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SEQUENTIAL CONVERGENCE IN THE ORDER DUALS
OF CERTAIN CLASSES OF RIESZ SPACES
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P. G. DODDS

ABSTRACT. Several results of Hahn-Vitali-Saks type are given for se-
quences in the order dual of an Archimedean Riesz space with separating order
dual. The class of Riesz spaces considered contains those which are Dedekind o-
complete, or have the projection property or have an interpolation property in-
troduced by G. L. Seever. The results depend on recent work of O. Burkinshaw
and some results of uniform boundedness type.

0. Introduction. A principal aim of this paper is to place in perspective, via
the theory of Riesz spaces, a number of classical results concerning sequences of
countably additive measures, along with some of their various extensions to finite-
ly additive measures. The results referred to are the wellknown convergence the-
orem of Vitali-Hahn-Saks [14], [17] and the boundedness theorem of Nikodym
[13]). Of the more recent extensions of these theorems to finitely additive mea-
sures, we wish to mention explicitly the papers of And6 [3], Seever [15] and
Wells [16]. A partially ordered set (P, <) is said to have property 1 iff for any
sequences {X,},c0 Wmlmee in P with x, <y, forall n, m, there exists
x € P such that x, <x <y, for every n. In [15], the Vitali-Hahn-Saks and
Nikodym theorems are extended to finitely additive measures defined on a Bool-
ean algebra with property I. That property I plays an important role is further
emphasized in [16] and our debt to this paper should be acknowledged. Closely
related to these results [15] is that for sequences in the Banach dual of C(X),
the space of real-valued continuous functions on the compact Hausdorff space X,
the notions of weak and weak* convergence coincide, provided that the Riesz
space C(X) has property I. This result is due to Grothendieck [8] if X is
Stonian and Andd [3] if X is o-Stonian. It is of interest then to point out that
there are connected spaces X for which C(X) has property I. One such exam-
pleis BR* — R* where fR* is the Stone-Cech compactification of R*, the non-
negative reals [7].

The results of Seever and Wells are based, to a large extent, on the well-
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known characterization of Grothendieck [8] of relatively weakly compact sets of
Radon measures. Grothendieck’s criterion has recently been extended to the set-
ting of Riesz spaces by Fremlin [6] and Burkinshaw [4], and these results shall
provide the major tool for our investigation, which will be centered on Riesz
spaces with property I and Riesz spaces with the principal projection property such
that the Boolean algebra of principal components of each positive element has
property 1. This latter class of Riesz spaces, for brevity, will be said to have prop-
erty PI.

Throughout the paper, L will denote an Archimedean Riesz space whose
order dual L™ is separating. By L, (resp. L.) will be denoted the band of ~
normal integrals (resp. integrals).on L. I; will denote the order ideal generated
by L in L7, . Asequence {f,},c, C L will be called disjoint if
if,| Alf,,1=0 forall n, m. Here w denotes the set of natural numbers. The
principal result of the paper is the following (Theorem 4.5) and extends the Hahn-
Vitali-Saks theorem referred to above.

THEOREM. Let the Riesz space L have property 1 or property PI. Let
b, new C L™ and suppose that ¢(f) = lim,_,..4,(f) exists for each fE€ L.
Then

(@) sup,, |¢n();-)| —> 0 as j—> o for each order bounded disjoint sequence
fycL*.

(b) The linear form ¢ is order bounded, and ¢(f) = lim,,_, ..¢,(f) holds
for each fEI.

©If {$,} CL; (resp. L), then ¢ EL; (resp. L).

Theorem 4.7 extends the Nikodym boundedness theorem and states that if
L has property I or property PI, then a subset A of the order dual L™ is
pointwise bounded on L if and only if A4 is uniformly bounded on each order
interval of L. The main result of Andd [3] is extended in Theorem 4.8 and con-
tains as an immediate corollary the well-known lemma of Phillips [S]. Finally the
results of §5 extend some of the work of Moore and Reber [12].

1. Preliminary results. The fundamental result on which the paper rests is
the following extension of Grothendieck’s characterization of relatively weakly
compact sets of Radon measures.

