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STABLE POSITIVE DEFINITE FUNCT IONS
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K. R. PARTHASARATHY AND K. SCHMIDT(I)

ABSTRACT. This paper investigates the stability of positive definite
functions on locally compact groups under one parameter groups of automor-
phisms. As an application of this it is shown that the only probability distribu-
tions on R™ which are stable under the full automorphism group GL(n, R) of
R™ are the nondegenerate Gaussian distributions. It is furthermore shown that
there are no nondegenerate probability distributions of R™ which are stable
under SL(n, R).

1. Introduction. P. Levy [1] introduced the notion of a stable probability
distribution on the real line and obtained a representation for the Fourier trans-
form of such distributions. As a natural generalization of this idea one can intro-
duce the concept of a stable positive definite function on a general locally com-
pact group G. The stability is always with respect to a suitable group of auto-
morphisms of G. We are far from obtaining a general representation theorem for
this case. The main aim of this article is to obtain a representation of positive
definite functions on G which are stable under a one parameter group of auto-
morphisms. As a corollary we are able to show that the only probability dis-
tributions on R™ which are stable under the full automorphism group GL(n, R)
are Gaussian, and that there are no probability distributions on R™ which are
stable under the group SL(n, R) of all #n x n matrices with determinant 1.

2. Stable positive definite functions. Let G be a locally compact second
countable group with identity e. We start with a few definitions.

DEFINITION 2.1. A continuous complex valued function ¢ on G with
o) = d(g™") forevery g € G is called positive definite if

1) ¢ =1,

(2) forany n=>1, ¢, **,c, €C (the complex numbers) and any

8 " »8, €G, we have
n

@.1) > e 'e) >0
i,j=1
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¢ is called conditionally positive definite if

(1) #e)=0,

(2') (2.1) holds whenever Z},c; = 0.

DEFINITION 2.2. A positive definite function ¢ on G is called infinitely
divisible if, for any n =1, there exists a positive definite function ¢, and a
continuous homomorphism ¥, from G into the group T of complex numbers
of modulus 1 such that ¢ = x,, - ¢5.

The following lemma establishes a close connection between infinitely divis-
ible positive definite functions and conditionally positive definite functions:

LEMMA 23. Let G be connected and locally connected. A positive
definite function ¢ on G is infinitely divisible if and only if it is of the form

2.2) p=expy

where Y is a conditionally positive definite function on G. ¥ is determined
uniquely by (2.2).

This is proved in [2, Theorem 12.9].

In classical probability theory, a positive definite function ¢ on the real
line R is called stable if for any two positive real numbers c,, ¢, there exists
a positive real number ¢; and a character x of R such that

23) 9(c,) - 9(cy1) = X(@) - 9(c31)

for every t € R. Obviously ¢ must be infinitely divisible if it satisfies (2.3). A
natural generalization of this notion of stability is the following:

DEFINITION 24. Let G be a locally compact second countable group and
let A be alocally compact second countable group of automorphisms of G
such that the map (e, g) — ag, « € 4, g € G, is continuous. A positive def-
inite function ¢ on G is called stable under A if for any a,,a, €A there
exists an a3 €4 and a continuous homomorphism from G to T such that

24 #(@,8) - H(a,8) = X(8) * He38)

for every g €G.
It is again obvious that any ¢ which is stable under 4 must also be in-
finitely divisible. In particular we have:

LEMMA 2.5. Let G be connected and locally connected, and let ¢ be a
positive definite function on G which is stable under A. Let { be the condi-
tionally positive definite function on G satisfying

2.9 ¢ =exp Y.
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Put

(2.6) K(g, h) = v~ "g) — Y(h™") — ()

for every g, h € G. Then the following is satisfied: For any a,,a, € A there
exists an a3 € A such that

2.7 K(a,8, a,h) + K(a,8, ah) = K(a;8, azh)
for every g, hEG.

PrROOF. The existence of ¢ satisfying (2.5) follows from Lemma 2.3. To
prove (2.7) we note that, by (2.3),

exp (K(o,8, a,h) + K(a,8, ayh)) = exp K(a;8, a3h)

for every g h €G. Since K is continuous and since K(e, €) = 0, the connect-
edness of G x G implies (2.7). The lemma is proved.

