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PRODUCTS OF INITIALLY m-COMPACT SPACES
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R. M. STEPHENSON, JR. AND J. E. VAUGHAN

ABSTRACT. The main purpose of this paper is to give several theorems
and examples which we hope will be of use in the solution of the following prob-
lem. For an infinite cardinal number m, is initial m-compactness prgserved by
products? We also give some results conceming properties of Stone-Cech com-
pactifications of discrete spaces.

1. Introduction. The cardinality of a set X will be denoted by |X|, and for
any cardinal number m, we will write exp(m) instead of 2™. The cofinality of a
cardinal number m will be denoted by cf(m). For a filter base F on a topologi-
cal space X, we denote the set of adherent points of F by adxff or ad F. Thus,
ad, J = N{F|F € F}.

A space X is called initially m-compact (where m is an infinite cardinal
number) provided either of the following equivalent conditions holds:

(i) for every filter base F on X, if |F| < m, then adxf}' £ d; or

(ii) for every open cover O of X, if |O] <m, then O has a finite subcover.

Initially N -compact spaces are called initially compact or countably com-
pact.

For m= X, the question stated in the Abstract has a negative answer, for
it is well known that there exists a countably compact subspace G of BN such
that G x G is not countably compact (see [GJ, 9.15]). If m is an infinite singular
cardinal, and if one assumes the Generalized Continuum Hypothesis, then it
follows from Theorem 1.1 below that the question has an affirmative answer.
Theorem 1.1 improves Theorem 4.11 of [SS1] and Theorem 3.1 of [S2].

Theorem L1. Let {X |a € A} be a family of initially m-compact spaces,
where M is a singular cardinal such that exp(m) < m for every cardinal n< m.
Then X =TI{X |a € A} is initially m-compact.

Proof. It is easy to see that for an infinite singular cardinal m, a space is
initially m-compact if and only if it is initially n-compact for every infinite car-

Presented to the Society, January 25, 1973; received by the editors November 7, 1972
and, in revised form, March 20, 1974.

AMS (MOS) subject classifications (1970). Primary 54D20, 54B10; Secondary 54D30,
54D40, 54G05, 54G20.

Key words and phrases. Countably compact spaces, product spaces, m-compact
spaces, topological groups, initially m-compact spaces.

Copyright © 1974, American Mathematical Society
177



178 R. M. STEPHENSON, JR. AND J. E. VAUGHAN

dinal n<m, Let F be a filter base on X such that |F| <n. We will show that
ad F £ . For each F € F choose a point bp € F,dnd set Z={p|F € F}. The
filter base {Z N F|F € F} is contained in an ultrafilter U on Z, and |U| <
exp(|Z|]) < m. Then for each a € A, pr,U (the projection of U onto X,) is a
base for an ultrafilter on the initially m-compact space X, and |pta1l| <m, so
pr a11 converges to a point of X . Thus U converges to a point of X and hence
FLadlUcadF.

For an arbitrary infinite cardinal number m, several authors have succeeded
in showing that if a certain number of factor spaces satisfy various natural con-
ditions, only mildly stronger than initial m-compactness, then the resulting
product space is initially m-compact. In §2 we will state several known results
of this type, and we will obtain a new one (Theorem 2.2) concerning the
condition (1), recently studied in [V1]l. In §3 we consider examples of
spaces which show that for any infinite cardinal m, (1), is strictly stronger
than initial m-compactness. In the final section it is shown that for every
infinite cardinal m there exist an initially M-compact space and at least a
weakly initially m-compact space (defined in §4) whose product is not ini-
tially m-compact. These examples will all be subspaces of BX for a dis-
crete space X, and their properties will be derived from estimates (obtained
in §3) of the cardinalities of the adherences of certain types of filter bases
on f3X.

2. Initially m-compact product spaces. In [N2] N. Noble studied properties
of €%, the family of T, -spaces in which every infinite subset has infinitely
many points in common with some compact subset. He proved that for every
X € €* and countably compact T -space Y, the product space X x Y is count-
ably compact. For completely regular Hausdorff spaces, this theorem was also
used by T. Isiwata [I]. In addition to this product theorem, the class €* admits
several other nice results (see (d) and (e) below).

