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ABSTRACT. We develop the theory of mod 2 Stiefel-Whitney homology
classes for Euler polyhedra. We then describe a simple method of obtaining p..
bordism theories. Finally, we define the ungraded bordism theory of Euler spaces
and show that it is isomorphic to ordinary total homology.

In this paper we develop the theory of Stiefel-Whitney homology classes for
a class of polyhedra more general than manifolds, christened Euler spaces by
Halperin and Toledo [H-T].

Sullivan and I worked out the details of the first section after he returned
from the Georgia conference where Cheeger presented a proof [Ch] of Whitney’s
unpublished result that the Stiefel-Whitney cohomology classes are dual to the
skeleta of the derived subdivision of a triangulation of the manifold. Sullivan has
since applied some of this work to analytic spaces [S]. Halperin and Toledo have
generalized this work in several directions. They have shown that these classes
are integral in certain cases and have extended the duality theorem to the non-
compact case, too. Their argument, in contrast to that of Cheeger, is purely
combinatorial. For simplicity, we will deal for the most part with only the mod
2 compact case.

The second part of the paper describes a simple method of obtaining p.l.
bordism theories and computes some examples.

In the third section we define the ungraded bordism theory of Euler spaces
and show that it is naturally isomorphic to ordinary total homology. From this
it follows, for example, that a map from an Euler space is Euler space cobordant
to a map from a disjoint union of manifolds.

Stiefel-Whitney homology classes. Recall that if X is a locally compact
polyhedron, we can define the link of x in X, Lk(x; X) up to p.. equivalence as
the Lk(x; K) where K is any triangulation of oX having x as a vertex. Recall also
that if K is any triangulation of X with x €4 and A € K with dim 4 = k then

Lk(x; X) = 04  Lk(4; K) = =¥ Lk(4; K)
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where = denotes p.. equivalence, » denotes joining and =¥ denotes k-fold suspen-
sion.

DEFINITION 1. A locally finite simplicial pair (K, K) is called an Euler
pair if the following equivalent conditions hold:

(a) Forx € [K = K| x(Lk(x; IKD) =0. Forx € [Kyl, x(Lk(x; IKoD) =
0 and x(Lk(x; IK) = 1.

(b) For4 €K - K,, x(Lk(4;K))=0. For4 €K,, x(Lk(4;K,) =0
and x(Lk(4; K)) = 1.

Here x is the Euler characteristic and = is congruence mod 2.

A locally compact polyhedral pair is called an Euler pair if some triangula-
tion and hence any triangulation of the pair is Euler. (Note that (a) is p.l. in-
variant.)

A locally finite simplicial complex K (resp. a locally compact polyhedron
X) is called an Euler complex (resp. an Euler space) if the pair (X, &) (resp the
pair (X, &)) is Euler.

REMARKS. 1. If X is a compact polyhedron then x(ZX) = x(X). This
implies (a) < (b).

2. If K is a finite simplicial complex x(K) = #K (=the number of simplices
of ).

3. If (X, X,) is Euler then X — X, and X, are Euler. The converse holds
if Xy C X is locally collared. In fact, in this case Remark 1 implies that X — X,
Euler is sufficient.

4. If X is a polyhedron, then define

X, = {x €X: x(Lk(x; X)) = 1}.

X, is a union of open simplices of any triangulation of X and, in fact, is a union
of components of open intrinsic skeleta I'(X) — I*"1(X) (cf. [A,; pp. 421, 422]).
Clearly, there exists a subpolyhedron Y of X such that (X, Y) is Euler iff X, is
closed in X, and hence a subpolyhedron iff (X, X,) is Euler.

All homology is singular homology with Z, coefficients.

ProrosiTioN 1. (a) If K is a finite Euler complex and 1K is a derived
subdivision of K, then C,"(K) = sum of the i dimensional simplices of 7K is a
cycle.