LEMMA 26. Let G, A and K be given as in Lemma 2.5. Then the
following hold:

(1) For every positive rational number r there exists an element o(r) € A
such that

(28) K((r)g, o(r)h) =r - K(g, )

forevery g, hEG.
(2) The set B of all BE A with the property that there exists a constant

c(B) with
(29) K(Bg, Bh) = c(B) - K(g, h), & hEQG,
is a closed subgroup of A.

PrROOF. Putting a, = a, =1 (the identity element in A) we see the
existence of a(2) from (2.7). Next we put a; = a(2), @, =1, and get o(3).
In this manner we can define a(n) for every n=1,2,---. Putting a(l/n) =
o(n)~! and a(p/q) = a(1/q)P for every positive rational number p/q we can
assign an a(r) to every rational r > 0, even though the choice will in general
not be unique. The second part of the lemma follows from the fact that B
coincides with the set of all « € 4 for which the map

(8, h) — K(ag, an)/K(g, h)

from {(g, #): g, h €G, K(g, h) # 0} to C is constant in g, h. The lemma is
proved.

REMARK 2.7. The map B —> c(B) defined by (2.9) is a homomorphism
from B into the multiplicative group of positive real numbers. If, in particular,
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A =R, then B=A and the map c( ‘) is of the form c(f) = exp c,¢ for
some real constant ¢, # 0.

3. Positive definite functions on R” which are stable under R. Through-
out this section we shall assume G to be a finite dimensional real vector space
R",v21, and 4 = {a;, t €ER} a continuous 1-parameter group of matrices
on RY. Foreach t€R we denote by af the adjoint matrix of «,, and put
B, = a_"j,. Then {B,,t € R} is again a continuous 1-parameter group of auto-
morphisms of R".

DEFINITION 3.1. We call the action (f, v) — aw, tER, vER®, smooth,
if the action (¢, vV)— B, tER, VE R?”, has the following property: There
exists an analytic subset S of R” which intersects each orbit in exactly one
point.

Let us now choose and fix a 1-parameter group 4 = {a,, t €R} which
acts smoothly on R”, and let ¢ be a positive definite function on R” which
is stable under A. As remarked in Lemma 2.5, ¢ is infinitely divisible. We put

(€RY) ¢p=expy

where Y is the conditionally positive definite function given in Lemma 2.3, and
write

(3.2) K(vy,v)) = ¥, —vy) = ¥(@®,) = ¥(-v,), v;,v, ERY.

The classical Levy-Khinchine formula on R” (see, for example, [3, §16]) tells
us that
Y(@) = — WP, v) + iv, @

(33)

+ (exp i, W) — 1 —i-‘—”L‘”—’—) dF(w),

RV-{0} 1+ lwh?

where P is a positive semidefinite matrix on R”, (-, ) denotes the inner
product on R”, Iwl? = (w, w), a is a fixed element in R”, and where F isa
o-finite measure on R” — {0} such that

(3.4) f (1 — cos @, w)) dF(w) < %

for every vER®. a, P and F are all uniquely determined by formula (3.3).

" Conversely, if @, P and F are given as above and if F satisfies (3.4), then the
function Y defined by (3.3) exists and is conditionally positive definite. Sub-
stituting (3.3) into (3.2) we have

K(vy, vy) = Poy, vy)

(3.5

+ }(exp i, — vy, W) — exp i, W)

= exp i~ vy, w) + 1) dF(w).