Obviously €* contains all sequentially compact spaces as well as all com-
pact spaces. Furthermore, the class of noncompact or non sequentially compact.
spaces in $* is quite large (e.g., see [F2], [F3], [, [SS1]), so it is natural to
seek analogues of this concept for cardinals m > X,. One such analogue was
given in [SS1] where the authors defined a T,-space X to be strongly m-compact
(for an infinite cardinal number m) provided that for every filter base F on X,
if |F| < m, then there exists a compact subset K of X suchthat F N K#£ & for
all F €J. It was noted in [SS1] that for every strongly m-compact space X and
initially m-compact T -space Y, X x Y is initially m-compact. In 4.8-4.9 of
[SS1], examples due to Victor Saks were given in order to show that for every
regular cardinal m, there are initially m-compact completely regular Hausdorff
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spaces and topological groups that are not strongly m-compact.

Two other product theorems, both of which are special cases of results ap-
pearing in [G, pp. 379-380], are the following: if X and Y are initially m-
compact completely regular Hausdorff spaces, and if X is either locally compact
or is of character <m, then X x Y is initially m-compact.

Theorem 2.2 below simultaneously extends all of these theorems. First a
definition and a lemma are needed.

Definition [V1]. Let m be an infinite cardinal number. A space X is said to
satisfy condition (1), provided that for every filter base F on X, if |F| < m,
then there exist a compact set K C X and a filter base § on X such that |G| <
m, and § is finer than both F and the filter base of all open sets containing K.

Lemma 2.1, (i) Fora T -space X, the following are equivalent: X € €c*
X is strongly R -compact; and X satisfies condition (1)g o

(ii) A locally compact initially m-compact T -space is strongly m-compact.

(iii) [V1] If a space X is either (a) strongly m-compact or (b) initially
m-compact and of character <M, then X satisfies condition (1)g.

(iv) Any space satisfying (1) is initially m-compact.

The proofs are straightforward.

Theorem 2.2, Let X be a space satisfying condition (1)y, and suppose that
Y is an initially m-compact space. Then X x Y is initially m-compact.

Proof. Let F be a filter base on X x Y such that |F| < m. We wish to show
that & £ ad F, so we may assume that F consists of closed sets.

By hypothesis there are a compact set K C X and a filter base § on X such
that |§| <m, and § is finer than both pry(F) and the filter base O of all open
subsets of X containing K. Then

H={FN(Gx V|FeF and Ge G}

is a filter base on X x Y with |H| < m, and since Y is initially m-compact,
pry(}() has an adherent point y. Let { be the family of all open neighborhoods
of y. Then forall H e H and W € [, we have H N (X x W) £ &, so for all
FeF, Ge G, and we

FLEFN(Gx VNN (XxW=Fn(GxW.

Since § is finer than C, it follows that @£ F N (Vx W) forall V € O and

W € B. Because Ux U is a fundamental system of neighborhoods for the com-
pact set K x {y}, we may conclude that no open set of the form (X x Y)\F can
contain K x {y}, or, equivalently, @# F N (Kx {y}) forall F e F. Thus & #
NF n(kxiy)cadF.
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For products of possibly infinitely many spaces, the condition (1), is also
useful as a means to obtain one theorem which covers duite a variety of cases of
interest. For instance, consider the following known theorems.

(a) [SS2, Theorem 5.5]. Every product of at most R, sequentially compact
spaces is countably compact.

() [G, p. 379). A product of no more than m completely regular Hausdorff
spaces, each initially m-compact and all but one locally compact, is initially
m-compact.

(c) [G, p. 380). A product of no more than m completely regular Hausdorff
spaces, each initially m-compact and all but one of character < m, is initially
Mm-compact.

(@) [F3, p. 347). If CCC¥, where each member of C is completely regular
and Hausdorff, and if |C| < K, then TIC € €%,

(e) [SS1, Theorem 2.4). Every product of at most K, spaces in C* is
countably compact.

(€) [N3, Theorem 4.4). Every product of at most m* spaces, each of which
is initially m-compact and of character < m, is initially m-compact.

