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SYMMETRIES OF SPHERICAL HARMONICS(})
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ROBERTO DE MARIA NUNES MENDES

ABSTRACT. Let G be a group of linear transformations of R"™ and
H;(G) the vector space of spherical harmonics invariant under G. The Pélya
function is the formal power series 2k>otk dim H;(G). In this paper, after
classifying all closed subgroups of O(4), we compute the Pblya functions for
these groups. These functions have recently proved to be of interest in quantum
mechanics and elementary particle physics.

1. Pélya functions. We denote by S”~! the unit sphere in euclidean space
R",by O(n) the orthogonal group of R", by SO(n) the subgroup of O(n)
consisting of those ¢ € O(n) such that det 0 = 1. G denotes a fixed closed
subgroup of O(n).

DEFINITION. A spherical harmonic f, of degree k is the restriction to
S"1 of a homogeneous polynomial F,(x) of degree k which is harmonic.

We have x = (x,,*** ,x,) ER", x| = (% ++++ +x2)!/? and F,(x)
=rkf,(x/r) for r=|x|#0.

We denote by H, the vector space of spherical harmonics of degree %,
and by H,(G) the vector subspace of those invariant under G. The Pélya func-
tion is defined by Fg(f) = Z;50t* dim H,(G). The classical Molien formula is

_ ) R
Fe( = fc dot(i - 10) %°

where do is the normalized Haar measure on the group G. If G is a closed
subgroup of SO(4), we have

|
Fs(n) = do
c® fG (1 =2t cos a, + t2)(1 = 2¢ cos B, + 2)

where a,, B, are the angles of the rotation o.
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REMARK. Pdlya and Meyer computed the generating function Fg(¢) for
the finite subgroups of O(3). Their results are given in [11].

We want to compute the function Fg(f) for the closed subgroups of O(4).
Then our first task is to determine these subgroups.

2. Subgroups of SO(4). Any rotation in R* can be written as a mapping
q — Ilgr~! where q = (W, x,y, z2) =w +xi +yj +zk is a quaternion and
I r are unit quaternions. Let ¢: S3 x §3 — SO(4) be the 2-1 homomorphism
defined by o(, r)(q) = Iqr~!. Let G C SO(4) be a closed subgroup and 4 =
¢ (G). Let pr;: S* x S3 — §3,i =1, 2, denote the projection onto the ith
factor. Set L = pr;4, R =pr,4;L and R are closed subgroups of §3. Set
Ly ={l€EL;(I,1)EAL, Ry = {r€R; (1, 1) €EA}; Lg (resp. Ry) is a closed
normal subgroup of L (resp. R). We have an isomorphism of Lie groups, ®:
L/Lx — R/Rg, given by ®(Lg) = rRg, where (I, r) EA.

Conversely, given L, R, Ly, Rg, ® as above we define the group G by
G = {g€504); gq) =1lqgr~! with IEL, rER, ®(Lg) =rRg}.

If A=¢'(G) then pryA=L,pr,A=R, IEL;(, 1) €A} = Ly,
{r€R;(1,r) €A} = Rg. We use the notation G = (L/Lg;R/Rg)q or
G = (L/Lg; R/Rg) when @ is clearly understood.

ProposSITION. Let G = (L/Lgx; R/Rx)e and H = (M/M; N/Ng)y be
two subgroups of SO(4). Then

(i) there exists y € SO(4) such that G = yHy™' if and only if there
exist isomorphisms of Lie groups a: L[Ly — MMy, B: R/[Rx — N[Ny of the
form o(lLy) = a ‘laMy, B(Ry) = b~ 'rbNy, where a, b €S* and Va = (0.
Moreover,a and b are such that L =aMa™*, R = bNb™";

(i) there exists y € O(4) — SO(4) such that G = yHy™! if and only if
there exist isomorphisms a: N[Ng — L[L g, B: RIRx — M[My of the form
a(nNy) = ana 'L, BrRg) = b~ 'rbMy, where a, b €S> and pda¥ = 1.
Moreover, a and b are such that L =aNa™', R = bMb™".

PRrROOF. (i) If 7(g) = agb™! issuch that G = yHy™!, then the elements
of G are of the form g(g) = (ama~')q(bnb~')™' where m EM, n €N,
(mMy) = nNg. Then L =aMa™', R = bNb~'. Define oflLg) =a~'laMy,
B(rRy) = b~ 'rbNy. Then a, 8 are isomorphisms and ®(ama~'Lg) = bnb~ 'Ry
implies that Vo = .

