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ABSTRACT. Examples are given to show that there exist homeomorphisms
of open 3-manifolds whose sets of irregular points are wildly embedded one-
dimensional polyhedra. The main result of the paper is that a one-dimensional
polyhedral set of irregular points can fail to be locally tame on, at most, a dis-
crete subset of the set of points of order greater than one. Necessary and
sufficient conditions are given so that the set of irregular points is locally tame
at each point.

1. Introduction. Let # be a homeomorphism of a metric space (X, d)
onto itself. 4 is regular (positively regular) at x € X if, for each € > 0, there
exists § >0 such that d(x, y) <& implies d(h'(x), h'(»)) < e for each in-
teger i (i>0). Let Irr(h) denote the set of points at which A fails to be
regular. Suppose M is an open manifold which is an open mapping cylinder
neighborhood of some continuum C C M. By using the product structure of
M — C, one can define a homeomorphism # of M onto itself such that &
is positively regular on all of M and Irr(h) =C The metricon M isthe
metric induced from the metric of the one point compactification of M. In [3],
[6], Duvall and Husch investigated the converse of the situation;i.e. if M isan
open manifold, # is a homeomorphism such that & is positively regular on
M and Irr(h) is a nonempty compactum, need M be an open mapping cylinder
neighborhood of Irr(#)? If Irr(h) is compact zero dimensional, then Irr(h) is
a singleton and the answer is yes by [7]. If Irr(h) is a compact polyhedron
topologically embedded in M with codimension at least 3 and if the dimension
of M is greater than 3, Duvall and Husch showed that Irr(#) could be wildly
embedded in M. This provided strong evidence that the answer is no. However,
they were able 1. give necessary and sufficient conditions so that Irr(#) would
be tamely embedded and hence a positive answer for the dimensional range indi-
cated. In [3], they claimed that Irr(#) was tamely embedded when the
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dimension of M is three, the dimension of Irr(h) is one and a certain cross-section
hypothesis is added. In §5, we give a counterexample to their theorem. Also in
§5, we give an example to show that M need not be the open mapping cylinder
neighborhood of any embedding of Irr(k). We are able, however, to prove the
following:

THEOREM A. Let M be an open connected 3-manifold and let h be a
homeomorphism of M onto itself such that h is positively regular on all of M
and C = Irr(h) is a compact one-dimensional polyhedron topologically embed-
dedin M. If C is the 1-sphere, suppose that there exists x € M such that
C#lim sup,_, ;. {h"(x)}. Then C fails to be locally tame at a discrete subset
of the set of points of C of order # one. In particular, if C has no points of
order one, C fails to be locally tame on a finite subset.

In our example in §5, C is an arc and C fails to be locally tame at a se-
quence of points which converges to an endpoint of C.

We show that there exists r > 0 such that A”lIrr(h) is the identity and
f(x) =1lim,,,, h*"(x) exists for each x EM and f defines a retraction of
M onto Irr(h). If M, is the orbit space of h?" M - Irr(h), then f induces a
map fo: My — Irr (h).

THEOREM B. Let M, h and C be as in Theorem A andlet p bea
point of order two in C. C is locally tame at p if and only if fy Y(p) has
property AFG; i.e. there exists a neighborhood W of fo“(p) in My such
that if U is a neighborhood of fq Y(p) contained in W, then there exists a
neighborhood V of fq Y(p) contained in U such that each loop in V which
is null-homologous in U is null-homotopic in U.

Property AFG was developed in [3] and [6], and interested readers may
consult [6] for some of the consequences. However, in this paper, we only use
the definition.

2. Preliminaries. A polyhedron is a topological space which is homeomorphic
to the underlying space of a locally finite simplicial complex. A subset P of a 3-
manifold is a topologically embedded polyhedron if there exists a polyhedron Q
and a homeomorphism of Q onto P. A topologically embedded polyhedron P con-
tained in a 3-manifold M is locally tame at p € P if there exists a neighborhood U
of p in M and a homeomorphism of the closure of U onto a subpolyhedron of
M (with respect to the unique piecewise linear structure of M) such that the image
of the closure of the intersection of U and P is a subpolyhedron of M. P is

locally tame if P islocally tame at each of its points.
A 3-manifold M is irreducible if each locally tame 2-sphere in M is the bound-

ary of a3-cellin M. A locally tame connected 2-manifold S contained in M is
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incompressible in M provided (1) if D is a locally tame 2-cell in M such that
DNS =bdry D, then bdry D bounds a 2-cell in §, and (2) if S is a 2-sphere,
then S does not bound a 3-cell in M. Two disjoint 2-manifolds S, S, in M
are (topologically) parallel if there exists a homeomorphism 4: §; x [0, 1] —
M such that h(S; x {0}) =S, and A(S; x {1})=S,.

We need the following two theorems of W. Haken [10], [11].

THEOREM 2.1. If M is a compact connected 3-manifold, then there exists
an integer r (called the Haken number of M) such thatif Ny, -+ ,N,,
s > r, are pairwise disjoint locally tame closed connected incompressible surfaces

in M, then at least two of the surfaces are topologically parallel in M.

THEOREM 22. Let M be a closed connected 2-manifold and let N C M
x (0, 1) be a locally tame closed connected incompressible surface. Then M x
{0} and N are topologically parallel in M x [0, 1].

3. Proof of Theorem A. Let M, h and C be as in Theorem A. All
homology groups in this section will be singular homology with Z, coefficients
unless stated otherwise.

PROPOSITION 3.1. If C is the 1-sphere, then h\C is periodic.

Proor. By Corollary 31 of [4], the existence of an element x of M
such that lim sup,_, , .. {#"(x)} # C implies that lim sup,_, ;. {h"(¥)} #C
forall y €M. Since h(C)=C and hIC is positively regular, by Theorem 10
of [15], hIC is regular on all of C. By [18], hlIC is topologically equivalent
to either a rotation or the composition of rotation and a reflection and hence
must be periodic.

PROPOSITION 32. If C is not the 1-sphere, then hIC is periodic.

ProoF. Let C, be the set of pointsin C which do not have order two
(in the usual graph theoretic sense). Since C, is finite, there exists r > 0 such
that h"IC, is the identity and if E is a component of C — Cy, h'(E) = E.
Let F be the fixed point set of A”";note that F isclosed. If F#C,let C,
be a component of C — F. There exists a continuous map ¢: [0, 1] — C
such that ¢1(0, 1) is a homeomorphism whose image is C,. Let x € C; and
suppose ¢~ 'A"(x) < ¢~ !(x). Hence there exists ¢ € [0, 1] such that

lim ¢~ 'A™(x)=c.
n—>+oo

Since h'¢(c) = ¢(c), ¢ = 0. Note, for each y €C,, lim,_,, ¢~ 'h™(y) =0,and
hence k" is not positively regular at_¢(1).

If AIC is the identity, by replacing %" by h we may assume, without
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loss of generality, that hIC is theidentity and if U is an open orientable subset
of M such that A(U) = U, then hlU is orientation-preserving.

ProrosITION 3.3. For each x €M, f(x)=lim,_, . h"(x) exists and
defines a retraction of M onto C. If U is an open subset of C, then the in-
clusion of U into f~'U isa homotopy equivalence. The natural projection
p of M — C onto the orbit space M of hIM - C is a covering map and M,
is a closed 3-manifold. f induces a map fo: My — C such that fop =fly_c.