RY-{0
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LEMMA 3.2. There exists a continuous homomorphism t — exp ct from
R to R™, the multiplicative group of positive real numbers, satisfying

(3.6) K(a,v, a,w) = exp ct K(v, w)
for every v, w € R*. Hence the measure F given in (3.3) satisfies

3.7 expct FB; ') =F

forevery tE€R. If ¢+ 2, then P must be zero.

PROOF. The existence of the homomorphism ¢ —> exp ¢t was pointed
out in Corollary 2.7. (3.7) and the conditions on P both follow from (3.5) and
(3.6). The lemma is proved.

LEMMA 33. Let S be an analytic subset of RY which intersects each
orbit of {B,, t € R} in exactly one point. Then there exists a o-finite measure
u on S— {0} such that

. _ ., w
f(exp w,w—1-1i T+ Wi Ilwﬂz) dF(w)
(3.8)

, . W, B9
= fs- {0} fR exp ct (exp i, B8 —1—1i m) dt du(s).

PROOF. F is quasi-invariant under {B,, ¢ € R}, by (3.7). Applying stan-
dard decomposition theory we decompose F into o-finite measures which are
ergodic under {B,, t € R}. Under our assumptions every ergodic measure is
supported by a single orbit of {8, t €R}. We can thus write

va_ {0}(°xP Kv, — vy, w) — exp iv,, w) — exp i~ v,, w) + 1) dF(w)

(39 = f s— {o}(exp vy, = vy, W) — exp i, w?
- exp i v,, w) + 1) dF(w) d;T(s),

where each Fg is a o-finite measure concentrated on the orbit {8, ¢t € R} in
R”— {0}, and where & is a probability measure on S — {0}. From (3.6) and
(3.7) we see that, for any tER, s€S - {0},

(3.10) o) FB_p) =F,.

This implies the following formula: If E is any Borel subset of R — {0} and
s€S - {0}, then
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F® =10 [ g1 (5,019

where f(s) is a nonnegative constant, and where the map s — f(s5),s €S — {0},

is ;;measurable. We put du(s) = f(s) dﬁ(s) and conclude (3.8) from the remarks

about the Levy-Khinchine formula preceding Lemma 3.2. The proof is complete.
Combining these results in form of a theorem we get

THEOREM 34. Let {a, t €R} be a continuous 1-parameter group of
v x v matrices. Put B, =a*, for every t €R, and assume that there exists
an analytic set S in R which intersects each orbit of {8, tER} in R” in
exactly one point. Let ¢ be a positive definite function on RY which is stable
under {a, t €R}). Then ¢ is of the form

(3.11) ¢ =exp ¥,

where  is a conditionally positive definite function on R®. Furthermore there
exists a nonzero real constant vy, an element a € R®, a o-finite measure | on
S — {0}, and a positive semidefinite v x v matrix P such that, for any v € RY,

Y@)=—%Po, ) +i- v, a

(3.12) , B,

+ fs- {o}fR<exp Kv, B,8) - 1 -im) - exp vt dt du(s).

If y#£2, then P vanishes.

Conversely, any nonzero constant Yy € R, any a €RY, any o-finite
measure u on S — {0}, and —if |yl = 2— any positive semidefinite v x v
matrix P together define a positive definite function ¢ on R which is given
by (3.11) and (3.12) and which is stable under {a,, t € R}, if only

(3.13) fs— (0} fR(l — cos (v, B,)) - exp 7t dt du(s) < o

for every vER".

PROOF. The first part of the theorem is already contained in Lemmas 3.2
and 3.3. The converse follows immediately from (3.4)# In particular we can
choose A to be the 1-parameter group {e’l, t € R}, where I is the identity
matrix on R”. An application of Theorem 3.4 together with a well-known com-
putation (see e.g. [2]) leads to the following classical result:

THEOREM 3.5. Let ¢ be any positive definite function on RY which is
stable under A = {e'l, t € R}. Then we have ¢ = exp ¥ where Y is a con-
ditionally positive definite function on R® given by any of the following three
expressions:
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(3.149) (1) Y@)=«v,a)— % Pv, ), vER",

where a € RY and P is a nonnegative definite v x v matrix,
) Y@)=iv,a) +sgn(y—1)

. f exp(— %imy sgn®, w)Kv, w)|¥ du(w), v ER?,

where a € RY, v is a constant satisfying either 0<vy<1 or 1<v<2, and
u is a totally finite measure concentrated on {w: lwll = 1} in R". (The sym-
bol sgn stands for “sign™.)