() If K, K,) is a finite Euler pair, then C]'(K) is a relative cycle with
boundary C]!,(K,)-

ProoOF. If Gy ...0; , =Ais ani— 1 simplex of 7K, where 0, <---<
0,_, in K, then the coefficient of 4 in dC]' = # of i-simplices having A as a face,
i.e. we must count how many o’s can be inserted into the sequence for 4 to
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obtain an i-simplex. Clearly, this number is equal to
-1
#d0y + Y #Lk(o;_,, 30;) + #Lk(o;_,, K).
j=1

Since the Euler number of a sphere is 0 mod 2, this coefficient is
= X(Lk(o'-lK))-

So if (K, K) is Euler this coefficient is 0 if 0,_;, €K - K, ie.if 4 €
nK —nKg and is 1 if 0,_; €K, ie. if 4 € nK,,.

REMARK. If nK and 7K are two different derived subdivisions of K ob-
tained by starring the simplices of X at different internal points, then & — o, the
obvious simplicial isomorphism carries CJ(K, K) to C/'(K, K,). The map is
isotopic to the identity so the chains represent the same homology class. So we
will drop the superscript 7.

DEFINITION 2. If (K, K) is a finite Euler pair, then w;(K, K,) is the
homology class of C;(K, K,).

PROPOSITION 2. The w;’s are p.l. invariants, i.e. if (K, K,) and (L, L)
are two triangulations of the polyhedral Euler pair (X, X,) then w;(K, K,) =
w;(L, Ly) in Hi(X, X,) and so we can write w;(X, X,) for these classes.

Proor. If we subdivide K by a stellar subdivision at 7 € K, we obtain K*
which is the same complex as K on |K — St°(r; K)I. Choose derived 7K and
nK* which agree there. We note that as singular chains the difference C;"(K) —
CMMK*) is carried by ISt(r, K)|.

If €K - K, then C,(K,) = C[1,(K¥) and so CP(K) — C['(K*) is a cycle
on K carried by the contractible space |St(7; K)I.

If r € K, then C'(K) — C/'(K*) is a relative cycle carried by the contract-
ible pair (St(r; K), St(1; K,)).

Now if K and L have a common subdivision it is not known whether they
have a common stellar subdivision, but it is known e.g. [G, p. 41, Theorem
I1-17] that one can get from one to the other by a finite sequence of stellar sub-
divisions or inverse stellar subdivisions i.e. there exists K = K, K;, ..., K, =
L such that fori =0, ...,n — 1 either K| is a stellar subdivision of K, ; of
K, , is a stellar subdivision of K;. Note that any triangulation of X is a triangula-
tion of the pair (X, X,) because x(Lk(x; X)) = 0 for x ¢ X, and =1 for x € X,,.

ReMaRk. If 3: Hy(X, X,) — H;_,(X,), Propositions 1 and 2 imply that
ow; (X, Xg) = w_,(Xp).

ProrosiTiON 3 (ExcisioN). Let X,,, X, X,, X3 be closed subpolyhedra
of a compact polyhedron X such that X = X, U X,, X, C X3 U X, and (X, X;)
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and (X, X,) are Euler pairs; then in the diagram:

jl . J*
H(X,, Xy) — H,(X, X; UX,)«— H(X, X;),
I t(wi(Xl » Xg)) = ]'*(Wi(X, Xa))~

PROOF. Triangulate to obtain K a complex on X and K| with [K;| = X,
i=0,1,2,3. CJK)- CK,) is carried by X, i.e. if 8, ... 0; € nK — 1K,
then 0, €K, and 8, . .. 0; is in X,.

Letting X3 = & we obtain:

CoroLLARY. Let X,, X,, X, be closed subpolyhedra of a compact Euler
space X such that X = X, U X,, X, C X, and (X,, X,) is an Euler pair, then
in the diagram

Jys ;
Hy(X,,X,) 5 H(X, X,) <-]-*—HI(X),
Jiew(Xy, X)) = jew;(X).

PROPOSITION 4 (MAYER-VIETORIS). Let X, X,, X,, X be closed sub-
polyhedra of a compact polyhedron X such that Xy =X, N X,, X, VX, =X
and (X,, X, U (X5 N X)), (X,,X, VU (X3 NX,))and (Xy, Xy N X;)are
Euler pairs.