(a) and (d)—(f) can all be obtained from Theorem 2.3, and (b) and (c) can be
obtained from Theorems 2.2 and 2.3.

Theorem 2.3 [V1, Theorems 1.4 and 2.2]. Let X =II{ X ala € A} where each
X a satisfies condition (1) for a fixed cardinal number m.

() If |A) < m, then X satisfies (1)q.

(i) If |A| <m*, then X is initially m-compact.

It is natural to raise the question: Can the restrictions on the cardinality of
A in Theorem 2.3 be weakened?
For m= K, this question cannot be answered on the basis of the usual
-axioms of set theory. Examples due to Frolik [F2, p. 337] show that if |4| =
exp(X,), then the product space X need not satisfy property ( Dy, and if |A| =
exp(exp(R)), then X need not be initially X -compact (these examples are dis-
cussed at the end of $3). It follows that if N ;=exp(X;_,) for i=1, 2, then the
restrictions on |A| cannot be weakened. On the other hand, S. H. Hechler [H]
has shown that Martin’s Axiom implies that if |A| <exp(R;) then X satisfies
Dy o and if A <exp(R,) then X is initially X -compact. Thus, Martin’s Axiom
plus the negation of the Continuum Hypothesis imply that the restrictions on |A|
can be weakened.
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For m > K, we do not know any answer to the above question except for
Theorem 1.1 and the following special case.

Theorem 2.4, If {X_ |a € A} is a family of spaces, each of which satisfies
condition (1)g, and if X = I{X ala € A} is a normal T -space, then X is initially
m-compact (regardless of the cardinality of the index set A).

Proof. In [N3, Theorem 2.1] Noble proved that if a product space X =
MixX la € A} is a normal T -space and if |A| > K, then there exists a countable
set BCA suchthat Y=TI{X |a € A\B} is initially |A|-compact. Let Z =
I{X_|a € B}, and note that by Theorem 2.3 (i), Z satisfies (1)y. Thus if 4] >
m, Y is initially m-compact and so X = Y x Z is initially m-compact by Theo-
rem 2.2, If |A| <m, then X is initially m-compact by Theorem 2.3.

A. H. Stone has asked if every product of sequentially compact spaces is
countably compact. A partial answer is provided by the next result.

Corollary 2.5 (P. Kenderov [K]). Let X be a normal T -space which is a
product of sequentially compact spaces. Then X is countably compact.

Since a sequentially compact space satisfies (1) o Corollary 2.5 follows at
once from Theorem 2.4.

3. Subspaces of BX not satisfying (1). The well-known examples which
show that countable compactness is not productive are all based on subspaces of
BN. Thus, one is naturally inclined to wonder if there exist a cardinal m> K,
and a family ® of initially m-compact subspaces of BX, for a discrete space X,
such that TI? is not initially m-compact. We have not been able to find such
subspaces, but we have found subspaces of BX which are initially m-compact
and which do not satisfy (1)y. We will describe some of their properties in this
and the mext section.

A property of BN that has proved very useful in the construction of product
spaces which are not countably compact is the following: if D is any countably
infinite discrete subspace of SN, then D = 8D and hence |D| = exp(exp(X)).
This equality makes possible the construction of a large number of noncompact,
countably compact subspaces of BN, since if one arbitrarily selects a subset C
of BN such that |C| <exp(exp(X,)), then the space P = BN\C is countably
compact. In case C is chosen so that C C BN\N and C contains a limit point
of each infinite subset of N, then it is easy to see that P ¢ €* (and if C is
chosen so that |C| <exp(X), then P € €* by Example 3.10 or by [F3]).

On the other hand, if D is an uncountable discrete subspace of BX for an
infinite discrete space X, it is not necessarily true that |D| = exp(exp(|D])). k
is known (e.g. see [N1], [V2], or [SS1, Remark 3.2]) that, under the assumption
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of the Continuum Hypothesis, there exists a discrete subspace D of 8X with
ID] = R, and |D| = exp(X,). Likewise, if C is a subset of BX with {C| <
exp(exp (| X])), the space BX\C may not be initially |X|-compact. In fact, if C
consists of a single point x, and if x is a limit point of some countable subset
of BX, then the space BX\C is obviously not initially exp (R )-compact.