(3.15)

G16) () ¥) =&v,0~ [ZKo Wi+ u, w log Ky, wdu(w), vER,

where a € R¥ and where u is a totally finite measure on {w: lwl = 1}. Con-
versely, any function ¢ = exp ¥ with  given by any of the formulas (1)—(3)
above will be a positive definite function on RY which is stable under A.

4, Stable positive definite functions on a type I group. In this section we
shall give a brief account of the analysis of positive definite functions on a type
I group which are stable under a suitable 1-parameter group of automorphisms.
The results are similar to the ones in the abelian case, and since the methods are
quite well known and involve little more than the usual measure theoretic tech-
niques used in decomposition theory we shall not include any proofs. Our assump-
tions are the following:

Let G be a locally compact second countable type I group which is con-
nected and locally connected. We denote by G the dual of G, i.. the set of
all unitary equivalence classes of continuous irreducible representations of G in a
Hilbert space, furnished with the Mackey-Borel structure. If 4 = {a, t €R} is
a continuous 1-parameter group of continuous automorphisms of G, we can de-
fine the adjoint {B, t € R} as the 1-parameter group of Borel transformations
of G givenby B, =a*, tER. Here o denotes the map which sends any
element x € G containing a representation g — Ve of G to the element afx
containing g —> V, - Again we assume that there exists an analytic subset S
of G which intersects each orbit of {8, tER} in G in exactly one point.
Under these assumptions we have

THEOREM 4.1. Let ¢ be a positive definite function on G which is stable
under A. Then there exists a conditionally positive definite function ¢ on G
with ¢ = exp Y. Furthermore there exist a nonzero real constant v, a standard
Borel space X, a probability measure n on X, a Borel subset Y of X, u-
measurable families {H*, x € X} of complex separable Hilbert spaces, {V*,

x € X} of continuous unitary irreducible representations V* of G _in H*, and
{8(x, - ), x € X} of continuous maps &(x, - ): G — H*, which satisfy:
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(1) {8(x, 8),g € G} spans H* for every x € X.

(2) Vgo(x, h) —8(x, gh) + 8(x,8) =0 forevery g, h€G, xEX.

(3) 8(a(8) =exp 7t 6(x, g) forevery tER, gEG, xEX - Y.

@) Y'g) — YY) = Ye) = [ySRB( o), 5Cx, e, (R))
cexp — vt dt du(x) + [ _ y(6(x, g), 8(x, h))du(x).

The proof makes use of results contained in [3], in particular of the Theo-
rems 12.12 and 13.2 there.

5. Stability under GL(», R) and a characterization of Gaussian positive
definite functions. Let again G = R” and let A be a locally compact group of
v x v matrices. Assume ¢ is a positive definite function on R” which is stable
under 4. Since ¢ is infinitely divisible, we can write it as ¢ = exp ¥, where
¥ is conditionally positive definite. Again we put

¢.1 K(u,v) =y - v) — y() — y(-v), u,vER"
Let
(52) Ay = {a € A: K(ou, ow) = K(u, v) for all u,vE€R"}.

Clearly A, is a closed subgroup of A.

LEMMA 5.1. Let B be a finite subgroup of A. Then there existsa { € A
such that ¢Bt~' C A,.

PROOF. By (2.7) there exists a { € A such that

2 K(Bv, Bw) = K(v, tw)

pEB

for every v, wE€ R. Hence K({Bv, {fw) = K(¢v, ¢w) for every v, w €RY and
every B € B. The lemma is proved.