THEOREM A. If L is an Archimedean Riesz space, the following are equiv-
alent for a subset A C L™.

@) sup {I¢(f,, = f,n):: ¢ €A} — 0 as m, n — = for each monotone or-
der bounded sequence {f,} C L.
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(ii) sup {l¢(f,, = £,,)\: ¢ EA} — 0 as m, n — o for each monotone or-
der bounded sequence {f,} CI,.

(iii) The solid hull of A is relatively o(L™, I) compact.

(iv) A is o(L™, L) bounded and sup {Ip(f,): ¢ EA} — 0 as n —> oo
for each disjoint order bounded sequence {f,} C L*.

The equivalence of (i)—(iii) is proved by Burkinshaw [4] and derives from
the work of Kaplan [9] which in turn stems from Amemiya [2]. The equiva-
lence of (i)—(iii) with (iv) is due to Fremlin [6].

A subset 4 C L™ will be called lol(L~, L) bounded if and only if
sup {lpl(e): ¢ €A} < oo for every 0 <e € L. We shall need the following re-
sult due to Fremlin [6] (see also [9]).

THEOREM B. If L is an Archimedean Riesz space the following are equiva-
lent for a subset A CL™:

@G) A is lol(L™, L) bounded.

(ii) A is o(L™, L) bounded, and for each 0 <e€ L,

sup sup{lp(f;,)l: g € 4} < o0
n
for each disjoint sequence {f,} C [0, e].

We shall adopt the notation and terminology from the theory of Riesz
spaces as presented in the papers [10] and monograph [11] of W. A. J. Luxemburg
and A. C. Zaanen, and shall not in general refer explicitly to results from these
sources.

It is a pleasure to thank O. Burkinshaw and D. H. Fremlin for making avail-
able their results prior to publication and for their comments on an earlier version
of this paper.

2. Riesz spaces with property I. In this section we wish to gather some re-
marks concerning Riesz spaces with property I which are essentially known. The
first is an analogue of Theorem 2.2 of [15].

PROPOSITION 2.1. If the Riesz space L has property 1,and 0 <¢ €L~
is strictly positive on L, then L is super Dedekind complete.

ProoOF. In view of Lemma 27.16 and Theorem 31.11 of [10] it is suffi-
cient to prove that L is Dedekind o-complete. Let 0<f, 1, <fE€L and de-
note by U the set of upper bounds of the sequence {f,},.,- Choose
8.} new C U such that g, 4, and inf,¢(g,) = inf {¢(g): g€ U}. Let 0 <
vEL satisfy f, <v<g, for n € w. It is clear that ¢(v) = inf {p(g): g € U}.
If g is any member of U, then v A g€ U so ¢() =¢@ A g). Thus
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é(—v A g) =0 and since ¢ is strictly positive on L, it follows that v=v A g
and so v = sup,f,.

PROPOSITION 2.2. (a) Let L, M be Riesz spaces, h: L — M a Riesz homo-
morphism of L onto M. If L has property 1 then M has property 1.

(b) If L is a Riesz space with property 1,.and if J CL is an ideal, then
J has property 1.

Part (a) of the proposition is proved in [15, Theorem 2.1]. Part (b) of
the proposition is a simple consequence of the definitions.

It is appropriate at this point to make an observation due to the referee and
bring to the reader’s attention the paper of Amemiya [1]. Let ® C L* satisfy
0€duveEd=>uANveEd and u €d w=>u=w€E®. Denote by J(®)
the collection of intervals {[0, u]: u € ®}. Amemiya shows that if L is a Dede-
kind complete Riesz space, then L may be endowed with a topology which has
Baire’s property with respect to translates of the members of J(®). (A topologi-
cal space (X, 7) is said to have Baire’s property with respect to a family A of
subsets of X if, whenever {F,},c., C X is a sequence of closed sets such that
U,eo,F, contains a member of A, it follows that at least one of the sets F,
already contains a member of A.) The fact that L is assumed Dedekind com-
plete is not essential and an inspection of Amemiya’s proof shows immediately
that the natural domain for his principle is that L should have property 1. As
an application of his principle, Amemiya proves the following theorems.

