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SPECTRAL ORDER PRESERVING MATRICES
AND MUIRHEAD’S THEOREM

BY
KONG-MING CHONG(!1)

ABSTRACT. In this paper, a characterization is given for matrices which
preserve the Hardy-Littlewood-Pdlya spectral order relation < for n-vectors in
R™. With this characterization, a new proof is given for the classical Muirhead
theorem and some Muirhead-type inequalities are obtained. Moreover, suf-
ficient conditions are also given for matrices which preserve the Hardy-Little-
wood-Pdlya weak spectral order relation <<.

Introduction. Spectral inequalities (i.e. expressions of the form f< g or
f << g where < and << denote the Hardy-Littlewood-PSlya spectral order
relations between measurable functions [2, §1]) are of considerable importance
in various branches of analysis (see [1] through [7]) and also of great inter-
est in themselves (see [5] for example). In this paper, we make a further in-
vestigation into spectral inequalities by introducing a new concept called spec-
tral order preserving matrices. We characterize this concept and show how
this characterization can be used to give a new proof of the classical Muirhead
theorem. With this, we also obtain some Muirhead-type inequalities.

1. Preliminaries. In the sequel, we employ the following notation. If
Xx=(xy, x5,"**, Xx,) ER" is any n-tuple of real numbers, we denote by
x*=(x7,x3, "+, x¥) the n-tuple in R" whose components are those of x
arranged in decreasing order of magnitude, i.e., x§ >x3 =>-+->x} and there
exists a permutation 7 of the intergers 1,2, -, n such that xzy =x;,
1<i<n If a=(a;,a,,"**,a,)ER" and b=(b,, b,,* "+, b,) ER",
then we say that the weak spectral inequality a <<b holds whenever

k k
a.n 2 ar< Zl b}
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for 1 <k <n, and that the strong spectral inequality a<b holds if a<<b
and if, in addition, there is equality in (1.1) for k =n. Moreover, we say that
a and b are spectrally equivalent or a is a rearrangement of b (written a
~b) whenever the components of a form a permutation of those of b. Thus,
a~b if and only if a* =b* or, equivalently, both a<b and b<a hold.
As in [2] and [5], the spectral inequality a < b (respectively a << b)
is said to be strictly strong (respectively strictly weak) if a #b (tespectively
if the inequality (1.1) is strict for k = n).
For any vectors a, b € R", the strong spectral inequality

1.2) a+b<a*+bp*

is easily seen to hold, by virtue of the fact that there exists a permutation #
of the integers 1,2, -+, n such that

+bygy S By, Fh

%) ¥ b1y 2 %) ¥ Org2) n(n)

and that

L K
i;l @yt bry) S ;1 (@} +b})

for 1<k<n.
If a<c and b<c, then it follows from (1.2) that

1.3) ra+(1-rb<c

whenever 0 <r<1.

Let a, b,€ER™,i=1,2,*-, m, be m pairs of vectors such that
3, <b, 1 <i<m. If a,b€R"*"2¥*+"m ape vectors whose components
are those of a;, b;, 1 <i<m, respectively, then it is easily seen that a<b,
ie., (@, ", a,,,i) <@ b,-,,i), 1 <i<m, implies

(a ,ov,a N PRI )
11 lnl m1 mn,_

14)
<(bll’”"blnl"“’bml’“' b ).

’
mnm

Furthermore, if a=(,,***,a,) and b=(b,, "+, b,) are such that
@y, ,aq)~ by, *, by) forsome 1<k <n, then it is clear that
a~ b if and only if

/(1-5) (ak+l,...’an)~(bk+l’...’ bn)'
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2. Spectral order preserving matrices. If P is an n x n permutation
matrix, i.e., a matrix whose rows (or columns) form a rearrangement of those
of an identity matrix, it is clear that Pa ~ a for all (column) vectors a € R".
Observe that P also preserves spectral orders and spectral equivalency, i.e.,
Pa < Pb, Pa<<Pb or Pa~Pb whenever a<b,a<<b or a~b respec-
tively. It is therefore natural to extend this notion to general m x n matrices
by calling a matrix strong spectral order preserving, weak spectral order pre-
serving or spectral equivalency preserving if it preserves the corresponding no-
tions of spectral orders between vectors in R™. Note that nontrivial spectral
order preserving matrices exist, e.g., the matrix (; f) preserves all spectral
orders, i.e., <, << and ~. If confusion does not arise, we shall simply call
a strong spectral order preserving matrix spectral order preserving. It is clear
that the product of two spectral order preserving matrices is again spectral or-
der preserving.

