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ABSTRACT. Let Tg denote the Teichmiiller space and let V denote the
universal family of Teichmiiller surfaces of genus g. Let Vy') denote the nth
symmetric product of V over T and let J denote the family of Jacobians

over T,. Let f: V¥' —J be the natural relativization over Tg of the classical

map defmed by integrating holomorphic differentials. Let
*1 1
u:f°Q —Q
T2 Vs

be the map induced by f. We define G to be the analytic subspace of V;'v')
defined by the vanishing of A"~ -1,

Put 7= (r + 1)(n — r) — rg. We show that G,l, - G:. if nonempty, is
smooth of pure dimension 3g — 3 + 7 + 1. From this result, we may conclude
that, for a generic curve X, the fiber of G,ll - G,z. over the module point of X,
if nonempty, is smooth of pure dimension 7 + 1, a classical assertion.

Variational formulas due to Schiffer and Spencer and Rauch are employed
in the study of G:,.

0. Introduction. Let X be a complete, nonsingular curve of genus g over
an algebraically closed field K. Let X" denote the nth symmetric product of
X. Let G,(X) denote the subvariety of XM of all divisors D of degree n
such that dim [D| > 7. (In the literature, e.g. [12], G},(X) is often used to de-
note the subvariety of the Jacobian of X consisting of all linear systems of de-
gree n and projective dimension at least r.)

Put 7 equalto (r + 1)(n —r) —rg. Brill and Noether [2] asserted that if
7 were nonnegative and X were a generic curve, then GJ,(X) would have dim-
ension 7 +r. The recent work of Kleiman and Laksov ([10], [11]) and Kempf
[8] shows that for X any curve, if 7=>0, then G (X) has dimension at least
7+ r. We will show, in the case K = C, that if X is a generic curve, then
GL(X) - G2(X), if nonempty, has dimension 7 + 1.
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142 R. F. LAX

We work in the category of analytic spaces over C. We do this because we
want to consider the Teichmiiller space, an analytic, but not algebraic, variety [5].
We take the Séminaire Cartan, 1960—61, as our foundational reference. In partic-
ular, we allow the structure sheaf of an analytic space to contain nilpotents.

Let Y be an analytic space over C and let E and F be locally free 0y-
modules of ranks g and n respectively. Suppose we are given a map u: E —
F. In §1, we define the analytic space Z'(1) to be given by the vanishing of the
map A”""*1y. We then study the infinitesimal structure of Z"(x).

Let S be an analytic space over C and let X be a family of nonsingular
curves of genus g over S. Let X§”) denote the nth symmetric product of X
over S and let Jg denote the family of Jacobians over S (cf. [7], [15]).
Suppose we are given a map f: X — Jg. Let

. £¥0l 1

U hgys ™ e,
be the map induced by f. We study the analytic space Z"(u) C X§") in the fol-
lowing situation: § = T, the Teichmiiller space, X is the universal family of
Teichmiiller surfaces of genus g, and f is the natural relativization over T, of
the classical map from the nth symmetric product of a curve into its Jacobian
defined by integrating a basis of homomorphic differentials (cf. §2). We let G,
denote Z"(4) in this situation.

In order to understand explicitly the above map f, we must use. certain
variational formulas which are similar to those derived by Schiffer and Spencer
[19], but much closer in form to those appearing in Rauch [18]. We also need a
theorem due to Patt [17] concerning local coordinates at a point of T,.

Our main result is:

THEOREM. Suppose y € G} — G2. Then the dimension of the tangent
space to G} at y is 3g—3+7+1.

From this result, we can conclude that if X is a generic compact Riemann
surface, then GL(X) - G2(X), if nonempty, is smooth of pure dimension 7 + 1.

As an application, we show that the subvariety of T,, for g =>4, of curves
with nonempty G; (so-called “trigonal” curves), is of dimension 2g + 1, a re-
sult which was known to Severi [22] and B. Segre [20].

In a sequel to this paper, we will show that if 7>0 then G2 (resp. G2)
has a component of dimension 3g —3 + 7+ 2 (resp. 3g —3 + 7 + 3). The proof
involves computations using the examples of Riemann surfaces given by Meis [16].

The author would like to thank D. Laksov, M. Artin, A. Mattuck and, most
of all, his thesis advisor S. L. Kleiman for their generous help.
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1. Z"(4) and its infinitesimal structure. Let S be an analytic space over
C. Denote by ((4n/S)) the category of analytic spaces over S. Let Y be an
analytic space over S and let £ and F be locally free (y-modules of ranks
g and n respectively. Suppose we are given a map u: E — F. Define the func-
tor Z'(u): ((An/S))° — ((Sets)) by

n—r+1
Z'w)(T) = {ge Hom (T, ) A g% = o}.

