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SYMMETRIES OF SPHERICAL HARMONICSf1)

BY

ROBERTO DE MARIA NUNES MENDES

ABSTRACT.   Let   G   be a group of linear transformations of Rn   and

Hk(G)   the vector space of spherical harmonics invariant under   G.   The Pólya

function is the formal power series   ££>nf   dim Hk(G).   In this paper, after

classifying all closed subgroups of  0(4), we compute the Pólya functions for

these groups. These functions have recently proved to be of interest in quantum

mechanics and elementary particle physics.

1. Pólya functions. We denote by S"~l   the unit sphere in euchdean space

R", by 0(n) the orthogonal group of R", by SO(n) the subgroup of 0(n)

consisting of those  o E 0(n) such that det o = 1. G denotes a fixed closed

subgroup of 0(n).

Definition.  A spherical harmonic fk of degree k is the restriction to

S"'1   of a homogeneous polynomial Fk(x) of degree k which is harmonic.

We have x = (xx,"- ,xn)ER", \x\ = (x\ + • • • + x2)1/2  and Fk(x)

= r%(x/r) for r = \x\ ± 0.

We denote by Hk  the vector space of spherical harmonics of degree k,

and by Hk(G) the vector subspace of those invariant under G.  The Pólya func-

tion is defined by FG(i) = Sfc>0rfc dim Hk(G). The classical Molien formula is

FG(0 = fG'g det(l - to)
do

where do is the normalized Haar measure on the group G. If G is a closed

subgroup of £0(4), we have

W = L \-t2

(1 - 2/ cos aa + r2Xl - 2t cos ßa + r2)

where a , 0    are the angles of the rotation o.

■do
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Remark.   Pólya and Meyer computed the generating function FG(t) for

the finite subgroups of 0(3). Their results are given in [11].

We want to compute the function FG(t) for the closed subgroups of 0(4).

Then our first task is to determine these subgroups.

2. Subgroups of 50(4). Any rotation in R4  can be written as a mapping

q —* lqr~x  where q = (w, x, y, z) = w + xi +yj + zk is a quaternion and

/, r are unit quaternions.  Let <p: S3 x S3 —*■ 50(4) be the 2-1 homomorphism

defined by <pQ. rXo) = lqr~x.  Let G C 50(4) be a closed subgroup and A =

<p~x(G). Let  prf: S3 x S3 —+ S3, i = 1,2, denote the projection onto the ith

factor.  Set L = pixA, R = pr2A;L  and R are closed subgroups of 53. Set

LK = {/ E L; (I, 1) E A}, RK = {r ER; (1, r) E A}; LK (resp. RK) is a closed

normal subgroup of L (resp. R). We have an isomorphism of Lie groups, $:

L/LK —* R/RK, given by $(ILK) = rRK, where (/, r) E A.

Conversely, given L, R, LK, Rr,® as above we define the group G by

G = {g E 50(4); g(q) = lqr~x  with lEL.rER, $(ILK) = rRK}.

If A = 0-HG) then pr, A = ¿, pr2 A = /?, {/ € /.; (/, 1) €.4} = LK,

{rER; (l,r) EA} = RK. We use the notation G = (L/Lk;R/Rk)q  or

G = (/.//,£ ; R/Rjc) when 4> is clearly understood.

Proposition.  Let G = (L/LK;R/RK)^ and H = (M/MK;N/NK)^  be

two subgroups of 50(4).  77ien

(i) there exists 7 G 50(4) suchthat G = yHy~l  if and only if there

exist isomorphisms of Lie groups a: L/LK —► M/MK, 0: R/Rr —*N/NK  of the

form a(lLK) = a~llaMK, ß(rRK) = b~lrbNK, where a.bES3 and *a = 0$.

Moreover, a and b are such that L = aMa~x, R = 6/V6-1;

(ii) there exists y E 0(4) - 50(4) such that G = yHy~l  if and only if

there exist isomorphisms a: N/NK —* L/L K, 0: R/RK —*■ M/MK  of the form

a(nNK) = ana~lLK,ß(rRK) = b~lrbMK  where a.bES3 and 0$a* = 1.

Moreover, a and 6 are such that L = aNd~x, R = bMb~x.

Proof, (i) If y(q) = aa6_1   is such that G = yHy~x, then the elements

of G are of the form g(q) = (ama~x)q(bnb~x)~x   where m EM, n EN,

(mMK) = nNK. Then L = aMa~x, R = bNb~x. Define ai.//^) = a~xlaMK,

ß(rRK) = b~xrbNK. Then a, 0 are isomorphisms and  $(ama~xLK) = bnb~xRK

implies that ^a = 0*.