Conversely, if there exist isomorphisms a, § as above then define y(q) =
agb~!. It is easy to see that G = yHy~'.

The proof of (ii) is similar.
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Subgroups of S3. The proper closed subgroups of SO(3) are (up to
conjugacy):

T = tetrahedral group of order 12;

0 = octahedral group of order 24;

1 = icosahedral group of order 60;

C, = cyclic group of order n;

D,, = dihedral group of order 2n;

H, = group of all rotations about a given fixed axis;

H, = group of all rotations about a given fixed axis together with rotations
of 7 about all axes perpendicular to the given axis.

We have the 2-1 homomorphism =: §3 — SO(3) given by n(p)(q) =
pap—". Then we obtain all the closed subgroups of S3 taking G = n~1(G),
where G is a closed subgroup of SO(3). We obtain the following proper sub-
groups of §3:

T=a"YT) of order 24;

0 =7"1(0) of order 48;

I=n"YI) of order 120;

C,=n"(C,) if n isodd; 77'(C,;5) if n iseven, of order n;

D, = n~%(D,) of order 4n;

H, =a~'(H,). H, is connected and H, = (cos 6,0, 0, sin 6); 0 <0 <2m,

Hy,=n"'(H,). H,=H, UH,i.

With these subgroups we can now determine all the closed subgroups of
SO(4). The complete list appears in the table at the end of the paper. For the
finite subgroups of SO(4) the list is given in [7].

REMARK. There is only one group (up to conjugacy) of the form
(8*/Lg; S*/Ri)g Hy[Cys Hy[Cp)o» (Hy/Crs Hy[Cp)g -

3. Subgroups of 0(4). If g =W, x,y,2) then =W, —x,—y, —2) is
the conjugate of q. The mapping ¢ — 7 is a reflection in R?*, and the result-
ant of this reflection with a general rotation q —Igr~! is the reflection q —
IGr~1, and any reflection can be put in this form, i.e., the general reflection in
R* has the form q — agb with |a| = |b] = 1. If B(q) =agb and g(q) =
Iqgr~! then BgB~'(g) = (ara—Y)q(d~'ib)~".

Let G* be a subgroup of O(4) which is closed and has G = (L/Lg; R/Rg)e
as its pure subgroup. If B € G* — G, B(q) = agb, then the mapping
gE€G — BgB~! €G is an automorphism of G, and we have L =aRa™"!,

Ly =aRga™', R=0b"'Lb, Ry = b~ 'Lyb,thatis,L and R are conjugate in
S3,and so are Ly and Ry. It is easy to see that there exists an automorphism
W: L/Ly — L[Ly such that G and H = (L/Lg;R/Rg), are conjugate. Since
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we are interested in G* only up to conjugacy, it follows that we can take L = R
and Ly =Ry,and we have L =ala~' =bLb~!, Ly =alyga~! = bLyb !,
showing that @ and b must belong to the normalizers of L and Ly in § 3,
If B €G*, B(q) = agb, then its square is ¢ — (@b~ )q(b~'a) and belongs to
G, whence ab~! € L, which shows that a, b belong to the same coset of L in
the intersection of the normalizers of L and Lg in S3.

If G* has G = (L/Lg;L/Lg)e as its pure subgroup then define auto-
morphisms a(Ly) = ala™'Lg, p(Ly) = blb~ Ly, where B(q) = agh and
BEG*;if ®(Lg)=rLyg then d(ara'Lg)=>b"'IbL; and fdad = 1.

Accordingly we have the following cases of subgroups of 0(4), not in
SO(4), with dimension greater than zero:

(@) G =(53/53;53/S3) = SO(4). We have G* = O(4). The reflections
are ¢ — agb with a, b €53,

(b) G =(83/C,;S3/C,). The reflections of G* are q — agh with
a,b€S3 and ab~! = 1.

(c) G=(83/C,;S3/C,). We have two subgroups Gt =G Ug}G and
G* =GUg; *G containing G as pure subgroup, where g *@) =7 and

25(@) =—q. GY,G3 are not conjugate.

d) G = (H,/H,;H,/H,). The reflections of G* are q — agb with
a,bEH,.