LEMMA 5.2. Assume there exist an element v, in R” and a sequence
(a,) in A such that

(5.3) (1) suplRe Y(a,v)l < forevery vER?,
(54 (2) limllaugll = oo,

Then the set D = {v: |¢(u)l = 1} contains a nonzero subspace of R".

PrOOF. By Lemma 2.5 there exists a sequence (B,) in 4 such that

5.5) K(Bp, B,w) = 2K (v, w)
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forevery n=1,2,--- and every v, w ER” (K is given by (6.1)). In
particular,

1
Re ¥(B,v) = " Re Y(v)
forevery n=1,2, -+ and every v € R”. We choose a sequence 1 <k(1) <
k(2Q)<---<k(n) <--- of integers with
(5.6) lim k(n) = o, lim I8,y 0,1l = oo.
n n

Let, for any € > 0, S(¢) denote the set S(e) = {v: |[Re Y(v)l <€}, and put
B(1) = {v: lvll = 1}. (5.6) implies that

CN)) li’:n Re y(B,0,0) = 0

for every v € R”. (5.7) and the compactness of B(1) together imply that, for
every €,8 > 0, there exists an integer N(e, §) such that, for any n > N(e, 8),

Bi(ny2xB(1) CS(e), and 1B, a,0011 = 6.

Bi(n)2nB(1) is a connected set for every n=>1, and contains 0 and By,
We conclude that, for every n = N(e, 8), By(n),B(1) contains some element of
norm §. In other words, S(¢) N {v: lull = 8} and hence D N {v: vl = 8}
are nonempty sets for every & > 0. D is therefore uncountable. Since D is a
closed subgroup of R”, D must contain a nontrivial linear subspace of R”. The
lemma is proved.

LEMMA 53. Let B be a subset of A such that
(5.8) sup log |Re Y(aw)| < o
aEB
for every v € RY — {0). Then either B is relatively compact or D =
{v: |¢(v)l = 1} contains a nonzero subspace of R”.

PROOF. The subset B is relatively compact if and only if {aw, @ € B} is
relatively compact in R” — {0} for every v# 0. (5.8) implies that {aw, @ € B}
is bounded away from O for every v # 0. If B is not relatively compact, then
there exists at least one v, with sup,ecpgllavyll = ce. Choosing a sequence (e,)
in B with lim,la,v,ll = and applying Lemma 5.2 we have proved the lemma.

LEMMA 54. Let B be a closed subgroup of A such that
(5.9) sup IRe Y(aw)l < oo
aEB

for every v E R". Then either B is compact or D contains a nonzero subspace
of R'.
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ProO¥. All we have to show is that, if B is not compact, there exists an
element v, € R” and a sequence (@,) in B such that lim,la,vyll = . In-
deed, if no such v, exists, and if B is noncompact, then there exists a sequence
(a,) in B anda wy €R” with lwyl=1 and lim,a,w, = 0. Since
sup, la;; 'ull < oo for every v € R and hence sup,supy i<, oy ol = ¢ <o,
we get

1=l la,wol <cqg - la,wgl —0
which is impossible. An application of Lemma 5.1 concludes the proof.

LEMMA 5.5. Let ¢ be a positive definite function on R® which is stable
under A and which has the additional property that D = {v: |¢(v)| = 1} = {0}.
Then the following holds: For any compact subgroup B of A there exists a
¢ in A such that (Bt™' CA, (A, was defined at the beginning of this
section).

PROOF. If a is an elementin A then we denote by p, the probability
measure on A concentrated in a. Forany n =1 we choose points a,,,* ",
,, in B such that the sequence A, =n~'Z}%_, Pa,, tends weakly to the
Haar measure A of B. By equation (2.6) we can find a sequence (§,) in A4
with

Z K(ankv’ ankw) = K(g-nv’ Q'"W)
k=1

for every v, w € RY, where K is defined as in (5.1). Defining (8,) by (5.5)
we get, forevery v, WERY, n=1,2,---

(5.10) KB, 5n0, Bt W) = [ Kiew, aw) d\, (@).