Proor. This is the content of Corollary 2.4 and Proposition 2.5 of [6]
provided we know that & is not regular at oo; i.e. the induced homeomorphism
h,, of the one-point compactification of M, M U {o}, is not regular at oo,
However, if h, is regular at oo, then h_ is positively regular on M U {oo}.
By Theorem 10 of [15], k. is regular on all of M U {o}, a contradiction.

ProrosiTION 34. If U is a proper open subset of C, then [y U is
irreducible.

ProoF. It suffices to show that f~!(U) — U is irreducible. Let = C
f~YU) - U be alocally tame 2-sphere; by Corollary 2.2 of [6],if V isa
neighborhood of C, then there exists n such that A"(Z)C V — C. By [24],
there exists a neighborhood ¥V of C in M that is irreducible. It follows that
Z bounds a 3cellin f~1(U) - U.

If U is an open subset of C which is homeomorphic to an open interval,
we shall call U an open arc.

PROPOSITION 35. If U isan open arc in C, then f3 U has two ends. If
p €U, then f5'(p) isa continuum in f5 U which separates the two ends of
fo lUsie, foX(U - p) has two components, each of whose closures (in IPt’p)]
has one end.

ProoOF. If V is a connected neighborhood of p in U, it follows from
Proposition 3.3 that cl(f; V) is a continuum. Since p can be expressed as
the intersection of connected neighborhoods {V;}{2,, V; D V;,, forall i,
fo Y(p)= ﬂ;;l d(fyt V;) is a continuum. Note also, that fo is proper (ie.,
if 4 CC is compact, fg'A is compact).

Since U has two ends, it follows from [19] that f5 U has two ends.
Since p separates U into two components it follows from Proposition 3.3 that
T3 }(p) separates f3'U into two components. We again apply [19] to prove
that f5'(p) separates the ends of f; 1U.

If G is an Abelian group with a group of operators K generated by k,
define

Gy =G/ig-k@®)lgE€G, GK={geGlk@) =g}
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PROPOSITION 36. If pEUC V such that U and V are open arcs in
C, then the homomorphism' H,(fg 'U) — H,(f5'V) induced by inclusion is
an isomorphism and these groups are isomorphic to the direct sum of two copies
of Z,.

ProoF. If G is one of the groups Hy(f~'(V) - V), H,(f~'(V) - V),
Hy(f~'(U)-U) or Hy(f~'(U)—U) and Z is the integers, define
an operation of Z on G by n(g) = hy(g) where g€ G and h, is the
homomorphism induced by » on G. From Serre [26], we get the following
commutative diagram in which the rows are exact and the vertical maps are in-
duced by inclusion.

0—H,(f~'(U) - U), = H,(f'U) = Hy(f'(U) - U)* =0

l |

0—H,(fT\W)= V), = H ([T ' V)= Hy(f'(V) -V} —0

Since f~U is contractible, H,(f ~'(U) — U) = H,(f~'U, f~*(U) - U).
By [27, pp. 340-342], H,(f~'U, f~'(U) - U) = H!(U). Since nlU =
identity and the homomorphisms induced by 4 commute with the above iso-
morphisms, H,(f ~1(U) — U), = H,(f~'(U) — U). Since hlf~'(U)-U is
orientation-preserving, Hy(f ~1(U) — U ) = o(f~1(U) — U). It follows that
H((fy'=2,02,.

Note that the two outside vertical maps of the above diagram are isomor-
phisms, hence H,(fy"'U) — H,(fy"'V) is an isomorphism.

REMARK. Proposition 3.6 is also true if homology with integral coefficients
is used.

The following proposition is well known.

ProprosITION 3.7. If U isan openarcin C and p and q are distinct
points of U, then there exists a locally tame closed connected 2-manifold N C
fo U such that N separates f3 '(p) from f5(q) in f3~U.

Let pEU where U isanopenarcin C andlet U, and U, be the
components of U~ {p}. Let q; € U; and let N{ be a surface in f§ U
which separates f5"!(g;) from f3'(p) in f'U, i=1,2. Let V, be the
compact 3-manifold in f 'U whose boundary is NJ UN2. Let H be the
Haken number of V.

An ordered (H + 1)-tuple, Z= {V,, V,,**+, Vy4,,} of compact 3-
manifolds in f3 U is admissible if

(Al) V,Cint V,_, for i=1,2,-++ H+1;
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(A2) cl(V; - V;yy) =R}UR? where R‘nR2 @, RINRE, |+ & if
andonlyif j=%, i=0,1,++- ,H;

(A3) if N{ =V, OR:_ v then N{ separates the ends of fg vji=1,2,
i=1,2,°°« H+1;

(A4) image {H,(V;) > H,(V;_,)} hasrank <2, i=1,2,-+¢ ,H+1;

(AS) image {H,(V,;UR]_, U-+-UR)—H,(V,_, UR]_, U:-UR]_))}
hasrank <2, j=1,2, i=2,3,c* H+1; k=2,°°¢,i—1.

Define bdry = = U4 v! UND).

PROPOSITION 38. There exists an admissible (H + 1)-tuple £° = {V?,
Viiet Vil

Proor. By means of a homeomorphlsm from (0, 1) onto U, we can in-
duce a linear ordering < on U. Pick points p) <p} <---<p},,, <p<
Ph ey <pj<+--<p} in U suchthat f5 '(p}),j=1,2,liesin int ¥,. By
Proposition 3.7, there exist 2-manifolds N{ (G=1,2;i=1,2,--+ ,H+ l) such
that N{ separates [ l(p{ ) from fo'(pl_)) in fo'U. Let ¥ be the
compact submanifold of fy 'U whose boundary is N UN?. Let

R{=CI(V’_VI+l)nfo_ll/]’ j=1!2’ i=o, 1,..',H-

It follows from Propositions 3.5 and 3.6 that Z° is admissible.

Suppose that there exists'a 2-cell D.C ¥, such that, for some admissible
(H+ 1)tuple T={V,, V,,*+,Vyy,},DNbdry Z=bdry DC N and
such that bdry D bounds no 2-cell in N’ Let N be a regular nelghborhood of
D such that NNN/=NNbdry T is an annulus in bdry N. If N C ¥, let
V= d(¥, - N); if Ng R!/_ ,let ¥/=V,UN. In the terminology of
McMillan [22] we can apply a simple annexation of type 2 or a simple reduction
to V; in V,_, without disturbing any V; (j#1i). We say that Z' = {V,
s Vi VisVigrs * s Vg } is obtained by simplifying =.

ProPosITION 39. If Z'is obtained by simplifying an admissible X, then
Z' is admissible.

PrROOF. Suppose that we adopt the notation used above in the definition of
“is obtained by simplifying £.” If NC ¥, let R]) = c(R! — N) and
®! ) =R[_,UN. If NCR] l,let (R’) —RfUN and ®_) =
cl(R’ - N) It is clear that E satisfies (A]) and (A2).

If (Nf )’ does not separate the ends of fo 1y, there is a piecewise linear
embedding g of (0, 1) into f; 'U (as a closed subset) which ¢ ‘goes from one
end to the other” [i.e., the closure of g((0, 1)) in the Freudenthal end point
compactification [9] of fg 1U is an arc] such that £((0, 1)) misses (N’ ).
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Since cl(Nif — (V1)) is an annulus, we can get a similar embedding of (0, 1) into
fo 1y that misses N{. Hence (A3) is verified for Z'.