We wish to show that this functor is represented by an analytic subspace of Y.
DEFINITION 1 [5]. Let S be an analytic space and let

G: ((4n/8))° — ((Sets))

be a functor. We say that G is of a local nature if for every T the presheaf
U= G(U), where U runs through the open sets of T, is a sheaf.

REMARK. This is the analog to the notion of a Zariski sheaf in the category
of contravariant functors from ((Schemes)) to ((Sets)).

LeMMA 1. Let (S;) be a covering of an analytic space S by open sets.
Let G: ((An/S))° — ((Sets)) be a functor. Then G is representable iff G is
of a local nature and for every i, the functor G/S;: ((An/S,-))o —> ((Sets)) is
representable.

ProoF. [5, Corollary 5.7 of Exposé 7].

Our functor Z"(u) is clearly of a local nature. Hence, by the lemma, its
representability is a local question.

Let y be a point of Y. Since £ and F are locally free of ranks g and
n respectively, the map u is given locally at y by an n x g matrix [f;] of
functions regular at y. The functor Z'(x) is then locally represented by the
closed analytic subspace defined by the vanishing of the minors of order n —r +
1 of the matrix [fj;]. Thus we have

PROPOSITION 1. Z'"(u) is represented by a closed analytic subspace of Y.

We will also use Z"(x) to denote this analytic subspace.

Put p = rank (u ® k(¥)). Locally at y, both E and F split off a direct
summand of rank p, and u maps one summand isomorphically onto the other.
The map that u induces on the other two summands is given by an (n — p) x
(g — p) matrix [e;;] of functions regular at y. The analytic space Z'(u) is
also defined locally at y by the vanishing of the minors of order (n —r + 1 —p)
of the matrix [e;; ] (cf. [10]).

PROPOSITION 2. Assume r> 0. Then the points of Z''(u) are singular
points of Z"(u).
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PrROOF. Suppose y € Z'*1(u). Then we have p <n —r. By construction,
the ey above vanish at y, hence are in the maximal ideal m of Oy ,. The
analytic space Z"(u) is defined locally at y by the vanishing of the minors of
order (n—r +1-—p) of the matrix [e;] and,since p <n-—r, all these mi-
nors are of order at least 2, hence are in m2. Thus y cannot be a smooth point
of Z'(u).

We want now to study the infinitesimal structure of Z"(u). Let £ denote
a tangent vector to Y at y. We will also use ¢ to denote the comorphism,
which is a C-homomorphism of local rings £: Oy, — Clel/(€?). ‘

We are interested in seeing when § is a tangent vector to Z"(u) at y. By
definition, this will be true if A?~"*!t*y =0.

PROPOSITION 3. & is a tangent vector to Z"(u) at y iff the minors of
order n—r+ 1 of the matrix [£(f;;)] are all zero.

PROOF. It is easy to see that the map £*u is given by the matrix
[£(%)]+ Thus we have A™~"*1g*y =0 iff the minors of order n—r+1
of [£(fy)] all vanish.

We now assume that Y is smooth of dimension m over C. Let y €Y
and let o,,° -, 0, belocal parameterson Y at y. Let s; in C be given
by

o)=s€, 1=1,2,°°+,m.

Then, by Taylor’s Theorem, we have
E(f}k) = f}k(y) +e lgl $; -3—0, ).

The vanishing of the minors of order n—r + 1 of the matrix [£(f)]
gives rise to linear equations in the s;. These equations must be satisfied for &
to be a tangent vector to Z"(u) at y. If we view s,,- -, s, as being un-
knowns, then the dimension of the solution space of this system of equations is
the dimension of the tangent space to Z'(u) at y.

If y €2Z"(u)- Z"*'(u), we will want to use the following lemma.

LEMMA 2. Let A be a commutative ring (with unit). Let M = [a;] be
an m x n matrix over A. Suppose that a minor n of order r is a unit, and
that every minor of order r + 1 containing | vanishes. Then every minor of
order r + 1 vanishes.

ProofF. Without loss of generality, we may assume that u is the leading
(i.e., upper left) minor of order r. Since u is a unit, we may perform column
operations using the first r columns to change M to the matrix
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© . 0
Y o
v |%r+10 i1y
- 1]
L R ’ N

where N isan (m—r) x (n —r) matrix.
Then by row operations, using the first » rows, we may change M’ to the
matrix

where N is the same matrix as before.