THEOREM 2.3. If the Riesz space L has property 1, the following are equiv-
alent for a subset A C L™.

()A is o(L™, L) bounded.

@) A4 is lol(L™, L) bounded.

THEOREM 2.4. Let the Riesz space L have property 1. Then
@ L™ is o(L™, L) sequentially complete.
() L, is o(L;, L) sequentially complete.
©) L, is oll,, L) sequentially complete.

For details, the reader is referred to the paper [1]. In §4 of the present
paper, the above results will be proved by a sliding hump technique which is ap-
plicable to a much wider class of Riesz spaces other than those with property I.

3. Riesz spaces with the principal projection property. In this section a few
minor results. will be presented which will make somewhat more transparent the
relation of the results of §4 to the classical situation.

PROPOSITION 3.1. Let the Riesz space L have the principal projection prop-



SEQUENTIAL CONVERGENCE 395

erty. If  €EL™,0<fEL and e isa principal component of f, then
lpl(e) = sup {lp(h):: 0 < |hl<e hE L}
= sup {¢(e;, —e,): ey, e, are principal components of e}.

ProOF. The equality l¢l(e) = sup {lp(h)l: 0 < |hl < e} is well known. It
is clear that if 0 <e;,e, € L satisfying e; A e, =0,¢, + e, = e, then
dle, —e,) < Ipl(e). Let € >0 be given and let h € L satisfy 0 < |hl<e. By
the Freudenthal spectral theorem [11], there exist disjoint principal components
{e;}ioy. of e and numbers {o;}L, with loyl <1 suchthat |h— 2L, o;e;1 <
ee. Thus lp(h — ZIL, 0,e)] < €lpl(e), from which it follows that

16| - elole) < |¢ (2 o)

< i lo | lp(ep)l < Zn: loe)! = ¢(e' —€"),
i=1 i=1

where €' = Z{e;: ¢(e;)) >0} and €" = Z{e;: ¢(e}) <O}. Since €' A " =0
and ¢ +e" =e, it follows that

lpl(e) < sup {¢(e, —€,): 0<e;,e;,e; N e, =0,¢; + e, =¢}
and the proof is complete.

PROPOSITION 3.2. If the Riesz space L has the principal projection proper-
tyand 0 <e € L, the following are equivalent for a subset A CL~.

@) sup {I¢1(f,,): 6 €A} — O for each disjoint sequence {f,} C [0, e].

(ii) sup {l¢(e,)l: ¢ €A} — O for each disjoint sequence {e,} of principal
components of e.

ProoF. The implication (i) = (ii) is obvious. If (i) does not hold, there
exists € > 0, a sequence {¢,} CA and a disjoint sequence {f,} C [0, e] such
that 19,1(f,) > € for n € w. Denote by f, the component of e in the prin-
cipal band generated in L by f,, for n € w, and note that the sequence {f,}
is disjoint and that f, > f,, for n € w. Since each principal component of a
principal component of e is again a principal component of e, it follows readily
from Proposition 3.1 that there exist principal components {e,},c., of e with
e, </f, and l¢,(e,) > €/2 for n € w, so (ii) does not hold and the proof is
complete.

ProrosITION 3.3. If the Riesz space L has the principal projection proper-
ty,0<e€L,and ACL" is o(L™, L) bounded, the following statements are
equivalent:

(@) sup {I6(f,, = f,n): ¢ EAY — 0 as n, m — o for each monotone se-
quence {f,} C [0, e].



396 P. G. DODDS

(ii) sup {lg(e, —e,,): ¢ EA} — 0 as n, m —> > for each monotone se-
quence {e,} of principal components of e.

(iii) sup {lpl(e,): ¢ €A} — 0 as n—> o for each disjoint sequence {e,}
of principal components of e.