We will show that property (A5) is satisfied by considering four cases; the
proof that (A4) is satisfied is similar. To simplify notation, let

R=V,,;URU---URS , [if a=H+1,omit

R in the following arguments],
S= Va UR:-—I Uees UR%’

T=V, ;UR,_,URS_j;U--- UR§_,.

Case 1. D NS = bdry D. Consider the following diagram

R
H,(R) +
n

H,(V O S) — H,(S) ® H,(V) - H(SUN) — 0

lu /
V)
H(T)

where the row is from the exact Mayer-Vietoris sequence (using reduced homology
groups). Since H,(N) = 0, the maps named in the diagram may be considered
induced by inclusion. Since 4 is onto, rank image £ < rank image # <2 and
rank image v = rank image u < 2.
Case2. DNS=D and D Nbdry §=bdry D. Consider the diagram
H\(R)

N

HWNA(S - N)) — H,N) @ H (IS - N)) -—'3—>H1(S)
u

v
H(T)

where again the row is from the exact Mayer-Vietoris sequence and the maps

are induced by inclusion. Since H,(N N cl(S — N)) =0, 4 is one-to-one.

Therefore rank image # = rank image £ < 2 and rank image u <
rank image v <2.

Case 3. DNbdry R# @ or DNbdry T# . This reduces to the cases
above.

Case 4. D N (bdry R U bdry S U bdry T) #&. There are no changes in
the required groups.
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PROPOSITION 3.10. There exists Z* = {(V{, V), <+, Vi, } which is
admissible, which is obtained from ° by a finite number of simplifying oper-
ations and such that each component of bdry T* is either a 2-sphere or is in-
compressible in V.

ProoF. This follows from Lemma A of [22]; see the proof of Theorem 2
in [22].

If AV - Vi) =®RH*URDY, we may assume that N C (R,
i=1,2.

ProposITION 3.11. (V/)*= V;* N (RI_,)* is not the union of 2-spheres.

PROOF. It is easily seen that a collection of 2-spheres in an irreducible 3-
manifold with two ends cannot separate the two ends.

ProrosiTION 3.12. If N is a compact orientable 3-manifold with non-
empty boundary and if B is the union of any subcollection of the components
of bdry N, then image {H,(B) — H,(N)} has rank at least as great as the total
genus of B.

Proor. This is the corollary to Lemma 10.2 in [23].

ProPOSITION 3.13. f° YU contains a collection of locally tame closed
surfaces of genus one whose union separates the ends of fq lu.

ProoF. Suppose not. Then foreach i=1,2,-«+ ,H+1,and j=
1, 2, there exists a component T{ of (N{ )* which has genus greater than one.
By choice of H, {T}, T3, *** , Th4,} contains two surfaces which are parallel
in Vo,say, T} and T}, i <j. Since (N},,)* separates (V)* from (V))*
if 7>i+ 1, some component,say S (if j=i+ 1,5 could be Til)’ of WL *
lies in the region W bounded by 7} and Tjl which is homeomorphic to T} x
[0, 1]. Note that we may assume that S is not a 2-sphere and hence S is in-
compressible in ¥,,. By Theorem 2.2, S and Til are parallel. We may assume
that S is chosen such that no other component of (N}, l)* , except possibly
2-spheres, lies in the region boundedin W by S and T}. If S # T}, |, replace
T}, by S

Similarly, there exists k such that T,f and T,f“ are parallel surfaces of
genus greater than one. Suppose i <k; consider 4 = Vg, URL*U---U
RL)* and B=VFURL_D*URL_D*U--- UR})"if i<k and
consider A = V., and B =V; if i=k By (A4) and (AS),
image {H,(4) — H,(B)} has rank < 2; hence,

image {Hy (T}, U T4 ) — H,(B)}
has rank < 2. Since the parallelity components bounded by T}, T}, and T?,
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TZ,, are contained in B except possibly for the interiors of a finite number of
disjoint 3-cells, image {H, (T} U T2) — H,(B)} has rank < 2; this contradicts
Proposition 3.12.

ProPosITION 3.14. If U is an open arc in C, then there exists a locally
tame closed connected surface of genus one in fy YU which separates the ends
of fo lu.

PrROOF. Suppose < is a linear ordering on U induced by means of a
homeomorphism of U onto an open interval with the usual ordering.

Let p, <p, <p3 <p, be elements of U and let N, gfo‘l(pl, p,y)
and N, Cfy Y(p3, ps) [(x,y)= {z€Ulx <z<y}] be surfaces which are
given in Proposition 3.7. Let V, be the compact submanifold of f;~ U whose
boundary is N, UN, and let H be the Haken number of V. Let p, =
40 <qy <***<gyy.y =P3 beelementsof U,let T, i=1,2,°--,

H + 1, be a collection of locally tame closed surfaces of genus one in

f5 '(434_3>q2;_,) whose union separates the ends of fy '(q,;_,, q,;_,) and
let W, i=1,2,+++,H, besurfacesin f; '(q,;_,, 4,;) given by Proposition
3.7. Note that if the union of elements in T, separates the ends of

fo '(43;_2> a3;_ ), then the union also separates the ends of f; 'U. Hence
there exists a component T; € T; which is not the boundary of a compact sub-
manifold of f5 'U. Since f3 'U is irreducible, 7; is incompressible in

fo'U and hence in V. By choice of H, {T,, T,,***, Ty, ,} contains two
surfaces which are parallel in V; say, T; and T;, i<j. Let R be the sub-
manifold of ¥V, whose boundary is T; U T; and which is homeomorphic to

T; x [0,1]. Since W; separates T, and T; in f3 'U, W, separates T,

and T; in R. It follows that T; separates the ends of f; lu.

]
From part of the proof above we get the following proposition.

ProrosiTIiON 3.15. If U isan openarcin C,if V is an open connected
subset of C which contains U and if each point of U separates V into two
components whose closures in V are noncompact and if T is a locally tame
closed connected surface of genus one in fy YU which separates the ends of
fo U, then T is incompressible in fq V.

PROPOSITION 3.16. Let Q = {p EC| either p hasorder >2 orif p
has order 2, then no neighborhood of fy '(p) is homeomorphic to S* x S x
R}. Then Q is a discrete subset of the set of points of C of order = 2.

ProOF. Suppose p € Q and the order of p is k. Let W be a neighbor-
hood of p in C such that W — {p} has ¥ components, {c, }{;l each of
which is an open arc. Let q,; q,;,, be distinct points of W, and let N, be
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a locally tame closed connected 2-manifold in f~ 1 W, such that N; separates
fo1(ay;) from f371(q:4q) in fo 'W,. Let N be the compact submanifold
of fo-'W whose boundary is U, N,.

Let ¢: (0, 1] — C be a homeomorphism such that ¢(1) =p and
#((0, 1)) C W, — fo(NV,). Let < be the induced ordering on A4 = image ¢.
Choose a sequence of points {p,};Z, in A suchthat p,<p,,, forall ;i and
lim;, , ., p; = p. By Proposition 3.14, there exists a locally tame surface T, of
genus one contained in f3 '(py;_ 1, Py;4,) Which separates the ends of
fo "(P3i—1» Pay41)- By Proposition 3.15, T; is incompressible in fy'w and
hence in N.