Conversely, if there exist isomorphisms a, 0 as above then define y(q) =

aqb~x. It is easy to see that G = yHy~ '.

The proof of (ii) is similar.
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Subgroups of S3. The proper closed subgroups of 50(3)  are (up to

conjugacy):

T = tetrahedral group of order 12;

0 = octahedral group of order 24;

1 = icosahedral group of order 60;

C„ = cyclic group of order n;

Vn = dihedral group of order 2n;

Hx = group of all rotations about a given fixed axis;

ff 2 = group of all rotations about a given fixed axis together with rotations

of 77 about all axes perpendicular to the given axis.

We have the  2-1  homomorphism 77: 53 —♦ 50(3) given by 77(p)(o) =

pqp~x. Then we obtain all the closed subgroups of 53  taking G = 7r~1(G),

where  G  is a closed subgroup of 50(3). We obtain the following proper sub-

groups of 53:

T=n-X(T) of order 24;

O = 77-1(0) of order 48;

/ = 77-1(I) of order  120;

Cn=77_1(C„) if n  is odd; 77-1(C„/2) if n  is even, of order n;

Dn = ir~x(Vn) of order An;

Hx = rr~x(Hx). Hx   is connected and Hx = (cos 6, 0, 0, sin 0); 0 <0 < 277,

H2 = n-X(ti2). H2 =HX UHxi.

With these subgroups we can now determine all the closed subgroups of

50(4). The complete list appears in the table at the end of the paper.  For the

finite subgroups of 50(4) the list is given in [7].

Remark.   There is only one group (up to conjugacy) of the form

(53/V, S3^^, (Hx/C„;Hx/C„)q, (H2/Cn;H2/Cn\.

3. Subgroups of 0(4). If q = (w, x, y, z) then q = (w, - x, - y, - z) is

the conjugate of q. The mapping q —► q  is a reflection in R4, and the result-

ant of this reflection with a general rotation q - lqr~x   is the reflection q —►

lqr~x, and any reflection can be put in this form, i.e., the general reflection in

R4  has the form q —► aqb with  \a\ = |6| = 1. If B(q) = acf6  and g(q) =

lqr~x   then BgB~x(q) = (ara_1)?(*-1»)-1-

Let G* be a subgroup of 0(4) which is closed and has G = (L/LK ; R/Rk)q

as its pure subgroup.    If   B E G* - G, B(q) = aqb, then the mapping

g EG —* BgB~x EG is an automorphism of G, and we have L = aRa~x,

LK = aRKa~x, R = b~xLb, RK = b~xLKb, that is, L and R are conjugate in

53, and so are LK  and RK. It is easy to see that there exists an automorphism

*: L/LK —*■ L/LK  such that  G and H = (L/LK;R/RK)<¡,  are conjugate. Since
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we are interested in  G*  only up to conjugacy, it follows that we can take L = R

and LK = RK, and we have L — aLa~x = bLb~x, LK = aLKa~x = bLKb~x,

showing that a and 6  must belong to the normalizers of L and LK  in 53.

If BEG*, B(q) = aqb, then its square is q —► (a6-,)o(6_1a) and belongs to

G, whence a6_1 E L, which shows that a, 6  belong to the same coset of L  in

the intersection of the normalizers of L  and ¿^  in 53.

If G*  has G = (L/LK; L/LK)^   as its pure subgroup then define auto-

morphisms  a(lLK) = ala~xLK, ß(lLK) = blb~lLK, where  B(q) = aqb  and

5 EG*; if $(LK) = rLK  then <¡>(ara~xLK) = b~xlbLK   and 0$a<p=l.

Accordingly we have the following cases of subgroups of 0(4), not in

50(4), with dimension greater than zero:

(a) G = (53/53;53/53)=50(4).  We have  G* = 0(4).  The reflections

are  q —► aqb  with a, b E S3.

(b) G = (S3/C2;S3/C2). The reflections of G*  are q-^ aqb with

a.bES3  and a6-1 = ±1.

(c) G = (S3/CX;S3/CX). We have two subgroups G* = G Ug*G  and

G| = GUg*G  containing G  as pure subgroup, where g*(o) = q  and

£*(ff) = ~ÏÏ-   O*, G* are not conjugate.

