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ABSTRACT.   The purpose of this paper is to prove the following theorem:

If £ is a subset of Euclidean «-space and if the m-dimensional Hausdorff density

of E exists and equals one i/m almost everywhere in E, then E is countably

(H™, m) rectifiable.   Here Hm is the m-dimensional Hausdorff measure.   The

proof is a generalization of the proof given by J. M. Marstrand in the special case

n = 3, m = 2.

1. Notation and terminology. Throughout the whole paper m  and n

will be fixed integers such that  1 < m < n - 1. The «-dimensional Euclidean

space will be denoted by R". For x, y G R", x ■ y is the usual inner product

of x and y, and  \x\ is the norm of jc.   If E C R"  and xGR", then d(E)

is the diameter of E, d(x, E) is the distance from x  to E and, if S > 0,

E(ô) = {x G Rn: d(x, E) < 5}. The boundary of E is denoted by  BE. For

a ER"  and 0<r<°°, we let  U(a, r) = {xGR": \a-x\<r}  and B(a, f) =

{x E Rn: \a - x\ < r}.  We denote by a(m) the volume of the m-dimensional

unit ball.

If fc is an integer such that  0 < k < n, then G(n, k) stands for the set

of all Âr-dimensional linear subspaces of R". If a ER", then A(a, n, k) is the

set of all ^-dimensional affine subspaces through a.   For  VEA(a,n, k), the

orthogonal projection from Ä"   onto   V will be denoted Pv.

The m-dimensional Hausdorff measure in R"  will be denoted by If"

The m-dimensional Hausdorff lower density, upper density and density of E C

R"  at * G fl"  are defined by

©m(£-, x) = lim inf a(m)_1/--m#m [£" n fi(x, r)],
r-»0+

0*m(£; ^) = lim sup a(m)-1r-mHm [E n 5(jc, /■)],
r-»0 +
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@m(E, x)=  lim oinírlr-mHm[EC\B{x, r)].
r-*0 +

If E is If"   measurable and 0<Hm(E)<°°, we say that E is an m-set.  If

E is an m-set and @m (E, x) = 1  for If   a.e. xEE, we say that ZT is m

regular. E is m rectifiable if there exist bounded sets /!,. C .Rm   and Lipschit-

zian maps /): /?m —► R"  such that Ä"1 [ff\U¡Li/i(4,)] = 0. We say that £" is

purely m  unrectifiable if it contains no m  rectifiable set F with If"(F)>0.

These concepts are the same as countably (If", m) rectifiable and purely (If",

m) unrectifiable in [2, 3.2.14].

2. The main theorem.  In this paper we prove the following theorem:

2.1. Theorem.  If E C R" and em(E,x)=l for If"  a.e. xEE,

then E is m rectifiable.

This was proved by Marstrand [3] in the special case n = 3, m = 2, and

the present proof is a generalization of Marstrand's proof. In the case m = 1, a

more general result has been proved by Morse and Randolph [5] for n = 2 and

by Moore [4] for all integers n > 2.

I want to thank Dr. W. P. Ziemer, who suggested this problem.

3. Density theorems. We state three results which will be used later on.

The first follows from [2, 2.10.17(3) and 2.10.18(3)], the second from [2,

2.10.19(5) and (4)] and the third is a corollary to the second.

3.1. Theorem.  If ECRn and If"(E)<°°, then

lim  [snp{a(m)-12md(S)-r"If"(E nS):xES, d(S) < 6}] = 1
6-»0 +

for If"  a.e. xEE.

3.2. Theorem. If ECR" and If"(E)<°°, then e*m(E, x) < 1 for

If" o.e. xER". If, in addition, E is If" measurable, then &"(E,x) = 0

for If"  o.e. xE R"\E.

3.3. Theorem.  If E C FC R", F'is m regular and E is an m-set,

then E is m regular.

4. Directional properties of m  regular sets.  Given an m  regular set E,

we are in this section mainly concerned with finding an m-subset of E with

certain directional properties. The sets B(a, r) n F(Xr), a E E, VE A(a, n, m),

r > 0 and 0 < X < 1, will play an important role. They correspond to the

sections Se(a; i, Xr, r) in [3].

