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ABSTRACT. The purpose of this paper is to prove the following theorem:
If E is a subset of Euclidean n-space and if the m-dimensional Hausdorff density
of E exists and equals one H'™ almost everywhere in E, then E is countably
(H™, m) rectifiable. Here H™ is the m-dimensional Hausdorff measure. The
proof is a generalization of the proof given by J. M. Marstrand in the special case
n=3,m=2.

1. Notation and terminology. Throughout the whole paper m and n
will be fixed integers such that 1 <m <n—1. The n-dimensional Euclidean
space will be denoted by R". For x, y ER", x -y is the usual inner product
of x and y, and |x| is the norm of x. If ECR" and x €R", then d(E)
is the diameter of E, d(x, E) is the distance from x to E and,if 6§ >0,
E@®) = {x ER": d(x, E) <&5}. The boundary of E is denoted by 9E. For
@a€ER" and 0<r<o, welet Ulg, )= {(xER": la—x|<r} and B(a, r)=
{x ER™: |la—x|<r}. We denote by a(m) the volume of the m-dimensional
unit ball.

If k is an integer such that 0 <k <n, then G(n, k) stands for the set
of all k-dimensional linear subspaces of R". If a € R", then A(g, n, k) is the
set of all A-dimensional affine subspaces through a. For V € A(a, n, k), the
orthogonal projection from R" onto V will be denoted Py,.

The m-dimensional Hausdorff measure in R" will be denoted by H™
The m-dimensional Hausdorff lower density, upper density and density of E C
R™ at x €ER" are defined by

OF (&, x) = lim inf a(m)~'r""H™ [E N B(x, 1],
©*™(E, x) = lim sup a(m)~'r~"H™ [E N B(x, 1],
r—0+
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©"(E, x) = lim ofm)~'r~™H™[E N B(x, N)].

If Eis H™ measurable and 0 < H™(E) <, we say that E is an m-set. If
E isan m-setand O™ (E, x) =1 for H™ ae. xEE, we say that E is m
regular. E is m rectifiable if there exist bounded sets A, C R™ and Lipschit-
zian maps f;: R™ — R" such that H™ [E\U}Z,f(4))] = 0. We say that E is
purely m unrectifiable if it contains no m rectifiable set F with H™(F) > 0.
These concepts are the same as countably (H™, m) rectifiable and purely (4™,
m) unrectifiable in [2, 3.2.14].

2. The main theorem. In this paper we prove the following theorem:

2.1. THEOREM. If ECR" and O™(E,x)=1 for H" ae. x€E,
then E is m rectifiable.

This was proved by Marstrand [3] in the special case n =3, m =2, and
the present proof is a generalization of Marstrand’s proof. In the case m =1, a
more general result has been proved by Morse and Randolph [5] for n =2 and
by Moore [4] for all integers n = 2.

I want to thank Dr. W. P. Ziemer, who suggested this problem.

3. Density theorems. We state three results which will be used later on.
The first follows from [2, 2.10.17(3) and 2.10.18(3)], the second from [2,
2.10.19(5) and (4)] and the third is a corollary to the second.

3.1. THEOREM. If E CR" and H™(E) <<, then
Gl_i’rg-b [sup {a(m)~12™d(S)""H"(E N S): x €S, d(S) <8}] =1

for H® ae x€E.

32.THEOREM. If ECR" and H™(E) <<, then ©*"(E,x)<1 for
H™ ae. x €R" If, inaddition, E is H" measurable, then ©™(E, x) =0
for H" ae. x € R™E.

33.THEOREM. If ECFCR", F'is m regular and E isan m-set,
then E is m regular.

4. Directional properties of m regular sets. Given an m regular set E,
we are in this section mainly concerned with finding an m-subset of E with
certain directional properties. The sets B(a, r) N V(\r),a EE, V € A(a, n, m),
r>0 and 0<A<1, will play an important role. They correspond to the
sections Se(a; i, A, r) in [3].

4.1. LEMMA. Suppose that E isan m regular subset of R",n>0 and
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8 > 0. Then there are a positive number d, and an m-set E, CE such that
H™(ENE,)<n and 22— b€ E(5la—bl) whenever a,b €E, and la-b|<d,.