(e) G= (H,/H,;H,/H,). We have two groups, G; and G3, having G
as pure subgroup, the reflections of G} (resp. G3) are q—agb witha, bEH,,
ab € H, (resp. ¢ — agb with a, b € H,i).

(f) G=(H,/H,; H,/H,). The reflections of G* are q — agb with
a bEH,.

(g) G=(H,/C,; H,/C,). We have three groups having G as pure sub-
groups:

G}-with reflections q — Igr~!;

G3}—with reflections q — lp!/?%i 2 1gir1,

Gg—with reflections q — lpi~'gir~!, where L, r€H,, Ir'! €C, and
Y% = (cos - m/n -, 0, 0, sin - 7/n).

() G=@#H,/C,;H,/C,). We have two groups, G} and G}, having G
as pure subgroup. The reflections of G7 (resp. G3) are of the form q —
Ip'?gr=" (resp.q — lpgr~") where I, r €H, and Ir~! €C,.

4. Examples of computation of the Polya function. If G is a closed sub-
group of SO(4) then we have
1-¢2
F.() = da,
¢® L (1 = 2t cos [a(a) = B@)] + t*)1 = 2t cos [(a) + B@)] + t3)
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where I = (cos a, b sin a, ¢ sin @, d sin &), r = (cos 8, m sin B, n sin B, p sin f),
b+ +d*=m?>+n>+p®=1 and g=¢(, r),a and B being functions
of a€4,and [ da=1.

ExamprLE 1. G = (H,/H,;H,/H,). G is a connected subgroup of SO(4)
of dimension two. Here, A = ¢~ (G) = H, x H, and da = (1/4n*)dadB.Then,

F(t)=l"‘t2f21r 2w dadp = 1
7 an? JoJo (1-2tcos(a—p)+ N1~ 2t cos(e +B) +12) 1-£*

In order to treat the next example we need the lemma that follows. I am
grateful to Professor T. Ganelius for showing me the technique used in its proof.

LEMMA.

"i‘ 1 S .1
o 1 =2t cos Qk/n)m + t? a-2a-r

PrROOF. The sum of all the residues (in the extended plane) of a rational
function is zero. We get the result considering the function

f@) =nz"f(z = )1 - tz)" - 1).

ExampLE 2. G = (H,/H,; C,,/C,,). G has dimension one and n com-
ponents. We have A =H, x C,,, A, = H; x {1}, where A, is the component
of the identity of A. Then,

Fo® =55 f, FGot, D) dag + -+ + 5. [ Fett, ")) dag,

where [ = (cos @, 0,0, sin @) €H,, p = (cos(n/n), 0, 0, sin(n/n)) and da, =
da/2m. Now, ¢(l, p¥) = rotation of angles (a — km/n), (o + km/n). Therefore,

Fo(t —-l-z'gl—l*fz" 1= da
W=7, & 210 [1-2¢ cos(a—kn/n) + 121 [1-2¢ cos(a + kn/n) + 3]

12 1+¢2 __ 1+
2n =01 -262 cos(knn) + ¢ (1 —-£2X1-2")

EXAMPLE 3. G = (T/V; T/V). G has 96 elements.
Wehave T= VUV, UV,,where V= {tl, i, +j, 2k}, V, =tV,
V,= 2V, t = %(1,1, 1, 1). The rotations of G are schematically VgV, V,qV,,
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V,qV,. If 0,,0, are the angles of ¢ — lgr~! then we have the following
table for the elements of T

cosd, cosd, #
1 1 1
0 0 12
-1 -1 1
1 -1 18
% -1 32
1 -4% 32
We have
1-¢2

96F (1) =
o §(l—2tcos01+t2)(l-2tcos02+t2)

and we get Fg(f) = (1 + ¢'2)/(1 - *)*(1 - ¢).

