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ABSTRACT. An inverse semigroup is called proper if the equations ae =

e=e? together imply al-a In a previous paper, with the same title, the author

proved that every inverse semigroup is an idempotent separating homomorphic
image of a proper inverse semigroup. In this paper a structure theorem is given
for all proper inverse semigroups in terms of partially ordered sets and groups
acting on them by order automorphisms. As a consequence of these two theorems,
and Preston’s construction for idempotent separating congruences on inverse
semigroups, one can give a structure theorem for all inverse semigroups in terms
of groups and partially ordered sets.

1. P-semigroups. If X is a partially ordered set and A, B € X then the no-
tation A A B € X means that A and B have a greatest lower bound in X; this
lower bound is denoted by A A B. If Y CX and A, B € Y then the notation
A A B € Y means that A and B have a greatest lower bound in X and that this
lower bound A A B belongs to Y. A nonempty subset Y of X is a subsemilattice
of X if A, BeY imply AANB€eY; Y isanidealof X if A€ Y, BeX with
B < A implies B € Y.

Let X be a partially ordered set and let Y. be a subsemilattice of X. Sup-
pose that G is a group which acts on X by order automorphisms, on the left.
Then it was shown in [6] that the set P(G, X, ¥), of all pairs (4, g) € YxaG
such that A A gB and g~ (A4 A B) both exist and belong to Y for all B € Y, is
an inverse semigroup under the multiplication

(A, g)(B, b) =(A A gB, gh).

Indeed §=P(G, X, Y) isa proper inverse semigroup in the sense that the idem-
potents are a class modulo the congruence

o=1{(a, b) € Sx S: ea=eb for some e?=e € §};

Munn [10] showed that o is the minimum group congruence on any inverse semi-
group S.
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The following proposition contains several characterisations of proper inverse
semigroups which we shall find useful in this paper.

Proposition 1.1. Let S be an inverse semigroup with semilattice of idempo-
tents E and maximum group homomorphic image G = S/a. Then the following are
equivalent:

(1) § is proper;

@) on R =A where A is the diagonal of S x S;

(3) 0" is one-to-one on each R-class of §;

(4) the map ¢: S — E x G defined by s¢p = (ss~1, s0") is one-to-one;

2

(5) ae=e=e? implies a’=a.

That (1) = (2) = (4) was shown by Saitd [18]; the equivalence of (1) and
(2) was shown by Reilly [15].

It follows from Proposition 1.1 that proper inverse semigroups are precisely
those which can be coordinatised by their idempotents and maximum group homo-
morphic image.

Proper inverse semigroups are closed under products and inverse subsemi-
groups; this is immediate from Proposition 1.1(5). However, they are not closed
under homomorphic images. Indeed the main theorem of [6] shows that every in-
verse semigroup is an idempotent separating homomorphic image of a full subsemi-
group ([12, p. 159]) of a semigroup P(G, X, Y) for some partially ordered set X
with subsemilattice ¥ and some group G which acts on X by order automorphisms.
Thus every inverse semigroup is an idempotent separating homomorphic image of
a proper inverse semigroup.

Although the semigroups P(G, X, Y) and their full subsemigroups are manage-
able objects, the result that every inverse semigroup is an idempotent separating
homomorphic image of a full subsemigroup of some P(G, 1, Y) has weaknesses.

In the first place, although the semigroups P(G, X, Y) themselves are explicitly
described, their full subsemigroups are not. In the second, although the theorem
gives an extensive class of proper inverse semigroups, it does not say how in-
clusive the class is.

Several examples of the semigroups P(G, X, Y) are given in [6], [7], 18];
semigroups of this type had their genesis in Scheiblich’s fundamental paper (17]
on the structure of free inverse semigroups. The semigroups in these examples
are rather special. In all of them, Y is an ideal of X as well as being a subsemi-
lattice. Because of this,

P=PG, X, Y =14, g € Yx G: g~14 € Y},

and the ideal structure of P is considerably clearer than in the general case.
In the remainder of this paper, when we say that P(G, X, ¥) is a P-semigroup
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we will mean that Y is an ideal of X as well as being a subsemilattice.

Proposition 1.2 [6]. Let X be a partially ordered set and let Y. be an ideal
and subsemilattice of X. Let G be a group which acts on X by order automor-
phisms and suppose that X = G.Y. Then, in P(G, X, Y),

(1) (4 @)~ 1=("14 g~ 1)

(2) the idempotents are the elements (A, 1), A € Y; they form a semilattice
isomorpbic to Y;

(3) (4, @ R(B, b)) =A=B; (4, g)£ (B, b) = g~ 'A=b"1B;

@) (A, g) H (A, 1) if and only if gA = A; thus the H-class of (A, 1) is iso-
morpbic to the stabilizer of A under G;

(5) (4, 1)D (B, 1) if and only if B = bA for some b € G; thus there is a
one-to-one correspondence between the set of orbits of G and the set of D-classes
of P;

(6) (4, 1)< (B, 1) if and only if there exists g € G such that A < gB;

(7) (A, g) o (B, b) if and only if g = b; thus P/o % G' where G' ={g €G:
(A, g) € P for some A€ Yl={ge G: gYnY 4ol

Given P-semigroups P(G, X, Y) and P(H, U, U), with Y an ideal of X and
O an ideal of '11, it is natural to ask under what conditions is P(G, ?(, Y) iso-
morphic to P(H, U, 0). One way to ensure that this is the case is to require that
the action of G on X is equivalent to the action of H on U in the sense that
there is an order isomorphism @ of X onto 11, such that Y6 = 0, and an isomor-
phism ¢ of G onto H such that the diagram

A —E- X

el le

U-£2,9

commutes for each g € G. If the actions are equivalent, then the mapping ¥:
P(G, X, ¥Y) — P(H, U, D) defined by (A, gl = (A6, g#) is an isomorphism of
PG, X, Y) onto P(H, U, D).