(d) G = (H2/H2;H2/H2). The reflections of G*  are o —* aqb with

a, 6G//2.

(e) G = (//y//, ; H2/Hx). We have two groups, G? and  G|, having G

as pure subgroup, the reflections of G* (resp. Gj*) are q—+ aqb with a, bEH2,

ab E Hx (resp. q —► aqb with a, 6 G Hxi).

(f) G = (HX/HX;HX/HX). The reflections of G*  are q—*aqb  with

a, ie/Y,.

(g) G = (Hx/Cn;Hx/Cn). We have three groups having G  as pure sub-

groups:

G*-with reflections q —► lqr~x;

G|-with reflections q —> lp1/2i~lqir~x;

G|-with reflections 0 —► /pi~xqir~x, where l,rEHx,lr~x E Cn  and

p1!2 = (cos - 77/77 -, 0, 0, sin - 77/77).

(h) G = (H2/Cn; H2/Cn). We have two groups, G\* and Gf, having G

as pure subgroup.  The reflections of G* (resp. G*) are of the form q —►

lpx/2qr~x (resp. q —* lpqr~x) where I, r E H2  and /r"1 £C„.

4. Examples of computation of the Pólya function.  If G is a closed sub-

group of 50(4) then we have

F°     ~   *A (1 - 2/ cos [oía) - 0(a)] + r2)(l - 2f cos [a(a) + 0(a)] + i2)  *'
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where / = (cos a, b since, c sin a, d sin a), r = (cos 0, m sin 0, n sin 0, p sin 0),

62 + c2 + d2 = m2 + n2 + p2 = 1 and g = </</, r), a and 0 being functions

of a e.4, and fAda = 1.

Example 1. G = (HX/HX;HX/HX). G is a connected subgroup of 50(4)

of dimension two. Here, A - <p-1(G) = Hx x Hx   and da = (l/4ir2)dadß.Then,

F  ,ft-l-t2 Ç2nÇ2n_dadß_      1
gK)     4n2JoJo(i-2tcos(a-ß) + t2Xl-2tcos(a+ß) + t2)    l-t2'

In order to treat the next example we need the lemma that follows. I am

grateful to Professor T. Ganelius for showing me the technique used in its proof.

Lemma.

"~x 1 1 +1"

fe = 0  i

= n
2t cos (2k/n)Ti + t2 (1 - i2Xl - t")

Proof.   The sum of all the residues (in the extended plane) of a rational

function is zero. We get the result considering the function

f(z) = nzn/(z - i)(l - tz)(z" - 1).

Example 2. G = (Hx/Hx;C2n/C2n). G has dimension one and « com-

ponents. We have A = Hx x C2n, A0 = Hx x {1}, where A0 is the component

of the identity of A.  Then,

FgV = k -to W' 1))da° +'"+ TnÍAQFW> P2n~l))da0,

where / = (cos a, 0, 0, sin a) E Hx, p = (cos (7r/n), 0, 0, sin (77/n)) and da0 =

dal2iT. Now, <p(l, pk) = rotation of angles (a - kn/n), (a + k-n/n). Therefore,

,   2n-l  1    .,                                                      1  - r2
F  (t\ = l.  V  J_f2ff-1-1-da

GW    2n ¡^02TtJo   [l-2tcos(a-ki:/n) + t2][l-2tcos(a + kir/n) + t2]

I   2^x l+t2 l+t2n

2"  ¿o 1 - 2i2 cos(2kn/n) + t4  " (1 - r2Xl -t2nY

Example 3. G = (T/V; T/V). G has 96 elements.

We have  T = V U Vx U V2, where   V = {±1, ±i, ±/, ±k}, Vx = tV,

V2 = t2V,t = Vi(l,l,l, 1). The rotations of G are schematically   VqV, VxqV2,
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V2qVx. If 0j, 02  are the angles of q —* Iqr x   then we have the following

table for the elements of T:

COS0j cos 02 #

1 1 1

0 0 12
-1 -1 1

1 -1 18

Vi -1 32

1 -Yl 32

We have

96FG(0=   Z
G   (1 - 2í cos 0j + r2)(l - 2t cos 02 + t2)

and we get FG(t) = (1 + f,2)/(l - r4)2(l -16).