ProoOF. The implication (i) = (ii) is obvious. That (ii) = (iii) follows
from Proposition 3.2 and the observation that if {e}} is a disjoint sequence of
principal components of e, then e, = ZI, e; is a monotone sequence of prin-
cipal components of e. The implication (iii) = (i) follows from Theorem A and
Proposition 3.2,

PROPOSITION 3.4. Let the Riesz space L lave the principal projection prop-
erty, 0 < e € L and assume that the Boolean algebra of principal components of
e is o-complete. Let A CL, be o(L;, L) bounded. Each of the following
statements is equivalent to each of the statements (i)—(iii) of Proposition 3.3:

(iv) For each sequence {e,} of principal components of e,

e, ¥, 0=sup {lg(e,): ¢ €4} — 0.
(v) For each sequence {f,} C [0, e],
e=f, + 0=infsup {Ipl(f,): ¢ €EA}=0.

The proof is similar to that of Proposition 3.5 below and will be omitted.

ProPOSITION 3.5. Let the Riesz space L have the principal projection prop-
erty, 0 < e €L and assume that the Boolean algebra of principal components
of e is o-complete. Let A CL, be o(L,, L) bounded. Each of the follow-

- ing statements is equivalent to each of the statements (i) — (iii) of Proposition
3.3.
(vi) For each system of principal components {e,} of e

e, ¥, 0=sup {lg(e,): p €A} — 0.
(vii) For each system {f.} C [0, e]
e>f, 4, 0= inf sup {I$(f;): ¢ €4} =0.
T

ProoF. That (vii) = (vi) is clear. To show that (vi) = (ii) of Proposition
3.3,let {e,} be a monotone sequence of principal components of e. Suppose
for definiteness that e, 4,. Let e = /A, e, and note that e, 4, e holdsin L.
By (vi), sup {l¢(e, — e)l:  EA} — 0 as n —> oo, from which (ii) clearly fol-
lows.

Now suppose that (i) of Proposition 3.3 is satisfied for A. Proposition
3.3(iii) then implies that (i) is also satisfied for the solid hull of 4. Let e =
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f; ¥, 0 and assume that inf sup {Ip|(f,): ¢ €A} > 0. It is easily verified that
there is a number € > 0, a subsequence {f,.n} C {f,} with f,n {, and a se-
quence {¢,} C A such that lp, I(f,) — 0 as k —> o foreach n € w and
6,1(f;,) >€>0 for n € w. Hence, it follows from () that sup,l,I(f;,) —0
as k — oo and this is clearly a contradiction. Thus (i) of Proposition 3.3
implies (vii) and the chain of implications is complete.

4. Main results.

LeEMMA 4.1. Let the Riesz space L have property 1,0 <e € L and
{enx}new € [0, €] be a disjoint sequence. If fE[0,e] and f AN e, =0 for
each n € w, there exists h €[0,e] with f N h=0 and {e,},e., C [0, h].

PROOF. Observe that e; +---+e, t,, e-nfA e, }, and ¢, +--- +
e, <e—mf N e=(e—mf)" holds for each n, m € w. By property I, there
exists €L with e, +--++e, <h<(e-nf)" forall n€ w. Observe now
that £ A (e—nf)* {, 0. In fact,if 0 <g<f A (e —nf)* holds forall n €
w, it follows from g <f that g A (f—e/n)* 1, g. Since g < (e —nf)* im-
plies g A (f—e/n)* =g A (e—nf)* A (f—e/n)* =0, it follows that g = 0.
In particular then, 0 <f A h <f A (e —nf)* for n € w implies f A h =0.

DEFINITION 4.2. The Riesz space L will be said to have property PI if L
has the principal projection property and for each 0 <e € L, the Boolean aige-
bra of principal components of e has property I.

It is easily seen that any Riesz space with the projection property, or which
is Dedekind o-complete has property PI. Of course, the prime example of a
Riesz space with property PI we have in mind is the Riesz space of real, finitely-
valued functions defined on a point set X and measurable with respect to a Boo-
lean algebra of subsets of X which has property I.

LEMMA 4.3. Let the Riesz space L have property 1 or property Pl. If
0<e€lL,and {e,},c.> {e;, }new C [0, €] are disjoint sequences with e, N\
e;" =0 forall n, m, there exist h, h' €[0,e] with h A h' =0, {eptnew ©
[0, 4] and {e),},e., C[0,h'). If L has property Pl then h, h' can be taken
to be principal components of e.