An element g € G appears in an element of P(G, X, Y) if and only if
g~ 1B €Y for some B € Y; that is, g¥ N Y £ 0. Similarly, A € X appears in an
element of P(G, X, Y) only in the form gB for some g € G such that (B, g) € P
for some B € Y. If we let

G':{géG:‘yﬂg‘y;@D}, X' =a6Y.,

then G' is a group and X' is a partially ordered set having Y as an ideal and
subsemilattice. Further P(G, X, Y) = P(G', X, Y). Hence when dealing with P-
semigroups, no loss of generality is entailed by requiring

(P.1) GY =1,
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(P.2) foreach g€ G, g¥NY 40
With the restrictions that (P.1) and (P.2) should hold, it turns out that
PG, X, Y) ~ P(H, U, D) if and only if the actions of G on X and H on U are
equivalent.

Theorem 1.3. ' Let ?( be a partially ordered set with y an ideal and sub-
semilattice of x and Iet G; be a group which acts on x by order automorphisms
such that Glyl K' and, /or each g € G, g‘yl ﬁyz ;étl, i=1,2 Then
PG, X, Y))% P(Gy, X}, Y,) if and only if the action of G, on X, is equiva-
lent to the action of G, on X 2

Proof. We have already seen that, if the actions are equivalent the semi-
groups are isomorphic so suppose that ¢ is an isomorphism of P(G, 3(1, yl)
onto P(G,, sz, Y,).

Because (P.1) and (P.2) hold, for P(G}, X, Y,) and P(G,, X}, Y)), it
follows from Proposition 1.2(7) that there is an isomorphism ¢: G; — G, such
that the diagram

e,

7

m——-u

-‘1. G,
commutes where m; is the projection P i G, i=1,2 Further, since ¥ is an
isomorphism of P, onto P,, the map 0 defined by (A, )¢ = (46, 1) is an iso-
morphism of ‘y‘l onto ?:‘.2.

Let (4, g) € P; then, since m,¢ = yimr,, (A, @) = (B, g#) for some B € Y.
But (4, g) R (4, 1) implies (B, g¢) = (4, @)y R (4, 1)y = (46, 1) so B = A6.
Thus (4, gl = (A6, gy) for all (4, g) € P.

Suppose xA < yB in %l’ where A, B € yl then y~!xA < B so that
A, x" e P,. Now (4, 1Y)~ UA, x~1y) = (y~ x4, 1)< (B, 1) so that

(B, 1) = (B, Dy > [(A, x~ Ly~ 1A, x~1 ¢ = (y~10)¢ 40, 1)

since ¥ is an isomorphism. Hence B > (y~ !x)¢ Af; that is x¢ A0 < y¢p BO.
Dually, x¢ A0 <y BO implies xA < yB. Hence, since (P.1) holds for P; and
P,, we can extend 0 to an order isomorphism of %l onto %2 by defining (xA)f =
x¢ AO foreach x € G|, A€ 3,1. Further, from the definition of 0,

{g. (xA)160 = {(gDAl0 = (gx)p A0 = gy (xA)0

for each A € ‘yl' & % € G,. Hence the action of G, on %1 is equivalent to that
of G, on X,. Indeed (A, @)y = (40, g¢) for (4, g) € P,.
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2. Proper inverse semigroups. Throughout this section, S will denote a
proper inverse semigroup with semilattice of idempotents E and maximum group
homomorphic image G = S/o. We shall prove that there is a partially ordered set
X having an ideal and subsemigroup Y and a group G' which acts on X by order
automorphisms such that § & P(G’, X, Y); in fact, conditions (P.1) and (P.2)
will also hold. By Proposition 1.2, Y must be isomorphic to E and G’ must be
isomorphic to G so that the real problem is to find X. Indeed, by Theorem 1.3,
the solution we obtain is unique up to equivalent actions.

Let D, i € I, be the set of D-classes of S and pick an idempotent f; €D,
for each 7 € I; denote by H; the H-class containing /i' Further, for each i € I,
pick representatives r, of the H-classes contained in the R-class of f ; with
li the representative of its class; denote this set of representatives by E,. Then

(1) each element of S can be uniquely expressed in the form ';;lhi'iv where
Tiwr Tiv € Ei‘ bi € H.. for some i € I

(2) the idempotents of .S are precisely the elements r_ L. =fir Tiw € Ep

iu iu iu
i € I; they are all distinct.

This type of coordinatisation of S underlies most structure theorems for in-
verse semigroups. Ours is no exception.

For each i € I we shall denote by G; the subgroup H lo" of G; similarly,
we shall denote by g; the image in G of b; € H,. Since § is proper, o" is one-
to-one on H; so that G, % H,. Further, let k; denote the image in G of r, €
E, i€ I Since § is proper, Proposition 1.1, shows that o" is one-to-one on the
R-class of f;» Hence the elements kiu are distinct.

Finally, for each i, j € I, let B, =1k, € G: r]u 1y Sk Since S is proper,
for each k € B there is a unique element in the R-class of Ii which is mapped
onto k. Hence, given Bi,., we can recover those idempotents e € Di with e < f.
The set Bii may be empty. For example, if S is a semilattice of groups, Bii # 0.
if and only if f; > []..