ExaMPLE 4. G* = (T/V; T/V)*. The reflections are of the form q — agb
with g, b bothin V oroneeachin V,, V,. If the angle between @ and b
is 0 then g*: q —>agb is conjugate to h*: q — pgp—"' where p = (cos(8/2),
0, 0,sin (6/2)). Then, det (1 — 7g*) = det (1 — th*) = (1 — ¢*)(1 + 2t cos 6 +¢2)
and we have

1 1 1
Fou(t)=5Fg(t) + — .
e*@=3Fc0) + 55 G§g(l+2tcos()+t2)

In our case we have the following values for cos 0:

cos 0 #

1 4

-1 4

0 24

% 32

-% 32

Therefore,
1+¢12

Fee0= (A =21 - £5)1 - £8)

ExaMPLE 5. G = (§3/C,; $3/C,) = O(3). G has dimension 3 and 2
components. Here, 4 =4, U A, where 4, = {(, I);1€ 83}, 4, = {(,-1);
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1€ 53}, Anelement of S3 is given by 1= (cos 9,, sin 0, cos 0,, sin0, sin0, -
sin 0, sin 6, sin 6, cos 63) and the volume element of S3 is w = (1/2n%)
sin®6 sin 0, d, df, df,, where 0<8,,0, <m,0<0, <2r.

If g(q) =1Iqi"! then det(1 —g) = (1 —£)*(1 — 2t cos 20, +£3). If
g(q) =—1Iql"! then det(1 —1g) = (1 + )%(1 + 2¢ cos 20, + t?). Therefore,

_ (1 - =1
fAOF(‘P(I: r) dag = fsa (1-0*(1-2tcos20, +12) 1-1t°
(1 - ) 1

Fe(l, ) da, = T
Ll (¥(, 1)) da, L.s A+D*(A+2tcos20, +12) 1+t

Therefore, Fg(f) = 1/(1 - t2).

5. Remarks about the Polya function.
(1) G actson S3 by (g, x) — g(x). We have:

PROPOSITION. F(f) =1 ifand only if G acts transitively on S 3,

PrOOF. If G acts transitively on 3 and f: §3 — R is invariant
under G then f is constant. Therefore

dimH,(G)=0 if k=0,
=1 if k#0,

and then Fg(r) = 1.

Conversely, suppose that F(f)=1. Let X,y €S 3 be arbitrary and
O, O3 the corresponding orbits. If Oz N O; =& then there exists a con-
tinuous function f: §* — R such that f(0;) =1 and f(05) =0. If
H(x) = [ f(gx)dg then H is invariant under G and H(X) =1, H(y) = 0.
Expand H in spherical harmonics: H = Z;,f,. Then each f is invariant
under G. Fg(f) =1 implies that f, = constant,f; =0 for k>0, and then
H is constant, a contradiction.

REMARK. It is clear that (S3/C,;S3/C,) and ($3/C,;S3/C,) cannot
act transitively on S3. The other possible groups are of the form G = (§3/S3;
M/M) and O(4), and they indeed act transitively on S3.

(2) A reflection ¢: R® — R" is called a simple reflection if ¢ leaves a
hyperplane pointwise fixed; we have then > =1. A group G of linear map-
pings of R" is a finite reflection group if it is finite and generated by simple
reflections. Chevalley [4] proved that, for a finite reflection group G, S(G) =
RlI,, -+ ,I,], where S(G) denotes the algebra of polynomials invariant
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under G and I; is a homogeneous invariant polynomial of degree (m; + 1).
It follows that the Pdlya function is given by

Fg() = 1-¢ .
(l _tml+l) e (l "tm”+l)

The groups (O/T; O/T)*, (O/V; O/VY*, U/I; I/[)*, U+ /Cy; I/C,)**,
(T/Cl; T/C'l)*, (O/Cl; O/C'l)*, (I/Cl > I/Cl )* and (CZr/Cl; Czr/cl );-‘-2r-l;h=r
are finite reflection groups and the exponents m, are given in [5, p. 141].

About the pure subgroup of a finite reflection group we have the following
result:

THEOREM. Let G* be a finite reflection group and G = G* N SO(4).
Then Fg(t) = (1 + t9)Fg+(2), with d = ' m,. '

PrROOF. Let S =R[x;,***,x,],S(G) be the algebra of polynomials
invariant under G, S(G*) =R[/,,+ -+ ,I,], with degree of I, equal to (m;+1).
Let S, S(G), S(G¥), denote the corresponding quotient fields. Then S is integral
over S(G*), S(G¥) is integrally closed, S(G) = S(G); Then § D S(G) is a Galois
extension. We have S(G) = S(G*)[J] where J € S(G) - S(G*),J? € 5(G*)
and we can take J? square free and homogeneous.