Now, no minor containing u is affected by performing these row and column
operations. Hence, the minors of order » + 1 of M" which contain u are all
zero. Thus N is the zero matrix.

But this implies that every column of M is a linear combination of the first
r columns of M. Hence, every minor of order r + 1 of M iszero. O

Suppose now that y € Z'(u) — Z"* !(u). Then the matrix [f;] has rank
n—r. We may thus assume that the leading minor of order n—r of [f;], call
it u, is nonzero. Let u' denote the leading minor of order n —r of [l -
Then u' =pu + ce, for some ¢ €C. Since u is nonzero, ' does not lie in
the maximal ideal of C[e]/(e?), hence is a unit. We then have, by Proposition 3
and Lemma 2, that § is a tangent vector to Z"(4) at y iff the minors of order
n—r+1 of [£(f;)] which contain p' all vanish. Obviously, there are
rg —n +r) such minors. If the equations in the s, given by the vanishing of
these minors are linearly independent (over C), then the dimension of the tangent
space to Z'(u) at y is m—r(g—n +r). We could then conclude that y isa
smooth point of Z"() by virtue of the following proposition.

PROPOSITION 4. Either Z'(u) is empty, or each component has codimen-
sion at most (g—n+r) in Y.

PrROOF. This is proved in [9] for Y a scheme. With the obvious modif-
ications, the proof is valid for Y an analytic space.

2. The universal family of Teichmiiller surfaces. In [5], Grothendieck
proved the following

THEOREM 1. There exist an analytic space Tg and a family V of
Teichmiiller surfaces of genus g over Tg which is universal in the following
sense: for every family X of Teichmiiller surfaces of genus g over an analytic
space S, there exists a unique map o: S — Tg, such that X is isomorphic
(as a family of Teichmiiller surfaces) to the pullback via ® of V/ T,
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T, is called the Teichmiiller space (for Teichmiiller surfaces of genus g).
The Teichmiiller space is a smooth, irreducible, and simply connected analytic
space [5].

Let h: V— T, denote the structural morphism. By well-known topolog-
ical facts, since Tg is simply connected, the fiber bundle R'h,Z is trivial. Thus,
there are sections of this bundle which give rise to cycles v,(s),8,(5),i=1,-", g,
which form a canonical homology basis for H,(V, Z),s € T, [15].

Consider the sheaf Q},,T . Forall s €T,, we have

dim HO(V, 9;,,, ® «k(s)) = dim HO(V,, sz' =

Hence, h, ! is a vector bundle of rank g over T, and we have
*5VIT, g

1
h QV/T

'~ 0
® k(s) =H(V,, 2{,8)
by [4].
Choose holomorphic sections d¢f i=1,---,g of h,Q{,/T such that

{dt}6)}He=, is a basis for HO(V,, Q}, ) SET, (cf [15]). Put
a,(s) = f 240 d{;(S), b(s) = fs © d{;'(s), ij=1",g

For each s € T, the matrix [a;/(s), by(s)] is the period matrix of V.
Recall that the columns of this matrix generate a maximal lattice subgroup of C5.
Let J be the quotient of T, x C# by this family of lattices. The induced pro-
jection J—> T, gives a complex analytic family of complex tori, the fiber J;
being the Jacobian variety of the Teichmiiller surface V, [15].

Since our concern will only be local, we assume that there exist sections of
V— T,. Let Pg(s) be such asection. Asin [15], define a map ¢: V — J

by
¥(s, P) = <s, ; ()d;‘l(s), e f ﬁ “ dg';(s)> mod periods

for PEV,.

Denote by V}”) the nth symmetric product of V' over T, (cf. [7]).
Extend ¢ toamap r: V(")—>J as follows. If s€ 7, and DG(V}")) is
the divisor ZiL,P; on ¥, then

n P
f(@s, D)= (s, Z I o :(s), oo, El f P%(S) dg‘;(s)> mod periods.

Let

-
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*q1 1
ufQ —Q
7 8yr, v r,
be the map induced by f Since J and V}"g) are smooth over T, of relative
dimensions g and n respectively, the sheaves
*o1 1
f QJ/Tg and QV(")
Tg/ Ty
are locally free of ranks g and n respectively. Thus, we may consider the ana-
lytic subspace Z"(u) C V({') of §1. We will denote by G], the analytic space
Z'(u) which arises in this situation. We will see in §4 that (G},), is what was
denoted by G}, (V,) in §0.
We wish to study the infinitesimal structure of G,. To do this, we need
explicit knowledge of the above map f. And to obtain this knowledge, we need
certain variational formulas which are contained in the next section.