We claim that there exists K such that if i > K, then T, is parallel to
Ty in N. Define T, ~7T; if T;=T; or T, isparallelto T; in N;“~”is
an equivalence relation and, by Theorem 2.1, there exists only a finite number of
equivalence classes. Suppose Ty is an element of an equivalence class which has
infinitely many elements. If i > K, then there exists j>i such that T, ~ T;.
Since T; separates T, from TI in N, it follows from Theorem 2.2 that
T; ~ Tg.

Hence, if i, j> K, T; and T; are parallel in N and, by Theorem 5 of
[8], the component of f l(pl, p,) — Ty which contains Ty, , is homeo-
morphic to S! x S! x R. Therefore, (pyx 41, ) N Q@ =% and it follows that
p is an isolated point of Q.

ProrosITION 3.17. If p € C — Q is a point of order 2, then fy Y(p) has
arbitrarily small neighborhoods which are homeomorphic to S' x S' x R.

PrOOF. Let V and V, be neighborhoods of f3 '(p) in M, such
that V, is homeomorphic to S* x S! x R. By standard compactness arguments
and Proposition 3.16, there exists an open arc 4 C C — Q such that f° L(p) c
fo Iycvn V,. If A; and A, are the componentsof A — {p}, then there
exist locally tame closed connected surfaces of genus one, T, contained in 4;, i=
1,2, which separate the ends of fy '4; and, hence, are incompressible in f; 4
[Propositions 3.14 and 3.15] . Note that since f5 !(p) separates ¥, T, separ-
ates ¥, and the compact submanifold of ¥, bounded by T, U T, is homeo-
morphic to S! x S! x [0, 1] [Theorem 2.2].

PrOPOSITION 3.18. If U isan openarcin C— Q, then f3 'U is homeomor-
phicto S* x S* xR,

ProoF. Let A be a closed interval contained in Ui there exists a finite sub-
set {p,,***,p,} of A, a finite number of open subsets {V;,*++,V,} of
fo 1y and a finite number of open arcs {Wy,+++,W,}in U such that
W) S fe'w,C V;,,AC UL, W, and each V; is homeomorphic to S' x
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S' x R. Again, as in the proof of the previous proposition, U?___l V; is homeo-
morphic to S x ! x R. Hence there is a neighborhood Y of f;!4 in U
which is homeomorphic to S* x ' x [0, 1]. Since U can be expressed as the
union of closed intervals {4,;};Z, such that 4, Cint 4, , forall i, again, by
applying Propositions 3.14, 3.15, Theorem 2.2 and [8], fy 1U is homeomorphic
to S! x S! xR.

ProrosiTioN 3.19. If U isan openarcin C— Q and U, C Uisan open
arc, then the inclusion f5 'U, — f5 U is a homotopy equivalence.

ProOOF. Let T be a locally tame connected closed surface of genus one in
fo U, which separates the ends of f;"'U,. T is incompressible in both f5 U,
and f; U and it follows from Theorem 2.2 and Proposition 3.18 that T isa
deformation retract of both fy 'U, and fy 'U. The Proposition follows.

CoRrROLLARY 320. If U, and U satisfy the hypothesis of Proposition 3.19.
then the inclusion f~'(U;,) - U, —f ~1(U) - U is a homotopy equivalence.

ProrosiTION 321. If q € C is a point of order > 1, then there exists a
disk D in M which pierces C at q, DNC = {q} and D is locally tame
except possibly at q.

ProOF. Let A: [0, 1] — C be an embedding such that A(0) = ¢ and

N(0, 1)) C C - Q. By Proposition 3.18, there exists a homeomorphism ¢: St x
St x (0, 1) = f3"'A((0, 1)); we can assume that, for each positive integer 7,

#(S* x St x {1/2i}) C £ 'N((1/2i + 1), 1/(2i — 1))).

Let p: S* — 8! x ! be an embedding such that if p,: S? — S x ST x
{t} is the embedding defined by u,(x) =:(u(x), 1), t € (0, 1), then there exists
a lifting W,: S* — f~1 (image \) of ¢u,. The liftings I, can be chosen so
that the map (x, £) — [,(x) is an embedding of S* x (0, 1)in f~! (image 7).
There exists a sequence {K;};,Z, of positive integers, K; <K, ;, for all i,
such that if A, is the compact surface in p~'¢(S! x S! x {1/2i}) whose
boundary is K ,(5') U KXI+1T, ,,(51) and

B;= U KX+t (imageﬁ;),
1/Q2i+2)<t<1/2i

then

lim sup 4; = lim sup B; = N(0).
s =>4+ o

D=UZ, 4,V U=, B;Y {N0)} is the desired disk.
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PROPOSITION 3.22. If q € C — Q is a point of order 2, then there exists
a neighborhood basis {U;};—, at q such that n,(U; — C) is isomorphic to
the integers, U; O U, ,, and the inclusion map induces an isomorphism
mU; - C)— m,(U; - C) forall i>j.

ProOF. Let TC C— Q be an open arc which contains q. By Propo-
sition 3.18, f; 'T is homeomorphic to S! x S! x R and hence U, =f~!(T)
— T is homeomorphic to S' x R2. To prove the proposition, it suffices to show
that if V' is a neighborhood of g, V C U, then there exists a neighborhood U
of g, UC V,such that the inclusion induces an isomorphism =, (U - C) —

m, (U, - C).

Let W be an open arc in C such that ¢ € WC V' N C. By Proposition
3.18, there exists a homeomorphism ¢: §* x S' x R — f5 'W. Let m: S' x
R x R — S! x S! x R be a covering map which is the pullback of p: f~ (W)
-W—=fy 1. i.e. we have a commutative diagram

S!xRxR—f-1wy—w

l lp

§' x§' x R—>fg'W

There exists € >0 such that ¢(S! x S! x (—¢, €)) D f5 '(g). Note that
@(S! x R x [— ¢, €]) isa closed subset of f~!(W) — W such that
cl a‘(Sl x R x [— €, €]) is a neighborhood of f~1(g). Also note that either
W, =cl (S x [0,+ ) x [—€,€]) or W_=cl B(S! x (—0,0] x[—€e])
is a compact neighborhood of g; suppose that the former is true. For all i,
R(W,) is a neighborhood of q. Since f=1lim,, . K, there exists N such
that WN(W,)C V. Let U=h"g(S' x (0, + ) x (— €, €)) U W. The con-
clusion follows from Corollary 3.20.

PROPOSITION 323. If €T C C— Q where T isan open arc and if A
is the closure of a component of T — {q}, then the neighborhood basis {U;};Z,
at q given by Proposition 3.22 can be chosen such that the inclusion induces the
zero map m(U; — A) — m,(U; — A) forall i>].

ProOF. We shall use the notation introduced in the previous proof. It
suffices to show that if A: S! — U — A4 isaloop,then \ isinessentialin V — A.
Note that if Z is an open arc in C — Q, then h induces the identity map on
n(f~'@ - 2).