In any case, working with certain discrete subspaces D for which the equality
|D| = exp(exp(|D])) holds, we obtain several results below which, combined with
a construction due to Saks [SS1], establish the existence of the desired subspaces.
First some definitions and conventions are made.

For the remainder of the paper, X will be an infinite discrete space with
|X| = m. For VCX, we will write V* for the clopen set ClgyV and for an arbi-
trary set W C BX, we sometimes denote Clg, W by .

An infinite subset D of BX will be called strongly discrete if there exist
sets V,CX, d € D,sothat d€ V}, and for all d, e € D, d# e implies that
VNV, =g 4

Given D C BX, we will denote by uD the set of all points p € D such that
for every set ECD, p € E implies |E| =|D|. Thus

pX = {p € BX|for every VC X, p € V* implies |V| = m}.

Lemma 3.1. Let D be a strongly discrete subset of BX. Then the following
hold.

() D=BD.

@ii) |D| = |uD| = exp(exp(|D|)), and pD is compact.

(iii) If |D| = m then uD C pX.

An argument like the one on p. 91 of [GJ] establishes (i), and (ii) follows
from (i) and p. 170 of [GJ]. Assertion (iii) is an immediate consequence of the
definition of strongly discrete.

We will say that a filter base F on a set is of type m (where m is an in-
finite cardinal number) provided that || <m and |F| = m for every F € J.

Theorem 3.2, Let F be a filter base on X of type m. Then there exists a
strongly discrete subset D of BX with |D| =m such that D C uX and D Cadﬂxff.
In particular, |pX N adﬁxﬁ"l = exp(exp(m)).

Proof. By Lemma 3.1, it suffices for us to establish the existence of a set
D with the above properties.

It follows from a theorem of W. Sierpifiski [S1, p. 455] that there exists a
family § of pairwise disjoint subsets of X such that |§| = m, and |S N F| =m
for every S € S and F € F. Thus for each S € 5,
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HS)={s nFnYFed, vCX, and |X\Y| < m}

is a filter base and hence has an adherent point d(§). Then, obviously, each
AS) € §* N uX Nad F, sothat set D = {d(S)|S € &} has the desired properties.
Before stating the next theorem, we need a lemma.

Lemma 3.3. Let Y be an initially m-compact space, and let F be a filter
base on Y such that |F| < m. Then the following hold.

(i) For any open subset V of Y containing adyff. there exists F € F with
VOF.

1) If adef is compact and Y is a subspace of a Hausdorff space H, then
adyg: =ad H?.

Proof. Obviously (i) is true. In (ii), the compact set ad,J = N{W|W is an
open subset of H containing adeﬂ. By (i), each such W contains a member of
¥, so it follows that ad Hff C adyff. Thus ad H? = adyff.

Theorem 3.4. Let P C BX be initially m-compact, and let E be any discrete
subspace of P such that |E| = m and CI,BXE = BE. Suppose that F is a filter
base of type m on E such that adpF is compact. Then |pE N ad ¥ =
exp(exp(m)), and there is a strongly discrete subset D of BE such that |D| = m,
D C uE, and ClﬁxD C adpff.

Theorem 3.4 is an immediate consequence of Lemma 3.3 and Theorem 3.2,

Using Theorem 3.4 and the next two lemmas, we will determine the cardinality
of the adherences of certain filter bases of type m in subspaces of B8X that sa-
tisfy (1)

Lemma 3.5. Let Y be a Hausdorff space. The following are equivalent.

(i) Y satisfies condition (1)

(ii) For every filter base F on Y, if || < m then there exists a finer filter
base G on Y such that |G| < m and adYQ is nonempty and compact.

Notation. Given a family § of sets, [§] will denote the family of all finite
intersections of members of G.

Lemma 3.6. Let F be a filter base on X of type m. Then there exists a
filter base H of type m on X such that K is finer than ¥, and for every subset
V of X, if |V| <m then there is a set H e H with H NV =g.