PROOF. We may assume that § < 1. Let 0<e < 1/3. By 3.1 and the
regularity of E, we can find a positive number d, and an m-set E; CE such
that H™(E\E,)<n and

(1) H*ENS)<( +Mam)y2~md(Sy" if E, NS+ and d(S)<2d,,
@ H"[ENB@ENI>A-Ma(m)™ if a€E; and 0<r<d,.
Let a, b €EE, be such that 0<lz—b| =p <d, and denote
b=2a-b c=3ea+(1-3e0h c =3ea+(1-3eb,
A = Bla, (1-3€¢)p), B=B(b,2p), C=B[c,5(1- 3e)p/2].

Then ¢, ¢’ €94 and lc—c'| = 2(1 — 3e)p. It is easy to see that if we put
M = sup{lx — cl/(1 — 3¢€)p: x € A\C}, then M <2 and M depends only on
& and n. We choose € so small that

3) 5(1 - 3¢)/2 + 3¢ <8,
C)) M(1 - 3€) + 5¢ < 2(1 - 3¢).

Set §'=(4 UB)\C. Then (3) implies that 4 N C C B(b', 5p) and, since € <
1/3, (4) implies that d(S) < 2(1 — 3e)p < 2d,. Moreover, by assumption & <
1, it follows that BNC=@& and b €E, NS. Hence we get from (1)

H"ENS) <1+ a(m)(1 - 3e)"p™

and (2) gives
H™E N A)> (1 - am)(1 - 3¢)"p™
and
H™E O B) > (1 - €™)a(m)2™ ™ p™.
Hence

H™[ENBQ',8p)] > H"ENANC)
=H™E N A) + H"(E N B)- H"(E N S)
> 2a(m)e™p™ [27 71 (1 - &™) - (1 - 36)™],

which is positive for small e. Therefore E N B(b', 5p) # &, which proves the
lemma.

For ACR", weset A1) = {2a—b:a, bE A} and, when k is an in-
teger greater than one, A%) = [4(-1)](1),
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The following two lemmas can be proved as Lemmas 2 and 3 in [3].

42. LEMMA. Suppose that E isan m regular subset of R",1>0,86 >0
and N is a positive integer. Then there are a positive number dy, and an m-
set Ey CE such that H"(E\Ey)<n and AW) C E[8d(A)] whenever A C
Ey and d(4) <dy.

43. LEMMA. Suppose that A CR" and
K K
x=2 Ba, D IBI<2A+1
j=1 j=1

Where a;€4,j=1,""", k, E}‘=IB,- =1, the Bi’s are integers precisely one of
which is odd, and 1 is a positive integer. Then x € AD,

If A CR", we denote by Sp A the smallest affine subspace of R" con-
taining A.

44. LEMMA. Suppose that k is an integer and N\ and p are real numbers
such that 1 <k<n,0<A<1 and p > 1. Then there exists a positive integer
N = N(k, N\, p) with the property:

If r>0,A={ay,"**,a;} CR",la,—agl <r and d(a;, Splay, -, a;_,})
=N for i=1,--,k then (SpA)N By, pr) C AN (&r).

PrROOF. Suppose that r and 4 = {g,," -, a;} satisfy the above condi-
tions. We may assume that a, = 0. Let a € (Sp A) N B(0, pr). Then there are
numbers a,,° - ,a; suchthat a= Ef;laia,. Choose even integers 8, -,
B, sothat loy—B,|<1 for i=1,---,k and put b=3% B,a. Then
la — bl < kr and it suffices to show that b € AWY) for some N depending
only on k, A and p. Write

k K
Bo=1-38, b=2 o,
i=1 i=0
Let e € Sp A be a unit vector perpendicular to Sp{ag,**, @;_,}. Then
lay - el = d(ay, Splag, -, ap,_}) =M.
Hence pr= lallel = la - el = loa; - el > loy [\ and o] < p/A. Replacing a
by Z¥-'e;a; and observing that

k-1
3 oa] <l + ko lagl <pri1 +27Y),
i=1

we obtain in the same way as above that la,_,| <p(l + A~1)A~!. Proceeding
in this manner, we see that lol <p(1 + A")F~\"1 for i=1,---, k
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Hence loyl <p2%¥~ 'A% for i=1, -+, k. Therefore
K k k
SBI<SY loygl+ 3 loy— Bl <kp2k-INF +k
i=1 i=1 i=1

and

k K
SBI<1+2Y BI<1+20p2* ' F+R)<1+ 2V
i=0 i=1
for N = kp2¥='A~% + k. The proof is complete by Lemma 4.3.