Choose a point ¢' € T — A such that if B is the open arc in T whose
boundary is {g, ¢'}, then f5 !B C ¢(S* x S* x (— ¢, €)). Similar to the con-
struction of U in Proposition 3.22, we can construct a set U’ such that U’ C
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UNf~1B, U'NC=B and the inclusion of U'-B into f~1(B)—B isa
homotopy equivalence.

Note that A is homotopicin U—A toaloop \N:S!— U~ C Since
the inclusion of U'—B into U — W is a homotopy equivalence, A" is homo-
topicin U—-A toaloop N': S' — U'. Since U’ is contractible, X is homo-
topicin U — A to the constant path.

PROPOSITION 3.24. Suppose

f1 f2 f3 fa
G GGG, G
is a sequence of homomorphisms between groups such that f,f, and f,f; are
isomorphisms; then the image of f3f, is isomorphic to G,.

ProoF OoF THEOREM A. We shall show that if p € C— Q has order 2,
then C is locally tame at p. By Proposition 3.21 and [21], it suffices to show
that there exists a closed neighborhood T of p in C such that M — T has
1-ALG at each point g € T; i.e., for each sufficiently small open set U con-
taining q there is an open set ¥ such that ¢ € ¥ C U and each loopin ¥V -
T that boundsin U — T is contractiblein U — T.

Let T, beanopenarcin C— Q that contains p and such that T =
cl Ty € C - Q and contains no points of order 1 in C. Suppose q €T, and
let {U};—, be aneighborhood basis at q given by Proposition 3.22. We may
assume that U; N CC T. Suppose U is an open set containing g such that
U C U,. Hence there exists U; such that U; C U;let V =int U;. Then there
exists Uj such that U,CV. By Propositions 3.22 and 3.24, the image of
7, (V — T) — n,(U — T) is isomorphic to the integers and the result follows from
[27, p. 389].

If g€T-T,, 1-ALG at q follows similarly from Proposition 3.23.

COROLLARY TO THEOREM A. Let M be an open 3-manifold and let h
be a homeomorphism of M onto itself such that Irr(h) is a one-dimensional
connected polyhedron which is topologically embedded as a closed subset of M,
and h is positively regular on M. If Itr(h) is the 1-sphere, suppose there exists
X €M such that Irr(h) # lim sup,,_, , .. {h"(x)}. If the one point compactifica-
tion of Irt(h) is not a polyhedron,suppose that for some r, h"|Irr(h) is the
identity. Then Irr(h) fails to be locally tame at a discrete subset of the set of
points of Irr(k) of order greater than one.

OUTLINE OF PROOF. If Irr(k) is not homeomorphic to R, it follows from
Proposition 3.2 that there exists r such that A"lIrr(h) is the identity. If
Irr () is homeomorphic to R and Allrr(k) is not periodic, it follows from
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Theorem 10 of [5], [12] and Proposition 3.2 that either Irr(h) = &, an arc or a
half-ray. Let r = period of AlIrr(h).

Let M, = {x € Mllim,, ., h"(x) exists}. Using the facts that h"lIrr(h)
is the identity and & is positively regular on all of M, one can show that M,
is a connected open subset of M which contains Irr(h). [See the comments
following Corollary 4.5 about an example where M; # M.] Note that h(M,) =
M; and Irr(W"IM;) = Irr(h).

To apply the above proof of Theorem A to this case it suffices to show
that if f: M, — Irr(h) is defined by f(x) = lim,, . A"(x) andif f, is the
induced map from the orbit space of A"IM; — Irr(k) to Irr(h), then fy I(p)
is compact for each p € Irr(h). We let F be the Fruedenthal endpoint com-
pactification of f~!(p). Note that p is not a limit point of F — f~!(p). Ex-
tend A"lf~1(p) to a homeomorphism k, of F onto itself. Note that h, is
regular except possibly on (F — f~1(p)) U {p}. Since h (F - f~'(p)) =
F - f~1(p), it follows from [12] that F — f~!(p) is a singleton. The com-
pactness of fg~ 1(p) now follows from Proposition 7 of [5].

4. Proof of Theorem B. Let M, h and C be as in the Corollary to The-
orem A. Define f, f, and Q as in the proof of the latter. Suppose that hlC
is the identity and assume that if U is an open orientable subset of M such
that A(U) = U, then AlU is orentation-preserving.

ProrosITION 4.1. If p € C is a point of order two and C is locally tame
at p, then f5'(p) has property AFG.

Proor. Let U be an open arcin C such that p € U and C is locally
tame at each point q € U. There exists a neighborhood ¥V of U in f~!U
such that the pair (¥, U) is homeomorphic to (R3, R!). Let ¢: ! —
f~Y(U) - U be aloop which is homologous to zero in f~1(U) — U; i.e. there
exists a compact connected 2-manifold T with connected boundary and a con-
tinuous map A: T—> f~!(U) — U such that Albdry T =¢. Since fNT) is
a compact subset of U, there exists n such that A"N(T)C V - U. But h"¢
isinessentialin ¥ — U and hence ¢ is inessential in f~1(U) — U. It follows
that m,(f~1(U) - U) is isomorphic to the integers Z. Since hlf~'(U)-U
is orientation-preserving, m, (fy~ 1U) is isomorphic to Z ® Z. Hence fo Yp)
has property AFG.

A similar proof gives the following.

PRroOPOSITION 42. If p €C is a point of order one and C is locally tame
at p, then fy '(p) has property AFG.

ProPOSITION 43. If f3 '(p) has property AFG for some point p € C of
order two, then p & Q.
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PrROOF. By Proposition 3.16, there exists an arc U in C such that U N
Q = {p} or &. Since fo‘l(p) has AFG, there exists a neighborhood W of
£ ') in f3'U such that if Y is any neighborhood of f3 !(p) in W then
there exists a neighborhood ¥V of fg 1(p) in Y such that each loop in V
which is homologous to zeroin Y is homotopic to zeroin Y. Find an open arc U,
in C suchthat pEU, and f5'U, CW. Let Y=f;'U, andlet V be
given from the definition of AFG. Let U, be an open arcin C such that
fo W(p) C f51U, C V. By using Propositions 3.14, 3.15, 3.18 and Theorem 2.2,
one can easily show that the inclusion induces an isomorphism =, (fy ) —
7,(f3"U,). Consider the following diagram

Jj
1, (fg Uy — 1, (V) — 1, (f51Uy)

hy hy

H, (V) — H,(f ' Uy)

where i, j and k are induced by inclusions and 4, and h, are the Hurewicz
homomorphisms. Since ji is an isomorphism, image j = m,(f, lUl). By AFG,
h, limage j is one-to-one and, hence, %, is an isomorphism. By the remark to
Proposition 3.6, m,(fy 'U,) is then isomorphic to Z®Z. m,(f5'U,) is
homeomorphic to the interior of a compact irreducible 3-manifold F (Propositions
3.4 and 3.18) whose boundary is S! x S x {0, 1}. By [28], F is homeomor-
phic to S! x S! x [0, 1] and, hence,p & Q.

Theorem B follows immediately from Propositions 4.1 and 4.3.

THEOREM 44. Let M be an open 3-manifold and let h be a homeomor-
phism of M onto itself which is positively regular on all of M. Suppose that
C = Irr(h) is a one dimensional connected manifold which is a closed subset of
M. If C is the 1-sphere, then suppose that there exists x € M such that
lim sup,,, , . {h"(x)} # C. Then a necessary and sufficient condition that C be
locally tame in M is that fy Y(p) has property AFG for each p € C where
fo is the map induced on the orbit space of h*"\M; — C (r = period of hIC).
(See the proof of the Corollary of Theorem A for the definition of M, .)