3. The variational formula. For a detailed treatment of the material in this
section, the reader is referred to Rauch [18] or Patt [17].

Let X be a compact Riemann surface of genus g>0. Let I'= (v, -,
7g) and A=(8,, - ,8,) be acanonical homotopy basis and let 11 be the
simply connected surface obtained by the canonical dissection of X determined
by ' and A (cf. [23]).

Let w be a point in the interior of IT and let 7, ,(z) denote the (norm-
alized) elementary integral of the second kind with pole of order » +1 at w
and zero I'-periods.

Let { be an Abelian integral of the first kind. Let q;, i=1,---,g,
denote the I'-periods of d{; that is,

al'=J;id§a l=l’.'°’g'

The value of the derivatives of a determination of ¢ at w and the periods of
the differentials dr,, , are related by

[ 4
D) (w) = %l- /;1 a; J; ; dr,, ,(2)
which follows from the bilinear relation for differentials of the first and second
kinds [23, p. 260].

Let Q,, --, Q, be distinct points in the interior of T such that all the
Qj are different from w and none of the Qi is a zero of d¢. Let L i=1,
+++,n, be alocal parameter at QJ-. Let D,, -+, D, be disjoint disks about
@, ", Q, respectively, such that D, lies in the domain of 78 is completely
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contained in the interior of I and such that no D; contains either w or any
zero of df.

Inside D;, we can vary the local parameter #; to a new parameter t;
given by

=t +¢lty, j=1,,n,

where ¢; is sufficiently small. This defines a new Riemann surface X *, having
the same canonical homotopy basis as X has (since all variations take place in
the interior of II).

Let ¢* be the Abelian integral of first kind on X* with the same I'-
periods as {. We wish to compute

A D(w) = £+ D) — (¢ Dw).

Notation. dr,, ,d§ is a (not necessarily finite) quadratic differential on X.
Locally at Q;, we may write dr,, ,d{ = h(t,)dtf. We now introduce the nota-
tion 7, ,(2)X'(Q) for h(0).

Utilizing the techniques and formulas in [18] and [17], one can obtain the
following proposition:

PROPOSITION 5.
KO =0 T 6, 0, )X, +0c)
m=1

where ¢ = maxX, ¢pmanltml-
We will also want to use the following theorem, due to Patt [17]:

THEOREM 2. One may choose 3g — 3 points Qy," -+, Q3,3 on X
such that, if c,, is the variation parameter at Q,,, then a neighborhood of the
origin in the ¢y," -, C3g—3 Space describes a complex-analytic structure for
a neighborhood of X in the Teichmiiller space. Moreover, the set of collections
of 3g -3 points with this property is open in X3¢~3,

PrROOF. The first assertion follows from Theorems 2 and 4 of [17]. Al-
though Patt does not state the second assertion, his proofs demonstrate it, as was
noted by Farkas [3, p. 885].

4. The equations which define the tangent space. Let X be a compact
Riemann surface of genus g > 1. Let {v; Gi}}*':l be a canonical homotopy
basis and let {d{;}5—, be a basis of the holomorphic differentials. Put

A”‘=f7;d§"’ Lk=1,:00¢
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Let P be a point of X and let ¢ be a local parameter on X at P.
Write

dt, = 2 a,

=0

Fix a point P, different from P. Choose a point (Q,, ‘-, Q3g_ 3) from the
open subset of X' 32-3 in Theorem 2 such that all the Q,, are different from
P and P, and such that none of the Q,, is a zero of any d{;. Perform the
variation described in §3, taking the disk about each Q,, sufficiently small so
that no two disks intersect and no disk contains P, Py, or any zero of any df,.
Let c,, denote the variation parameter at Q,,, m=1,---,3g—3, asin §3.

Let sy € T, be the module point of X (ie., V, = X). By definition
of the variation, there exists a complex-analytic neighborhood U of s, in T,
such that, for all s’ € U, the curves {v) 8,}?;, are a canonical homotopy
basis on ¥V, the points P, and P are on ¥V, and ¢ is alocal parameter
on Vg at P. Choose holomorphic sections d¢y, k=1,---,g, of h.ﬂ},ﬂg
such that

xe N ’ . — c e
fyidr,‘(s)—A,.,,, SEU, jk=1,"""g

(cf. [15, §3]).

PROPOSITION 6. With notation as in §3 and above, if we define a}". by
dit = ZiLoay f'dt, then we have

3g-3 ’
Bey =, + 2-1 CmTp1(@) $i @) + O(?).

PrROOF. The variational formula (Proposition 5) shows that this equality
holds in a complex-analytic neighborhood of (sy, P) on V. This is the main
import of the variational formula.