The following lemma can be proved as Lemma 5 in [3].

4.5. LEMMA. There is a constant K > 1 depending only on n and m
such that for any m regular set E C R" and for n > 0 there is a positive
number d, and an m-set E, C E with the properties:

(1) H"(E\Ey) <n.

@ If 0<d<dy a€E, and TE A(a, n, m + 1), then T N B(a, Kd)
@ Ey(d).

46.LEMMA. If E isan m regular subset of R",n>0 and 0<A<]1,
then there are a positive number d* and an m-set E* C E with the properties:

(1) H"(E\E*) <n.

(2) If a€E* and 0<r<d*, then there exists V € A(a, n, m) such
that E* N [B(a, )\V(\)] = &.

Proor. Let K, d, and E, be asin Lemma 4.5 and set p = (n + 2)K.
Nextlet N =N(@n + 1, A, p) be a positive integer having the property of Lem-
ma 44. Taking § = 1 in Lemma 4.2 and recalling 3.3, we find a positive num-
ber dy <d, and an m-set Ey C E, such that H"(E\Ey)<n and

3) A®) C Ey[d(4)] whenever A CEy and d(4) <dy.

We shall show that we may choose d* = (n + 2)~'dy and E* = E,. Other-
wise there are a point a5 € Ey and a positive number r < (n + 2)~dy, such
that

Ey N [Bag, V\V(\)]# & forall VE A(ay, n, m).
Take any ¥V, € A(ay, n, m). Then there is a; € Ey N [B(ay, r)\Vy(\)]. Next
take V, € A(ay, n, m) N A(ay, n, m) and a, € Ey N [B(ay, )\V,(N)]. Pro-
ceeding in this manner, we get the points a,, * , 4,,,, and the affine sub-
spaces Vg, -+, V,, such that

a, GEN N [B(ao, r)\Vi_l(N)] fot i= 1, e, m + 1,
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{ao’-.o’ai}CV‘ for i=o’-..’m

Hence d(a;, Sp{ay,* - *,a;_,})=d@;, V;_)>N for i=1,-"-,m+1.
Set A= {ay,"**,4a,,,,} and T=Sp A. Then d(4) <2r<dy and from
4.4 and (3) we obtain

T N Blay, K(n + 2)r] = T N B(ay, pr)
C AM[n + 1)r] C Ey [(m + 3)] CE,[(n + 2)r].
Taking d = (n + 2)r <dy <d,, we arrive at a contradiction by Lemma 4.5.

47.LEMMA. Let E bean m-setin R" and € > 0. Then there are a
positive number d and an m-set Ey CE such that if a € R", V € A(a, n, m),
BCV and 0<h<il<d, then

H™[Ey 0 PRY(B) N V()] < (1 + X1 + B/"H™ [B@) N V].

In the proof we may assume that V= {x:x,,,,=""*=x, =0}. We
can then carry out the proof as the proof of Lemma 7 in [3] when we replace
the cylinders C(x, y) by the sets C(x,,-**, x,,) = V(B) N {y: (x; —»,)* +
<ot 4+ (X, = Ym)? <1} and note that d[C(x,," ", x,,)] < 2( + h).

48.LEMMA. Let E bean m regular subset of R® and 0 <u<1.
Then there are an m-set E, C E and a positive number d, with the property:
If a€E, and 0<r<d,, then there exists V € A(a, n, m) such that

M E, 0 [B(a, D\V(w)] = &,

) V 0 B(a, r) C E(ur).

Proor. Let 0< e <¥%. Using 4.7, 4.6 and 3.3, we can find an m-set
E, CE and a positive number d, with the properties:
If a€ER", VEA(@, n,m),BCV and 0<h<1<d,, then

3  H"[E, NP'B)NVWI<( +e)1 +hH"H" [BO N V].

If a€E, and 0<r<d,, then thereis V € A(a, n, m) such that
@ E, N [B(, N\V(e*w)] = 2.
(5) H™[E, NB@ N> -eamy™ if a€EE, and 0<r<d,.