Suppose (P + QJ)/R € S(G), where P, @, R € S(G*). Then the norm and
the trace of this element belong to S(G*), and we conclude that R divides P
and R divides Q. Therefore S(G) = S(G*)® S(G*)J. If the degree of J is
d then we get the result. We have d = Zm; because F;(1/t) = (-=1)"t"Fs(2).

(3) In the table of Pdlya functions that follows we use the following nota-
tions and results:

_ml 1-¢2
@ S a)_,f:‘:, m[1 =2t cos (2kmjm—a) +¢3][1 — 2t cos(2kn/m + ) + 1] '

—m—l 1 -'tz
® b= T 2 cosknim v B + 1]

By the same technique used in the proof of the lemma on p. 8 we can
prove that

2r™(1—¢2) cos a sin ma +sin a (1 +¢2)(1 = £2™)

Sm, a) = H
(m, @) sin a1 = 2¢2 cos 2a + £4)(1 = 2¢™ cos ma + £*™)
TG ) ¢
m, ) = if m is even,
B 1 = 2™ cos mp + 2™
—2m
1-f if m is odd.

"1 426 cosmB + 2™
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m-12n—1r—-1 1_,2

2
Q) A2m,2n,1)= ’
() AL ) k§o h{-:o 1';» dmnr(1 = 2t cos a + t2)(1 = 2¢ cos § + ¢2)

where

_n- ms)j + r(nk —mh) . (n + ms)j + r(nk +mh) i

ﬁ:

mnr ’ mnr
BQ@2m, 2n) = A,(2m, 2n, 1)
(d) _ 2m-1 2n-1 1- t2

k=0 hgo 4mn(1 — 2t cos a + t2)(1 = 2t cos § + 12)
with a = (nk — mh)r/mn, B = (nk + mh)n/mn. In particular, we have
B(2m, 2m) = (1 + 6:2™ + *™)/(1 = £2)(1 - 12™)2.

C(2m, 2n) = 24,(2m, 2n, 2) - B(2m, 2n)

(e) _2m-l Zi—l 1_,2
k=t n=0 4mn[l -2 cos(Zkz;; Lr- 2th+| )+12][1—21 cos<2k2’:11r+————2hz;]1r)+t2]
In particular, C2m, 2m) = 1/(1 - t?).
D(n,2r,s,hk)
-1 n-12r1 +B)+ % (h—k) + (1 +5)j -1
® =YY%y <2n2 [l+2t cos Z@H O H B 2B s)’u+:€]> :
a=06=0 j=0 nr
m=1 n-1 2r—-1 l"l‘z

E(m,n,2r)= ’
® E ) kgo ;E:o go 2mnr(1 = 2t cos o +£2)(1 =2t cos B+ £2)

where

_(n- ms)j + 2r(kn — mh) _ (n+ms)j + 2r(kn + mh)
mnr ™ B= mnr .

H(n,2r, s, h, k)
O E R im0 T

a=0 =0 j= nr
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(@) If Fg(f) =Z;59a;t" issuchthat @, =0 for k odd, then it follows
from the results of [8] that G cannot be the group of symmetries of a hypersurface
of constant width. An example is (J/I;I/I) in contrast with the icosahedral group
in R3.

6. Pélya functions of the closed subgroups of 0(4).

Group Polya function
) (53/53; 53/83) = S0(4) 1
@ 5%/, 83/Cy) —
@ 6% 8%Cy) =
@ (53/53;H2/H2) 1
(5) (Sa/saiﬂl/ﬂl) 1
6  (S%s% 1 1
(M (%5 0/0) 1
® %5317 1
9  (s%/s3D,/D,) 1
(10 (S3/S3; cznlczn) 1
A1) (Hy/Hy: HyfHy) =3
(12)  Hy/H,; Hy/H,) ;%t—,-
(13) @y Hy/H) =
. I B
(14)  (Hy/H,;0/T) TETSTRrS
(15)  (Hy/H,;D,/[Cyp) L

1 .
if n isodd
(1 -1 -7

(16)  (H,/H,;D,,/Dy)
1+ t2n+2

——t—  ifn iseven
aQ-4H1-£
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Group Polya function

(1427%2 4 o
a-e-21
a7 (H,/H,;C,,/C,) 1422742 4 3 4
2/41y5 Copn/*n 4(1_'4)(1_‘4") if n or 3 (mod 4)
1+
a-2H1-

if n=0 (mod 4)

if n=2 (mod 4)