Then (X3 N X,, X3 N X,), (X3 NX,,X; NX,)and (X, X,) are Euler
pairs, and the Mayer-Vietoris boundary A: H/(X, X3) — H;_,(X,, Xy N X3)
takes wi(X, X;) to w,_,(X,, Xy N X3).

R

H{(X, X3) — H(X, X, U X;) H(X,, Xo U (X, N X))

Al al
=
Hi(Xo, X3 0 Xg) — H_,(Xo U (X, N X3), X, N X3) «— H_ (X, U (X, N X))

Proor. To see that (X3 N X}, X3 N X),i= 1,2, and (X, X;) are Euler
pairs we look first at points x € X, N X;. Lk(x; (X3 N X) VU X)) =
Lk(x; X3 N X;) U Lk(x; X,)) with intersection Lk(x; X, N X;). So
x(Lk(x; X3 N X;)) = 1. Lk(x; X) = Lk(x; X,) U Lk(x; X,) with intersection
Lk(x; X,) so x(Lk(x; X)) = 1. For x € X, — X3, Lk(x; X) = Lk(x; X,;) U
Lk(x; X,) with intersection Lk(x; X,) implies that x(Lk(x; X)) = 0.

That Aw,(X, X3) = w;_;(X,, X5 N X,) follows from Proposition 3, the
remark after Proposition 2, and the Corollary to Proposition 3, via the commuta-
tive diagram above.
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Letting X; = & we obtain:

CoRrROLLARY 1. Let X, X, X, be closed subpolyhedra of a compact poly-
hedron X such that Xy =X, NX,, X=X, VU X, and (X;, X,) (=1, 2)are
Euler pairs.

Then X is an Euler space and Aw;(X) = w,_,(X,) where A is the Mayer-
Vietoris boundary:

H(X) — H(X, X,) <= H{X,, X,) A H;_y(X)-

COROLLARY 2. Let (X, X,) be a compact Euler pair and (I, h=
([0, 1], {0, 1}), then (X x I, X x I U X, x I) is an Euler pair and

Aw (X x I, X x U Xy x I) =w,_,(X, X,)
where A is given by:

H(X I Xy x IUX x ) 2> H_ (X, x IUX x )

Zl
Hy (X, X)) —> Hy (Xg x TUX x [, Xg x TUX x 1)

PROOF. Let X, =X x [0, %], X, =X x [%4,1], X, =Xy x IUX x ],
Xo =X x % and X = X x I. Using the addition formula for Euler characteristics
again we see that Proposition 4 applies to this situation. It remains to identify
A with A, which is easy using a map r: I — I with r[0, %] = 0 and /(1) = 1.
REMARK. Since (X x 0,X x0)C (X,, X, NX,)and (X x 1, X x 1) C
(X,, X, N X,) are homotopy equivalences, exactness of the Mayer-Vietoris se-
quence implies that A is an isomorphism.

COROLLARY 3. Let X be a compact Euler space with x(X) = 0; then ZX
is an Euler space and (cX, X) is an Euler pair. The suspension isomorphism,
0: H;(X) — H,_,(ZX) takes w;(X) to w;, ,(ZX), where o is the inverse to the
Mayer-Vietoris boundary for (£X; ¢, X, c,X) (recall that the suspension is the
union of two cones on X intersecting in their common base).

Now we turn to the relation between these homology classes and mappings.
Another way of stating Proposition 2 is that if f: (X, Xy) — (¥, Y,) is a pl.
homeomorphism with (X, X,) (and hence (Y, Y,)) also) an Euler pair, then
few; (X, X)) = wy(Y, Y,), where fy is the induced map on Z, homology.

This is pretty weak invariance. It is reasonable to suppose that the w;’s
are homotopy invariants. This is true, after all, of the Stiefel-Whitney classes on
manifolds.

However, it is not true for Euler spaces. In fact let X = S2V §2, i.e. the
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union of two spheres along a point and let f: X — X by the union of s: S 2
— 82V 5% and i,: §2 — 52V S2 on the two pieces of the domain, s is the
coproduct obtained by pinching the equator to a point and i, is the inclusion on
the second term. H,(X) = Z, ® Z, generated by z, and z,, the fundamental
classes on the two spheres. w,(X) =z, + z, and so faw,(X) = 5,(2,) + i,.(z;)
=z, +2z, +z, = z,. Thus fuw,(X) # w,(X). Note that X is an Euler space as
the link of the bad point is the disjoint union of two circles.