Lemma 2.1. f, > iy = ki, =k (G) for some k., -

Jw iu 11

Proof. f,, 2 f;, implies Ty = Tiplsys Now

-1 r—h-1_ 1 -1_ -1 _
Jv lu( jv lu) rJvrw turw ’wr]u = Ii

i . -1 -1_
since f, > /jv’ thus rwrm R / Hence Tiv Tw = bl.r].  for some b’. € H,. and

and Tiw € E’.. Further

-1 _=1p=1 -1 -1 -1
’jw'ja) ;wb] b = wr]v rjvrlu S’zurm /i’

Thus, in G we have kjv=gk ko, = ki (G) where k.,

jjw iu u
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Conversely, suppose that kju =-g.k. k. where 8; € Gi' k’. w € B Consider

i iu
bty in S. Then

br. r.(br. r. )V =br r 2 o by, /lr'lb" = b, Whlp = f.

jioiuTjjeiu il iuTiu Tjw ) jiolije ) o’jo i

since /,.w 5',/1.. ‘Thus b’rl o'iu R Tivt Since, § is proper and Tiv and b, Tioliu have
the same image in G, it follows, from Proposition 1.1(2), that Tiv b’r, o iut
Hence f; <[,

Lemma 2.1 shows that it is possible to reconstruct the partial order in E in
terms of G. Indeed, if we let Y be the set of all pairs (i, Gk, ), i€l k €

E io with the partial ordering
(i, G2 2(, G'.y) = y=kix (G’.)

for some k € B , then Lemma 2.1 shows that Ex Y,
This 1dent1f1catxon of Y leads to a natural candidate for X in P(G, X, ‘9)
namely the set Uil x G/G;: i € I} with

(i G2 > (, Giy) —y=k,x (G’.)

for some k., € B,.. It also leads to a natural action of G on X; namely

g(i, Gx) =(i, G;xg~ 1). We shall show that X is a partially ordered set having
Y as an ideal and subsemilattice. To prove this, we need two technical lemmas.

Lemma 2.2, If le g,kw € G; for some k;, € B, k;, € B, and g, € G;
then i=-j and Iew

Proof. Suppose &, 48j%;, € G; and consider 7, b.r. . Then

-1 l -1 -1 -1
'zubjrwrw b] Tiu ’m/,’m = TiuTiu ='/i

since k; € B,. Thus, if k, gk =g; we have (b, r, «Pit; JETN R whence,
<

by Proposmon l 1, b, = u‘b’rw. Since &;, € B, thxs nges fi= /'rw iv S
1l <f; sothat f; =17

-1
v Tiv S w Tiv ‘D/ Heace i=j and / f But then T Tiv =
/ / fwfw so that Tiv X / Since /, is the representative of its }(-class,

this xmphes r -/ Thus Ie =1,

Lemma 2.3, If Ic’.v € Bi,., k"w € B’. and g € G then knwg’ »
for some k,, € B, .

= knu (Gn)

Pl'OOfo In S
-17=1 -l -l
wblfwrw b, Tnw = / Tnw'naw '/n

since k€ B;, implies r; wrn w Sy
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Thus r 9{/ so that 7

nw iTiv u_'br

for some b" € Hn. Tou € E_.

nw 1 nu n

Now

-1, _ =11 o1yl -1
Tau "nu = nubn b nu = Tjv b} nwrnwbyryvsrw ryqui

since k; € B. Hence k€ B, andso k gk, =gk, =k, (G,) where
knu € Bin’
It follows from this lemma that the relation

(j G.x) >(n, G y) =y= k, % (G )

for some k€ B; ino is well defined on X. For suppose Gx = Gz, G,y=G,v
so that x = gz, v=g,y for some g, € G, g €G,. Then G Gx)>(n. G y)
implies y = Ie x(G) for some k € Bm; thus v=k ¢ z(G) Bu, since f;
is the representative of its }{-class, 1€ B, sothat Lemma 2.3 shows knwg, =

k,.81=k,, (G,) for some k€ B, . Hence v=k 2 (G,) where k€ B.,;
that is (j, G;2) >.m, G,v). Similarly, (7, G’.z) >(n, G,v) implies (j, G;x) >(n,G,y
so the definition of > is independent of the particular coset representatives; in-
deed it depends only on the choice of idempotents f;, i € L

Lemma 2.4. X is a partially ordered set baving U as an ideal and subsemi-
lattice.

Proof. First of all, since f,>f, = [ l/l., 1 € B,; for each i € I. Hence >
on X is reflexive.

Next, suppose that (i, G 20 Gy) 2 (i, Gx). Then y =gk, x, x=gk, y
for some g, € G, g; € G, kjv € B, kl. € B;;. Thus x= gtkmg,k % so that
k8%, € G;. Hence, by Lemma 2.2, i= and k;, =1 which implies (4, G2 =
(¢ G’.y). Thus > is antisymmetric.

Suppose now that (i, G;x) > (j, G,.y) >(n, G_z). Then y = g;k;, % and z =
8,k,,y for some 8 € G 8, €G, kiv €B,; and k € B, Thus z =

gk, glkwx. By Lemma 2.3, k, gl.k].v =k, (G) forsome k € B, so z=

k,,*(G,). Hence (i, G;x) >(n, G 2) sothat > is transitive.

Since Y is known to be a semilattice, by Lemma 2.1, the proof will be com-
plete when we show that ¥ is an ideal of X.