PROOF. Assume first that L has property I. By Lemma 4.1, there exists
asequence {#,} C [0, €] such that &, A e, =0 and {e;};c,, C [0, k] for
each n€w. Let hy, =h] A --+ A h, and observe that h;, A (e) +--- +
e,) =0 for each n € w. By property I, there exists & € [0, e] such that
{¢ticw € [0, K] C [0, k] for each n € w. It is clear that &1 A e; =0 for
j € w. Again by Lemma 4.1, there exists 4’ € [0, e] with # A k' =0 and
€ }ew C [0, 4]
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Assume now that L has property PI. Denote by f,, f, respectively the
components of e in the principal bands generated in L by e,,e,. Observe that
fhew Unluew areagain disoint sequences which are mutually disjoint. Note that if f
is a principal component of e such that f' A f, =0 for each n € w, then the
principal component f= e~ f satisfies f A f =0 and {f,},e., C [0, f]
The proof now proceeds exactly as in the case that L has property I, by work-
ing in the Boolean algebra of principal components of e rather than in L itself.
The details are omitted.

Let now {N;},c., be a partition of «w into a sequence of mutually dis-
joint infinite subsets N;. If L has property I or property PI,0 <e €L and
{e,}new C 1O, €] is a disjoint sequence, it follows from Lemma 4.3 that there
exists a disjoint sequence {#;};c,, C [0, €] such that {e;};en, C [0, h;] for
each i€ w. Letnow ¢ €EL™ and € >0 be given. Since Z, lpl(h,) <
Ip1(e), it follows that there exists an index i, such that lpl(h,) <e for all i>
ig. These remarks constitute the proof of

LEMMA 4.4. Let L have property 1 or property P1,0 <e € L and let
{eptnew € [0, €] be a disjoint sequence. If ¢ €L~ and € > 0 is given, there
exists an infinite subset N C w and hy € [0, e] such that {e;: j EN} C[0, hy]
and ¢l(ry) <e. If L has property Pl then hy may be taken to bea
principal component of e.

We come now to the principal result of this section.

THEOREM 4.5. Let the Riesz space L have property 1 or property PIl.
Let {$,},e, CL™ and suppose that $(f) = lim,_, .0, (f) exists for each
fEL. Then

(a) For each 0 <e €L, sup,l¢,(e)| — 0 as j—> o for every disjoint
sequence {ej};c,, C [0, e].

®)p EL™ and ¢(f) = lim,_,.9,(f) holds forall fEI,.

©If Wpluee, CL; (resp. L)), then ¢ EL; (resp. L).

PROOF. Assume first that L has property I and that (a) is not satisfied.
Without loss of generality, assume that there exists € >0, 0 <e € L, a disjoint
sequence {e;} C [0, e] such that lp,(e,)|>¢€ forall n € w. Let n, =1 and
find inductively a sequence of positive integers n, 1, such that Ig,, Ie,,,, ) <
€/2. This is possible since Zg_, Ig;l(e;) < Ig;l(e) holds for each j € w. Observe
that

@ngsr = Pnd Cngy 1> By, Cnyy )1 = 16 €nyyy) > /2.
By suitable relabelling, it may therefore be assumed that 1p,(e,)! > € for all
n € w and, in addition, lim,,_, .¢,(f) = 0 for each f€ L. By Lemma 4.3,
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there exists an infinite subset Ny C w, hy, €10, e] such that hy A e, =0,
6 I(hy,) < €/3 and {g;: j €N} CO, hy, ). Since ¢,(e;) —> 0 as n—> oo,
it may be assumed further that I¢;(e,)I <e/3 forall j €N;. Letting n, =1,
define inductively integers n,1,, infinite subsets {N,}{, C w and Iy b ©
[0, e] with the following properties:
@N, CNy_ 1,0 ENp_1,k=2,3,""-.
®) hNk A €, = 0,1 <j<k and {¢;:jEN}CIO, hNk]'
)z, |¢l-(e,,i)l< €/3 for all j € N;.
@) lg, x I(hNk) <e€/3.
Now note that
e,,lV’“VenthNkik, ean"°Venka
and
ey V " Ve Sey Voot Ve, Vhy
hold for each k € w. By property I, there exists # € [0, e] such that
e, V -+ Ve, <h<e, V :-- Ve, V hy foral k€w.
Note that 0<h-e, V --- Ve, <hy, andso
I¢"k I(r —ey VooV €n) S f¢nkl(ka) <e€l3.
Thus

|¢nk(h)|> I¢”k(e"1 +oe +enk)l—e/3

k—1
> 19, (en,)! - 21 10, (en ) — €3 > €f3
=

which contradicts the fact that ¢, k(h) —> 0 as kK —> o, and so (a) is proved.