PROPOSITION 2.1. A positive (strong) spectral order preserving matrix is
weak spectral order preserving.

PrOOF. Let 4 be a positive spectral order preserving m x m matrix.
Let a,b €R" be such that a<< b. Then, by Theorem 1.1 in [6], there
exists ¢ € R" such that ¢=>0 and a+c <b. Since 4 is positive spectral
order preserving, we have A4a < 4A(a + c¢) < Ab which implies that Ada << A4b.

The following theorem shows that there are actually only two types of
spectral order preserving matrices, rather than three.

THEOREM 2.2. An  m x n matrix is (strong) spectral order preserving
if and only if it preserves spectral equivalency.

ProOOF. Clearly, the condition is necessary. To prove that it is also suf-
ficient, let A be any m x n matrix which is spectral equivalency preserving,
ie., Aa~ Ab whenever a~b where a,b ER". Let ¢,d €ER" be such
that ¢ <d. We may assume c % d, otherwise, there is nothing to prove.
Then, by Lemma 2 on p. 47 in [8], ¢ can be derived from d by a finite
number of transformations of the form rI + (1 —r)P, where 0<r<1, I
is the identity matrix and P is a permutation matrix. Hence we need only
prove that Ac < Ad whenever ¢ = (I + (1 —r)P)d for some 0<r<1
and for some permutation matrix P. But

Ac=rdd + (1 - rAPd < Ad
by (1.3), since Pd ~d implies APd ~ Ad.

Alternatively, by Rado’s theorem [9, Theorem la, p. 321], there exist
d;€ER",i=1,2,-+,n suchthat 0<r;<1,d;,~d,i =1,2,*-*,n and
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Zi.rn=1and c=ZL,rd; Thus
Ac= f:l rAd, <Ad
=
by (1.3),since Ad; ~Ad,i=1,2,**,n.

There is a general method by which we can generate all (strong) spectral
order preserving matrices. Before coming to it, we give the following defini-
tion made specially for this purpose.

DEFINITION 2.3. Let C= =00 0000 Xp): i=1,2,4+, m} be
any finite collection of not necessarily distinct vectors in R™. Then a full
permutation matrix generated by C is a matrix whose rows are all the dis-
tinct rearrangements of x, x € C, i.e., whose rows consist of all the different
permutations of (x;y, X;5,°**, X;,), i =1,2,++, m, and possibly with each
distinct rearrangement of x repeating itself as many times as x appearing
in- C.

LEMMA 24. An m x n matrix A is spectral order preserving if, given
any n x n permutation matrix P, there existsan m x m permutation matrix
Q such that QA = AP, i.e. if any rearrangement of the columns is equivalent
to some corresponding rearrangement of the rows.

PROOF. Let a~b, where a,bER", then a=Pb for some n x n
permutation matrix. Since there exists an m x m permutation matrix Q
such that QA4 = AP, we have Aa = APb = Q4b ~ Ab.

LEMMA 2.5. A full permutation matrix is (strong) spectral order pre-
serving.

ProoF. We need only prove the lemma for the case of a full permutation
matrix generated by a single vector (in R"™), the general case then follows
easily, by virtue of (1.4).