Let a€E;,0<r<d; and take V asin (4). Then (1) follows from
(4). Suppose that (2) is false. Then there is a point b € V N B(a, r) such that
B, ) NE = @&. Set B =V N [B(a, )\B(b, ur/2)]. Then, since e <%,

E, N V(e*ur) N B(a, r) C E, N V(e*w) N P3(B).
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Hence by (4) and (5),
H™[E, N V(e*uwr) N PR (B)] = H™ [E, N B(a, N] > (1 - e)a(m)r™.
From the definition of B, it follows that
H™ [B(eur) N V] S a(m)[(1 + ew)™ = 27" (% — €)™ ]P".
These inequalities together with (3) give
(1 - eam)r® <1 + eyt lam)[(1 + ew)” - 27" (4~ "W ",
For small e this is false, and the proof is complete.

S. Projection properties of m regular sets. In this section we shall prove
two lemmas from which Theorem 2.1 easily follows. Actually these lemmas say
more than we need. Instead of proving Lemma 5.1, we could use a result of
Federer (see [2, 3.3.12 and 2.10.11]) which implies that if E is a purely m
unrectifiable m-set, then H™ [P, (E)] = O for almost all ¥ € G(n, m). This is
a rather deep result and we want to give a proof independent of it. Instead of
Lemma 5.2 it would be sufficient to show that if E is m regular, then
H™[P,(E)] >0 for some V € G(n, m), but the proof would be almost the
same. After one knows that E is m rectifiable, one can prove statements that
are stronger than Lemma 5.2 using known properties of m rectifiable sets (e.g.
[2, 3.2.29]).

5.1.LeMMA. If E isapurely m unrectifisble m regular subset of R"
and V € G(n, m), then H™ [P, (E)] = 0.

ProoF. Let 0 < e < ¥%. Using the regularity of E and Lemma 4.6, we
can find a positive number d* and an m-set E* C E with the properties:

¢)) H"(E\EH) <e.

If a€E* and 0<r<d* then

() H™[E 0 B(a, )] > a(m)r’™/2,
and there is W € A(a, n, m) such that

(©)) E* 0 [Bla, )\W(en)] = &.

Since E is purely m unrectifiable, it follows from [2, 3.3.5] that for H™ almost
every a € E*, there are points b € E* arbitrarily close to a such that
I1Py(b = a)l < elb - al.

Suppose now that a, b € E* satisfy the above inequality and that r =
la — bl <d*. Choose W asin (3)and let ¢ = Py,(b). Using (3) and the basic
properties of orthogonal projection, we see that
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e—bl<er, rl2<lc—al<r, |Py(c—a)l<2er.

By [2, 1.7.3], we can choose an orthonormal base {e,," -, e,,} for {x:
x +a €W} such that Py(e) - Py(e)) =0 for i #j. Then, for some i=1i,,

lPV(eio)l < 2"_1 lPV(C - a)l < 4€,

because otherwise we should have
m
Pyc—a)2 =3 lc—a)- el? Py (el
i=1

> 4r~2|Py(c — a)l%lc — al* > IPy(c — @)%

It follows that P;, maps W N B(a, r) into an m-dimensional rectangle whose
one side has length 8er and the others 2r. Hence (3) implies that Py, [E* N B(a, r)]
is contained in a rectangle with side lengths - 10er, 2r + 2er, - - - , 2r + 2er.
Therefore

@ H™(P,[E* N B@, P]) < 10™er™.