Example 4. G* = (T/V; T/V)*. The reflections are of the form q —» aqb

with a, 6 both in   V or one each in   Vx, V2. If the angle between a  and 6

is 0  then g*: q—► aqb  is conjugate to h*: q—> pqp~x   where p = (cos(0/2),

0, 0, sin (0/2)).    Then, det (1 - tg*) = det (1 - th*) = (1 - r2)(l + 2t cos 0 +12)

and we have

1   r-,    ,.„     , 1 V- 1
FGA[t) = ^FG(t) +

G.w     2   Gw     2|G| GtrG (1 + 2i cos 0 + i2)

In our case we have the following values for  cos 0 :

cos 0 #

1 4
-1 4

0 24

Vi 32
-% 32

Therefore,

FrA» =
1+f12

(l-r4)(l-I6)(l-i8)

Example 5. G = (S3/C2;S3/C2) = 0(3). G has dimension 3 and 2

components. Here, A = A0 UAX   where A0 = {(/, t);lES3}, Ax = {(1,-1);
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i ES3}. An element of 53  is given by / = (cos 0X, sin 9X cos 02, sin0, sin02 •

sin 03, sin 0j sin 02 cos 03) and the volume element of 53  is « = (1/2772) •

sin201sin 02 d9x dd2 d93, where 0 < 0,, 02 < 77, 0 < 03 < 277.

If g(q) = lql~x   then det (1 - tg) = (1 - i)2(l - 2f cos 20, + t2). If

g(q) = -lql~x   then  det(l - tg) = (1 + t)2(\ + 2t cos 20, + t2). Therefore,

fAWl, r)) daQ = /s3_^i!fl^__  = ̂  ,

fAFm r))dax = ¿3(ltí)2(11+2ícos2(,i+í2) = TT7-

Therefore, FG(t) = 1/(1 - r2).

5. Remarks about the Pólya function.

(1) G acts on 53  by (g, x) —*■ g(x). We have:

Proposition.  FG(t) = 1  if and only if G acts transitively on 53.

Proof.  If G acts transitively on 53  and f:S3—+R  is invariant

under G then / is constant. Therefore

dim Hk(G) = 0   if k - 0,

= 1    if k * 0,

and then FG(r) = 1.

Conversely, suppose that FG(t) = 1. Let x.y ES3  be arbitrary and

O-, Oj the corresponding orbits. If O^ C\ Oy =0  then there exists a con-

tinuous function f.S3 —* R  such that /(0;) = 1   and f(Oy) - 0.  If

//(x) = /G /fex) cfe then // is invariant under G and H(x) = 1, H(y) = 0.

Expand // in spherical harmonics: H ='Zk>0fk. Then each fk  is invariant

under G.  FG(t) = 1  implies that /0 = constant,/fc = 0 for fc > 0, and then

H is constant, a contradiction.

Remark.  It is clear that (S3/C2;S3/C2) and (S3/CX;S3/CX) cannot

act transitively on 53. The other possible groups are of the form G = (S3/S3;

M/M) and 0(4), and they indeed act transitively on 53.

(2) A reflection  t: R" —► R"  is called a si'mpfe reflection if t leaves a

hyperplane pointwise fixed; we have then  t2 — 1. A group G of linear map-

pings of Rn is a finite reflection group if it is finite and generated by simple

reflections. Chevalley [4] proved that, for a finite reflection group G, S(G) =

/?[/,,••• , /„], where 5(G) denotes the algebra of polynomials invariant
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under G and I¡ is a homogeneous invariant polynomial of degree  (m¡ + 1).

It follows that the Pólya function is given by

l-t2
FG(t) =

m | +1. , m„ + l.
(l-t   x    )••• (l-t  ■    )

)*
>s=2r-l;h=r

The groups (O/T; O/T)*, (O/V; O/V)*, (I/I; I/I)*, (I+/Cx; I/Cx)+*,

(T/Cx;T/Cx)*,(0/Cx;0/Cx)*,(I/Cx;I/Cx)*  and  (C2r/Cx; C2r/Cx)¡
are finite reflection groups and the exponents m{ are given in [5, p. 141].

About the pure subgroup of a finite reflection group we have the following

result:

Theorem.   Let G* be a finite reflection group and G = G* n 50(4).

Then FG(t) = (1 + td)FG»(t), with d = Z?=xm¡.

Proof.   Let 5 = R[xx, • • • , xn], S(G) be the algebra of polynomials

invariant under G, S(G*) =/?[/,,••• , /„], with degree of /,   equal to (m¡ +1).