4.1. Lemma. Suppose that E is an m regular subset of R", t? > 0 and
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5 > 0. Then there are a positive number dl and an m-set El C E such that

Hm(E\E1)<r¡ and 2a - b E E(8\a - b\) whenever a,bEE1  and  b-b\<4v

Proof. We may assume that 5 < 1. Let 0 < e < 1/3. By 3.1 and the

regularity of E, we can find a positive number dt   and an m-set Et C E such

that Hm(E\El)<r) and

(1) Ifn(E n S) < (1 + emyx(m)2-md(S)m  if El n S * 0   and d(S) < 2d,,

(2) If [En B(a, r)] > (1 - ¿"yoimy   if aEEl   and  0 < r < dl.

Let a, b E Ex   be such that  0<\a~b\ = p<d1   and denote

b' = 2a-b,   c = 3ea + (1 - 3e)b,    c = 3ea + (1 - 3e)b',

A = B[a, (1 - 3e)p],   B = B(b,2ep),   C = B[c, 0(1 - 3e)p/2].

Then c, c E SA  and  \c - c'\ = 2(1 - 3e)p. It is easy to see that if we put

M = sup{|x - c|/(l - 3e)p: x E A\C), then M < 2 and M depends only on

6 and n. We choose  e so small that

(3) 5(l-3e)/2 + 3e<6,

(4) M(\ - 3e) + 5e < 2(1 - 3e).

Set S = (A U B)\C Then (3) implies that A C\ C C B(b', dp) and, since e <

1/3, (4) implies that d(S) < 2(1 - 3e)p < 2d1. Moreover, by assumption 6* <

1, it follows that BC\C = 0   and i££,nS.  Hence we get from (1)

If(E n S) < (1 + e^WmXl - 3e)mpm

and (2) gives

If (E n A) > (1 - em)a(m)(l - 3e)mpm

and

tf(ECiB)>(l- em)a(m)2mempm.

Hence

If [En B(b', ôp)] > if(E nAnc)

= if(E nA)+ if(E n B)-if(E n s)

> 2a(m)empm [2m-l(\ - em) - (1 - 3e)m],

which is positive for small e. Therefore E n B(b', 8p) + 0, which proves the

lemma.

For A C R", we set -4^ = {2a - b: a, b E A}  and, when k is an in-

teger greater than one, X(k) = [4(fc-1)](1).
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The following two lemmas can be proved as Lemmas 2 and 3 in [3].

4.2. Lemma. Suppose that E is an m regular subset of R", r\ > 0, 5 > 0

and N is a positive integer.   Then there are a positive number dN and an m-

set ENCE such that If(E\EN)<v and A(N) C E[bd(A)] whenever A C

EN and d(A) < dN.

4.3. Lemma. Suppose that A ER" and

k k

* = £ ßfr     £ tyl < 27 + 1
/=i /=i

where a¡ E A, j = 1, • • • , k, 2f=i0, — 1, the ßj's are integers precisely one of

which is odd, and I is a positive integer.   Then x E A^'\

If A C R", we denote by Sp A  the smallest affine subspace of R"  con-

taining A.

4.4. Lemma. Suppose that k is an integer and X and p are real numbers

such that 1 <&<w,0<X< 1 and p > 1. Then there exists a positive integer

N = N(k, X p) with the property:

If r>0,A = {a0,---,ak}CRn,]ai-a0\<r and d(aoSp{a0,- ■ ■, «,_,})

> Xr for i-U",k,  then (Sp A) n B(a0, pr) C A^N\kr).

Proof.  Suppose that r and A = {a0, • • •, ak} satisfy the above condi-

tions. We may assume that a0 = 0.  Let aE (Sp A) n B(0, pr). Then there are

numbers a,, • • • , ak  such that a = SjL^a,-. Choose even integers ßlt- • • ,

ßk  so that  |a,. -0,| < 1  for i = 1, • • • , k and put b = S^fV/. Then

|a - b\ < kr and it suffices to show that b E _4(iV)  for some ./V depending

only on  k, X  and p.   Write

0o = l-Z0|.      * = ZM/-
i=l /=0

Let eESpA  be a unit vector perpendicular to  Sp{a0, • • • , ak_1}. Then

\ak ■ e| = d(ak, Sp{a0, • • •, a^^) > Xr.

