotient functions

F    converge uniformly inside D(0, s(y)) to F    as x —»y.   Lemma 6.1 shows that

x —» Sx is continuous at x = y.   That is, the modified version of (5.3) holds.

Proof of sufficiency.   Assume that V satisfies (5.1), (5.4), and the modified

version of (5.3).   Let r(x) be the interior mapping radius of S (V) with respect to

ffx(0).  Let Fx be the equivalence of D(0, Ax)) onto Sx(V) with Fx(0) =. 0 and

Fx(0) = 1, where PFX = F' .   The holomorphic function F    has a power series

expansion F (z) = S°° . a (x)zn, \z\ < Ax).  The complex number a (x) has the* X 71=172 '     ' * 72

representation (5.6) whenever 0 < r < Ax).  Condition (5.3) and Lemma 6.2 show

that Fx converges uniformly on \z;  \z\ = rQ] to F    for each rQ < r(y).  It follows

as in Lemma 5.1 that the functions a    belong to C(X).

Define $ on U(r) by $[/](*) = 2°°^ a (x)(/(x))n.   The series converges for

each x because / e U(r) means |/(x)| < Ax).  We show $ is analytic on U(r) by

showing it is analytic on a neighborhood of each function in U(r).  Given  / e U(r),

choose e > 0 with B(f, e) C U(r); thus |/(x)| + e < Ax) for all x.   Put s(x) =

|/(x)| + e; s is positive, continuous, and finite on X, and / e U(s) C U(x).  Set

bn = ans".  We have ¿n e C(X), and for all x

(lim sup |èn(x)| M*)"1 > Áx)/s(x) > 1.

Therefore h —> 2 £> /E>" is analytic on B.  On U(s) the mapping 3> is the composi-

tion of g —» g/s and h —»'S. b hn.  Hence 3> is analytic on U(s).

The rest of the proof follows that of Theorem 5.3.  In outline, condition (5.4)

implies that $ maps U(r) into V.   The fact that Q> is one-to-one comes from the

one-to-one property of each section map <£x = Fx.   The inverse of $ on $[f(r)]

is analytic because <£'[/] is nonvanishing for / e U(r).   Finally $[i/(r)] is all of

V because the two domains have the same sections and $[f(r)] is full.

7.   Other equivalence classes.  The examples given here illustrate the variety

of simply connected domains and their sections.  I know of no overall classification

scheme.  One step beyond continuously tubular domains are those equivalent to

some U(r) where r need be only lower semicontinuous.  Lower semicontinuity

insures that U(r) is open.  Call a domain tubular if it is equivalent to such a U(r).

The following theorem distinguishes equivalence classes of tubular domains.
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Theorem 7.1.   Let r, s: X ~~*(Q, oo] be lower semicontinuous.   For U(r) and

U(s) to be equivalent it is necessary and sufficient that r and s be infinite on

the same set and there exist a nonvanishing function a £ d(X) with s(x)/Ax) =

a(x) when Ax) < <*.

Proof.  If the conditions are satisfied then / —» af is an equivalence of U(r)

onto U(s). Conversely let $ be a given equivalence of (/(r) onto U(s). The derivative

$'[0] is a continuous nonvanishing function; therefore t = s/|<I> [0]| is lower

semicontinuous, and / and s are infinite on the same set.  The mapping

* = 4>/$'[0] is an equivalence of U(r) onto U(t) and VP'[0] = 1.  Put g = *[0] e

U(t).  By Lemma 3.2 the section map *PX is an equivalence of D(0, Ax)) =

Sx(U(r)) onto D(0, t(x)) = Sx(U(t)).   In particular r and t aie infinite on the same

set.   When r and í are infinite the data *PX(0) = g(x) and *x'(0) = 1 imply

jPx(z) = g(x) + z.  When r and / are finite, *PX is a fractional linear transforma-

tion.  The data <PX(0) = g(x) and mx'(0) = 1 give us

(7.1) Kx)=í(x)-|g(x)|7í(x)

and the expansion
00

V>) = g(x) + zZ (-gtx))n(Ax)t(x))-nzn.

n=0

If we agree that g/(rt) vanishes when r and t are infinite, then the power series

expansion of <P at zero is VP[/] = g + / 2~ Q (- g/(rt))nf.   Since VP is an analytic

mapping in C(X), the coefficients (- g/(rt))n must be continuous.   If g = 0, then

(7.1) forces r = t.   In this case the nonvanishing function a e C(X) is a = |$'[0]|.

In the general case g/(rt) is some continuous function.   The function g is

continuous, so rt is continuous except possibly where g vanishes.  By (7.1)

/ = yj(rt + \g\  ), and t is continuous where g is nonzero.   For r and t finite

(7.1) also gives

(7.2) r(x)//(x)=l-|g(x)|2/(/(x))2.

The positive lower semicontinuous function t has a positive infimum on the

compact space X.   Equation (7.2) shows that as x approaches the zero set of g

or the set where r and t are infinite, the ratio r(x)/t(x) approaches I.   Put

b(x) = Ax)/t(x) where g is nonzero and r and / are finite; otherwise put b(x) = 1.

The function b is continuous.  It is also positive, because |gW| < t(x).  The

function ti = |$'[0]|/A is continuous and nonvanishing, and s(x)/r(x) = a(x) when

s and r are finite.

Example 1.   A nontubular domain.   Define V C C([0, l]) by

V={f; \f(x)\ <2   and   |/(l)-l| <1|.
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Suppose $ were an equivalence of some U(r) onto V.   Put s = r|<I> [0]| and

ft/] = $t//$'[0]].   The domain U(s) is tubular, and ¥ is an equivalence of U(s)

onto V that satisfies ¥'[0] - 1.   Put g = *[0] e V.