Suppose that (i, Gk, ) > (j, G); then y = k. k., (G) for some k., € B,
But, since k’.v € B"

-1-1_ -1 -1
jvTiu"iu Tjv ’w/z'w =TiTiw =Ip

so that TioTiu b r.., for some b’ € H, Tiw € E Applymg o% we obtain y =
(G) so that (1, G y) (G, Gk, W € y, Hence Y is an ideal of X,

Ftom the form of the pamal order on 1 the natural action of G by g.(i, G x) =
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(i, G,xg~ 1y is clearly by order automorphisms. Hence we can construct P(G, X, Y).
For any (i, G, ) € Y,

(G, Gk,)y @) € P = g™ (i, Giy)) € Y

iviu
= Gk, g=Gk, for some k; € E io"
—gek'Gkr, CDg"
It follows that one can define a map ¢: § — PG, X, Y) by
(rx:;lbiriu) =((i, Gk,), ki-ulgikiv)

and that ¢ is onto.

-1 =1 -1_ -1
lI.et .:'— Tiu b!.riu and t = T b’.r’.u be elements of S. Then sls =T T
u”" =r.'r;, sothat, by Lemma 2.1, s =t if and only if ss~!=1"1 and

so" = to". Since S is proper, this implies s = ¢ so that ¢ is also one-to-one.

Lemma 2.5. ¢ is a bomomorphism.

Proof. Let $=",'-ulb,-’,-,, and t=-r,.‘xlb’.r’.y be elements of S. Then

st(st)'l=r;;lb.r. P T o e R ) R P i r'lbi'lrl.

tivix jxiv i 'iu iu "i'lynwnwiv u
-1 -1 -1
=71 r. r.r..
where Twnw = Tiv Tiv jx 'jx
Now

-1;=1, =1 -1_ -1, -1 -1_
Tnawliv bi TiuTiu birivrnw = Tho'iv Tiv'nw = Tpo'ne = /n

. -1 -1 -1p-1, _
since 77, , $1i 1. Thus 1 7= b= r. =b .1  for some b € H andr €

-1
En so that st = Tz lenrm_ for some kn € Hn, Toc € En.
Hence '
sty =((n, Gnknz), sto?) = ((n, Gk, wki-ulgi- lkiu)’ sto")

=& gk, (n, Gk ), sta®) = (sa* i, Gk, ) A (i Gk, )Y, sta®)

u n no ] 1%
since, by Lemma 2.1, Y=~ E,

= (i, Gik) A sa*(j, Gk, ), sta)

=G, Gi&,), so")(j, G,.kl.x), to") = syt

We have thus proved the converse part of the following theorem; the direct
part is immediate from Proposition 1.2.

Theorem 2.6. Let X be a partially ordered set and let Y be an ideal and
subsemilattice of X. If G is a group which acts on X by order isomorphisms -
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then PG, X, Y) is a proper inverse semigroup.

Conversely, any proper inverse semigroup is isomorphic to P(G, X, Y) for
some partially ordered set X with ideal and subsemilattice Y and some group G
which acts on X by order automorphisms.

The partially ordered set X in the proof of Theorem 2.6 was manufactured
from the group G. Further, since X=6Y and g.‘y NY £0 for each g € G,
Theorem 1.3 shows that X is unique up to equivalence of actions. The proof of
Theorem 2.6 was designed so that we could abstractly characterise X in terms of
G and could thus obtain all proper inverse semigroups in terms of groups.

Theorem 2.7, Let G be a group and let {Gi: i€ I} be a set of subgroups of
G. Foreach i € 1, let E; be a set of elements k;, of G such that the cosets
Gk, are distinct. Further, for each i, j € I, let Bi’. be a subset of E’. such
that the following hold

(1) 1€ B, foreach i € I

) if kiugjk,.u € G, forsome k, € Bii’ Ic].v € Bii and g € G’. then i=j
and Ie].v =1;

() if k;, € B, k,,€B, and g, € G, then k_ gk, =k, (G,) for some
k €B, ;
nu n

4) if k,.v € Bii' kiu € E; then ky‘vkiu = k’.w (Gi) for some k’.w € E’..
Then the set X = J{{i} x G/G: i € I} is partially ordered by

(i 62>, Gjy) =y=k x (G’.) for some k, € B.

Further the set Y = {(;, Gk, ): k, € E, i€ I} is an ideal of X. Suppose that

(5) Y is a semilattice under < and let G act on X by (i, G;x) = (i, Gxg™ Y,
Then P(G, X, Y) is a proper inverse semigroup.

Conversely, if S is a proper inverse semigroup then S % P(G, X YY), con-
structed as dbove, for some group G, set of subgroups {Gi: i € I} and sets of
elements E, Bii such that (1), <+, (5) bold.

Proper ordered inverse semigroups were considered, and their structure was
obtained, by Sait5 [18]. Proper inverse semigroups have also been characterised
by D. G. Green [2] in terms of the coordinatisation described in Proposition 1.1.
Residuated inverse semigroups were considered by T. J. Blyth [1]; in this paper,
he showed that a residuated inverse semigroup had an identity and that each
o-class had a maximum member. Semigroups with the latter property were called
F-inverse semigroups by McFadden and O'Carroll [9] and a structure theorem for
these semigroups, which are easily seen to be proper, is given there.

Since F-inverse, and, a fortiori, residuated inverse semigroups, are proper,
they can be described in terms of the theory in this paper.
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Theorem 2.8. Let X be a semilattice and let Y be a principal ideal of X
with greatest element E. Let G be a group which acts on X by order automor-
phisms. Then P(G, X, Y) is an F-inverse semigroup.

Conversely, if S is an F-inverse semigroup, then S~ P(G, X, ¥) for some
G X, Y as above.