Proof. Let {z,|¢ € cf(m)} be a collection of regular cardinals such that
sup{rIIt € cf(m)} = m. Then there exists a family of filter bases {F ()|t € cf(m)}
on X such that
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(1) if VCX and |V| < T, then there is a set H € ¥(t) with H NV =g; and

(2) each [F U (UiF(s)|s < )] is of type m.

For suppose that z € cf(m) and filter bases F(¢), t € u, on X of type m
have already been defined so that (1) and (2) hold for all ¢ € . We wish to de-
fine F(a).

By (2), §=[F u (UiF(s)|s € u})] is a filter base of type m, so by the theo-
rem of Sierpifiski, there is a family P of pairwise disjoint subsets of X such that
|P|=,and [PNGl=mforall Pc P and Ge §. Let {P |ne z,} be a one-
one indexing of the members of ?, and define

F) = {G N (U{Pn|n > ql)lG €Gand g€ ‘cu}.

Then, clearly, (2) holds for all ¢ < u. Furthermore, if V C X and |V| <<, it
follows from the regularity of the cardinal t, that for some g€ T, V N
(UtP,|7 > g}) = @. Thus (1) holds for all ¢ < u.

set X =[F u (UiF()|t € c£(m)]D]. Then by (2), X is a filter base on X of
type M that is finer than . Furthermore, if V C X and |V| < m, with, say, |V| <
t,, then it follows from (1) that there is a set H € J(2) C H suchthat HNV=2.

Theorem 3.7. Let P be a subspace of BX which satisfies condition (1)y.
Let E be a discrete subspace of P such that |E| = m and Cl, E = BE, and
suppose that § is a filter base on E of type m. Then |pE N adpF| = exp(exp(m)).

Proof. By Lemma 3.6 there is a filter base } on E of type m such that X
is finer than ¥, and ad . H C pE. Since P satisfies (1), there must exist a
filter base G on E finer than } with ad,§ compact and |§| < m. Then adﬁeg C
adﬁB}( C pE, so § must be of type m, and hence |adpg| = explexp(m)) by The-
orem 3.4. Since also ad PQ Cad P}( CpE N ad p.‘]:, it follows that exp(exp(m)) =
|adP§| <|E N adP?I.

In [SS1] a transfinite induction process due to Saks is used to establish the
next result.

Theorem 3.8 [SS1, Theorem 4.5). Let S be an initially m-compact Hausdorff
space containing a subspace Y such that |Y| = m and |Y| = exp(exp(m)). Then
there is a set Y C B CS such that |B| < exp(m) and B is initially m-compact.

If S is a topological group, then B can also be taken to be a topological group.

In [SS1], Theorem 3.8 was used to show that for every regular cardinal m
there exists an initially m-compact topological group which is not strongly m-
compact. In the example below it is not required that m be regular.

Example 3.9, Let S be the topological group {f|f: exp(m) — {0, 1}}, with
the product topology. Then there exists an initially m-compact subgroup B of §
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such that |B| < exp(m) and B does not satisfy condition (1)p.

Proof. Since BX is a subspace of S, we cantake Y= X and let B be as in
Theorem 3.8. Then B is an initially m-compact subgroup of S and |B| < exp(m).

If B satisfied (1), then so would its closed subset P =B N BX, and hence
it would follow from Theorem 3.7 that the filter base F = {X} had |adpJ| =
exp(exp(m)), whereas |P| < |B| < exp(m).

For at least m = X, there is a large family of subspaces of BX to which
Theorem 3.7 can be applied.

Example 3.10. Let C be a subset of SN such that for any infinite subset
D of P =BN\C, there is an infinite subset I of D with |C N Clgydl < exp(R)).
Then the space P belongs to €%,

Proof. It suffices to prove that if I is any countably infinite discrete sub-
space of P such that |C N Clmll < exp(R), then for some infinite subset M of
I, Cl M is compact.

Let M be a family of infinite subsets of I such that || = exp(X,) and the
intersection of any two members of M 'is finite (such a family exists by a result
of Sierpidski [GJ,6Q.1]). Then Cl,BNI = BI, so the sets M' = ClﬁlM\M, Mel,
are pairwise disjoint. Hence some M’ N C = & and ClgM CP.