Let A be any full permutation matrix generated by a vector x =
(g, X5, 0, X,). It is not hard to see that two distinct permutations of x
remain distinct under the same transposition, i.e. only the elements in two fixed
positions are interchanged. Regarding the transposition between any two
columns of A as a mapping from the set of rows of A4 into itself, we see
that this mapping is 1-1 and hence onto. Since any permutation is a product
of transpositions, any rearrangement of columns of A consequently establishes
a one-to-one and onto correspondence between the set of rows of 4 and it-
self. Thus a rearrangement of the columns of A corresponds to a rearrange-
ment of its rows, and so, by Lemma 2.4, A4 is spectral equivalency preserving.
Hence A is spectral order preserving, by Theorem 2.2.
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LEMMA 26. Let a=(ay, a5, ", a,),b=(by, b,,"* n) and ¢ =
(cy, €5, ", ¢,) be vectorsin R"™ such that a~b and ZL c? <ZL, a?,
then

unless a= ¢ and, in particular,

unless a=b.

ProoF. This is a direct consequence of Cauchy-Schwarz inequality [8,
Theorem 7, p. 16].

THEOREM 2.7. A matrix is (strong) spectral order preserving if and only
if it is a full permutation matrix.

ProoF. We need only prove the necessity of the condition since its suf-
ficiency has been established in Lemma 2.5.

Let A be a spectral order preserving matrix. Suppose by contradiction
that 4 is not a full permutation matrix. Let a=(a,,**, a,) be a row
vector of A whose components have the largest sum of squares ie. L a?
is greatest. Let C be the collection of row vectors of A. Since 4 isnota
full permutation matrix, C does not contain all rearrangements of its elements.
In view of (1.5), Theorem 2.2 and Lemma 2.5, there is no loss in generality in
assuming that C does not contain a rearrangement b of a, i.e., b€ C but
b~a and b+#a. Let “superscript #” denote transpose (of a matrix); it then
follows from Lemma 2.6 that Aa’ contains a component (viz., ZL 1@?) which
is strictly greater than any of the components of Abf, and so Aa’ # Ab?,
showing that A4 is not spectral order preserving, by Theorem 2.2, since a’ ~ b’.

CoROLLARY 28. If a and b are (column) vectors in R", then a<b
if and only if Aa < Ab for all full permutation matrices A.

ProoF. The condition is clearly sufficient, for the identity matrix is a
full permutation matrix.

That the condition is necessary follows immediately from Theorem 2.7.

The following theorem is very useful in enabling us to discuss the case of
equalities in inequalities arising in connection with spectral order preserving
matrices.

THEOREM 29. Let A be any m x n spectral order preserving matrix.
If a,b ER" are such that a<b, then Aa ~ Ab if and only if either a~b
or all entries in each row of A are equal.
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ProoF. Clearly, the condition is sufficient, by Theorem 2.2. To prove
that the condition is necessary, we first consider the case that 4a = Ab. Since
A is spectral order preserving, 4 is a full permutation matrix generated by
some collection C of vectors in R™, by Theorem 2.7. If not all row vectors
in A are constant, then there is a vector x = (x;, x,,***, x,) € C with
x; =#xj, for some i, j such that 1 <i<j<n. Since 4a=A4b, we have
xa e txa e txgteectxa,=xby) o+ xbyp+c 0 +
+x;b; + -+ +x,b, which also holds if we interchange x; and x;. Thus,
it follows that

6= %)@, = b) = ;= B)) = 0

or a;—b;=a;—b;. Similarly, it can be proved that a, —b, =a, = b, =
‘=g, — b, =c, say, since there are rows of 4 which are permutations of
(*y,°**,x,). But a<b and so ¢ =0 which implies that a="b.
Next, suppose 4da ~ Ab. If a<b but a # b, then, by Lemma 2 on
p- 47 of [8], there exists a finite sequence ¢, i=0,1, -, n, of vectors
in R" such that a=c¢cy<c¢,;<:-<c,=b where ¢;_; =rc; +
A-r)e;, 0<r,<1, ¢;~¢;, i=1,2,-+-, n. Since

Aa=Aco< Ac1< AR =Ab

and Aa~ Ab imply Aa=Acy~ Acy ~ -+~ Ac, = Ab, we need only con-
sider the case that a=rb + (1 —r)b’ where 0<r <1 and b’ ~b. Now,
Aa=rAb + (1 —r)Ab’ and Aa~ Ab ~ Ab', so Ab~rdb + (1 —r)4b’ ~
Ab’. By Proposition (2.15) on p. 22 in [7], we conclude that Ab = Ab’. But
Aa=rAb + (1 - r)Ab’ and so Aa =Ab which, by the preceding paragraph,
implies a=b, a contradiction. Hence a ~ b.