ProoF. The necessity of AFG follows from Propositions 4.1 and 4.2. It
suffices to consider the case when p is of order one. Let U be an open con-
nected subset of C which contains p and no other point of order one. By
Propositions 4.3 and 3.18, f;~ 1(U - {p}) is homeomorphic to S! x S! x R.
By an argument similar to that given in Proposition 4.3, m,(fy 1U) is isomor-
phic to Z. By [25],f5 U is homeomorphic to S x R? and, hence, f~!(U)
— U is homeomorphic to R3.

We now proceed as in the proof of Theorem A to show that C is 1-LC at
p and the result follows from [21].
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ADDENDUM TO THEOREM 44. Suppose that C is locally tame. If C is
the 1-sphere, then M is homeomorphic to S' x R* or the twisted plane bundle
over S'. If C is homeomorphic to [0, 1], [0, 1) or (0, 1), M, is homeomor-
phic to R3. In fact, if C is homeomorphic to [0, 1) or (0, 1), then the pair
(M,, C) is homeomorphic to (R3, RL) or (R3, RY), respectively. [R} =
{(x,0,0)x > 0}].

Proofr. If C is compact, then the result follows from the fact that for
each compact set D CM — C, lim sup,_,_., {h"(D)} = (Proposition 2.1 of
[6]) and from Theorem 5 of [1].

Suppose C is not compact; we shall first show that M; is homeomorphic
to R3. Let D be a compact subset of M, . Note that f(D) is a compact sub-
set of C; hence, there exists a closed arc Cy C C such that f(D) C C,. Let N
be a regular neighborhood of C, in M. By Proposition 2.1 of [6] or from
the definition of f, there exists n such that A"(D) is contained in the interior
of N. Hence D is contained in the interior of the 3-cell A~"(V) and M, is
homeomorphic to R3 by [1].

Now consider the case when C is homeomorphic to (0, 1); we leave the
proof of the other case to the reader. Let M *=M 1, U {°°} be the one-point
compactification of M, and C* = CU {}. To show that M, C) ishomeo-
morphic to (R3, R!) it suffices to show that C* islocally tame at o since
from the proof of Proposition 4.1, #,(M* — C*)=n,(M, — C)=Z [25]. We
shall again use [21]. Let U be a neighborhood of o« in M*;let Y be an
open arc in C* such that = €Y CU. Let N be a regular neighborhood of
C—Yrelbdry(C—Y) in M; [13]. As before, there exists n such that
M* _UCint i"(N). Let ¥V =M"* — h"(N); note that m,(V — C*) is iso-
morphic to Z and the inclusion of ¥ — C* into M* — C* induces an iso-
morphism of fundamental groups. It follows that C*is 1-ALG at eaE:h point of C.

COROLLARY 4.5. Let h be a homeomorphism of the 3-sphere S onto
itself such that Irr(h) is a 1-sphere. Suppose that there exists a point x €
Irr(h) such that h is positively regular on S* — {x} and, for each y €S> -
{x}, lim sup,,_, ;. {h"(¥)} # {x}. A necessary and sufficient condition that
Irr(h) be locally tame in S* is that the map induced on the orbit space of
hIS3 — Irr(h) onto Irr(h) — {x} have property AFG for each point inverse.

Duvall and Husch constructed an example in [6] of a homeomorphism A
of S such that Irr(h) is a 1-sphere, there exists x € Irr(4) such that A is
positively regular on S3 — {x} and Irr(%) is locally tame at each point except
x. This example shows the necessity of adding the hypothesis that
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lim sup,,_, , . {#"(»)} # {x} in Corollary 4.5.

5. Wild irregular sets. Let a: S! — S! x I? be a piecewise linear em-
bedding of the 1-sphere into the interior of S x I? such that « is a homo-
topy equivalence and the pair (S* x I2, o(S')) is not homeomorphic to (S! x
I%,8' x (%,%)). Let m: R! x I? — S! x I? be the universal covering map
and let h; be a generator of the corresponding covering transformation group.

Let N be a regular neighborhood of a(S!) in the interior of S x I2,
let V' =cl[(S' xI)=N], V' =271V, bdry V" =V, UV, where V, =
bdry(R! x I?),and let V* = ¥" U {0, >} be the Freudenthal end point com-
pactification of ¥”. h,IV" induces a homeomorphism A* of V* such that,
say lim,, . h*(x)=0 and lim,,_, h*(x) = forall x € V". It follows
from [12] that Irr(2*) = {0, }. Let ¢,: R? — ¥, U {0} be a homeomor-
phism (onto) such that ¢,(origin) = 0. Note that ¢;7'(*IV; U {0})¢; isa
homeomorphism of R? which is regular except at the origin. By [18], there
exists a homeomorphism y; of R? such that

u e @t 1V, U {01 ¢m(x) = x/2

for all x €R2.

Define h,: R% x [0, + ) — R? x [0, + =) by

h,(x, v, 2) = x/2,5/2,2) if 0<z<1,
=®/2,y2,z[2+ %) if z>1.

Let M be the decomposition space obtained from the disjoint union of
V" U {0} and R? x [0, + =) x {a;, a,} where ¥, U {0} is identified with
R? x {0} x {a;} and V, U {0} is identified with R? x {0} x {a,} by means
of the homeomorphisms

x— 7 (), 0,a), i=1,2.
Let p: (V" U {0}) UR? x [0, + ) x {a;, a,} — M be the natural projection.
Define h: M — M by
h(p(x)) = ph*(x) if xevV"u {0},

=p(h,(x,),a) if x=(xp, 4) € R? x [0, +)) x {a, a,}.

Note that
Irr () = p({(0, 0, £) ER? x [0, + )0 <t <1} x {a;,4a,}),

and h is positively regular on all of M. It is not difficult to see that M is
homeomorphic to R3 and Irr(h) is locally tame except at p(0). Hence we

have the following.
EXAMPLE 5.1. There exists a homeomorphism h of R3 onto itself such
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that h is positively regular on R® and Itr(h) is an arc which is locally tame
except at one point.

Suppose o is chosen such that if x € S!, then for any disk D C S! x /2
such that bdry D = {x}x bdry I2, D N a(S!) contains at least two points. Let
M be the disjoint union of (V" U {0}) x {b,, b,},R? x [0, 1], R? x [0, + =)
x {a;, a,} where R? x {0}x {a;}, (¥, U {0}) x {b,},R? x {1}, (V, U
{0}) x {b,} are identified with (¥, U {0}) x {b,}, R? x {0}, (V, U {0}) x
{b,} and R? x {0}x {a,} respectively.

Define h: M — M similar to the definition of % above [on R? x [0, 1],
use the restriction of h,]. Note that h is positively regular on M and Irr(h) =
p((0,0) x [0,1] U(0,0) x [0, 1] x {a,, a,}). However, in this construction,
Irr(h) is not cellular in M and, hence, M is not homeomorphic to R3.

EXAMPLE 5.2. There exists a 3-manifold M not homeomorphic to R3
and a homeomorphism h of M onto itself such that h is positively regular on
M and Irr(h) is an arc.