The useful examples of Frolik referred to earlier can now be easily de-
scribed. For each x € BN\N let P_= BN\{x! and note that P_ € C* Let
S=I{P |x € BN\N} and T = R x F, where R = I{P_|x € F\N}, and F is a
countably compact subspace of BN such that N CF and |F| < exp(X(). Then
the constant functions are infinite closed discrete subspaces of both § and T,
so S and T are not countably compact, and (e.g., by Theorem 2.2), R ¢ c*,
Thus, for m = R, if one assumes the GCH, then the restriction lalgm
(JA] <m*) is necessary in Theorem 2.3 (i) (2.3 (ii)).

4. Products of initially m-compact subspaces of 8X. In this section we
derive further properties of initially m-compact subspaces of BX. Some of the
results will also hold for a larger family of spaces, the weakly initially m-com-
pact spaces.

In [SS1, Theorem 3.5] it was shown that for an infinite cardinal m, if () m
is regular and exp(n) < m for every n< M, then there exist weakly initially m-
compact spaces X CM, C BX, i=1, 2, such that M, x M, is not weakly initially
m-compact. We will show (Theorem 4.1) that the hypothesis (x) is not needed,
and that one can take one of the spaces M, to be initially m-compact.

Definition. A space Y is said to be weakly initially m-compact (or almost
m-compact [F1]), where m is an infinite cardinal number, provided that one of
the following equivalent conditions holds: if F is an open filter base on Y such
that |F| <m then ad F £ &; if O is an open cover of Y such that |0] < m, then
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there is a finite subfamily O of O such that Y =(UB)~.

Weak initial X -compactness is the same as feeble compactness ([SS2],
[S3]) (and, for completely regular spaces, is the same as pseudo-compactness).
Obviously every initially m-compact space is weakly initially m-compact, and,
conversely, it is known that a pseudo-compact nomal T -space is countably com-

pact [GJ].

Theorem 4.1. Let P be an initially m-compact subspace of BX such that P
contains X and |P| <exp(exp(m)). Then M= (BX\uX) U (uX\P) is weakly ini-
tially m-compact, but P x M is not weakly initially m-compact.

Proof. To see that M is weakly initially m-compact, consider any open
filter base G on M such that |G| < m. Since X is dense in M, F={G N X|Ge G}
is a filter base and |F| < m. If there exists F € F with |F| <m, then M contains
the compact set F*,and F* N G4 for every G € G, so adMQ £8. 6T is
of type m, then |ad F| = exp(exp(m)) by Theorem 3.2, and hence £ MNnad F C
adMQ.

Now we show that P x M is not weakly initially m-compact.

By Lemma 3.6 there exists a filter base H on X such that |H| <m and
ad HCuX. Foreach H e K let Fy =1(x, x)|x € H}. Then ¥- {FylH € 1 is
an open filter base on P x M and |F| < m, but adp, , F = &, because any adher-
ent point of F would have to be of the form (p, p) for some p € uX, and we have
constructed M sothat P N M NpuX=4g.

The proof above suggests a technique which one might try to apply to BX to
produce a not initially m-compact product of initially m-compact spaces. Recall
[HV, p. 526] that if ? is any closed-hereditary and productive topological prop-
erty, and if S is any Hausdorff P-space, then for every family M of P-subspaces
of S, MM is alsoa P-subspace of S. In particular, for any subset Y of S, there
is a smallest P-subspace of § containing Y. Thus, for ? = initially m-compact,
if one wishes to establish the existence of a family of $-spaces whose product is
not a P-space, it suffices to prove that there does not exist a smallest P-sub-
space of BX containing X.

If the cardinal m is singular and if exp(n) < m for every 1 < m, then for
Hausdorff spaces, the property P = initially m-compact is productive (by Theo-
rem 1.1) and closed-hereditary, and so BX has a smallest P-subspace P con-
taining X. The construction below provides an explicit description of P.