It is now an immediate consequence of Theorem B that {¢,} is lol(L~, L)
bounded so it is immediate that the linear functional ¢, defined by setting ¢(f) =
lim,,_, .,$,(f) for f€ L, is in fact order bounded. That ¢(f) = lim,_, .9,(f)
holds for all f€1; follows immediately from the fact that {9,} CL™ is rela-
tively o(L™, I}) compact by Theorem A and so (b) is proved.

Suppose now that {¢,} C L7 and that 0 <f,4,0 holds for the sequence
{fu} C L. Observe that by (i) of Theorem A it follows that inf, sup,, ¢, 1(f;)
= 0. This implies immediately that ¢ € L7 and a similar calculation holds
for the case that {¢,} C L.

If the Riesz space L has property PI rather than property I, the proof of
the theorem is virtually identical. Via Proposition 3.2, it is only necessary to
work with disjoint sequences of principal components, rather than with all order
bounded disjoint sequences.

The above Theorem 4.5 extends the classical theorem of Vitali-Hahn-Saks
[14] alluded to in the Introduction. It is now an easy matter to extend the
boundedness theorem of O. Nikodym [13].
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THEOREM 4.6. Let the Riesz space L have property 1 or property PI.
The following statements are equivalent for a subset A C L.

()A is o(L™, L) bounded.

@) A4 is lol(L™, L) bounded.

PRrOOF. It is clearly only necessary to prove that (i) = (ii). Suppose then
that A CL"™ is o(L™, L) bounded but not lgl(L~, L) bounded. By Theorem
B and a suitable change of notation, there exists 0 <e€ L, {¢,} C 4, a dis-
joint sequence {e,},ec., C [0, €] such that Ip,(e,)!>n? forall n € w. Let
¥, = ¢,/n and observe that ¥, (f) — 0 foreach fEL and I§,(e,)!>n.
This however contradicts (a) of Theorem 4.6 and the proof is complete.

THEOREM 4.7. Let the Riesz space L have property 1 or property PL
Let BCL™ beaband and P. L~ — B the corresponding projection. If
¥,} CL™ and ¢, — 00(L", L), then also Pp, — 0 o(L~, L). If B is dis-
crete, then Plg,|— 0 o(L™, L).

PrROOF. Denote by Q the projection of I; onto the carrier band of B in
I;. By Theorem 27.12 of [10], note that (Pp)(f) = ¢(Qf) for pEL™,fEI,.
It follows from Theorem 4.5 that for f €I, (P,)(f) = ¢,(Qf) — 0 as
n—» oo,

Denote by {;};c; the set of atoms of B, and for each finite subset 7 C I
let P, = Z;, Py, where P, denotes the projection of L™ onto the principal
band generated by Y € L™. Observe Pt P and let Q, be the projection of
I, onto the carrier band in I; of the band P,L™. Let € >0 be given and
0<fe€I. Since Q,f1, Qf, it follows from Theorem A and Theorem 4.5 that
there exists an index 7, such that sup,c, {16, (0f — Q. /)} <e. Note that
@y 181 (f) = I(P,9)(f)! holds for each atom ¢, each ¢ EL~,and 0 <fEJ,.
Thus

®lp, NN = Plg,hQN < sup {P 6, 1(Qf = Q, N} + Ple,N(©@r, )

<et+ X By, 0,N0N =e+ 3 1y, 8,)(NL
i€1g i€71¢

It follows that ﬁr-ﬁ,,_m(qubn )(f) < e and the theorem is proved.