Hence pr > \a\ \e\ > \a • e\ = |afcafc • e\ > |ak|Xr and  |afc| <p/X. Replacing a

by  L^T11o/flJ  and observing that

¿ o^ < |a| + |ok| |flfc| <pKl + X_1)>
¿=i

we obtain in the same way as above that  |afc_j| <p(l + X-1)X-1. Proceeding

in this manner, we see that  Ice,-! <p(l + X_1)fc_'X_1   for i = 1, • • • , k.
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Hence \a¡\ <p2k~1X~k  for í = 1, • • • , k.  Therefore

¿ \ß,\ < ¿ k*,l + ¿ k* - ß,\ < kP2k- »X"* + k
í=i ¿=i i=i

and

k k
¿ 10,1 < 1 + 2 ¿ |0,|< 1 + 2(kp2k-l\-k + k) < 1 + 2N
í=0 1=1

for JV> kp2k~l\~k + k.  The proof is complete by Lemma 4.3.

The following lemma can be proved as Lemma 5 in [3].

4.5. Lemma. There is a constant K > 1 depending only on n and m

such that for any m regular set E C R" and for r¡ > 0 there is a positive

number d0 and an m-set E0 C E with the properties:

(1) If(E\E0) < n.

(2) If 0<d< d0, aEE0 and TE A(a, n, m + 1),  then  T n B(a, Kd)

<tE0(d).

4.6. Lemma. // E is an m regular subset of R", r¡ > 0 and 0 < X < 1,

then there are a positive number d* and an m-set E* C E with the properties:

(1) tf(E\E*)<v.

(2) If aEE* and 0 < r < d*, then there exists  V E A(a, n, m) such

that E* n [B(a, r)\F(Xr)] = 0.

Proof.  Let K, d0  and E0 be as in Lemma 4.5 and set p = (n + 2)K.

Next let   N = N(m + 1, X, p) be a positive integer having the property of Lem-

ma 4.4. Taking 5 = 1  in Lemma 4.2 and recalling 3.3, we find a positive num-

ber dN < d0  and an m-set EN C E0  such that If(E\EN) < 77  and

(3) A^N) CEQ[d(A)} whenever A C EN  and d(A) < dN.

We shall show that we may choose d* = (« + 2)~1dN  and E* = EN. Other-

wise there are a point a0 E EN  and a positive number r <(n + 2)~ xdN  such

that

EN n[B(a0, r)\F(Xr)]¥=0    for all  VEA(aQ,n,m).

Take any  V0 EA(a0, n, m). Then there is alEENn [B(aQ, r)\V0ßr)]. Next

take  Vx EA(a0, n, m) nA(av n, m) and a2EEN n [B(a0, r)\Fj(Xr)]. Pro-

ceeding in this manner, we get the points a0, • • • , am + j   and the affine sub-

spaces  V0, ■ • • , Vm   such that

a¡ EENn [B(a0, r)\V¡_ x(Xr)]    for i = 1, • • • , m + 1,
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{a<¡, • • •, a¡} C V¡   for i = 0, • • •, m.

Henee d(a¡, Sp{a0, • • • ,a¡_1})> d(a¡, P,_j) > Xr for i = 1, • •'•, m + 1.

Set A = {a0, • • •, am + í} and T = Sp .4. Then c?(4) <2r<dN and from

4.4 and (3) we obtain

Tn5[fl0, K(n + 2)r] = TnB(a0,pr)

C AW [(m + i>] c E0 [(m + 3)r] C £"<, [(« + 2>].

Taking d = (n + 2)r < dN < d0, we arrive at a contradiction by Lemma 4.5.

4.7. Lemma. Let E be an m-set in R" and e > 0.  77ze« there are a

positive number d and an m-set E0 C E such that if aE R", VEA(a, n, m),

BEV and   0<h<l<d,  then

If [E0 n ¿y (5) n V(h)] < (1 + eXl + hilf If [B(l) n KJ-

In the proof we may assume that V = {x: xm + x = • • • = xn = 0}. We

can then carry out the proof as the proof of Lemma 7 in [3] when we replace

the cylinders C(x,y) by the sets C(xlt ■ • •, xm) = V(h) n {y: (xt -y^2 +

"•+(*« -ym)2 < n and note that d[C(Xl, • • •, xm)] < 2(1 + h).

4.8. Lemma. Let E be an m regular subset of R" and 0<p.<l.

Then there are an m-set EtCE and a positive number dl   with the property:

If aEE1  and 0<r<dv  then there exists  VE A(a, n, m) such that

(1) i,n [B(a, r)\F(pr)] = 0,

(2) V n B(a, r) C E(pr).

Proof.  Let 0 < e < xh. Using 4.7, 4.6 and 3.3, we can find an m-set

EXEE and a positive number dx   with the properties:

If aER", VEA(a, n, m),BC V and 0<A</<dx, then

(3) If [Ex n Py\B) n V(h)] < (1 + e)(l + h/tflf [B(l) n V].