In the positive direction we have invariance under the appropriate notion of
cobordism of maps.

DEFINITION 3. Let (X, X,), (Y, Y,) be compact Euler pairs and (T, T,)
any topological pair, and let f: (X, Xy) — (T, T,) and g: (Y, Y) — (T, T,)
be continuous.

A cobordism between f and g is a quintuple (W, W,, W,, iy, iy) with W D
Wo O W, compact polyhedra, iy: X — W,, iy: Y — W, pl. embeddings and
amap F: (W, W,) — (T, T,) such that

D) ixX) N W, =ix(Xy), iy(ND)NW, =iy(Y,), ixX)Niy(Y)=¢&
and Wy = i)(X) U W, Uiy(Y).

(2) (W, W,) and (W,, ix(Xy) U iy(Y)) are Euler pairs.

B F-iy=fand F-iy =g

REMARK. Clearly, if f and g are homotopic then they are cobordant, see
Corollary 2 of Proposition 4.

ProrosiTioN 5. If f: (X, Xo) — (T, T,) and g: (Y, Yg) — (T, T,) be
cobordant. Then

fwi(X, Xp) = gaw (Y, Y,) foralli

Proofr. Using pl. invariance of the w;’s we shall regard i, and iy as in-
clusions. We consider the map of the triples induced by F: (W, W,, W;) —
(T, T, Ty).
3. o HWo, W, UY) | H(X, X,)
H (W Wo) == B0 — B W)= @ 2 r
F, F, Fy

§
H (T, T) %, H(T) > H(T, T,)

X B
*

Note that (X U Y, X, U Y,)) C (W,, W,), (X, X,) C (W, W, U Y) and
(Y, Y,) C (Wy, Wy U X) are excisions. Now by the Corollary to Proposition 3
applied twice, w; (W,) on the one hand and w;(X, X,,) + w;(Y, Y,) on the other,
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map to the same thing in H;(W,, W, U Y) ® H;(W,, W, U X). Since dw,,(W, W)
= w;(W,) and since H,(T, T) = 0, it follows that fw,(X, X)) + gew;(¥, Y) =
0. So fuw;(X, Xp) = gaw; (Y, Y,).

As an illustration we will look at an example.

DEFINITION 4. Let f: X; — X, be a proper pJl. map, of Euler spaces, with
FX,) =X,.

(a) Call f even if, for all x € X,, x(f~'(x)) =0.

(b) Call f odd if, for all x € X,, x(f~'(x))=1.

We will show that (a) if f: X; — X, is odd then f is cobordant to 1x,,
and (b) if £ is even then f is cobordant to &: & — X,,, the empty map. It fol-
lows that odd maps preserve the Stiefel-Whitney homology classes and even maps
kill them.

We will use material on general complexes and mapping cylinders as discussed
in [A,].

LEMMA. Let®; be finite general complexes on compact polyhedra X;, i =
1,2,and v: fDl —D, an isomorphism of general complexes. Assume that K is
a constant such that x(v(0)) = Kx(0) for all 0 €D,. Then x(X,) = Kx(X,)-

ProoF. By induction on the number of elements in the complexes. Let o
be a free element of D, , i.e. ¢' €D, implies 0’ N ¢ C 3o or o’ = g, then yo is
freein®,. Let®] =D, -0, D; =D, — 70, B, = {all faces of 0} U {0},

B, = {all faces of yo} U {yo}.

If 8, =D, then x(X,) = x(v0) =Kx(0) = Kx(X,).

If B; and D; are proper subsets of ©;, i = 1, 2, then by induction hypo-
thesis x(IB, 1) = Kx(1B, D, x(1%;1) = Kx(1} ) and x(18,| N B} 1) = x(B, ND}
=Kx(18, "D} = Kx(1B,] N [T, ]); and so the result follows from the addition
formula for Euler characteristic.

REMARK. In the above proof and hence in the above theorem
replaced by ‘“=mod n” for any n.