Proof. It follows from [8, Corollary 2.8] that P(G, X, ¥) is F-inverse if
and only if gE A E exists for all g € G. Hence P(G, X, Y) is F-inverse if X
is a semilattice,

Conversely, if S is F-invetse, it is proper and so, by Theorem 2.6, § &
P(G, X, Y) for some G, X, Y. Further S has an identity so that Y has a maxi-
mum element E and we may suppose that X = G.Y and Y N g.Y £.0 for each
g € G. Since P(G, X, Y) is F-inverse, [8, Corollary 2.8] shows that gE A E
exists for each g € G. We shall use this to show that X is a semilattice.

First, let C € X. Then there exists g € G such that g.C € Y, and so, since
Y is a semilattice, g.C A(E A g.E) exists. But g.C < E so that g.C A
(E A g.E) =g.C A g E. Hence, since G acts by order automorphisms, C A E
exists.

Now let A, B € X, Then there exists b € G such that 5.B € Y and, by the
immediately preceding paragraph, 4.A A E exists. Thus 5.B A (b.A A E)
exists and so, since hB< E, hB A b.A exists. But G acts by order automor-
phisms so the existence of 5B A b.A implies that of B A A. Hence X is a
semilattice.

Theorem 2.6 shows that every proper inverse semigroup can be described in
terms of a group G and a partially ordered set X which is nearly a semilattice;
every principal ideal of X is a subsemilattice of X. Theorem 2.8 shows, that,
in general X cannot be a semilattice.

3. Idempotent separating congruences and arbitrary inverse semigroups. As
a consequence of Theorem 2.6 and [6, Corollary 2.5, every inverse semigroup is
an idempotent separating homomorphic image of some P(G, X, Y). In this section
we determine the idempotent separating congruences on P(G, X, Y). Using these,
we can give a structure theorem for arbitrary inverse semigroups in terms of groups
and partially ordered sets.

A set U={N,: e € E}, of subgroups of an inverse semigroup S with semi-
lattice of idempotents E, is called a group kernel normal system if the following
hold

(i) e € N, for each e € E;
(ii) a"‘lNea CN _, foreach a€ S, ecE;
a ea

(iii) NeN[ Q:Nel for all e, f € E.
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Let U={N_: e € E} be a group kernel normal system, Then Preston [13]
has shown that the relation py defined by (a, b € Py = aa~l=bb"'=e say
and ab~' e N , is an idempotent separating congruence on S. Conversely, if p
is an idempotent separating congruence on §, then the set N = {N . e € E} of
p-classes, which contain idempotents, is a group kernel normal system and p =

There is a largest group kernel normal system. This is the set C(E) =
{C,: e € E} where C,={a€ S: aa~'=e, af=faforall f2={ € S}; its union
is the*centraliser C(E) of the idempotents of S. The corresponding largest idem-
potent separating congruence is

p=1{(a, b)) € Sx S: a~lea=b"leb forall e2=e € S}

-

(Howie [3)); p is the largest congruence contained in X,

Suppose that P(G, X, Y) is a P-semigroup and, for each A € Y, let C, =
{g € G: gB=B for all B< A}, Then C, is easily seen to be a subgroup of the
stabilizer of A under the action of G.

Proposition 3.1, Let P(G, X, Y) be a P-semigroup and let (A, g), (B, b) €
P. Then (A, @ p(B, b) = A=B and gh~' € C,.

Proof. For Ce Y, (4, g0~ XC, 1(A, g =(g~ (4 A O), 1). Hence, since
rCcK,
(A, @puB, b)) =A=Band g HAANQ=b"YAANO forall Ce Y
= A=Band g"'C=b"!Cforall C<A
—=A=Band gh e Cye
Group kernel normal systems can similarly be described in terms of G and Y.

Proposition 3.2. Let P(G, X, Y) be a P-semigroupand, for each A € Y, let
N, be'a subgroup of C, such that

(1) if (C, g) € P where C< A, then g~ !N, g C N

(2) NyNg CENypp:
Then N ={{A} x Ny: A €Y is a group kernel normal system and each such bas
this form.

-1}

Proof. This is straightforward.
As a consequence of Theorem 2.6 and [6, Corollary 2.6}, we now have the
following structure theorem for arbitrary inverse semigroups.

Theorem 3.3. Let X be a partially ordered set with Y an ideal and subsemi-
lattice of X and let G be a group which acts on A by order automorphisms. For
each A€ Y, let N, be a subgroup of C, =g € G: gC=C forall C< A} such
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that

(1) foreach g € G, C< A such that g lcedy, g lNAgg N _

(2) for A, BeY, NyNg CN,yppe :
Let G, =-H,/N, where H, ={g € G: gA = A} is the stablizer of A under G.
Then the set KG, X, Y; N) of all pairs (A, g) € Yx G such that g~'Ae¥Y is
an inverse semigroup under the multiplication (A, g)(B, b) = (A A gB, gh) where
we identify (A, g) with (B, b) if and only if A=B and gh~' € N,. It bas semi-
lattice of idempotents isomorphic to Y and maximal subgroups isomorphic to
Gy Al

Conversely, if S is an inverse semigroup with semilattice of idempotents
isomorphic to Y and maximal subgroups Gy A€ Y then Sx (G, X, Y; N) for
some G, X and 1, satisfying (1) and (2), as above with G, ™ H /N, for each
Aed.

lc;

Proof. The first part is immediate from Proposition 3.2. Conversely, it fol-
lows from Theorem 2.6 and [6, Corollary 2.6], that there is a P-semigroup
P(G, X, Y) and an idempotent separating homomorphism ¥ of P(G, XL Y) onto
S. If JU is the group kernel normal system of this congruence then § %
IG, X, Y; N). Further, it is easy to see that the maximal subgroup of
IG, X, Y; J) which contains (4, 1) is isomorphic to H,4/N 4.