Let 5, S(G), S(G*), denote the corresponding quotient fields. Then 5 is integral

over S(G*), S(G*) is integrally closed, SjG) = S(G); Then 5 D S(G) is a Galois

extension. We have S(G) = S(G*)[J]   where / E S(G) - S(G*), J2 E S(G*)

and we can take J2  square free and homogeneous.

Suppose  (P + QJ)/R E S(G), where P,Q,RE S(G*). Then the norm and

the trace of this element belong to  S(G*), and we conclude that R  divides P

and R  divides Q.   Therefore S(G) = S(G*) ® S(G*)J. If the degree of / is

d then we get the result. We have d = Hmi because FG(l/t) = (-l)"t"FG(t).

(3) In the table of Pólya functions that follows we use the following nota-

tions and results:

m-l I _ t2
(a) 5(777, a) = y -:;-— »

*=o m[l-2tcos(2kn/m-a) +t2][l-2toos(2kn/m +a) +t2]

m-l ,  _ f 2
(b) 7(777,0)= Y-——-r-.

fe=o m[l + 2t cos(2kn/m + 0) + r2]

By the same technique used in the proof of the lemma on p. 8 we can

prove that

_ 2/^(1 -t2) cos a sin 777a + sin a (1 + r2)(l - t2m)

~ sin a(l - 2r2 cos 2a + r4)(l - 2tm cos ma + t2m) '

l-t2m

1 - 2f" COS 7770 + t2
7(777,0)=-;—^—^-—¡——    if 777  is even,

l-r2m

1   + 2tm  COS 7770 + t 2m
if m  is odd.
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2m —I 2/1-1 r—l , _ p.

£^0   hr?0 /=0 4mnr(l - 2t cos a + r2Xl _ 2r cos 0 +12)

where

(77 - 777s)/ + r(nk - mh) (n + 777s)/ + r(nk + mh)
(X =-jr        /} =-7T.

777777- 777777-

5(2777, 2t7) = -4/2/7Î, 2t1, 1)

,., 2m-l  2n—l , _ ¿l
(a) =   y     y -i—t-

fc=o   7i=o 477777(1 - 2t cos a + t2)(l - 2r cos 0 + t2)

with a = (nk - mh)n/mn, 0 = (nk + mh)n/mn.   In particular, we have

73(2m, 2m) = (1 + 6í2m + r4m)/(l - r2Xl - t2m)2.

C(2m, 2«) = 2At(2m, In, 2) - B(2m, 2n)
2m-l  211-1 1 -t¿

^        ff.    Ä (2k + 1        2ft + \   \  ,   2"|r     ,        /2k + 1     ,2/i + l   \  ,  .;! '

In particular, C(2m, 2m) = 1/(1 - r2).

D(n,2r,s,h, k)

n-l n-l 2r-l /

a=O0=O/=0  \ L

Z„*i* + f> + **-*> + ll+»1l+¿

(g)   Es(m,n,2r)=Z   Z   Z
m-l n-l 2r-l 1 — r2

fc=0 7¡=o /=o 2mnr(l -2tcosa + t )(l -2rcos0 + r)

where

(n - ms); + 2r(kn - mh) (n + ms)j + 2r(kn + mh)
Ct =-77,      0=-77.

m«/- r mnr

H(n,2r,s,h,k)

ti       =Z    ZZÏ2/7Vri-2rCOS(1^+2^-^-^+fc)7T + f2]V1
a=0 0=0/=0   \ |_ "'' J/
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(4) If FG(t) = Sfc>0afcr* is such that ak = 0 for k odd, then it follows

from the results of [8] that G cannot be the group of symmetries of a hypersurface

of constant width. An example is (///; I/I) in contrast with the icosahedral group

in R3.

6. Pólya functions of the closed subgroups of 0(4).

Group

(1) (53/53;53/53) = 50(4)

(2) (S3/C2;S3/C2)

(3) (S3/CX;S3/CX)

(S3/S3;H2/H2)

(53/53;//,///,)

(53/53;///)

(S3/S3;0/0)

(S3/S3;T/T)

(S3/S3;Dn/Dn)

(4)

(5)

(6)

(7)

(8)

(9)

(10) (S3/S3; C2jC2n)

(11) (H2/H2;H2/H2)

(12) (H2/HX;H2/HX)

(13) (H2/H2;HX/HX)

(14) (H2/Hx;0/T)

(15) (H2/Hx;Dn/C2n)

(16) (H2/Hx;D2n/D„)

Pólya function

-r

-t

-t4

-t2

-t4

i

(l-i6)(l-r8)

l

(1 - r2)(l - r2")

