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DECOMPOSABLE BRAIDS AS SUBGROUPS
OF BRAID GROUPS()

BY
H. LEVINSON

ABSTRACT. The group of all decomposable 3-braids is the commutator
subgroup of the group I3 of all 3-braids which leave strand positions invariant.
The group of all 2-decomposable 4-braids is the commutator subgroup of I,, and
the group of all decomposable 4-braids is explicitly characterized as a subgroup
of the second commutator subgroup of I,.

Introduction. A braid on n strands is called k-decomposable iff whenever
k arbitrary strands are removed, the remaining braid on n — k strands is de-
formable into the identity braid. The set of all k-decomposable n-braids is denoted
D,,,, and it shall be the task of this paper to determine D,, as a subgroup of
the braid group B, in the cases where n =3,k =1,and n=4,k =1, 2.
Based upon these cases, a reasonable conjecture is drawn as to the remainder of
the Dy,.

I wish to thank Professor W. Magnus who posed problems treated in this
paper and proved most of Theorem 2.

Decomposable 3-braids. We shall confine our attention to the subgroup of
the braid group consisting of those braids which leave strand positions invariant.
Denote this group by 1,,.

Notation. For any elements u,v of a group:

1

@v)=u" v uv; u’=v'u.

For any n elements u,, u,, ***, u,,

(ul’ Uy ***, un) = ( cee ((ul’ uz)’ u3)’ oo, un).
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For all normal subgroups N;, N,, **+, N, of agroup: (Ny, Np,***,N,)
shall denote the normal subgroup generated by the set of all (u,, uy, ***, u,),
where u; EN,. Let P, denote the subgroup of B, consisting of all “n-pure”
braids (i.e. those braids in which strands numbered 1 through n — 1 are un-
involved with each other and only strand n weaves its way among its lesser in-
dexed straight companions).

LEMMA 1 (ARTIN). P, is normalin I,.

Pn is free on n — 1 free generators, ¢, t,,***,t,_, defined by

= e oo 2 -1 oo e -1 -1
;= 0,014, 0pn_20p_10n-2 Oi+1%

where the o are the generators for B, given in [1]. This is obvious since
P, is the fundamental group of the space between two planes from which
n — 1 straight line segments, parallel to each other, joining the two planes have
been removed.

If x,,x,,°°°,x, are the free generators of the free group on which
B, acts, then

t(x) = (% x,.)%; (x,,, x) for i<j<n,

— =1 -
t(x) = x; x;x, = x;(x;, %),
— y—1,-1 —
t,(x,) = x; X7 X, xx, = (X, X;)x,.
LEMMA 2. Dk’n is normal in B,,.

ProOOF. The conjugates of any k-decomposable n-braid are k-decompos-
able since if any k strands were removed the remnants of a conjugating braid
and its inverse would be separated from each other by only a trivial braid, and
would therefore be in a position to annihilate each other. Q.E.D.

LEmMMA 3. D, n isa normal subgroup of P,.

PrROOF. According to Artin [1] every braid may be written as a product,
pm, where m €P, and p is a braid in the subgroup I, _, of I,, generated
by the first n — 2 of the n — 1 o;’s generating I,,. p leaves the nth strand
straight and uninvolved with any other of the first » — 1 strands. The removal
of the nth strand reduces 7 to a trivial braid on the first n — 1 strands, and
leaves p unchanged. Thusif np € Dx,m then p=1.

Since D, , isnormalin B,, it is normal in every subgroup of B, in
which it is contained, in particular in P,. Q.E.D.

LEMMA 4. Let 6;,i=1,2,°**,n -1, be the normal closure of t; in
P,. Then Dl’n is the intersection of the groups 0,
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PROOF. D, , is obviously a subset of the intersection of the ;. The
removal of the ith strand of an element of P, has the effect of mapping it
into its coset with respect to the normal closure of #;. We now note that

D, II ©,.,0,,-*+,8, ). QED.
,n - all permutations 7k In-1
(Ugro**sip_y) of (1,000, n=1)
We now consider the case where n = 3,
THEOREM 1. D, 5 = I, (the commutator subgroup of I). D, 5 is

generated by the conjugates of (t,,t,) = (olc.'t%a,‘1 , og); i.e. by conjugates of
the braid (0,05 ')3.