This lemma is motivated by and can be used to prove the wellknown fact
that if #: E — B is a p.l. fibration with E compact and fibre F, then x(F) =
X(F)x(B). In particular if E' admits a Z, symmetry, then x(E) = 0. Thus, for a
polyhedron to be Euler it is sufficient that the links of points admit p.l. Z,
symmetries.

Given f: K; — K, simplicial map either even or odd, of locally finite Euler
complexes, we examine the simplicial mapping cylinder C,. We utilize the general
complexes on K, K, and C; given by the map developed by Cohen and discussed
in [A,, pp. 404, 407408, 410]. For 0 €K,, Lk(o; Cp) = O(o; f) Y D(o; f)
(intersection D(o, f)). The map Q(c’; f) — D(d"; K,) is an isomorphism of

€699

can be
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general complexes on O(0; f) and D(o; K,) as o' varies with 0 < o’. Thus, by
the above lemma x(Q(o; N = x(ﬁ(a; K,)=0.

Now D(a; f) is a regular neighborhood of f~1(8) and so x(D(0; f)) = €
where € = 0 or 1 according as f is even or odd. The map D(¢"; f) — D(0’; K,)
with ¢’ > ¢ is an isomorphism of general complexes on D(; f) and D(s; K,) and
hence by the lemma x(D(0; f)) = e x(D(o, K,)) = 0.

Thus by the addition formula for Euler characteristics we have x(Lk(o; (9)]
=x(D(o; f) =e.

Thus, for points x € |K, |,

x(Lk(x; C))=e and x(Lk(x; K,)) = 0.
For x € K, |, )
X(Lk(x; C))=1 and x(Lk(x;K,))=0

as K, is collared in C;. Forx € C,— IK; |V IK, |, x(Lk(x; Cy)) = 0 because the
collar can be extended to include x so that such a point, looking locally, thinks
it is inside K, x I — K, x I which is Euler.

In short, if f is even (Cf, IK, ) is an Euler pair and if f is odd (Cf, Ky lU
IK, ) is an Euler pair.

We can also show the converse, more precisely we show that if x(Lk(o, Cy))
is the same (mod 2) for.all ¢ € K, then x(f~(no)) is the same for all ¢ €K,.

Note that the above proof shows that if x(f~1n(0")) is constant mod 2 for
all ¢’ > g, then x(Lk(0; Cp)) = x(f ' (n0)).

Now, assume K, is finite dimensional and let n be the maximum codimen-
sion such that x(f~!(n0)) is constant mod 2 for o of codimension <n. So if
X(f~1(n0)) is not constant for all o, then there exist o, and o, of codimersion
<n such that x(f~(n0,)) # x(f "1 (n0,)). Since o' > o, for i = 1 or 2 implies
codimension ¢’ < n it follows that

x(Lk(o 1> Cf)) # X(Lk(az; Cf))-

If K, is not finite dimensional then choose o, and o, with x(f~!(no,)) #
x(f~ l(17(72)) and apply the above inductive argument on codimension to the
simplices interior to St(g,; K,) U St(g,; K,), noting that, since K, is locally
finite, this is a finite complex.

In sum we have proved:

ProPOSITION 6. Let f: X, — X, be an onto, proper p.l. map of Euler
spaces and let Cf be a mapping cylinder obtained by triangulating f.

() (Cp X,) is an Euler pair iff f is an even map.

®) (Cp X, U X,) is an Euler pair iff f is an odd map.
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ProoF. If either (Cy, X;) or (Cy, X; U X)) is an Euler pair then
X(Lk(x; Cy)) is constant for x in X, and so x(f ~1(x)) is constant for x € X, so
[ is either even or odd. Since x(Lk(o; Cf)) = x(f~1(n0)) in these cases, the pos-
sibilities pair up properly.

In private correspondence, McCrory has shown me a proof of this result
which requires only that the mapping cylinder of f be triangulable with point-
inverses as subcomplexes, instead of requiring that f itself be a p.l. map.

Let p;: C; — X, be any retraction extending f on X, .

CoROLLARY 1. (2) If f: X; —> X, is an even map then (Cp, X, ,%; in-
clusion x> B ) and the map ps is a cobordism of f and the empty map.