In order to study the map

. £%0l 1
u: f SZJ/Tg—-)SZV(n)

Tg/ Ty

of §2, we first consider the divisor nP on X. Let ¢;,---, ¢, be n copies
of t, andlet o, -, 0, denote the n elementary symmetric functions in
tl’ cee, tn‘

PROPOSITION 7. Local parameters on V}"g) at (so, nP) are given by
cl,oo.’csg—s’ 01,...,0"‘



150 R. F. LAX

ProOF. By Theorem 2, local parameters on 7, at s, are given by ¢,,
» C3g—3- By [1], local parameters on x(™ at nP are given by o, -,
By the definition of the variation in §3, local parameters on (V(”)) + at nP,
for s' € U, are also given by Gy,° ", 0,. Thus, local parameters orf V(") at
(g, nP) are given by C1s* " " s C3g_35 05", Op. e
Put

=thdty +eee+thdt, j=0,1,2,.

We have

PrROPOSITION 8. The space of holomorphic 1-forms on X is naturally iso-
morphic to the space of holomorphic 1-forms on X™). Both these spaces are
isomorphic to the space of symmetric holomorphic 1-forms on the Cartesian prod-
uct X". If d¢ = Zafdt is a holomorphic 1-form on X and dS is the
corresponding symmetric holomorphic 1form on X", then df = Z ot

ProOF. [14, pp. 226-227].
This result is easily seen to relativize to the following proposition.

PROPOSITION 9. The space of relative holomorphic 1-forms on V(T"g) over
Tg and the space of relative holomorphic 1-forms on V over Tg are naturally
isomorphic. Both spaces are isomorphic to the space of relative symmetric holo-
momhzc 1-forms on V7., the product over T, of n copies of V, over T,
If d;‘k is the relative sjigmmetnc holomorphic 1 -form on V" over T, corre-
sponding to d¢p (cf. Proposition 6), then

)
— *

We will identify relative symmetric holomorphic 1-forms on V;'. over T,
and relative holomorphic 1-forms on V§™) over T,.

Now, we can express d¢ t* in termgs of dol, - ++,do, by using the follow-
ing identities [14]:

(By convention, o, =0 and do, =0 if k> n.) Inverting these identities,
and writing out only the linear terms, we obtain
Ty = (— l)k(d0k+l - Oldok —ceccr = Okdol)
+ higher order terms.

Thus we may write
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%k — ] 33 ' '
d{ k = ’Z:.:o (- l) [(ak,l + 'nz=l cmTP,l(Qm);.k(Qm))

#
—o,do,— <+ — oldal)] + 0(0?, ¢?)

G

where O(0?, ¢?) denotes higher order terms in the o; and the ¢,
By definition of the map f: V}") — J in §2, it is easy to see that fis
given at (sg, nP) by

P o~ P .
f(sy, nP) = (so, f 7, as :(so), coe ,f Py di’; so)> mod periods

where the integrals [5 Py d§ ,‘:(so) are evaluated by recalling that ¢,,---, ¢, are
just copies of 7 Let agk/ao, be given by

et 3

~ n ag’k
1= 5 55,
=1 7%

Then we have

PrOPOSITION 10. The map

. £*0l 1
u: f* QY =2,
Tg/Tg

is given locally at (so, nP) by the matrix

[a?:/aoi]’ j=l,"',n,k=l,"°,g,

ProoF. This follows easily from the definitions of f and a?;:/ao,. (Com-
pare with [3] and [6].)

REMARK. Let J denote the Jacobian variety of X and let fy: X(® —
J be the classical map (i.e., the map f ® k(sy)). Then the matrix M =
[(a&‘/ao,)(so, nP)] is the matrix of the map ug: fa2} — QJ‘{ (my 2 nP
(cf. [3], [6]). Itis then easy to see that (G:')so is what was denoted by G(X)
in §0.

Now let ¢ be a tangent vector to V(") at (so, nP). Let 5; and b, in
C be given by

E() e’ j=1,‘..,n,
tcp)=0b,e, m=1,°++,3g—3,

Then, using Taylor’s Theorem as in §1, we have
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25*

ok, a?* d ;
£ S0, (so, nP) + ¢ Z vy (so, nP)
§)) /

-3 3}
+e€ Z m 3, %, (sg» nP).

m=

We will now use (#) to compute the partlal derivatives of a?:/ao, with re-
spect to o, and with respect to c,,. (We remind the reader that the functions
o, and c,, vanish at (sy, nP).) We obtain

2% s
90,90; (o 1P) = (= ¥ ay jusy
and
32{ ,
ao a (SO) nP) TP,]'— 1 Qm)g‘k(Qm)'

Substituting these expressions for the partial derivatives evaluated at (sq, nP)
into (1) gives us

ProPOSITION 11.
of & §*
E(ao > 20, (59, nP) +€ Z (— VYsay jrr_y

3g_3 ' '
+ € Z meP-i" I(Qm)gk(Qm)'
m=1

Now on to the general case. Consider a divisor D on X of the form
D=mP, +---+myP, Assume D isin G,(X) and choose a basis {d{;}§-,
of the holomorphic differentials on X such that the last i = dim H'(X, 0(D))
of them vanish on D.