REMARK. The first part of the proof given for Theorem 2.9 clearly in-
dicates that a spectral order preserving matrix with at least two entries unequal
is 1-1 on (column) vectors whose sums of components are equal.

In view of Theorem 2.9, it is natural to give the following definition.

DEFINITION 2.10. A spectral order preserving matrix is said to be strict
if at least two entries in one of its rows are unequal.

We can now restate Theorem 2.9 using the above definition.

THEOREM 2.11. Let A be a strict spectral order preserving m x n
matrix. If the spectral inequality a<b is strictly strong, where a, b € R",
then the spectral inequality Aa < Ab is also strictly strong.

3. Muirhead-type inequalities. We can now show how to obtain the
classical Muirhead’s theorem from Theorem 2.7.
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THEOREM 3.1 (MUIRHEAD). If a,b,x € R" are such that a<b and
x;>0,i=1,2,"**,n, then

a a b b
Zixteeex "< e "

where ! denotes summation over all the distinct permutations of x =
(xy» X5, °**, x,,). There is equality if and only if either a~b or x; =x, =
oo 0 = xn.

ProOOF. Let A be a full permutation matrix generated by the vector
log x = (log x,, log x,,***,log x,)). Then A is spectral order preserving,
by Theorem 2.7, and so Aa < Ab. Now, by Corollary 2.6 in [2], we have
e4® << eA® which clearly implies that

2 lexp(a, logx, +--- +a, logx,) <D lexp(b, logx, +---+b, logh,),

ie, Sl «o o xIn < Bix31 .. x0n,

Since exponential is a strictly convex function, it follows from [2, The-
orem 2.5] that there is equality if and only if 4a ~ Ab which is the case if
and only if eitherra~b or logx; =logx, =---=logx,, ie., X, =x, =

*+=x,, by Theorem 2.10.

REMARKS. 1. The present version of Muirhead’s theorem is clearly equiv-
alent to the one given in [8, Theorem 45, p. 45] where 2! denotes summation
over all n! permutations of x = (x,, x,,**, x,,), since each distinct permu-
tation of x repeats the same number of times.

2. Theorem 3.1 remains valid if a<<b and x2> 1, ie., x;21,1<
i <n. This can be easily verified using Proposition 2.1 and [2, Theorem 2.3].

When Theorem 2.7 is used in conjunction with Theorem 2.9 and [2, The-
orems 2.3 and 2.5], many new rearrangement inequalities can be generated.

We do not go into the details here and we content ourselves with the following
Muirhead-type inequality.

THEOREM 3.2. If a=(ay, a,, ", a,),b=(by, by, ", b,) and
X =(x,, X5, **, X,) are n-tuples in R" such that a<b and x;>0,i=
1,2,+++,n, then

b, b b
II'a +x:lx:2 . -~x:”)< INa +x %2 x"

where II! denotes multiplication over all the distinct permutations of x =
(xy, X5, °**, x,,). There is equality if and only if either a~b or x; =
x2 o= e e e = xn.

In particular,
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¢! +§/xlx2 rx <A +x )1 +x) 00 (1 +x,)
unless x; =Xy =" =X,.

ProoF. The first part follows in exactly the same way that Theorem 3.1
was proved, except that we use the strictly convex function ¢ - log(1 + e%),
t €ER, instead of the exponential function. The last part is easily obtained on
substituting (1/n, 1/n,+++, 1/n),(1,0,0,-+-,0) for a, b respectively.
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