() If f: X, — X, is an odd map then (C, X, U X,, @; inclusiony |,
inclusiony ,) and the map py is a cobordism of f and 1x,.

COROLLARY 2. (a) If f: X; — X, is an even map then f,w/(X,) = O for
ali
) If f: X; — X, is an odd map then fow (X,) = w{(X) for all i.

Z,-bordism theories. Let §", n € Z, be a sequence of classes of compact
pl. pairs satisfying the following four axioms (write X € §" for (X, &) € §"):

Axiom 1. If (X, X,) = (¥, Y,) and (X, X,) € " then (¥, Y,) € §".

AxioM 2. (X, X,) € 8" implies X, €™ and X x I, X x [U Xy x I)
e%n-i-l.

AxioM 3 (CUTTING). Let (X, X,) €&", A a closed subpolyhedron of X,
w, Vo) a regular nelghborhood pair for4 in (X, Xy). f Y = X-VandY,=
X, - Vo, then (Y, VU Y,) ET”, (V, VUV,) EF" and (¥, V' N Y,) €T

AxioM 4 (PASTING). Let XD X, D X,, YO YyDY,andZDZ,D &
be pl. triples with X and Y disjoint and iy: Z — X,,, iy: Z — Y, pl. embed-
dings such that

(@) X, =ix(2D) UX,, Y,=iy(2)VX, andix'(X,) =i7'(¥,) = Z,.

() If (X, X,), (¥, Yo) € 8" and (X, ix(Z,), (Y, iy(Zo), (2. Zy) €
g1, then (X U, Y, X, Uz, Y,) EF".

REMARKS. 1. Letting 4 = X in 3 implies @ € §" provided 3" is not
empty. For convenience we will assume in addition & € §" for all n.

2. For the definition and theory of regular neighborhood pairs we refer the
reader to Cohen’s paper [C]. In particular, if (V, V) is a regular neighborhood
pair of 4 in (X, X)), then V, is a regular nexghborhood of A N X, in X,,. Hence,
in Axiom 3, it follows that (Y, Y, N V), (Vo Vo N 7) €85! by Axiom 3
applied to 4 N X, in (X,,&). We recall that Vo = VnXo =VoNYy,=VyN
V=V N Y, from the simplicial definitions [C, pp. 192—194]. Also, (¥, V) is

\
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collared in (¥, V) and (¥, Y,), and bicollared in (X, X). This relative version
of [C, p. 203, Theorem 5.3] does not seem to appear anywhere. The proof is

the same as Cohen’s absolute theorem, except that the equation on p. 203 of

[C] where a common factor S is pulled off of various links becomes a pair

(S, S,) pulled from link pairs. Then one applies the relative theorem [A,, p. 455,
Theorem 2], in place of Cohen’s theorem [C, p. 199, Proposition 4.2].

DEFINITION 5. (a) Let (X, X,) and (Y, Y,) € §"; then a cobordism Y
between (X, X,) and (Y, Y,) is a quintuple (W, W,, W,; iy, iy) where WD W,
DO W, andiy: X — W, and iy: Y — W, are p.l. embeddings, satisfying:

(1) ix(X) N Wy = ix(Xy), iy(Y) N W, =iy(Yy), ix(X) Niy(Y) =2
and W, = i,(X) U W, U iy(Y).

(2) (W, W) €B™*1 and (W, ix(X,) U iy(Yy)) € §".

(b) Let (X, X,) and (¥, Y,) € §". Let (X, X,) and (¥, Y,) € J". Let
fi (X, Xy) — (T, Ty) and g: (Y, Yy) — (T, T,) be continuous maps to a top-
ological pair (T, T) (T, is closed in T), then a cobordism U between f and g is
a pair (Y, F) where U= (W, W,, W,; iy, iy) is a cobordism between (X, X))
and (Y, Y,) and F: (W, W,) — (T, T,) is a continuous map such that F - i, =
fand F-iy =g

With slight abuse of notation we shall usually regard i, and iy as inclusions
and write Y= (W, W,, W,) when i, and iy are clear.