1_

(l-í4)(l-í2")

1 + f2n + 2

0-í4)(i-í4")

if « is odd

if 77 is even
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Group

(17) (H2/Hx;C2n/Cn)

(18)

(19)

(20)

(H2/H2;I/I)

(H2/H2;0/0),

(H2\H2; T/T),

(21) (H2/H2;Dn/Dn)

(22) (H2/H; C2n/C2n)

(23) (H2/Cn;H2IC„)

(24) (HX/HX;HX/HX)

(25) (Hx/C„;HX/Cn)

(26) (HX/HX;I/I)

(27) (//,///,; O/O)

(28) (HX/HX;T/T)

(29) (HX/HX;DJD„)

Pólya function

1 +2r"+2 -t-r2"

(1 - f4Xi - r2n)
if n = 0 (mod 4)

O-^Xl-l4") or3(mod4)

1 +7"

(i - f2)(i - n

_i_
(i-f12Xi-/20)

i_

(l-i8)(l-r12)

l +tx2

(I - ts)(l - tX2)

if n = 2 (mod 4)

1 +i 2n + 2

(1 - r4)(l - t4n)

1

if 77  is odd

if n is even
(l - r4)(l - t2n)

l+f2n

(l-r4)(l-i2»)

l

(l-t2)(l-t")

1

1-f2

1 +t"

d-t2xi-n

1 - 2r4 - t" + /» + r10 + r12 + r14 - r16 - 2/'8 + r"

(1 - r4)2(l - r6Xl - r'°)

1+r18

(l-/8)(l-r12)

1 +t 12

(1 - t6)(l - I8)

1   +t2n + 2

(I - t4)(l  - t2")
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(30)

(3D

(32)

(33)

(34)

(35)

(36)

(37)

Group

(Hx/Hx ; C2n/C2n)

^2mr/^2m'' ^2nr'^2n>s

V^-2m/^2m' ^2ml^2mh

^2m/C2m;Dn/Dn)

(C2m/C2m,Dm/Dm)

[(C4JC2m;DjCiH)

\(CUC2m^JC2m)

^Am/c2m;D2n/Dn)

^mKlm\D2m/Dm)

(C2m/C2m;T/T)

(C6m/C2m;T/V)

(c2m/c2m;o/o)

(P4m/c2m;0/T)

Pólya function

(39) (C2m/C2m;I/I)

1 +t 2n

(1 - I2)(l - t2")

As(2m, 2n, r)

1 + 6r2m + t4m

(1 - r2Xl - t2m)2

>AB(2m, In) + !4S(2m, tt/2)

1 + 3f2w + 3t2m*2 + rim + 2

(1 -/"Xi -t2m)2
if m  is even

1 + 2t2m + 5f2m + 2 + 5f4m + 2t*m + 2 + t6m + 2

(l-f4)(l -i2mXl -f4m)

if m is odd

\ÍB(2m. In) + S(4m, tt/2) - S4S(2m, tt/2)

(i -f4xi -t2m)(i -/4m)

if m  is even

I  + 4f2m  _|_ jt2m + 2 + j^m  + 4f4m + 2 + f6m + 2

(l-r4Xl -/2mXl -i4m)

if m is odd

VtB(2m, In) + ViC0.ni, In) + *AS(4m, jî/2)

Im   i   -v2m + 2   i   -i,4m   ■   ,4m+ 2   ■   ,6m+ 21 + t2m + It1 + 2f4m + / + 7°

12

(1 -74)(l-72mXl-74m)

5(2m, 0) + | S (2m, |) + J5 (2m, |)

^S(2m, 0) + is(2m, |) + S (ôm, §)- J^m, |)

^(2m,g + Is(2m,;-)+2Is(2m,0) + |s(2m,|)

-\s(lm.l)+±S(2m,0) + 1:s(2m,l)

¿^.°) + M2M'f) + K>5(2w-T)



(40)

(41)

(42)

(43)

(45)

(46)

(47)
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Group Pólya function
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(Dm/Dm;Dn/Dn)

(DjDm;Dm/Dm)

(Pm rA-2m > ̂ nr'^2 n h

(PJC2m;DjC2m)s

iD2m/Dm;D2n/Dn)

^2mlDm;D2JDm)

(P2m/Dm;Dn/C2n)

iD2m/Dm;Dm/C2m)

(44)        (DJDm,T/T)