The sections of U(s) and V ate Sx(U(s)) = D(0, s(x)), SjV) = D(0, 2) when

0 < x < 1 and SAU(s)) = D(0, s(l)), S¿V) = D(l, 1).  By Lemma 3.2 the section

map Wx is an equivalence of S ((/(s)) onto S (V).  It follows that *¥" is fractional

linear, and its precise form can be calculated from the data  Çx(0) = g(x) and

<P'(0) =1.   For 0 < x < 1 we have

vx(x) = g(x)+*n+zg\x)(4 - |g(x)|2)-1 rl.

Also

vHz) = gd) + *U + Agd) - lXi - |i - gd)!2)-1}-1.

Expand W in a power series about zero.   The coefficient functions must be con-

tinuous, in particular continuous at x = 1.   It turns out that g(l) must satisfy

gd)(4 - |g(D|2)- » = (g(D _ iKi - |i _ g(D| 2r ».

By taking real and imaginary parts one sees that this equation has no solution;

therefore *¥ and hence $ cannot exist.

The preceding example does have the property that all its sections are

single sheeted.   Call such a domain flat, and call a simply connected domain

"flattenable" if it is equivalent to a flat domain.   The next theorem shows that

the sheets in the sections of a flattenable domain do not suddenly split apart or

coalesce.

Theorem 7.2.   Let V be flattenable and let gj, g2 be functions in V.   If

x(a)->y e X and tr^Ag^ = ox{a)(g2) for all a, then oy(gj) = ay(g2).  If

av^l^ = ay^2^' t^en ffx^l^ e ^-X' g2-l lOT x '" some neighborhood of y.

Proof. Let U be a flat domain and $ an equivalence of U onto V. Deter-

mine /j, f2 e U by $[/¿] = g.. Since f is flat, 0"x(/¿) = /¿(x). The section map

relation (3.6) becomes <$x(/.(x)) = a (g).

Suppose x(a) —>y and a taASi^~(Tx(a)^S2^'   Since q>x(a' is one-to-one, we

have /j(x(a)) = f2(x(a)).  The continuity of fx and f2 implies that f Ay) = f2(y).

Thus

oy(gl) = <t>y(fAy)) = <¡>y(f2(y)) = ay(g2).

Suppose a (gj) = a (g2).  This implies f x(y) = /2(y).  Choose f > 0 so that

$ maps B(/2, f) into By(^[f2]) = Bv(g2).   For all x the section map q>* carries

D(/2(x), e) = ox(B(f2, ()) into A[x, g2] = ffx(B y(g2)).   Choose a neighborhood Y
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of y on which fAx) and f2(x) differ from f Ay) = f2(y) by less than f/2.   For

x £ Y we have /j(x) £ D(f2(x), t) and ^(gj) = ^(//x)) £ A[x, g2].

Example 2.   A domain whose section sheets suddenly split apart.   In C([0, 4])

let Aj(x) = 2 + 2i, h2(x) = 12 + 2i, ¿}(x) = 12 + (12 - 2x)i and h¿x) = (12 - 2x)i.

Let L be the path of functions [h^ h2] + [h2, hy] + [hy h^]. Let E be the

planar set {x + iy; 0 < x, y < 8¡.  Define V in C([0, 4]) by

V = {/; f(x) £ E, 0 < x < 4?u U B</> 2>-

The section $X(V) is single sheeted for 0 < x < 1, double sheeted for 1 <x < 3

and single sheeted for 3 < x < 4.   See Figure 1.

. «V *2)

• "o^i)

x = 0

•o2(g2)

■o2^l)

x = 2

1 • "3(^2) aoove

o¡(gl) below

x = 3

•<'4(i'2) = <'4(i'l)

x = 4

Figure 1

We define functions gj, g2 £ V.   Let gj have the constant value 1 + 52.   For

0 < x < 3 put g2(x) = 1 + (11 - 2x)i, and for 3 < x < 4 put g2(x) = 1 + 5i.   For

3 < x < 4 we have S (V) single sheeted and a (gx) = ox(g2).  Yet ^(gj) 4

o^(g2). Notice that g2 £ Bv(h^.  The first part of Theorem 7.2 shows that V is

not flattenable.

Example 3.  A domain whose section sheets suddenly coalesce.   The domain

V is to lie in C([0, 1]).   Rather than analytically define V we refer to Figure 2.

Regard the variable t £ [0, l] as measuring time.  Near time t = 0, Siy) is
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1=0 t=l/2

t=3l* Figure 2 i=1

single sheeted.   The values of functions gj, g2, etc. in V are indicated by dots.

The function gj is to be a constant.  During (0, Vj) the function value g2(t)

bends over to g ¡ and stays there for t >lA.  However for % < * < 1 the section

SiV) is double sheeted over gj, and tf/gi) 4 A[i, g2].  During (%, %) the func-

tion value g At) bends over; it and its neighbors cover the hole made by the g2

arm.   In general during (1 — 2 ~n, 1 - 2~n) the gn ,  arm bends over and covers

the hole made by the gn arm.   At time / = 1 all the holes are covered, and S Ay)

is single sheeted.   In particular o^(g^ - aAg2).   The second part of Theorem 7.2

shows that V is not flattenable.

It is instructive to follow through the construction of the section S (V) when

t is slightly less than 1.   If / = 1 - 2~", then tr  Ágy)= o¡ Xg2) for j <n and

a, „(áh) 4 c. „(g7).   For this domain V we have S (V) = S, ,,(V) where a> is the

first infinite ordinal.   The idea of a sequence of overlapping arms can be extended

to give examples with S   4 S   a.
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