4, Fundamental inverse semigroups. An inverse semigroup § is called
fundamental if g is the identity congruence on S. Munn [12] -has shown that S/p
is fundamental for every inverse semigroup S. Thus we can use Proposition 3.1
to obtain a structure theorem for fundamental inverse semigroups analogous to
Theorem 3.3.

Theorem 4.1. Let X be a partially ordered set with Y an ideal and subsemi-
lattice of X and let G be a group which acts on X by order automorphisms. - Then
the set F(G, X, Y) of all pairs (A, g € Yx G, such that g"'A € Y, is an in-
verse semigroup under the multiplication (A, g)(B, b) =(A A gB, gh) where we
identify (A, g) and (B, b). if and only if A= B and gC=-bhC for all C< A.
Further F(G, X, Y) is a fundamental inverse semigroup with semilattice of idem-
potents isomorpbic to Y,

Conversely, if S is a fundamental inverse semigroup with semilattice of idem-
potents isomorphic to Y, then S F(G, X, Y) for some G, X.

Proof. The direct part is immediate from Proposition 3.1 and the fact that
S/p is fundamental for each inverse semigroup S.

Conversely, let S be fundamental inverse semigroup. Then there is a P-
semigroup P(G, X, Y) and an idempotent separating homomorphism ¢ of
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P(G, X, Y) onto S. Since S is fundamental ¥ © ¢~ ! is a maximal idempotent
separating congruence on P(G, X, Y); thus ¢y oy~! =y and, by Proposition 3.1,
S~ F(G, X, ¥). Finally, since ¢ is idempotent separating, Y is isomorphic to
the semilattice of idempotents of S.

As was the case in Theorem 3.3, the P-semigroup P(G, X, ¥) is not uniquely
determined by the fundamental inverse semigroup F(G, X, Y) to which it gives
rise, Indeed, one can always assume that the group G is a subgroup of the group
of automorphisms of X. For each g € G, let g € Aut X be defined by xZ = g'l.x
for each x € X and let G =1z g € G} act on X by g.x= xg~ 1. Then the map
(A, g) — (A, @ is easily seen to be an idempotent separating homomorphism of
P(G, X, Y) onto P(G, X, Y) and so FG, X, Y ~ AG, X, Y.

Let S be an inverse semigroup with semilattice of idempotents E and, for
each a € S, define a partial one-to-one transformation p, of E by ep, = a~ lea
for each e < aa~!. Then Munn [12] showed that fi: @ > p  is a homomorphism
of § onto a full subsemigroup of the inverse semigroup Tg of isomorphisms be-
tween principal ideals of E. Further i o~ ! is the maximum idempotent separa-
ting congruence on S.

The representation i can be nicely exhibited for P-semigroups. If P =
P(G, X, Y) and a= (A, g) then p o is the partial one-to-one transformation of Y
defined by By, =g~ 1B for all B< A.

The theory in this paper gives rise to an interesting result on semilattices
which it seems appropriate to include here.

Theorem 4.2, Let E be a semilattice. Then E can be embedded as an ideal
in a partially ordered set X with the following property: Every isomorphism be-
tween principal ideals of X can be extended to an automorphism of X.

Proof. By Theorem 2.6 and [6, Corollary 2.5), there is a P-semigroup P =
P(G, X, E), with X = G.E, such that the mapping fi: P — T, defined by
(A, g)Fi'= g restricted to {B € Y: B < A}, is an idempotent separating homomot-
phism of P onto Tg, where Bg'= g~ 1B foreach B e L.

Suppose B is an isomorphism of {z € X: z< x} onto {z € Az z< yb Since
X = G.E, there exist g b € G suchthat e=gx € E, f=bhy € E. The map Q@
defined by ua = 43~ !B} for each u < e is then an isomorphism of {v € E: v< e}
onto {v € E: v< [} and so belongs to T. Hence a = (e, k)i for some k € G.
But this means za =-uk for each u< e and so v = vgah~! = vgkh~! for each
v= u§'1 < x. Hence -g'ils’l is an automorphism of X which extends B.

5. An application. In this section, we give an example to show that most of
the structure theorems, which have been obtained for inverse semigroups, can be
deduced from Theorem 3.3. The example chosen is that of an w -bisimple semi-
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group [14]. The structure theorems for arbitrary bisimple inverse semigroups [5],
for w-simple inverse semigroups [4], [11] and I-simple inverse semigroups [19] .
can be obtained in a similar way.

An inverse semigroup § is o -bisimple if it is bisimple and its idempotents
form a chain isomorphic to the nonpositive integers Z~ under the usual ordering.
Thus, by Theorem 3.3, if S is an  -bisimple semigroup then S % KG, X, Z=; N)
for some partially ordered set X containing Z~ as an ideal, some group G acting
transitively on X by order automorphisms and some family T of subgroups of G
which satisfy (1) and (2) of Theotem 3.3; G acts transitively because § is bi-
simple.

Because G acts transitively, there exists g € G such that g~ 1.0=-1; then
a=(0, g € P=P(G, X, Z7). The following lemma contains some elementary
properties of g which will be useful in the sequel.

Lemma 5.1. Let m>0. (i) If =n<0 then g=™. = n=~(m+ n). (ii) If
-n<-m then g". —n=-n+m (iii) If -n <0 and h.0=0 then h. ~ n=~n.