If aEEY   and 0</-<dj, then there is  Kei(a, n, m) suchthat

(4) Ey n [B(a, r)\V(e2pr)] = 0.

(5) Lf [Ex n 5(a, /■)] > (1 - e)aC")^    if « G £",   and 0 < r < dv

Let aEE1,0<r<dl   and take  K as in (4). Then (1) follows from

(4).  Suppose that (2) is false. Then there is a point b EVn B(a, r) such that

B(b, pr)nE= 0. Set B = Vn [B(a, r)\B(b, pr/2)]. Then, since e2 < Si,

£\ n F(eV) n 5(a, r)EExn V(e2pr) n P^1^).
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Hence by (4) and (5),

If [Ex n V(e2pr) n Py*(B)] >Lf[Eln B(a, r)] > (1 - e)(4rn)rm.

From the definition of B, it follows that

If [B(epr) n V] <a(m)[(l + ep)m - 2~mQÁ - e)mßm]rm.

These inequalities together with (3) give

(1 - eyafpiY1 < (1 + e)m + 1a(m)[(l + ep)m - 2~mQÁ - e)mMm]/^.

For small  e this is false, and the proof is complete.

5. Projection properties of m regular sets. In this section we shall prove

two lemmas from which Theorem 2.1 easily follows.  Actually these lemmas say

more than we need.  Instead of proving Lemma 5.1, we could use a result of

Fédérer (see [2, 3.3.12 and 2.10.11]) which implies that if E is a purely m

unrectifiable m-set, then If [PV(E)] = 0 for almost all  V E G(n, m). This is

a rather deep result and we want to give a proof independent of it.  Instead of

Lemma 5.2 it would be sufficient to show that if E is m  regular, then

If [PV(E)] > 0 for some   V E G(n, m), but the proof would be almost the

same.  After one knows that E is m  rectifiable, one can prove statements that

are stronger than Lemma 5.2 using known properties of m  rectifiable sets (e.g.

[2,3.2.29]).

5.1. Lemma.   // E is a purely m unrectifiable m regular subset of R"

and  VEG(n,m), then Lf[Pv(E)] = 0.

Proof.   Let 0 < e < xh. Using the regularity of E and Lemma 4.6, we

can find a positive number d*  and an m-set E* C E with the properties:

(1) If(E\E*) < e.

If a E E* and  0 < r < d*, then

(2) If [En B(a, r)] > o.(m)rm\2,

and there is  W E A(a, n, m) such that

(3) E*n[B(a, r)\W(er)] = 0.

Since E is purely m unrectifiable, it follows from [2, 3.3.5] that for If almost

every a E E*, there are points b E E* arbitrarily close to a such that

\Pv(b-a)\<e\b-a\.

Suppose now that a, b EE*  satisfy the above inequality and that r —

\a- b\<d*. Choose  W as in (3) and let c = Pw(b). Using (3) and the basic

properties of orthogonal projection, we see that
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|c - b\ < er,   r/2 < \c - a\ < r,    \Pv(c - a)\ < 2er.

By [2, 1.7.3], we can choose an orthonormal base   {ex,- ■ • , em} for   {x:

x+aEW} suchthat Pv(ei) • Pv(ej) = 0 for i¥=j. Then, for some i = iQ,

\Pv(eiQ)\ < 2r~l \Pv(c - a)\ < 4e,

because otherwise we should have

m

\Pv(c - a)\2 = Z \(c - a) ■ ei\2\Py(ei)\2
i=i

> 4r-2\Pv(c - a)\2\c - a\2 > \Pv(c -a)\2.

It follows that Pv maps  W n B(a, r) into an m-dimensional rectangle whose

one side has length 8er and the others 2r. Hence (3) implies that Pv [E* n B(a, r)]

is contained in a rectangle with side lengths  lOer, 2r + 2er, ■ • • , 2r + 2er.

Therefore

(4) Lf (Pv [E* n B(a, r)])<10mef.

The inequality (4) holds at Lf   almost all points aEE* with arbitrarily

small values of r.  By the covering theorem [2, 2.8.15], we can cover almost all

of E* with disjoint balls B(a-, rX / = 1, 2, • ■ • , for- which (4) is valid and

fly G E*. Using (4) and (2), we obtain

If [PV(E*)] < ¿ If(Py[E* n B(a¡, r¡)]) < 10me ¿ rf
/=1 /=!

oo

< 10m • 2«^)-^ L H"1 [E n B(a¡, rj)]

From (1) we get

and finally

<10m • 2a(m)-1eHm(E).