Our next example will have the property that Irr(s) is an arc which fails
to be locally tame at an infinite number of points. To aid in the construction,
we first consider a more general situation.

Let A and C be metric continua and let A: 4 x [0, 1] — C be an
onto continuous map such that A(@, 0) =A@, 1) forall a€A4. If d, isa
metric for A, define a metric d for A x R by d((g, ), (@, t')) =d, (@, a') +
lt—#1. If A xR—A xR isdefinedby T(a, t)=(a, t+1),then T
is an isometry. If V' C A x [0, 1], define [V]x =Umg T(V) - A x {K})
for each integer K.

Suppose A x R and C are disjoint;let M=CU (4 x R). Let U=
{U } be a basis for a topology on M defined by (i) U is an open subset of A4 x
R,or (i) U= VU [\"'V], where V isan open subset of C and K isan
integer. M is a locally compact metrizable space; let M, =M U {e°} be its one
point compactification and let d’ be a metric on M induced from a metric on
M.

PROPOSITION 5.3. The inclusion map i: (A x R, d) — (M, d') is uni-
formly continuous.

ProOF. Let €>0 be given. Choose a finite number of points ¢, ¢,,
+++,c, €C suchthat V=L, V;, V;=e€/2-open ball with center at ¢; in
M, covers C. There exists K; such that 4, =i(4 x [K,,+))C V. Let n
be a Lebesgue number of the cover {(4, UC) N V;} of A; U C. There exists
a finite number of open sets {U;}72, and an integer K, > K, such that CC

m . U; and the diameter of U; Ui [7\“(]1.]1{2 is less than 7. Let n' <1
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be aLebesgue number of the cover {)\“U UTA Y, Y, of A x [0,2]. Note
that n' is also a Lebesgue number of the cover { [7\"‘U % }]"i , of 4 x

[K, + 1, + ). Henceif d(x, y)<n' and x,y €A x [K +1 + o), then
di(x),i(y) <e.

There exists K3 <K, such that i(4 x (-, K;]) is contained in €/2-
neighborhood of e. Choose 7" from the uniform continuity of il4 x [K;5 —
1,K, +2]. Let & = minimum {n’, 7"}

Define : M— M by h(x)=T(x) if x€A4 xR and h(x) =x if
x € C. It is easily verified that A is a homeomorphism of M onto itself.

COROLLARY 54. Irr(h) = C.

Proor. First we show that A is regular at each x €4 x R. Let €>0
be given; choose 8, from the uniform continuity of i. Choose & such that if
d'(x, y) <&, then d(x, ) <8,. Since d(T'(x), T'(y)) = d(x, y), it follows
that d'(hi(x), K'(»)) < e for all i.

Suppose x € C; choose y €A x [0, 1] such that A(y) = x. Note that
lim;, o K(y) = x and, hence, h is not regular at x.

PROPOSITION 5.5. h is positively regular on all of M.

ProoF. It suffices to show that A is positively regular on C;let x € C
and let €>0 be given. Let VU [A~V] x be a basic open set containing
x which lies in the e-neighborhood of x. Choose & > 0 such that the §-
neighborhood of x liesin VU [A"!1V ], . Since A(VU [\"1V])C VU
[A~1v) » positive regularity of & at x is assured.

PROPOSITION 56. If f = lim,, . K’ then f~'(x) = {x} U
ULe ., T\ !(x)) for each x €C.

ProoF. If A(z) =x and € > 0, then it follows from the definition of the
topology of M that there exists an integer N such that n > N implies that
h"(z) is in the e/2-neighborhood of x; hence, f(z) lies in the e-neighborhood of
x forany € and f(z) =x.

Suppose z €M — C such that f(z) = x. There exists z; €4 x [0, 1]
such that T’(zl) =z forsome i Let € >0 be given;let U be the e-neigh-
borhood of x in M. Since f(z) = x, for some j, K, W@ ewncC)u
[AIUNC)]g. Hence z; EX"IUNC)but N 5o N UNC)=1"1(x)
and thus, Mz,) = x.

Let A(e)= {(x,y) ER?Ix? +y? <e}and let p: [0,1] — A1) x [4,1]
be a piecewise linear embedding such that u(0) = (0, 0, %), u(1) = (0,0,1) and
(A1) x [%,1],u([0, 1])) is a knotted ball pair. Let NV; be a regular neighbor-
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hood of p([0, 1])in A(1) x [%, 1] such that N, N bdry(A(1) x [%, 1]) =
A7) x (5,1}, Ny C@nt N)U AQ) x (%,1) and N j2, N, =
u([0,1]), i=1,2,+++ . Define k: R} —R3 by k(x, y, 2) = (x/2, /2, 2/2).
For i=0,1,2,¢+¢,1let

i
Ty =AQ™2" 1) x [0,27711 U U KH®,_y4q)
j=0

i
Typ1 =AQ2YH x [0,2771] U ;Léjo K 23+ 1-1)

There exists a homeomorphism (onto) u;: cl(4(2-%~1) — 4(2-2-2)) x [0, 1]
— cl(Ty; — T,y o) such that ulcl(A(272~1) - A(27%-2)) x {0, 1} is the
identity. Define \: cl(4Q2~2~1)-A(2~%-2) x [0,1] — [1/G + 2),
1/G + 1)] by
221+2(x2 +y2) +i
GC+1DGE+2)
and define A: A(1) x [0, 1] — [0, 1] by
M) =N @) if zE€C(Ty — Tyyyy), i=0,1,000,

Al(x’ y’ Z) =

=1/(i+2) if 2E€E(Tyyy — Thipp) i=0,1,000,

=1 if z& Ty,

=0 if z€ cl(U ku(lo, l])) .
j=0
It is easily verified that A is a continuous map and (e, 0) = Az, 1) for all
a € AQ1).
Let M =(A(1) x R)V [0, 1] and h: M — M be constructed as above.
Let f=1im,, . h' and consider D, =f~'((1/G +2),1/)),i=1,2,++~.
Note that if we let f=lim,, k' in Example 5.1, then

710, 0, H €R? x [0, 1)} x {a,4,)))

is homeomorphic to D; for a suitable choice of a and the two homeomor-
phisms called # are essentially the same.
Using this fact one can easily prove the following proposition.

PROPOSITION 5.7. M is homeomorphic to R* x [0, + =) and [0, 1]
(=M — (A(1) x R)) is locally tame except at {0} U {1/i};2,.

EXAMPLE 5.8. There exists a homeomorphism o of R* onto itself such
that o is positively regular on R® and Trr(h) is an arc which fails to be locally
tame at an infinite number of points.
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PrOOF. Let f: M — R? x [0, + =) be a homeomorphism and let &, =
BnB~1. Consider a, IR? x {0}; then a,(x, 0) = (aj(x), 0) for some homeo-
morphism @; of R? onto itself. Note that ) is regular except at 0 and
hence by [18], there exists a homeomorphism ¢ of R2 onto itself such that
t~1a)#(x) = x/2. Define a: R® —R3 by

a(x, y) =al(x, y) if (x: y)eR2 x [0’+°°)y
=(t(% * t_l(x))’ylz) if (x: y)€R2 x (""' o, 0]'

o is positively regular on all of R3 and fails to be regular on C = ([0, 1]).
(The metrics we use on R3 and M are induced from the metrics of their one.
point compactifications.)