18 H,[H,; 1, 1
(18) (H,/Hy; 1/D) | TETETErD)

19 H,/H,; 0/0), N S
19) (H,/H,; 0/0) ToHa =T
20 H,[H,; T/T), 1+
@0 (3 T/T) a-3)a -2
l+t2n+2
(1 -1 -

1
-1 -

if n isodd
(21) (Hz/Hz;Dn/Dn)

if n iseven
2n
22) H,/H; C,,/C,,) S B o
2 2n/“2n (l — t4)(l -t’”)

23 H,/C,; H,/C, — 1
(23) H,/Cy3 H,/C,) TEYSErD

(9 H,/H,;H,[H,) ._.1_2.
1-¢

25 H,/C,; H,/C, 1+
(25) #,/Cy; H,/C,) TP

(26) (Hl/Hl ; I/I) 1 _214 - ’o + ,8 + 'lo + '12 + ,M _'IG - 2tll + '22

=21 - X1 - ¢'9)

) 1+1!8
(27) (Hl/Hl’ 0/0) (l - tS)(] - tlZ)

, 1412
(28) @\ /H,; TIT) (1 -5)1 - ¢8)
1+ t2"+2

(29) (HI/HI;Dn/Dn) (l - t4)(l - 12”)
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(30

@n

(32)

(33)

(349

(3%
(36)
€0)

(33)

(39)
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Group

(Hl/Hl > C2n/czn)
(CZmr/C2m; C2nr/C2n)s
Com/Cams Com/Cam)ds

(CZm/C2m;Dn/Dn)

(C2m/C2m > Dm/Dm)

(C4m/czm H Dn/Czn)

(C4m/c2m H Dm/czm)

(C4m/C2m > D2n/Dn)
(C4m/C2m 5 Dzm/Dm)

(sz/czm; T/T)
Com/Com: TIV)

(sz/czm; 0/0)

(C4m/czm 5 O/T)

(sz/czm ; 1/1)

Pélya function

1+ 2"
a1 -2)1 -2

A 2m, 2n,7)

1+ 6r2™ + 4™

(l —- t2)(1 - t2m)2

%B(2m, 2n) + %S2m, n/2)

1+ 3t2m + 3t2m+2 + t4m+2

(l - t‘)(l - ,zm)z

14 212"' + 5,2m+2 + stdm + 214m+2 + '6m+2

if m is even

1= =271 - *™)

if m is odd

Y% B(2m, 2n) + S(4m, n/2) - % S2m, n/2)

1 +2'2m +5’2m+2 +514m +2t4m+2 +t6m+2

1 +4t2m +3,2m+2 + 3’4m +4r4m+2 +t6m+2

-2

"12'”)(1

- '4m)

if m is even

%4 BQ2m, 2n) + % C(2m, 2n) + %.S(4m, n[2)

(1 =31 - 2m)1 - *™)

if m is odd

1+ tzm + 2,2m+2 +2t4m + t4m+2 + t6m+2

(1 =1 - 2m)1 - ¢4m)

—S(2m 0)+ 2 S(Zm, )+ s(zm, )

éS(Zm,0)+lS(2m )+S(6m )—-S(zm )

2s(zm

1 b 1
2 (4’"' 2) -gs

-i5(end

= 5m, 0) + =5 (2m
+35(om. )
+355(m,

(o
)+

,’-') + 15(2»:, )
(om.

1l
10
+1
3

o som, 0+ s(

1)+

5+
s(om
$(om

s (om.

)
)

s(om.

g

' 4

) 5 5m, 0) +1 s(

)

)
%)

wla

)



(40)

@1

@)

43)

(44)

@43)

(46)

@n
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Group

®,,/D,,;D,/D,)

®,./D,,;D,,/D,,)

(Dmr/czm > Dnr/c2n)s

(Dm/CZm; Dm/czm)s

(DZm/Dm > D2n/Dn)

(Dzm/Dm;D2m/Dm)

(D2m/Dm > Dn/CZn)

(D2m/Dm; Dm/CZm)

(/D py> T/T)

®,./D,,; 0/0)

(D,n/Cym3 O[T)

D2m/Dm3 O/T)