Denote by b.a. (2¢) (resp. c.a. (2)) the Riesz space of all real-valued,
bounded, additive (resp. countably additive) measures on the Boolean algebra of
all subsets of w.

COROLLARY 4.8 (PHILLIPS' LEMMA [S]). Let {u,},c., C b.a. (2*) and
suppose p,(E) —> 0 as n—> o for each E€2%. Then Z_, I, ({kDI—0.

as n —> oo,
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PROOF. Identify each u € b.a. (2%) with its linear extension to an element
of the order dual of the Riesz space of finitely-valued real-valued sequences and
note that this latter space has certainly property PI. Let P denote the band pro-
jection of b.a. (2“) onto c.a. (2%). It is well known that if u € ba. (2%)
and E €29, then Plul(E) = Z,cxu({i})|. The corollary now follows immedi-
ately from Theorem 4.7.

5. Some applications to locally convex Riesz spaces.

THEOREM 5.1. Let the Riesz space L have the principal projection proper-
ty, and assume that for each 0 < e € L, the Boolean algebra of principal compo-
nents of e is o-complete. The following statements are equivalent for a subset
ACL;:

DA is oL;, L) bounded and f, {, 0 in L = inf, sup,c, {Ip1(f,)} = 0.

(i) A is o(L;, L) relatively compact.

(i) A is o(L;, IL) relatively compact.

Proor. Note first that if it follows from Theorem A and Proposition 3.4,
that A CLZ is o(L;, I}) relatively compact if and only if A is o(L™,1;)
relatively compact. From this remark, it is clear that (i) ¢ (iii) = (ii). Thus it is
only necessary to prove the implication (ii) = (iii) and to this end assume that
A is o(L;, L) relatively compact but that (iv) of Theorem A is not satisfied.
Without loss of generality it may be assumed via Proposition 3.2 that there exists
€>0,0<e€L asequence {¢,} CA and a disjoint sequence {e,},c., of
principal components of e such that 1¢;1(e,) <e for j <n and lg,(e,)|> 2¢
for n € w. By a diagonal process, it may be assumed further that lim,_, .¢,(e;)
exists for k € w. Let ¥, =¢,— ¢,_, sothat ly,(e,)=>¢€ for n € w and
V,(e) — 0 as n—> o for k € w. It follows from Phillips’ lemma that there
exist subsequences {n;}, {m;} of w anda number >0 such that hl/mk(E,e )l
=p8>0 foreach k €w. If ¥ isany o(L;, L) accumulation pomt of
¥, ), then W(Z;e, )l 2 >0 and for each integer N, ‘P( —1€n ) 0.
However, since ¢ GLc R |1/( —1€n )— llmN*,,dJ(E_, e, ) 0 ThlS is a con-
tradiction and so the proof is complete

A similar result for normal integrals is valid, and this we state without proof.

THEOREM 5.2. Under the assumptions of Theorem 5.1, the following state-
ments are equivalent for a subset A C L :
@D A4 is oLy, L) bounded and f, I, 0 in L = inf, supye 4 lpl(f;) = 0.
(@) A is o(L,, L) relatively compact.
(i) 4 is o(L,, I,) relatively compact.
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The assumptions of Theorems 5.1, 5.2 are satisfied if either L is Dedekind
o-complete or has the projection property. The following result extends Theorems
3.5, 3.8 of [12].

THEOREM 5.3. Let L be a Riesz space with the principal projection prop-
erty and for each 0 < e € L, assume that the Boolean algebra of principal com-
ponents of e is o-complete. Suppose L, distinguishes the points of L and
let D be the Dedekind completion of L. For a subset A C L,, the following
are equivalent:

A is olL,, L) relatively compact.
(i) A is o(L,, D) relatively compact.

(i) 4 is o(L,, L) bounded and f, {1, 0 = inf_sup{lpl(f,): ¢ €4} =0.

In particular, the Mackey topology (L, L,) is a locally convex Riesz topology.

PRrOOF. The equivalence of (i) and (iii) follows from Theorem 5.2 above.
As is noted in [12], (iii) holds with L replaced by D. Since D, =L, the
equivalence of (ii) and (iii) again follows from Theorem 5.2.
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