Let h be the homeomorphisms of R3 onto itself given by Example 5.1.
Define k: R® — R" by

k)= lyl+ %)y if lyl>1,
=y if Iyl<1.

Define A: R® x R® — R3 x R" by A(x, y) = (h(x), k(). We have the
following.

EXAMPLE 59. There exists a homeomorphism X of R™ (m = 3) onto
itself such that \ is positively regular on all of R™.Irr(N\) is an (m — 2)<ell
which fails to be locally tame on an (m — 3)-ell.

6. Concluding remarks. Using the construction techniques in Example 5.2,
one can construct an infinite number of distinct 3-manifolds for which one can
define a homeomorphism which is positively regular everywhere and whose set of
irregular points is homeomorphic to [0, 1]. Since these manifolds are contractible
and it is known that there are uncountably many distinct contractible 3-manifolds
[20], the natural question arises whether there exist uncountably many such
manifolds for which one can define a positively regular homeomorphism whose
set of irregular points is an arc.

THEOREM 6.1. If C is a compact one-dimensional polyhedron, then there
exists at most a countably infinite collection of connected open 3-manifolds upon
each of which it is possible to define a positively regular homeomorphism (onto)
such that the set of irregular points is homeomorphic to C.

PROPOSITION 62. Let M, C and h be as in Theorem A andlet p €C
be a point of order one. If p is a limit point of the set of points at which C
fails to be locally tame, then there exists a neighborhood U of p in C such
that f~'U is homeomorphic to R3.

Proor. Let A: (0, 1] — C be an imbedding such that A(1) =p and
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each point of the image of A different from p has order two. Let < be the
induced ordering on ¥ = image of . Let {p;};=, C ¥V be such that p, <
Piyq forall i and lim., . p;=p. Let T;C f5'(p; p;4,) be the surface
given by Proposition 3.14.

Case 1. There exist an infinite number of i’s such that T; is incompressible
in the compact submanifold ¥, of fy 'y which is bounded by T,. By Theo-
rems 2.1 and 2.2, it follows that there exists N such that if i > N, then T;
and T, are topologically parallel in ¥;. From the proof of Theorem A,
(Py4+1>P) is locally tame at each point, a contradiction. Hence we must have
the following.

Case 2. There exists N such that if i >N, T, is not incompressible in
V,. There exists for each i > N, a locally tame disk D; such that D, N T; =
bdry D; and bdry D; does not bound a 2-cell in Tj.

Since a 2-sphere cannot separate the ends of fg~ 1\, 1), D;n fo‘l(p) #*
@. By Proposition 3.4, fg 1y s irreducible and, therefore, each T;,, i=2N,is
the boundary of a compact 3-manifold S; in f3"'V where S; is homeomor-
phic to S! x I2. Suppose that the sequence {p;} is chosen such that (p,,
P;+1) N Q contains at most one point and {p;} N Q =&. There is no loss of
generality in assuming that Q N (py, Py 4q) =& let U= (py, pl. f5'U is
homeomorphic to S' x R? and hence f~!(U) — U is homeomorphic to R3.

W=f"Y Py, Pn+;) is homeomorphic to R3 by the addendum to Theo-
rem 4.4. Consider f(Ty) C (Py» Py 4+1)- Since QN (py, Pys1) =2, Fo(Ty)
is a locally tame arcin W. Let W' be the decomposition space obtained from
W by shrinking f,(Ty) to a point.

Let Dy be adiskin f~'U such that p(Dy)=D,,. Note that the
image of f~! fo(Ty) in W' is a locally tame plane whose intersection with the
image of Dz'v is the image of bdry D), . It follows that there is a locally tame
2-cell E in W such that E N Dy = bdry E = bdry D),. Hence EUD}, isa
locally tame 2-sphere in f~!U that bounds a 3-cell which contains [P+ D).

If K is a compact subset of f~1U, EU D), and an integer H can be
chosen such that K lies in the interior of the 3-cell bounded by AY(E U D}v).
By [1], f~!U is homeomorphic to R3.

OUTLINE OF THE PROOF OF 6.1. Let us first consider the case when C has
no points of order one. As in the proof of Proposition 6.2, we can find a finite
number of locally tame arcs in C' such that when we shrink each of these arcs
to points, we can find locally tame planes which are invariant under the homeo-
morphism induced by 4 and such that each component of the complement of
the union of these planes contains a single element of Q [See Proposition 3.16].
Avoiding the introduction of new notations, we suppose that such planes exist
for h. Let E be the closure of one of the above components; note that
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p(E - C) is a compact 3-dimensional manifold. By [2], there exists at most a
countable number of compact 3-manifolds.
We have an exact sequence

1> mE-C)—n,@E-C)—Z— 1.

Since m,(p(E — C)) is finitely generated, there exists a countable number of
homomorphisms of 7,(p(E — C)) onto Z. Hence we have at most a countable
number of choices for m,(E — C). By covering space theory, m,(E — C) de-
termines E — C, hence there are at most a countable number of candidates for
E - C. E - C completely determines the decomposition space E/E N C ob-
tained from E by shrinking £ N C to a point. But E is obtained from

;E/E N C by attaching a finite number of 3-cells along a disk of each [here we use
the fact that C N E is locally tame except possibly at one point]. Hence there
exists at most a countable number of candidates for £ and, therefore, for M.

We leave to the reader the completion of the proof of Theorem 6.1.

In [7], Duvall and Husch showed that if A is a positively regular homeo-
morphism of an open connected n-manifold M such that Irr(%) is a nonseparat-
ing compactum, then there exists a retraction f: M — Irr(h) so that Irr() is
a strong deformation retract of M. If A =3, Irr(h) =S and there exists x €
M such that lim sup,_, , ., {#"(x)} = Irr(k), there is no induced f, from the
orbit space #IM — Irr(h) to S and hence the techniques of this paper do not
apply.

CONJECTURE. If M, h and C are as in Theorem A and there exists
X €M such that lim sup,_, . {h"(x)} =C, then C is locally tame in M.

Note that the constructions in Example 5.2 can be modified to give exam-
ples of homeomorphisms 4 such that Irr(#) can be any compact connected 2-
dimensional polyhedron which is not locally tame at a finite number of points.
In fact, by modifying Example 5.2, there is an open connected orientable 3-mani-
fold M and a positively regular homeomorphism # of M into itself such that
Irr(#) is a 2-sphere which fails to be locally tame at two points. M is not homeo-
morphic to S? x R. If T is the product of r 1-spheres, define h': M x T —
M x T by K'(x, £)=(h(x), t). h' is positively regular and Irr(%) is homeo-
morphic to §2 x T. We claim that M x T is not homeomorphic to an open
mapping cylinder neighborhood of any locally tame embedding of S? x T.
Since M x T is orientable, it suffices to show that M x T is not homeomorphic
to §? x T x R. If there existed such a homeomorphism, by Proposition 1.3 of
[4],M is proper homotopy equivalent to S2 x R. By Corollary 2.2 of [6] and
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[24], any inessential 2-sphere in M bounds a 3-cell (see also Proposition 3.4). By
[16], M is homeomorphic to S x R.

ProBLEM. Extend the results of this paper to the case when Irr(h) isa
2-manifold.
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