B is compact, and hence sup,eglog IRe Y(aw)| <o for every v+ 0. This
implies that

sup log IRe Y(B,$,v) <,
n

for every v € R” — {0}. We conclude from Lemma 5.3 that (8,$,) has a con-
vergent subsequence (B,,kfnk), say, whose limit is ¢. From (5.10) we obtain
K($v, tw) = [gK(ow, aw) d\(@) and thus, for any a € B, K(§aw, taw) =
K(Qv, tw) for every v, w € RY. In other words we have (Bt~ C A,. The
lemma is proved.

Even though there is—at least at the moment—little hope of obtaining a
complete description of all positive definite functions on R” which are stable
under an arbitrary group A of automorphisms of R", the Lemmas 5.1-5.5 make
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it possible to solve the problem in certain special cases when A4 has a sufficiently
large compact subgroup. As an illustration we choose 4 to be GL(v, R), the
group of all automorphisms of R”, and determine the stable positive definite
functions in this case. The result leads to quite an interesting characterization of
the Gaussian probability measures on R”,

THEOREM 5.6. Let ¢ be a positive definite function on R, v = 2, which
is stable under GL(v, R). Then ¢ is either degenerate (i.e. everywhere of mod-
ulus 1), or ¢ is given by

(5.11) #() = exp (v, @ — %(Pv, v)), vER?,

where a € R”, and where P is a positive definite v x v matrix. Conversely,
if a€RY and if P is a positive definite v x v matrix, then (5.11) defines a
positive definite function on R® which is stable under GL(v, R).

PrROOF. If ¢ is stable under GL(v, R) then |¢| is also stable. We put
D = {v: () = 1} and 4, = {a € GL(», R): |¢(aw)| = |¢(v)! for all v € R"}.
The classical inequality

(5:12) 1 —1Ip@, + v )l <A = g + (1 — lp(,)) for all v,,v, ER”

implies that D is a subgroup of R”. Our first aim is to show that D is either
equal to {0} or to the whole of R”. We take Q to be the subgroup of
GL(v, R) consisting of all permutations and reflections of the coordinates. Since
Q is finite we conclude from Lemma 5.1 that there exists a {, € GL(y, R) with
$,0¢7! CA,. Hence Q leaves ¢{7'D invariant. Let us assume that D # {0}.
If v#0 isan element of D, then w = {;“v = (wy," "+, w,) is nonzero.
We assume without loss of generality that w, # 0. The invariance of the group
¢7'D under Q implies that (w,, —w,, -+, —w,) and (2w, 0,- -+, 0)
are both elements of {7 1D. Using again invariance under Q we see that all
points of the form (2k,w,,- - -, 2k,w,) are contained in $T 1D, where
(kys* -, k) isany v-tuple of integers. This implies that the quotient R"/g'l"D
is compact. Since furthermore ¢ is infinitely divisible and hence everywhere
nonzero, we conclude from the inequality (5.12) that |¢| is bounded away from
zero. Writing ¢ = exp Y, where ¥ is conditionally positive definite (see Lem-
ma 2.3) we see that Re ¢ is bounded. Assume now that Re Y(y) # 0 for
some vy €RY, ie. that D # R”. By Lemma 2.6 we can find an a(r) €
GL(v, R) for every positive rational r, such that Re V(a(vy) = r - Re Y(vy),
which contradicts the boundedness of Re ¢. In other words: If D is not equal
to {0} then D =R”, in which case ¢ is degenerate.

Let us therefore assume from now on that D = {0}, and let us investigate
the size of A,. It follows from Lemma 5.5 that there exists a ¢, such that
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£,0()8; ! C A4, CA,, where O() is the orthogonal group on R". In partic-
ular, ¢(v) = [¢(S,v)l is a function of lvll alone.