In performing the variation in §3, choose a point (Q,," -, @3,_3) from
the open set in X343 in Theorem 2 so that each Q,, is different from P,
P,,-- -, P; and any other zero of any df,. (The choice of this point will be
further modified later.) Take the disk about each Q,, sufficiently smali so that
no two disks intersect and such that no disk contains Py, P,,- -, Py or any
other zero of any dsy.

Let f;: V,. ™j) —> J be the map defined in §2 and let

g/T
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be the map induced by f;. The obvious map

(my) pim2)
’Tg X1, T, X1,

g )
is a local analytic isomorphism by an argument analogous to that given in [14] in
the case of a curve over a field. Locally, the map f is the one induced by the
fi and the map u is the one induced by the u;. Thus, the matrix of u locally
at (so, D) is obtained by “stacking” the matrices of the u; locally at (so, mF;).
Let ¢ be a tangent vector to V}") at (so, D) and let §; be the tangent
vector to V§~ml') at (so, m;P;) induced'by &, for j=1,---,d Then the
matrix of £*u is obtained by “stacking” the matrices of the E;u,, for j=1,
-, d
Let M denote the matrix of £*u. Let u denote the leading minor of
order n—r of M, the matrix [(a?,’:/ao,.)(so, D)], and let y' denote the lead-
ing minor of order n—r of M'. Then we have u' = u + ce for some ¢ in C.
Now, by our choice of a basis of the holomorphic differentials on X, the last i
columns of M are identically zero, hence the last i columns of M contain
“pure” € terms (i.e., members of the maximal ideal of C[e]/(€?)). Thus, in
computing a minor of order n—r + 1 containing u', any €’s in the first n —
r columns will be “killed” by the € in the last column of the minor of order
n—r + 1. Hence, we have established

LeMMA 3. For purposes of computing the minors of order n—r + 1 of
M', we may replace the first n—r columns of M' by the first n—r columns
of M.

Let M denote the resulting matrix.

M has a particularly nice form in the case that D =P, + P, +--- +P,,
with all points distinct. Let ¢; be a local parameter at P; and write df, =
9, kdt,-. Then we have

3g-3
‘Pj,k(Pj) € (sj‘Pj',k(Pj) + ggl me;Jj,o(Qm)fk(Qm)>

M_—_— i=l’ooo’n j:l’ooo’n

k=1,+++,8-i k=g-i+1,---,g

Going back to the general case, recall that, by Proposition 1, ¢ will be a
tangent vector to G, at (so, D) iff the minors of order n—r + 1 of the
matrix M all vanish. Assume D=m P, +---+m,P, isin G,(X)~-G.T(X).
Then the matrix M has rank precisely n —r. Hence, by permuting the rows of
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M, if necessary, we end up with a matrix whose leading minor of order n -7,
which we will denote by u, is nonzero. We will continue to denote this matrix
by M, although its form may differ slightly from that specified earlier.

Perform the same row permutations as above on the matrix M and denote
the resulting matrix also by M. Then u is also the leading minor of order n—r
of M, so we may apply Lemma 2. Thus, for all the minors of order n—r + 1
of M to vanish, it is sufficient that every minor of order n—r + 1 which con-
tains u vanishes. The vanishing of each of these minors gives rise to a linear
equation in the s; and the b,,.

Let W denote the minor of order n—r+ 1 of M obtained by adjoin-
ing to u the first n—r elements of the (7 —r + j)th row of M and the first
n —r elements and the (r —r + j)th element of the (n —r + k)th column of
M (thus j runs from 1 through r and % runs from 1 through i). The equa-
tion g, =0 is of the form €E; , =0 where E; . is a linear equation in the
s; and the b, with coefficientsin C.

We will now view the s; and the b,, as being unknowns (as in §1). Thus,
E; . is an equation in 3g — 3 + n unknowns. By the discussion after Proposition

0
1, the dimension of the tangent space to G}, at (s, D) is

3g — 3 + n — (the number of E ik which are linearly independent).