The inequality (4) holds at H™ almost all points @ € E* with arbitrarily
small values of r. By the covering theorem [2, 2.8.15], we can cover almost all
of E* with disjoint balls B(a, r;),j=1,2, -, for which (4) is valid and
a; € E*. Using (4) and (2), we obtain

H™[P,(E")] < g H™®, [E* 0 B, r)]) < 107 ;—-21 ”

< 10™ - 20(m)~ e g H™[E N B(a;, )]
< 10™ - 20(m)~ 'eH™ (E).
From (1) we get
H™ [P, (E\E®)] < H"(E\E*)<e,
and finally
H™ [Py (E)] < [1 + 10™ - 2a(m)™ ' H™E)],
which proves the lemma.
52.LEMMA. If E isan m regular subset of R", then
fim sup H™(Py[E N B(a, 1)) -1
r—0+ VEA(a,n,m) a(m)r’™
for H" ae. a€EE.
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PrRoOOF. The left-hand side of the asserted equation with “lim” replaced by
“lim sup” is never greater than the upper density of E, whence it is at most one
H™ almost everywhere in E. Suppose that the lemma is false. Then we can
find an m regular set £ and a number 7, 0 <7 <1, such that

o _ H™(Py [E N B@, )
ﬂ‘lol‘l: VEASl(Ign,m) a(m)r"’ n

for all @ € E. This follows from the fact that the function whose value at a is
the left-hand side of (1) is Borel measurable, as one can see by standard methods
(cf. [1, 3.4]). By regularity, there are a positive number d, and an m-set E, C
E such that

) H™[E N B@a, ] >a(m)™[2 if a€E, and 0<r<d,.
Denote ¢ = [(n + 1)/2]/™ andlet 0<u < (1-17)/16 and e> 0. Since
every m-set contains a closed m-set by [2, 2.2.2(1)], we can apply Lemma 4.8

to get a positive number d; <d, and a closed m-set E; C E, such that if
a€E, and 0<r<d,, then thereis V € A(g, n, m) for which

3 E, N [B@, D\V(ur)] = &,
4 V N B(a, r) C Ey(wr).

For H" ae. x€E,, wehave ©™(E, x)=1 and O™(E\E,, x) =0 because
of the regularity of E and 3.2. Therefore, using again Lemma 4.8, we can find
a point a, € E,, a positive number 7, <d; and an affine subspace ¥, €
A(ag, n, m) such that

® H™[E 0 B(ag, o)) < 20(m)rg,

(6) H™[(E\E,) N B(ay, ry)] < eax(m)r?,
™ a(m)~rg™H™ Py, [E 0 Blag, 7)) <,
®) E, 0 [B@y, ro\Vo(ro)l = 2,

©) Vo N B(ag, 1) C Ey(uro)-

We denote P = PVo and set
F=P[E, N B(ag, ;)] and G = [V, N B(ay, try)\F.
Then F is closed and H™(F) < na(m)ry by (7), whence
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H™(G) = (™ — n)a(m)rg’ = (1 — n)a(m)rg’/2.

We can cover G with balls B(b, p) such that bEG, FNUB, p) =& and
F N 3B(b, p) # . Then, using e.g. the covering lemma in [6, p. 9] or [2, 2.8.5],
we can select a finite number of them, say B(bq, pq), q=1,---,1, such that

(10) By, 5p) N Blby, Spg) = B for q#4q
and )
an > o>,

q=1

where K, is a positive constant depending only on m and #. From (9) and
the inequality wry < (1 - 8r,, we obtain

(12) Pq Swry for g=1,---,1

We now consider the sets C, = P~ [B(b,, p,/2)] N V,[(1 - £)ry/2] and re-
arrange them so that they contain no points of E, for ¢ =1,:--, k and that
they contain at least one point, Cq» Of Ey for q=k+1,---,L If x€

E N B(cy, py/4) forsome q=k+1,---,1, then using the facts that b, €
B(ay, try), cq €C,, (12) and p < (1 -1)/3, we can infer that x € B(ay, r,)
and P(x) € U(b,, p,), whence P(x) € F and x &E,. Therefore

(13) U E N B(eg, pol¥) C (E\E,) N B(ay, 1o)-
q=k+1

Since the balls B(c,, pq/4) are disjoint by (10), we obtain from (2), (6) and
(13) that

1
272m=lgim) 3. pg <ealm)y
q=k+1
and taking € <272™~2K,, as we may, we get from this and (11)
K
(14) > o >Kg 2.
q=1
From now on we only consider ¢ = 1,- - -, k. Recalling (8) and how the
balls B(bq, pg) were chosen, we see that there are points e, such that

(15) e, €EP'[3B(by, p)1 N Vo(urg) NE; for g=1,-"" k.