Example 4.2. Let the cardinal m be singular and suppose that exp(n) <m
for all n < m, Let § be an initially m-compact Hausdorff space and Y a subset
of § such that |Y| <exp(m). Set P =Y, and for i € m* with i > 0, define

P,=U{Z: 1zl <m and ZCUIP,|ne it} .
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Then the space P = U{Pnln € m*} is the smallest initially m-compact subspace
of § that contains Y, and |P| < exp(m).

Proof. For a singular cardinal m, a space is initially m-compact if it is ini-
tially n-compact for every n < m. To show that P is initially n-compact, where
n < m, it suffices to note that for every subset Z of P, if |Z| <, then, by the
regularity of the cardinal m*, Z C P, for some i and hence Cl,Z is initially
m-compact.

Suppose next that M is an initially m-compact subspace of § containing Y.
We wish to show that P CM.

Let ie m* and suppose that P, CM for every n € i. Consider any point
b€ Pi\U{Pn|n € i}. There exists a subset Z of U{P |7 € i} with |Z] <m
and p € ClgZ. Since ZCM and exp(|Z]) <m, there is a filter base Fon M
such that |¥| <m and adgF = {p}. Thus p € M and P,CM.

To establish the inequality |P| < exp(m), let i € m* and suppose that
|P,| <exp(m) for every n € i. Let A=|J{P |n € il and note that |A| <m+ exp(m)
= exp(m). Then |{Z|Z C A and |Z| < m}| < (exp(m))m = exp(m), and for
any Z with |Z| <m, |Z| <explexp(|Z])) <exp(m), so |P,| <exp(m) . exp(m) =
exp(m). Thus |P| = |U{P,|i € m*}| <exp(m) . m* = exp(m).

Remark 4.3. If the space S is also a topological group, then one can modify
the space P by taking each P; to be the group generated by (J{Z: |Z| <m and
Z CUIP_|n € ill. Then the resulting space P is the smallest initially m-
compact subgroup of § that contains Y, and |P| < exp(m).

In [SS1], as well as in the examples above, the authors have constructed a
number of initially m-compact spaces and have noted that each one has cardinality
less than or equal to exp(m). We will conclude the paper by proving that most of
these spaces are of cardinality exactly exp(m) (for m = R, this result is due to
Frolik [F2, p. 337)).

First we obtain a general result in set theory; it may be known to some
mathematicians, but we have not been able to find a statement of it in print.

Lemma 4.4, Let T be a filter base of type m on X. Then there exists a
family {F(S)|S € T} of filter bases on X of type m such that |T| = exp(m), each
J(S) is finer than F, and whenever S # S', there exist disjoint sets F € F(8)
and F' € J(5").

Proof. Let {F p| p € m} be a one-one indexing of the nonempty finite subsets
of the set m, and for each g € m, define z, = {pemge Fp}. Let T be the set
of all subsets of m, and for each § € T define

89 =1z, lg € s} UIM\Z |q € m\si].
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By [GJ, 12E], or by a direct argument, one can show that each §(S) is a filter
base on m with |§(S)| <™, and that if S, S’ € T with S# §', then there exist
disjoint sets G € §(5) and G' € §(s".

By Sierpidiski’s theorem, there exists a family ? of pairwise disjoint subsets
of X suchthat |P|=mand |P N F|=m forevery P€ ? and Fe F. Let
{P |n € m} be a one-one indexing of the members of ?, and for each S € T define

F(5)= {F n (UtP,ln € GI)|F € F and G € G(s)}.

Then it is easily seen that the filter bases F(5), S € T, have the desired proper-
ties.

Theorem 4.5. Let P be a weakly initially m-compact subspace of BX which
contains X, and suppose that F is a filter base on X of type m. Then
kX N adpF| > exp(m).

Proof. By Lemma 4.4, there exist filter bases 3"‘_, c € exp(m), of type m on
X such that each adﬂxffc C adﬁxff, and whenever c # d, adﬁx?‘__ N adﬁxff =2
It follows from Lemma 3.6 that for each ¢ € exp(m), there exists a filter base
J(C on X of type m such that adﬁx}(c CuX N adﬁxffc. Thus

lnX N adpF| > FluX N ad,F | > 3 lad K | > exp(m),
where the sums are taken over all ¢ € exp(m).
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