Consider the coefficient of b,, in E;,. This coefficient will be a linear
combination of certain of the 7p_ ,(Q,,)3(Q,,)- That is, the coefficient of b,
will be a certain quadratic differential (the above linear combination of certain of
the drp ,d¢,) evaluated at the point Q,,. It should be noted that, by the
symmetry of the matrix M in the b,,, this quadratic differential does not de-
pend on m, but only on j and k. The coefficient of b, in E',' x is the value
of this quadratic differential at Q,, the coefficient of b, in E;, the value at
0Q,, etc. Put « o i equal to the above linear combination of certain of the
drp_,dS. Then 0; . is a (not necessarily finite) quadratic differential.

Notation. Choose a local parameter u,, on X at Q, and write a;, =
g(u,, )du?,. Then we will write o +(Op,) for £(0). Hence, by the above dlscus-
sion, @; ,(Q,,) is the coefficient of b, in E;,.

Our aim now is to show that, in certain situations, by suitably choosing the
point (Q,," -, Q3,_3), we may conclude that the E;, are linearly indepen-
dent. Assume that ri < 3g — 3. By elementary linear algebra, to conclude that
the E;; are linearly independent, it is sufficient to show that the matrix of co-
efﬁcxents

A=[ai,k(Qm)]’ j=1,"’,r;k=1,"°,i;m=l,"',ﬁ,

is nonsingular.
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LEMMA 4. Assume that the o for j=1,--+,rand k=1,-+-,1,
are linearly independent and that ri < 3g — 3. Then we may choose a point
@y, "+, Q34_3) from the open set in X>8~3 in Theorem 2 such that each
Q,, is different from Py and no Q,, isazeroof dt,," -, dS, and such that
the above matrix A is nonsingular.

PrROOF. The lemma will follow readily from the following

SUBLEMMA. Let B, -, B, be n linearly independent quadratic differ-
entials on X. Let U be an open set contained in X". Then we may choose a
point (P,,* -, P,) EU such that each P, is different from a finite set of
points of X and such that the matrix [8;P)] G=1,"*',mk=1,---,n)
is nonsingular.

Proor. By induction on n. If n =1, then B, is a nontrivial quadratic
differential. Hence, B, is nonzero and finite on a dense open set of X. So,
given any open set in X, there exists a point in that set satisfying the requirements
of the Sublemma.

Now suppose U is an open set contained in X”. Let ¥V be the projection
of U onto X"~ !. Then V is open and, by induction, we may choose a point
Py, *, P,_,) €EV such that each P,, is different from a finite set of points
of X and such that the leading subdeterminant of order n — 1 of the determinant

Bl(Pl) e ﬁl(Pn_l) Bl

Bn(Pl) e Bn(Pn—l) Bn

is nonzero. Expanding the full determinant by the last column, we obtain a non-
trivial linear combination of B,, - -, B,. By the linear independence of these
quadratic differentials, this linear combination is a nontrivial quadratic differential,
hence is nonzero and finite on an open dense set W contained in X. Since U
isopenin X" and W is dense in X, we may choose a point in the intersection
of U and {(Py," -, P,_,)} x W which satisfies the requirements of our Sub-
lemma.
Now, since the set of points in X3~3 in Theorem 2 is open, it is easy to
see that we may choose a point (@,," -, Q3g_3) in this set such that each
Q,, is different from P, and the zeros of df,, - -, dg‘g and so that Q,, - -,
Q,; make the matrix A nonsingular. This completes the proof of the lemma.
We then have
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PROPOSITION 12. Suppose D isin G,(X)—G.*'(X) and that ri <
3g — 3. Then if all the o; ; are linearly independent, the dimension of the tan-
gent space to G, at (5o, D) is 3g—3 +7+nr.

PrOOF. By Lemma 4, we may choose a point (@, - ", 03, 3) from
the open set in Theorem 2 such that each of the Q,, is different from P, and
the zeros of d{,,- - -, df, (note that this latter set includes the points of D),
and such that the equations E; , are linearly independent. Thus the dimension
of the tangent space to G, at (sq,D) is 3g—3+n—-ir=3g-3+7+r.