By (12), u™'p, <7y <d,, and we can apply (4) to get V,_ € A(e,, n, m)
such that

(16) Aq C Eo[(l - t)pq/8] for q=1,"-,k,
where we have denoted A, = Ble,, u~ (1 - 1)p /8] N V.
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We show that b, € P(4,). If there is a point f, €A, such that P(f,) =
b,, then it follows from (15) and (12) that f, € B[b,, (1 - #)ry/4] and by (16)
there is x, € Ey N B[f,, (1 — 9p,/8]. Then x, €EE, N B[b,, (1 - t)re/2]
and |P(xp) = b,l <(1- t)pq/8. Hence x, €E, N C, = @&, which is a contra-
diction.

Let I, be the closed segment with end points b, and Ple;). Then
I, N aVoP(Aq) # @, since I is connected, b, € I;\P(4,) and Pe)El, N
P4 q). Here 9y, o means the boundary relative to V,. But since PIV, is com-
posed of two translations and a linear map between two m-dimensional linear
subspaces of R", it follows that aVoP(Aq) =P Vqu). Hence there is a point
a, € quAq such that P(aq) €1,. Let J, be the closed segment between e
and a,. Then J, CA4, and P(J,) CI, and thus by (15)

a”n IP(x) = byl <p, whenever x €J,.

By (16), J, can be covered with balls B(x, pg) where x € E,. We can choose
a finite number of them, say B(xqi, pq), j=1,-+-,s, sothat

18) JgNB(xyyp)# @ for j=1,---,5,

(19) B(xqi’ 2pq) n B(xqi) 2pq) = ¢ fOI' i¢j’ i’ j = l, TS,

(20) $> Kt
where K, is a constant depending only on ¢. This can be seen by choosing a
maximal set with respect to the properties (18) and (19) and using the fact that
the length of J, is u™'(1- 1o, /8.

Set -

B, =

Ce

B(xqi, 2pq) for g=1,---,k

i

We shall show that the sets B, are disjoint and that they are contained in
B(@g, o). To do this, consider any g =1,--+, k andlet x € B,. Suppose
that x € B(xqi, 2pq). Then by (18) there is y € J, such that |x -yl <p,.
Using triangle inequality and (17), we see that |P(x) —b,| < 4p,, and this to-
gether with (10) implies that the sets By, q = 1,-- -, k, are disjoint. Applying
triangle inequality to the points x, x,;, », e,, Pe;), b, and a, and using (15)
and (12), we find that |x —a,| <r,. Hence Uj-,B, C By, ro)-

We deduce from (19), (2) and (20) that

1

H™(E B = 3 H™[E O\ Blrg;, 20)]
=1

> 52~ La(m)(2p, Y™ > 2™ a(m)K 1~ oG
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forall ¢g=1,---, k. Therefore (14) gives

H™[E N B(ay, ry)] = i H™ENB,)
q=1

k
> 2"~ lam)K,u~" 30 o > 2" 2a(m)K,Ku~ g
q=1

But this contradicts with (5) if we choose, as we may, u <2™~3K 1K,. This
completes the proof.

ProOF OF THEOREM 2.1. We shall show that we may assume E to be m
regular. First, we can cover H™ almost all of E with countably many open
balls U; such that H™(E N U) <o, Then @ (E N U, x) =O™(E, x) =1
for H™ ae. x € E N U;. Hence we may assume that H™(E) < .

Secondly, suppose that H™(E) <o, The set E' = {x ER": @"(E, x) =
1} is a Borel set (see [1, 3.4]), H"(E\E')=0 and H™(E") = H"(E) <o
by [2, 2.10.19(3)]. Therefore 3.2 implies that @*™(E’, x) <1 for H™ a.e.
x €EE'. We also have @F'(E’, x) > OF(E, x) =1 forall x EE'. Hence
O™(E',x)=1 for H™ ae. x €E’', and we may assume that E is m regular.

If E were m regular and not m rectifiable, it would contain a purely
m unrectifiable m-set B, see [2, 3.2.14]. By 3.3, B would be both m
regular and purély m unrectifiable, but because of 5.1 and 5.2 such a set cannot
exist. The theorem is proved.
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