Pdlya function

38,2 + 45 (2m,7) + 15 (2n, 2)+%l I:’
1+ t:m + t2m+2 +14m+2
(1 - %1 - ¢2my?
1+ 302m+2 4 34m 4 fSm+2
(1 =31 - 2™)(1 - ¢4™)

if m is even

if m isodd

1
-2

1 1
545(2m, 2n, r) + 27

(1 +2m)?
a-Ha- t"")2

—B(2m 2n)+ C(2m 2n) + S( ,2)

1 1 1
+4S(4n,2)+4 g
L+ 2721 + 14m)
(1 =51 = 2™)1 - ™)

—B(Zm ) + 1 S<2n, 2) ;S<4m, )
1 1
4S< '2)+4 -2
1+ t2m + 2t2m+2 + ztdm + ’4m+2 +‘6m+2
(1 =141 = 2m)(1 =~ 14m)

1 1 m .1 Ly
24S(2m,0)+3S<2m, 3) +8S(2m, )
1 1+12

2. +%(1 -8

1 1 T
T s@2m, 0) + 6S<2m, 3) + 6 S (Zm, 2)
1 1r 1 1-¢18
+<=S(2m, X)) + = (———F—-—
8 ( 4) 2((!—:*’)(1-:'2))

+

1 1 s 1 s
2—45(2m, 0) + 5(2m, 3) + 8S(2m, 2)

11+
2 1-¢8

255@m, 0+ S(4m,2) '6s(2m,2)

+65(m.3) +55(om.3) -55(n3)

1__1-8
B i e ————
2. (a-581-12
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C)

“9)

(50

1

(52)
(53)

(59

(5%

(56)

(57

(58)

(59

(60)

(61
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Group Pélya function
L sm, 0) +1 S(2m ) +zs( ;’)
D3,,/Cypn3 O/V) 1 1+45
-ES(Zm,3)+ 1 -ts
1 T
=50m, 0 +1 s( ) ! (zm, 5)
L s(om, ) (2m, —’1)
Dy /Dp 1) 210 ( AN 5
+ Es(z”’"s") %5 %)
l 1- t30
2 a-'"21-19
(T/T; T/T) (l - t4 + ts)(l + tlz)
a -1 -1 -2
1+ -1 +6%)
(T/C,; T/C,) (
z (1 -2 -1
1 +112
/v, 1/v) —_—
(-0 -1
o _16_ 8 12 ,IC_Z‘ZO 2,24_,30_2?2 )h+ .\!_’44
(T/T, 0/0) 1 8 +2 +(l = j,s)z(l £ +£3¢ 4
. 14212 420 4+ 429 42130 4+ 436 490 4+ 98 40
(T/T’lll) (l -t”)(l _tZOXl _'30)
(0/0.0/0) l“t6+t12 +t24-t30+t36
A -51-3)(1-¢%*%
10
(0/C;;0/Cy) 1+¢
i A=) -1 -1
16
©/v;o/vy 14¢
A= -5 - %)
(O/T; O/T) 1+24
-1 - 8)1 - 11?)
©fo; I 1424704724 4207 410 4140 +42 450 448 4430 415 4156 4.2/00 4468 4173 480 4,92
(1= 2% - %1 - 1*9)
1+ ¢80
r, 11
w10 1 -112)1 - 2% -9
16
/C,; 1/C,) 1+¢

1 -1 -5 -1



(62)

(63)

(64)

(65)

(66)

67

(68)

(69)
(70)

Q)

(72)
(73)

49

(75)

(76)
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Group

(*/Cy; 1/Cy)*

(szr/cm; C2nr/Cn)s
m=n=1(mod 2)

(C2r/Cl > C2r/cl )s= 2r-1

(Dmr Cm > Dnr/Cn)s

D,/Cy;D,[Cy)s=2r—1
(7/Cy; T/Cy)

/c,; 0/cy),

©/cy; 0/cy),

arey: 1/cy)
a*/cy;1/cy)*

(53/5%; 8%/s%)* = 08)

(8%/Cy; 83/C,)*
°/cy; 83/}
(s%/cy;8%1C)%
(H,/Hy; H,[H,)*
Hy/H,; Hy[H))}

(H,/Hy; Hy/H,)3

Pdlya function

@ + 81 ++19
Q-1 - 5)1 - ¢19)