Our next step will be to reduce the problem to one dimension. Choose a
fixed orthonormal basis (e, * -, e,) in R” and consider the subgroup = of
all matrices in GL(v, R) which are diagonal in this basis and of the form

A ]
)\—1

1
R A>0.

L 1]

For any A;, A\, >0 there exists an & in GL(y, R) such that
501te1)$02tel) = 3(0!@1)

for every t €R. Since ¢ is only dependent on the norm of its argument, we

can replace a by some element in Z. We thus get: For any A;, A, > 0 there
existsa A3 >0 such that

a()\;tex)a‘(xztel) = a()\e,tel)
for every t €R. Hence t — $(tel) is a real valued positive definite function
on R which is stable under the group {e’, ¢ € R}. Applying Theorem 3.5 we
see that @(v) = exp — cllvl? for every v € R, where ¢ is a positive constant
and where v satisfies 0 <7y < 2.
Let us finally prove that 7y = 2. The stability of ¢ under GL(», R) im-
plies that for any «,, @, € GL(», R) there exists an a3 € GL(», R) such that
ol + layull” = loegull

for every v € R”. Choosing

l-l

L

@, = I (the identity matrix), and v = xe, + ye,,x,y €R, we see that
x? + A7) 112 4 (62 + )12 = (g,x% + a,xy + azp?)/?

for every x,y €R, where ay,a,,a; are real numbers. Differentiating with
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respect to x and putting x = O we see that @, = 0. We get (y/2=1)
O + ) + (x2 + y2)1 = (a,x? +ayy?)"

for every x, y €R, and for every A> 0. Hence 2, = (A" + D' gy =
A" + Y7, and

x2 + 2712 4+ (k2 +p2)7 = (A7 + 1)/ + A7 + 1) p2)n
for every A>0,x,y €R. Putting y2 = A we have
2 + 1)+ (k2 + N7 = QA7 + D+ DN

If we differentiate twice with respect to x and put x = 0 afterwards we get
A+ DA —1)=0 forevery A>0, and hence 7/2 =17 = 1. Thus we
have

$ @) = I6s,0)l = exp — cllul?
for every v € R”, and for some positive constant ¢. Hence
(5.13) l6v)l = exp — %IPvlI2,

where P=2¢*1¢~1. A well-known theorem of probability theory states that
any positive definite function ¢ whose modulus is of the form (5.13) satisfies
(5.11) for some a € R”. The theorem is proved, since the converse is obvious.

THEOREM 5.7. There are no nondegenerate positive definite functions on
R” which are stable under SL(v, R).

PROOF. Assume there exists a nondegenerate positive definite function ¢
on R” which is stable under SL(v, R). We can use the proof of Theorem 5.6
to show that |¢(v)l = exp — %IPvll2, where P is a positive definite v x »
matrix (note that all elements of GL(», R) which were used in the proof of
Theorem 5.6 were actually elements of SL(», R)). We conclude that, for any
@;, @y € SL(y, R) there exists an a3 € SL(v, R) such that

2 2 - 2
o, oll® + lla,ul® = loegoll

for every vER". We put «,,a, =1 and see inmediately that @; cannot
be an element of SL(y, R), which contradicts the earlier assumption that ¢ is
stable under SL(v, R). The theorem is proved.

REMARK 5.8. To give another application of these methods one might take
G = C (the additive group of complex numbers), and A = C,, the multiplicative
group of nonzero complex numbers, which acts on C by multiplication. Any
positive definite function ¢ on C which is stable under C;, must be rotation
invariant as a consequence of Lemma 5.5, if it is not degenerate. Applying once



174 K. R. PARTHASARATHY AND K. SCHMIDT

again Theorem 3.5 we see that ¢ must be given by ¢(z) = exp — clz|?, z €C,
where 0<y <2, and ¢ >0.
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