(DjDm;0/0)

(DjC2m;0/T)

(D2m/Dm;0/T)

\K7m, 2n) + ¡-sfa, | ) + ¿5(2». § ) + * j^
1m _i_ ,2m + 2 _l Am + 2I  + t2m + t + t"

(1 -f4Xl -f2m)2

1  4-3/ 2m+ 2  + 3fAm -f- [6m + 2

(l-/4)(l-f2m)(l-f4m)

if m  is even

if m  is odd

\As(2m, 2«, r) + \ y^

(1 + i2m)2

(l-r2Xl-r2m)2

|t3(2/?7, In) 4- g0(2/7?, 2n) + \sUm, |)

(1 4-f2m + 2Xl +I4m)

(i-í4)(i-í2mXi-í4m)

\ß(2m, 2«) + W21!. §) + \s\4m, |)

1   -j. *2m  _l. 2/2m + 2 + 2f4m  ■+* /4m + 2  + /6m + 2

(1 -74X1 -í2mXl -74"1)

5(2/7/, 0) + i5 Í2m, f) + g5 (2m, |)24

1        1 +f12

48

_1
24

(1 + 76xi - n

5(2/n, 0) + \5 (2m, f)+j¿s(2m, 0

5(2/77, 0) +j(2/77, j) + |5(2/77, 0

1 1 +fc

2 l-f«

^,0)+Í5(4«.|)-¿s(2™,f)

1 1-7'

2 (l-/8Xl-712)
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Group Pólya function

¿ 5(2//7, 0) + ¿s(lm, I) + \s(em, §)

(48) (D3m/C2m;0/V) .l^í),! ü¿

(49) (DjDm;I/I)

(51)

(52) (77F; T/T)

(55) (0/0;0/0)

(56) (0/C2;0/C2)

(57) (0/T;0/F)

^5(2/77,0) + ¿5(2/«, |) +15(27», f)

1    1 - r30

2   (l-7l2)(l-720)

(50) (T/T; T/T) (1-r4 + t8)(l + tx2)

1   ; (l-^Xl-í'Xl-í12)

(r/c2;r/c2) (i+t4)(i-t2+t4)
2    2 (i-ñ2(i-t*)

1 +r12

íl-r4)2(l-f6)

(53) (77T' O/O) l-i>-r8+2f'2+f"'-2r;° + 2f"-t]0-2fJÎ+t3t+f38-t<<

/^ rT/r. r/A 1 4-Il24-7204-724 4-2f30 4- 736 4- tA0 + I48 4-760
154J li/i.l/Ij (l-í^)(l-/20Xl-730)

l-i-6+r12+f24-f30+r36

(l-í6)(l-r8)(l-/24)

1+r10

(l-r2)(l-r4)(l-r6)

l+tX6

(i-t4xi-t6)(i-t8)

(58) (O/T; O/T) 1 + '24
(l-f6)(l ~/8)(l -í12)

(59) (O/O', I/I) 1 +r" +r" +r" + 2r" +t» +,'"+/" +1" +,>* +,'°+," +/» +2,"° +,<" +," +,»°+,"

(60) (r//;//0

(61) (I/C2;I/C2)

1 +r 60

(l-r12Xl-f20)(l-f3°)

1 +tx6

(1 -í2)0 -f6)(l -í10)



(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)

SYMMETRIES OF SPHERICAL HARMONICS

Pólya functionGroup

(I+/C2;I/C2)+

^-2mrl^m'' ^2nrl^n)s

m=n = I (mod 2)

(C2r/Cx ; C2r/Cx)s-2r_,

iDmr/Cm;DjCn)s

(zyc,;/yc,)i=2r_,

(77C,;7YC,)

(0/Cx;0/Cx)x

(0/Cx;0/Cx)2

(I/CX:I/CX)

(I+/CX;I/CX)+

(53/53;53/53)* = 0(4)

(S3/C2;S3/C2)*

(S3/CX;S3/CX)*X

(S3/CX;S3/CX)*2

(H2/H2; H2/H2)*

(H2/HX;H2/HX)*

(H2/HX;H2/HX)2

(1 +78)(1 +txo)

(l-t4)(l -r6)(l-f10)

Es(m, n, 2r)

1 +tr

l-t)2(l-n

^EAm.n, 2r)+^
2 l-t2

1 +t r+l

i-0(i-i2)d-O

1 +t6

1 - i)(l - r3)(l - t4)

l+t9

i-m-t4)(i-t6)