In the next section, we show that if D isin GL(X) - G2(X), then the
a; ; are linearly independent. (Note that we have i<3g-3 if g> 1)

5. The dimension of G,', - G,z,. For simplicity, we will first treat a divisor
consisting of n distinct points. So assume D =P, + P, +-- -+ P,, all points
distinct, is in GL(X) — G3(X). Recall that the matrix M is

‘P;,k(P])
M=}j=1,*,n
k=1, ,g8-i

G 33 ' '
e(s,"ﬂj,k(P ]) + mz=l bmrpi'o(Qm);. k(Qm))

j=1,°",n

k=g_i+l’ooo'g

Let Ifl denote the minor of order n — 1 obtained by omitting the jth
row from the matrix [p; (P)] G=1,---,n k=1,---,g—i). Then we
have

) =1i - D717}, (008511 @)
=1

for k=1,2,---,i Suppose we had a linear relation of the form Z}_,a,, ,
=0 with some a; nonzero. Then this would imply that
n i
® (z - 147 1 o(Q)) ( > ak§;+k-,(Q)> -0,
=1 r k=1

But the d7p o0 J=1,-"",n, are linearly independent, since they have
poles at different points. This, together with the fact that |7| # 0, implies that
there is a dense open set of points of X where the expression Z (— l)’"lflr}i'o(Q)
is nonzero.

And the linear independence of df,,- - -, df,, together with the fact that
some g, is nonzero, implies that the expression Z%_ ,a,¢, 44— (Q) is nonzero
on a dense open set of points of X. Hence, we may choose a point Q such that
(*) is nonzero, contradicting the assumption that @, ,," -, a; ; are linearly
dependent.
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Now suppose D =m,P, + -+ +myP,; isin GL(X) — G3(X). Then we
have

& 4@ = £rpkcs @ ITp 4@+ + (- )Ml O

Hence, if there existed a linear relation T _ 1959 x = 0, we would have

i N -
( P ak§:.+k_1(Q)> <Il ITp 0@ + o + (= 1) lf,’,d,md_l(Q)> =0.
The same reasoning as in the case of simple points applies, since d‘rpl’o,
cee, dTPd"”d“ are easily seen to be linearly independent (they either have
poles at different points or have poles of differing orders at the same point).
REMARK. The above reasoning shows that if D € G, — G,t!, then the
o, fora fixed | are linearly independent.

THEOREM 3. G,’l - Gﬁ, if nonempty, is smooth of pure dimension 3g —
3+7+ 1.

PrROOF. Let (s, D) be any point of G, — G2. By Proposition 12 and
the work of this section, we may conclude that the dimension of the tangent
space to G,‘, at (sq, D) is 3g—3 + 7+ 1. By Proposition 4, the dimension
of Gl at (s, D) isatleast 3g—3 + 7+ 1, hence G, is smooth at (5o, D)
and has dimension precisely 3g—3 + 7 + 1.

REMARK. Theorem 3 does not depend upon 7 being nonnegative.

THEOREM 4. Suppose that GL(X) — G2(X) is nonempty for a generic
curve X. Then G,‘,(X) - Gf,(X), for a generic X, is smooth of pure dimension
T+ 1.

PrOOF. Under our assumption, the image of G} — G2 in T, would be
a dense open subspace U. By Sard’s Theorem, since G — G2 is smooth, the
generic fiber of the map Gl — G2 — U is smooth. And since U has dimension
3g-3 and G! - G? hasdimension 3g—3+ 7+ 1, the generic fiber has dim-
ension 7 + 1. Thus, for a generic curve, GL(X)— G2(X) is smooth of dimen-
sion 7+ 1.

REMARK. If 72> 0, then by [10] we know that G}(X) is nonempty.
If we knew that G} (X) were reduced for a generic X, then, since the points
of GI*! are singular points of G7,, we could conclude that G%,(X) — G,*!(X)
is nonempty for generic X if 7= 0.

6. Moduli of trigonal curves. A trigonal curve is a curve X such that
G)(X) is nonempty. We can use Theorem 3 to compute the moduli of trigonal
curves. By Clifford’s Theorem, G§ is empty hence, by Theorem 3, G},, if
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nonempty, is smooth of pure dimension 3g-3+7+ 1. Now 1=2(3-1)—
g=4-g, so G;, if nonempty, has dimension 2g + 2.

By Theorem 1 of [12], we have that, for g =>4, if G},(X) is nonempty,
then every component has dimension at least 5 —g and at most 2, with the
upper bound occurring if and only if X is hyperelliptic. So, if there exists a
nonhyperelliptic trigonal curve of genus g, then we must have that the dimension
of the generic fiber of the map G. — T, is 1. Examples of such curves (for
every g = 3) are given in [la, p. 196].(*) Hence, the dimension of the subvar-
iety of T,, for g =>4, of trigonal curvesis 2g + 2 —1 = 2g + 1. This agrees
with the number which appears in Segre [20] and Severi [22].
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