E(m, n, 2r)
1+
a-09a-1)
1 1 1
-2-Es(m, n, 2r) + R,
1+
aQ-01-231-1)
1+
a-91-231-1%
14+
Q-1 -1 -19)
1+¢7
a-)a-231-19
1+¢15
-0 -1 -9
1+1¢10

a-2331 -1 -1
1

1
1-1¢2
1

1-1¢

1

1-¢2
1

1-¢4

1

1-¢2

1
1-¢4
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7

(78

79

(80$)

@81

(82)

(83)

@49

(85)

(86)

@7

(88)

ROBERTO DE MARIA NUNES MENDES

Group Polya function
1
(H2/Cn;H2/Cn)r (1 - tZ)(l - t2n)
1
H,/C ;H,/C)* —_—
( 2/ n 2/ n)2 (l - tz)(l _tn)
1
(H\/Hy; H\[H,)* 1-12
1
H,/C .H./]C)* —_—
( l/ n l/ n)l (1 — 1‘2)(1 —_ t”)
1+ ¢2"
H,/Cy; H,\[Cy)3 A - 2X1 - 2"
14
H,/C.;H,[C)* —_—
( 1/ n 1/ n)3 (l —t2X1 —t")
(C2nr/cn; C2nr/cn)::h %Es(n’ n, 2") + %D(n’ s, 2h, 0)
1
(C,,/Cys Cor/C)s=2r—1;n=r (1 =-2X1-7)
1 + t2n+2 if A
—_— n is even
(1 =% - 27)?
. *
(Dn/Dn’Dn/Dn) 1 4+ 2¢2n+2 4 ran 3 )
A=Y =27 <) if n isodd
1 1
O /D) -2-D(n, r, s h k)+ ZEs("’ n, 2r)
nri~n>“nri~nls, h, k 1 1

41-p
1+¢£+!
a-2Pa-r
14+ 7+ 4442 4 p2r41
(1 -1 -

(D,-/Cl > Dr/cl );= Lh=k=r

. 1 3-1¢2
(Dnr/cn’ D,./cC, ;:h, k- ZE‘(n' n, 2r) + m
1+ t2n+2
(Dzn/Dn; Dzn/Dn)* a- t4)(l - t2n)(1 - t4n)

1- t2n + t4n + t4n+2

(Dzn/Dn§ Dzn/Dn): (l — t4)(l - t2"Xl - t4")

+ %H(n, 2, s, b, k)

if r iseven

if r isodd



(89)

(%0)

on

92)

(93)

94

95)

(96)

on

%98)

(99)

(100)

(101)

(102)

(103)

(104)
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Group

(T/Cy; TIC,):
(T/Cy; TIC)*
@/v; 1/v)*
@/, 7/v)2
(7/T; T/T)*
©/c,; 0/C)*
/T, 0/T)*
(/T; 0/T)*
©/v; oy
(0/0; 0/o)*
a/Cy 1/Cy)*
@/ 1n*
at/cy; 1c)t*
a/cy; T/C):
(T/Cy; T/C, ),

(7/Cys T/C)*

Polya function

1+

Q-1 -9H1-1%
1+
(=21 -1 -1
1+112
a -1 -1 -8
1+
Q-1 -0 -®)
1 +¢!2
-1 -3 -11?)
1

A -1 -1 -1
1

-1 -3 -¢1?)

1-15+418

-5 -8 -1¢1?)
1

A -1 -5 -1¢8)

. 1418

Q=81 -1 - 1?9
1

A=) -5 -1'9

1
(l - tl 2)(1 - t20)(l - t30)

1+¢8
(1 -%1 -9 -9
1+
A-0(1-H0-19
1+

A-50 - -1%)

1
A-0a0-)Qa -9
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Group Pdlya function
1= +1% 4+
Q-1 -Ha-1%

(105) (7/Cy; T/Cy)2

(106) (0/Cy; 0/C))* a-na _1,4)(1 - 15)

a0 ©/c,; o/c,)t o TEs

(108) (I/C,; I/Cy)* (,_,)(1_1,6X,-,1o)

(109) @/c,; 1/c,)* a -t2)(11t::;(1 ~£10)
1

10)- €/, 1/C1)* (-2X1 - X1 - 1)

1-65 +¢8 +410
Q-0 -7551-1%"
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