PrROOF. From the preceding lemmas, it follows that D, ; is generated
by 6, N6,. Obviously this is (01, 0,), i.e. the commutator subgroup of P,.
Since I, is generated [1] by 01,02, and olago“‘, and since

2 1,22 _ . 2, 2 —
0,0307 0103 = 0,030,053 = 0,0,(0,0,0,)0,

= 0,0,(0,0,0,)0, = (0,0,)*
is in the center of Bj, it follows that I3 is the normal closure of the commu-
tator of any two of the elements 03, 03, 0,0207". We choose the last two
which we had denoted ¢, and ¢, respectively. It must now be shown that

(t,,t;) is a conjugate of (0,0307!, 03).
Using the relation ¢,0,0, = 0,0,0,, from B;,

=0.0=20-10=2g. 020~ 142
(t,,t,) =0,05°07 03 °0,0507 03

= 0,05 '(05 Yo7 Y07 1) 03! (0,0,)0,07 102
= 0,03 (o7 '03 "oy oz ' (0,0, 0,07 )oy07 0}
= 0,07 ‘o7 0,070
= 05 1((0,0,05 Vo7 20,07 ' 0,)0,
= 05 ' (07 1020,)07 20,07 1 0,)0,
=03 (o7 ' 0,07 ' 0507 '0))0,
=07 'o71(0,07 1) 30,0,. Q.ED.
Decomposable 4-braids.
THEOREM 2. D, , is the product ((8,,0,),05)(0,,05),0,) =0"
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ProoF. We shall prove D, , = ((04,0,),0;)X(0,,03),0,)(©6,,05),0,).
According to P. Hall [3] each of the three factors is contained in the product
of the other two. In order to simplify notation, denote ¢,,¢,, and #; by
a, b, and c¢ respectively. We wish to find the intersection of A4, B, and C,
the respective normal closures of a4, b, and c.

The normal closure of g is freely generated by the elements a®, where «
runs through all freely reduced words in b and c. (This follows from elementary
combinatorial arguments.) We now characterize which elements of 4 are also
in B. If we map b —> 1, this has the result that a — ¢%, where s is the
exponent sum of the ¢’sin a. We denote ¢® by «, and observe that
2% ™% is indeed in both 4 and B. We wish to show that 4 N B = (4, B). For
this purpose we write o~ ! =p°1cM1p%2¢2 oo BT k, where the e; and
f; are nonzero integers with the possible exceptions of e, and f;. Set e =
Tk e and f=3K, f,, and rewrite a~! as

ol = b‘l(cflbc—fl)ez cfl+f2bc"fl_f2)e3
) |

@t Miempe oo Te-1yke S,

oo o

Now we use the identity

- =1, -1 P -1 o e -1

@

=p=ly=1 eeepy=1 .. -1 -1
S U Ugly UL UV, U U (U, U )
Putting

foee + —f oo
3) u=clac’, and vy = (cfl Te=1p701 Ti-1y 'k

we observe that (v, u~!) € (4, B) = (B, A). Therefore Q, € (4, B) if we
can show that

b

@ Qg =vely e vpluyy ecy_utl €U, B),
since
) Qi = v Q10U 7).

However, this follows by induction since
(6) Q, = vy 'uv,u~?! is obviously in (4, B) if v, = b°.

We now characterize which products of elements a%2~® are also in C.
Mapping ¢ —> 1 has the effect of mapping a%a~% — b%ab~¢a~1. We must
show that a%a—%abfa—'b=¢ € §*.

We first show that for v = c?bc™®, and u =cYac™?, that (v,u~ )=
(®, a= ") mod 6*.
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@ u=N@™ !, b¢) = b c™%Yac~ cPbéc=%cYa ¢~V (ab~ Sa~ 1 b€)
=P ¢cPac®bc®a=c®)c®(ab— a1 b°),
for 6§ =y —¢. Thus
@, u= D@, b%) = P®¢, Pa %) (s, a ).
Let ®=r,b~€=s, and c®ac™® =t Then
@ u VD@, b)) =r"t sts  lasa= r 1(r, as7 e s ).

Note that (r, as~'a~'s~!) is an element of 6*.
To show that (5, 1)(s, a~') € 6%, note that ¢ = c®ac™%. By the Witt-
Hall identities [3]

6 D6 aH=( ta )G, 1), a ).

ta~! € (4, C),s € B together imply that (s, ta~') € (B, (4, C)) C6*.
((s, H),a~ ') €0* also. Substitution into the argument in lines (1) through (6)
yields the desired result. Q.E.D.

From this, we make the reasonable conjecture that D,, isan (n — k — 1)-
fold commutator subgroup of elements which are commutators from n — k — 1
distinct subgroups in D, ,, each isomorphic to D, ,_,. The proof of this
is a problem in the commutator calculus which may, perhaps, be solved by
mimicking algebraically the geometric constructions in [2].
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