Proof. (i) Since g"l acts by order automorphisms it induces an order iso-

l, —x==(x+1) for any

morphism of Z~ onto {x € Z~: x<-1} Hence g~
x € 2™ and so, by induction, g~™. —n=~(m+ n).
(ii) If ~n=—-{(m + 7) then, by (i), -n=—~(m+.7) = g”™. —-r and so
gl —n=-r==n+m
(iii) If 5.0 = O then b induces an order isomorphism of Z~ onto Z~.

Hence, since the identity is the only such, b -:n=-2 forall -n<0.

Corollary 5.2. Forany ne Z*,

a"=(0,g", a"=(-ng"), a"d"=(-n1)
and, for b=(0, b) where b € H=1{bh € G: h.0=0}, a~™ha" = (-m, g"™hg")s

It follows from Corollary 5.2 that the elements a”, n € Z* are representa-
tives of the H-classes of P contained in the R-class of (0, 1). Hence, as at the
beginning of §2, each element of P can be uniquely expressed in the form
a~™ha". The idea is use this coordinatisation to obtain the usual structure the-
orem for S [14].

Let U be the group of units of S. Then, since S& KG, X, Z~; N, there is
a homomorphism ¢ of H onto U with kernel N,

Lemma 5.3, N__=g""Nyg" for any m<0.

Proof. By Proposition 3.2(1),
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-m m
8 Nog §=M‘-m,o='N-m

since (0, g™) € P. Similarly, since (-m, g"™) € P,

g"N_,g " C N =N,

gM.=m
Hence N__ =g "N ¢".

Because each element of P is uniquely of the form a~™ha", Corollary 5.2
shows that we can define a map ¥ of P onto Z* x Ux Z* by (-m, g~™bg"y =.
(mo b¢, n)' Then

(-m, g—mbgn)¢ =‘("Po g-pkgq)!/l s m=p, n=q, bp = ke

e m=p n=gq bk~ € Ny
Thus, by Lemma 5.3,

(~m, g~ ™bg™ W =(-p, g PkgNY > m=p, n=-q and g~ "hg"(g"Pkg? ! € N_,;

that is, if and only if they are equal in KG, X, Y; N).

In order to obtain a structure theorem for S = NG, X, ‘y; J) we need thus
only define a multiplication on Z'x Ux Z* in such a way that ¢ becomes a
homomorphism.

Let B be defined by 5B =-ghg™! for each b € H. Then it is easy to see
that B is a one-to-one homomorphism of H into itself. Further, since (-1, g~ he
P, N)B=gNyg~ ! Q:gN_lg"l =-Ng; Ny C.N_, by Proposition 3.2. It follows
that the diagram

u-L.y

"
u u

can be uniquely completed to a commutative diagram by an endomocphism a of U.
Now

(~m, g™™hg"N=p, g~Pkg") = (-m A g™™hg" ~p, %)
=(g™™hg™g b~ g™ —m A -p), 2) = (g"™bg"(=n A\ -p), %)
by Lemma 5.1,
=(nA-p)+n-m ) =(-(p Vn-n+m), %)
where x =g"™hg"g"Pkg? p V n denotes the maximum of p and n. But
x=g "hg"g Phg?
=_g-(tan-n +m)ngn-nbg-(an-n)ngn kg™ (an-t)ngn-p +q

=Ag—(an-n +m)b,3an ~npgnVe=pnVo-p+q
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Hence
[(-m, g=™bg™)(-p, g~ PkgD]Y
=6V n-n+m[pBVT=R8VP=Plg 0V p-p+ g

=(pVn-n+ m)bapv"‘"qua"Vp"’, aVp-p+ 9

since B¢ = ¢a. It follows that Y becomes an isomorphism if we define multipli-
cationon Z* x Ux Z* by

(m, u, n)(p, v, d=(pVn-n+m, uabVr-nyqnVo-p .y p-b+9q.

This is precisely the multiplication in Reilly’s structure theorem for §; the semi-
group Z+ x Ux Z* with this multiplication is denoted by B(U, a).

Theorem 5.4 [14]. Every w-bisimple semigroup is isomorphic to some
B(U, a).

The converse of Theorem 5.4 is also true [14].
The other structure theorems for inverse semigroups can be obtained in a
similar way by coordinatising P(G, A Y) as in $2 in the form 'i.ulbi'iu and con-

sidering the map ¥ P — Ex\JIU;: i € I x E where S= KG, X, Y;J) and
U Hi/Nfi is the maximal subgroup of § containing the image of (f;, 1).

6. Homomorphisms of P-semigroups. Let 3(,. be a partially ordered set with
Y ; an ideal and subsemilattice of ?(1'. and let G, be a group which acts on X,. by
order automorphisms, i=-1, 2, such that P.1 and P.2 of $1 hold. By a morphism
of the action of G, on X, to the action of G, on X, we mean a pair (6, ¢)
where

(1) 6 is an isotone mapping of ?(l into sz such that ?;‘10 cY, and
(AABY=A0 ABO forall A, BeY;

(2) ¢ is a homomorphism of G, into G,;

(3) the diagram

81
L—— 9

1
01 16
L,

commutes for each g € G; that is (g.A)0 = gp. A0 forall g€ G, A€ 11.

If (0, @) is such a morphism, it is easy to see that the mapping ¥: P, — P,
defined by (4, @)y = (A0, g¢) is a homomorphism. On the other hand, the proof of
Theorem 1.3 shows that, if ¥: P1 — P, is a homomorphism, there is a (unique)
morphism (6, ¢) of the action of G, on X | to the action of G, on 5(2 such that
(4, @y =(A0, go) forall A€ 5(1, g € G,. Hence we have
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Theorem 6.1. Let %i be a partially ordered set with ‘yi an ideal and sub-
semilattice of 5(1. and let G be a group which acts on :T’Xl. by order automorphisms
such that P.1 and P.2 of §1 hold, i =1, 2. Then there is a one-to-one corre-
spondence between the set of homomorphisms from P(Gl, fxl’ (91) to
P(G,, f’)(z, c.',-iz) and the set of morphisms of the action of G, on f’(l to the action
of G, on "Yz

By Theorem 2.6, every proper inverse semigroup is a P-semigroup. Thus
Theorem 6.1 describes the homomorphisms between proper inverse semigroups.
We can also use Theorem 6.1 to characterise those congruences on P-semigroups
whose quotients are proper inverse semigroups.