If [PV(E\E*)] < Lf(E\E*) < e,

If [PV(E)] < e[l + 10m • 2a(m)-1If(E)],

which proves the lemma.

5.2. Lemma. // E is an m regular subset of R",  then

If(Py[EnB(a,r)])
lim sup      -TTJñ-= 1

for If  a.e.  aEE.
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Proof.   The left-hand side of the asserted equation with "lim" replaced by

"lim sup" is never greater than the upper density of E, whence it is at most one

If   almost everywhere in E.   Suppose that the lemma is false. Then we can

find an m  regular set E and a number 17, 0 < t\ < 1,  such that

If(Py[EnB(a,r)])
(U lim inf       sup-.  , m-< r?

r-+0+    VGA(a,n,m) a(m)f"

for all aEE. This follows from the fact that the function whose value at a is

the left-hand side of (1) is Borel measurable, as one can see by standard methods

(cf. [1, 3.4]).  By regularity, there are a positive number d0  andan m-set E0 C

E such that

(2) Hm[EnB(a,r)]>a(m)rml2   if a E E0   and  0 < r < d0.

Denote  t = [(tj + l)/2]1/m   and let  0 < p < (1 - f)/16  and  e > 0.  Since

every m-set contains a closed m-set by [2, 2.2.2(1)], we can apply Lemma 4.8

to get a positive number dx < dQ  and a closed m-set Ex C E0  such that if

aEEx   and  0<r<dx,  then there is   VE A(a, n, m)  for which

(3) Ei n [B(a, r)\V(nr)\ = 0,

(4) V D B(a, r) C F0(pr).

For If   a.e. xEEx, we have  &"(E, x) = 1   and Qm(E\Ev x) = 0 because

of the regularity of E and 3.2.  Therefore, using again Lemma 4.8, we can find

a point fl0 G Ex,  a positive number r0 < dx   and an affine subspace   V0 G

A(a0, n, m) such that

(5) If[EnB(a0, r0)]<2a(m)rm,

(6) if [(E\E,) n B(a0, r0)] < ea(m>£,

(7) aim)"lrômHm(Pyo [E n £(«0, r0)]) < f?,

(8) Í, n [fi(«0, r0)\F0(pr0)] = 0,

(9) V0 n 5(«0, r0) C ^x(pr0).

We denote P = Pv    and set
Ko

F = P[EX n 5(fl0, r0)]    and   G = [V0 n fi(fl<), ir0)]\F.

Then F is closed and If(F) < ^(m)/^1   by (7), whence
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If (G) >(f- rüpimys = (1 - n)u(m)r™l2.

We can cover G with balls B(b, p) such that bEG.Fn U(b, p) = 0   and

F n dB(b, p) ¥= 0. Then, using e.g. the covering lemma in [6, p. 9] or [2, 2.8.5],

we can select a finite number of them, say B(b , pq), q = 1, • • •, /, such that

(10) B(bq,5pq)nB(bq.,5pq.)=0    for q±q'

and

(ID ¿P">^i^.
<7=1

where Kx   is a positive constant depending only on m  and t?.  From (9) and

the inequality pr0 < (1 - t)r0, we obtain

(12) Pq<ßr0    for ? = 1,- • •,/.

We now consider the sets Cq = P~l [B(bq, pq/2)] n V0[(l - t)r0/2]   and re-

arrange them so that they contain no points of f 0  for q = 1, : • • , k and that

they contain at least one point, cq, of E0  for q = k + 1, • • •, I. If x E

E n B(cq, pq/4) for some q = k + 1,- • •, I, then using the facts that bq E

B(a0, tr0), cq G Cq, (12) and p < (1 - f)/3, we can infer that x E B(a0, r0)

and P(x)EU(bq,pq), whence P(x)EF and xEEx. Therefore

(13) U   EnB(cq,pql4)C(E\Ex)nB(a0,r0).
q=k+l

Since the balls B(cq, p„/4) are disjoint by (10), we obtain from (2), (6) and

(13) that

2-2m~1a(m)    X    pZ<ea(m)r%
q=k+l

and taking e < 2~2m~2Kx, as we may, we get from this and (11)

(14) Í>7>JV272.,
q = \

From now on we only consider q = I,- ■ • , k.   Recalling (8) and how the

balls B(bq, pq) were chosen, we see that there are points eq   suchthat

(15) eq Ep-l[bB(bq, pq)] n V0(pr0) nEx    for q - 1,• • •, k.