By Axiom 2, the cobordism relations are reflexive and by the pasting axiom
they are transitive. They are clearly symmetric and hence are equivalence relations.
We denote by ©2,,(T, T,) the set of equivalence classes of maps f: (X, Xo) — (T, T,
(X, X,) € §" (equivalence is cobordism of maps). Under disjoint union (possible
by pasting with Z = &) this is a group with zero element &: (&, &) — (T, T,)
and satisfying f + f = 0 by the cobordism (X x I, X x I U X, x I, X, x I),
feay).

The boundary 9: (T, Ty) — ,,_,(T,) is defined by a[f] = [fIX,]
where f: (X, Xo) — (T, T,).

If F: (T, Ty) — (R, R,) is continuous then F [f] = [F - f] defines
Fy: Q. (T, Ty) — 2,(R, Ry).

o

ProrosITION 7. R, is a homology theory.

Proor. The homotopy axiom is clear using the usual product cobordism.

ExcisioN. Let U be an open set of T with U C interior T,. Then we
show that Q,(T - U, T, — U) 8= Q,(T, T,) is an isomorphism.

Let f: (X, X,) — (T, T,) and let T, = U, U, = interior T; then f 1T,
C f71(U,) and we can find 4 a closed subpolyhedron of X with f!T, CA4 C
f(U,) and hence a regular neighborhood pair (¥, V) of 4 with ¥ C f~(U,).
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Ifwelet Y =X~V and Y, =X, — V,, then the restriction of f, f; maps (¥, Y, U V)
into (T~ T, T, — T,), and we claim that, regarded as a map into (T, Ty), f;
is cobordant to f. Let F be the restriction of f - 75 and use the cobordism

X x[0,%] VY x [%1],

Xx0UXy x [0, 4] UV x KUY, UM x [%1]UYx1,

Xo x [0, ] UV x % U (Yo U V) x [%,1]).

Note that f,(¥Y) C T~ T, and if f(X) C T — U then this is a cobordism in
(T-U,T,- V).

This shows i, is onto.

Now let f: (X, X,) — (T - U, T, — U) such that i,[f] = 0. By the above
note we can assume that f(X) C T - T,. Let (W, W,, W,), F) be a cobord-
ism of f with 0 in (T, T,), ie. Wy =X U W,, X N\ W, = X, and F: (W, W,) —
(T, T,) with FIX = f. Since fX) C T-T,, F‘I(T,) N X =g&; so we can first
choose 4 and then a regular neighborhood pair (¥, V) of 4 so that

FYT)) CVCF Y (Uyn W -X).

Then the restriction of F to (W=, W — Vo U V, Wy — V, U V) gives a cobord-
ismof ftoOin (T-U, T, - U).

EXACTNESS OF THE DIAGRAM . . . ,(T,) 2= Q,(T) L*— Q,(T, T,))
2> 9, ,(Ty) = Q,_, (D).

Exactness at Q,_, (T,): If f: (X, Xo) — (T, T,), then (X, X,, &), f) isa
cobordism of f: X, — T and 0. Hence iyd[f] = 0.

If i,[f] = 0 with f: X, — T, then (W, W,, W,), F) maps W, to & and
so W, =g,ie. X, =W, and F: (W, X,) — (T, T,) or 3[F] = [f].

Exactness at Q,(T, Ty): If f: X — T, i.e. f: (X, @) — (T, @) then 3j,[f]
= 0 by definition. If f: (X, X,) — (T, T,) with 3[f] = O then there exists as
in the previous argument, a pair (Y; X,) € §” with F: Y — T, extending f. By
pasting X' =XUx, Y€ $" and fU F: X' — T is cobordant to fin (T, T,).
The cobordism is

X x[0,8] VX' x [%,1],
Xx0UXyx[0,5UYx%BUX x1,X,x[0,4] UY x¥)
together with the map fU F - my.

Exactness.at Q,(T): If f: X — T, then (X x I, X x Lxx,f- Ty) is
a cobordism of fto 0in Q,(T, Ty), i.e.jy * iy = 0. If j [f] = O where f: X —

T then there exists (W, Wy, W,), F) with X C Wy and W, N X =&, and F
extends f mapping (W, W,) — (T, T,). Hence it can also be regarded as a cobord-
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ism of [FIW,] + f with 0 in Q,(T). So [f] =i,[FIW,].