1 +r7

1 - i2Xl - r3)(l - t4)

1 +t is

l-f)(l-r6Xl-r10)

1 -t-r 10

1 - r3)(l - r4)(l - fs)

-t2

1

-t

1

-t2

-t4

-t2

-t4
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(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)

ROBERTO DE MARIA NUNES MENDES

(85)

Group

(H2/Cn;H2/Cn)*x

^H2¡Cn ' ^2/C«)*

(HX/HX;HX/HX)*

(Hx/Cn;Hx/Cn)*x

(Hx/Cn;Hx/Cn)*2

(Hx/Cn;Hx/C„)*

(^2nr'^n' ^2nr'^n>s, h

(02r/G,; G2r/C,)J_2r_1.A_r

(DJDn;Dn/D„r

(P„r/Cn ; Dnr/Cn)s hi k

(Dr/Cx;Dr/Cx)%uh=k=r

Pólya function

1

(l-72Xl-r2")

1

(1 - i*2)(l - f")

1

l-r

i

d-t2)(i-t")

i +t In

(1 - r2Xl - t2n)

1 +t"

a - r2xi - n

WEln, n, 2r) + KD(n, 2r, s, 2h, 0)

1

(i - i2Xi - f)

1 4-f2" + 2

(1 - 74X1 - Í2")2

1 4- 2r2n + 2 + r4"

( (1 - i4)(l - i2"Xl - t*n)

if « is even

if n is odd

^D(n, r, s, h, k) + ^Es(n, n, 2r)

/    l+rr+1

d-ñ2(i-n

i +rr+i +tr+2 + t2r+l

o-t2)2(i-t2r)

if r is even

if r is odd

(86)

(87)

(88)

1 +t 2n + 2

(PjCn;Dnr/Cn)lh,k,- \Es(n, n, 2r) + ¿j~fi

(P2tt/DH;D2JDnr

(P2n/Dn;D2n/Dn)*_

(1 - r4)(l - r2")(l - r4")

1 -t2n +r4" +t4n + 2

(1 - r4Xi - r2"Xl - t4n)
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Group Pólya function

1 +f6

(89) (T/C2; T/C2)* (1 -/2)(1 - f4)(l - i6)

1+r4

(90) (T/C2; T/C2)* (1 - i2)(l -/4)(1 - i6)

(93)       (T/T; T/T)*

(95) (O/T; O/T)*

(96) (O/T; O/T)*.

(97) (O/V; O/V)*

(98) (O/O; O/O)*

(99) (I/C2;I/C2)*

(100) (///;///)*

(101) (I+/C2;I/C2)
4-*

(102)      (T/CX;T/CX\
*

(104)     (T/CX;T/CX)*

l+t12

(91) (T/F; T/V)* (1_,4)(1_,6)(1_,8)

(92) (r/K; IW d.^xJ^X!-,.)

1 +r12

(l-í6)(l-r8)(l-í12)

(94)       (0/C2 ; 0/C2)* (i-^Xl-^Xl-i6)

1

(l-I6)(l-78)(l-f12)

l-f6+f18

(l-í6)(l-í8)(l-r12)

_1
(l-r4Xl-f6Xl-f8)

l+r18

(l-/8Xl-rI2)(l-i24)

(l-/2)(l-i6)(l-710)

1

(l-r12)(l-r20)(l-i30)

_1 + f8

(í-^Xi-í'Xi-í10)

1 +t6
c (\   _ ,V1  _ ,4y,   _ ,6(l-rXl-r4)(l-f6)

(103)     (T/CX;T/CX)*C_ (i - ^1 " i4)d " r3)

1

(1 - r)(l - r3)(l - t4)
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(105) (T/CX;T/CX)*.

(106) (0/Cx;0/CxT

(107) (0/Cx\0/Cx)*.

(108) (//C,;//C,)*

(109) (//C,;//C,)!

(110)-(/+/C,;//C,)+*

(111) (I+/CX;I/CX)1*

Group Pólya function

1 - r3 + í4 + í6

(l-f2Xl-í3)(l-f4)

_1_
(l-í)íl-f4)íl-í6)

1 +t9

(i-í2Xi-f4)(i-f6)

_!_

(i-í)(i-f6Xi-í10)

1+r15

(l-í2Xl-r6)(l-r10)

_1_
(l-í3Xl-r4Xl-ís)

1-r5 +r8 +txo

(l-í4)(l-í5)(l-í6)'
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