By (12), p_ lpq < r0 < dx, and we can apply (4) to get   Vq E A(eq, n, m)

such that

(16) Aq C E0 [(1 - t)pql&]    for q - 1, •• •, k,

where we have denoted Aq — B[eq,p~l(l - t)pql&] n Vq.
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We show that bq $ P(Aq). If there is a point fq G Aq  such that P(fq) =

bq, then it follows from (15) and (12) that fq EB[bq,(l- t)r0/4] and by (16)

there is xq G E0 n B[fq, (1 - f)pq/S}. Then xqEE0n B[bq, (1 - t)r0/2]

and  IF^) - 69l< (1 - r)p?/8.  Hence xq E EQ D Cq = 0, which is a contra-

diction.

Let /    be the closed segment with end points b    and P(e ). Then

IqndyoP(Aq)± 0, since /^  is connected, bqEIq\P(Aq) and F^G/^n

F^). Here  dv    means the boundary relative to   V0. But since F|Kfl  is com-

posed of two translations and a linear map between two m-dimensional linear

subspaces of R", it follows that dv P(Aq) = P(dv Aq). Hence there is a point

aqEdvAq  suchthat P(aq)EIq. Let Jq  be the closed segment between eq

and aq. Then JqEAq  and P(Jq) C Iq  and thus by (15)

(17) |F(x) -bq\<pq    whenever xEJq.

By (16), Jq   can be covered with balls B(x, p) where x E E0. We can choose

a finite number of them, say B(xqj-, pq), j = 1, • • • , s, so that

(18) JqnB(xqj,pq)±0    for /-l, • • • , s,

(19) F(x?,., 2p,) n F(^y., 2p,) = 0    for / * /,/,/= 1, • • • , s,

(20) s>K2p-\

where £j  is a constant depending only on r. This can be seen by choosing a

maximal set with respect to the properties (18) and (19) and using the fact that

the length of Jq  is p_1(l " t)pql%.

Set

Bq= \JB(xqj,2pq)   for q=l,--,k.
i=i

We shall show that the sets Bq  are disjoint and that they are contained in

B(á0, r0). To do this, consider any q = \,- • •, k and let xEBq. Suppose

that x E B(xq], 2pq). Then by (18) there is y E Jq  such that  \xqj -y\ < pq.

Using triangle inequality and (17), we see that  \P(x) - bq\ < 4pq, and this to-

gether with (10) implies that the sets Bq, q = 1, • • • , k, are disjoint.  Applying

triangle inequality to the points x, xqj-, y, eq, P(eq), bq  and a0  and using (15)

and (12), we find that  \x - a0\< r0. Hence  U^iF^ C F(fl0, r0).

We deduce from (19), (2) and (20) that

If(E n Bq) = ¿ If [E n B(xqj, 2Pq)]

> s2- 1a(m)(2pq)m >2m~la(m)K2prlp^
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for all q = 1, • • • , k.   Therefore (14) gives

If [En B(a0, r0)] >Z«m(EnBq)
«7=1

k
> 2m-la(m)K2p-1 £ pm > 2m-2a(m)KxK2p-lr^.

q = l

But this contradicts with (5) if we choose, as we may, p < 2m~3KxK2. This

completes the proof.

Proof of Theorem 2.1.  We shall show that we may assume F to be m

regular.  First, we can cover If   almost all of E with countably many open

balls  U¡ such that If(En U¡) < °°. Then @m(E n U¡, x) = &"(E, x) = 1

for If   a.e. xEEn U¡. Hence we may assume that Lf(E)<°°.

Secondly, suppose that If(E)<<=°. The set E' = {xER": Qm(E, x) -

1}  is a Borel set (see [1,3.4]), Lf(E\E') = 0 and If (E') = If (E) < °°

by [2, 2.10.19(3)]. Therefore 3.2 implies that 0*m(F', x) < 1   for If   a.e.

je G E'. We also have  ©m(E', x) > ©m(E, x) =1   for all je G E'. Hence

@m(E', x) = 1  for If   a.e. x E E', and we may assume that F is m regular.

If F were m  regular and not m  rectifiable, it would contain a purely

m  unrectifiable m-set B,   see [2,3.2.14]. By 3.3, B would be both m

regular and purely m  unrectifiable, but because of 5.1 and 5.2 such a set cannot

exist.  The theorem is proved.
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