Proposition 6.2, Let X be a partially ordered set with Y an ideal and sub-
semilattice of X. Let G be a group which acts on X by order automorphisms and
suppose that

(p.1) GY=1,

(P.2) &Y NnY4£a foreach g € G.

Suppose further that p, w are equivalences on X and G such that m is a con-
gruence and

(4, B) € p, (g, b) € m = (g4, bB) € p,
A, B, Ce¥Y (A Bep=(ANCBAOED

Then 1 defined by (4, g) 7(B, b) = (A, B) € p, (g, h) € w is a congruence on
P=P(G, X, Y) such that P/t is proper. Conversely, every such has this form.

Proof. Given p, m, it is straightforward to show that 7 is a congruence and
that P/7 is proper.

Conversely, if 7 is such a congruence then, by Theorem 2.6 we may suppose
P/r= P(H, U, O), Hence, by Theorem 6.1, there is a morphism (6, ¢) of the
action of G on X to the action of H on U such that (4, 2 = (A6, gd). Let
p=000"1 n=gpop” 1 Then clearly

(A, @ r(B,h) = (A B) ep, (g h) em

Further 7 is a congruence and, by (1) of the defin_ition of morphism 4, B, C € ‘y,
(4, B) € p implies (A A C, B A C) € p; by (3) of the definition of morphism,
(A, B) € p, (g, b) € m =(gA, bB) € p.

An equivalence relation 7 on the set E of idempotents of an inverse semi-
group § is called a normal partition of E if 7 is the restrictionto Ex E of a
congruence on S. Reilly and Scheiblich [16] have shown that an equivalence 7
on E is a normal partition if and only if
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(e, /) € n, g € E = (eg, fp) €,

(e, )emacS =(a"lea, a~'fa) € n.

Corresponding to a normal partition 7 on E there is a smallest congruence 7"
on § whose restriction to E x E is 7; this is defined by

(a, b)) € 1;* —aa~! U] bb~1 n e for some e € E such that ea = eb.

Lemma 6.3, Let S be a proper inverse semigroup and let n be a normal
partition on the set E of idempotents of S. Let T-_--S/q* and for each s € S,
let 5° denote the image of s in T. Then

(*) (5,7) eoce=(s, D)eo
In particular T/o % S/o and T is proper.

Proof. If (s, #) € o then clearly (5; 7) € 0. On the other hand, (s, 1) € o
implies (es, ef) € 1;* for some e € E and, by the definition of 1)* this means
es(es)™! n efle) ™1 n f for some [ € E such that fes = fet. But fe is idempotent
so fes = fet implies (s, 7) € 0.

It is immediate from () that T/o & S/o. Suppose (3% 3) € 0 then (s, s) €0

2 2

and so since § is proper s“='s. Hence (3% 3) € o implies 5°=F andso T is

proper.

It follows from Lemma 6.3 that if 7 is a normal partition on the idempotents
of P=P(G, X, Y) then P/n* is proper and so, by Theorem 2.6, 1]* is of the
form described in Proposition 6.2. Thus we can obtain

Proposition 6.4 Let X be a partially ordered set with Y an ideal and sub-
semilattice of X and let G be a group which acts on X by order automorphisms.
Suppose that X=GY and gYNY Lo for any g € G. Let p be an equivalence
relation on X such that

(A, B) e p=(gA, gB) e p forall g € G;
if A,B,Ce%Y and (A, B) € p then (ANC,BA QO €p.
Then q defined by
(A, ) (B, e A, BeYand (A B)ep
is a normal partition on the idempotents of P(G, X, Y); further
(A, 9 n* (B, e (A, B ep and g=h

Conversely, if 7 is a normal partition on the idempotents of P then n and 7*
bave the form above for some equivalence p on X.
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Proof. Given p, it is a straightforward matter to verify that 7 is a normal
partition and that 7™ has the form described.

Conversely, if 7 is a normal partition, it follows from Lemma 6.3 that
P/r;* x P(G, U, O) for some U and O and so, by Proposition 6.2, there is an
equivalence p on X, which satisfies the conditions in the statement of the prop-
osition, such that

(A, 97 (B, H=(A B ep, g=h;
7 is the identity congruence on G, by Lemma 6.3. Then
(A, D n(B, 1) =(4, B) € p.

If p is an equivalence on X, as in Proposition 6.4, then P/3* is easy to
describe. It consists of all pairs (4, g) € Y x G under the multiplication
(A, &)(B, b) =(A A gB, gh) where (4, g) is identified with (B, b) if and only if
(A, B) € p, g=-b. Thus P/n* is the P-semigroup P(G, U, Y/p) for some par-
tially ordered set containing Y/p as an ideal. The conditions in Proposition 3.3
for idempotent separating congruences on P(G, X, ¥) make use only of the part
of X contained in G.Y. Hence the idempotent separating congruences on P/q*
can be described without explicitly knowing U. Thus one can construct all con-
gruences on P-semigroups. By Theorem 3.3, one can use similar arguments to
find the congruences on arbitrary inverse semigroups.
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