REMARKS. 1. Compactness was assumed to prevent 2, from always being
0; it is not used in the proof, but for most examples if f: (X, X,) — (T, T,)
then (X x [0, ), X x 0U X, x [0, ), X, x [0, *)), f * ) would be a cobord-
ism to O if noncompact pairs were allowed. Proper maps only extend the result.

2. If {§"} satisfies Axioms 1—4, then we can define 3: = {(X, X,) € 5"
X, C X is collared}.

" One can show that {%Z} still satisfies Axioms 1-—4.

This is clear for Axioms 1 and 2. For Axiom 3, we first show that for x €
f’o, Lk(x; (V, 170)) 2 (cLk(x; 170), Lk(x; f’o)), where (cX, X) for X a compact
polyhedron, denotes the cone pair with base X and vertex ¢. By [A,, p. 424,
Corollary 10] it suffices to show that the suspension of the two sides are isomor-
phic. By Remark 2 after Axioms 1-4, (7, V,) is bicollared in (X, X,). So,
S Lk(x; (V, V) = Lk(x; (X, X,)). On the other hand, Z(cLk(x; V), Lk(x; V)
& (cZ Lk(x; V,), = Lk(x; V,)) 2 (cLk(x; X,), Lk(x; X,)). Now these pairs are
isomorphic because X, C X is collared. Thus, I"o C V is collared (cf. [C, p. 205,
Theorem 5.3]). Now because (V, Vo) C (V, V) is collared we have, for x € Vj:

Lk(x; (V, Vo, V, Vo)) = (c;cLk(x; f’o), ¢, Lk(x; I.’o), cLk(x; V), Lk(x; Vo))

So Lk(x; (V, VU Vo) = (' I.k.(x; Vo), ZLk(x; V) because [¢y,c] =
c = {¢,, ¢} for ¢’ in the interior of [cy, ¢]. Thus, vu Vo C V is collared.
Similarly, because (V, V,) C (¥, Y,) is collared, Lk(x; (¥, Y, U V) =
(cZLk(x; V,), = Lk(x; V,)) and so Y, U V C Y is collared.

For Axiom 4, regarding the embeddings as inclusions, we have, for x € Z,,
that Lk(x; (X,, Z,)), Lk(x; (Y, Z,)) and Lk(x; (Z, Z,)) are cone pairs as above
and we denote the cone vertices by c,, ¢, and c; respectively. Then:

Lk(x; (X, X,)) 2= (c4Lk(x; X,), Lk(x; X))
= (cq * {c),c3}, {eg, c31) » Lk(x; Z),
Lk(x; (7, Y,)) = (c5Lk(x; Y,), Lk(x; Y,))
= (c5 * {cp, €3}, {c3, c3]) * Lk(x; Z).
When we paste, the links are pasted along Lk(x; Z) = c; * Lk(x; Z,):
Lk(x; (X U, Y, X, Uz, Y1)
= (¢4 * {c1, ¢33 Vs » {c3, 3}, {cg, 3D * Lk(x; Z,).

Since (cq * {c;, €3} U cs # ey, c3}, {eg, e} = (c3 # {ey, 63}, {eg, €D,
the link pair is a cone pair and so the result of the pasting is collared.
Furthernore, the bordism groups remain the same. Thus, if f: (X, X;) —
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(T, T,) with (X, X,) € " then by Axioms 1 and 4, (X, X,) € §" where X =
XU X, x [0, 1] with X, C X identified with X, x 0 and X, = X, x 1. X, C
X is collared and if r: (X, X,) — (X, X,,) is the retraction obtained by flattening
the collar, then F = f - r - n5 together with

(X% [0,%] UX x [%,1], ¥ x 0U K, x [0,%] UX, xI x %
UX, x [%,1] UX x 1, X x [0, 4] UX, x I x BU X, x [%, 1])

is a cobordism between the maps f: (X, X,) — (T, Tp) and f - r: (X, X)) —
(T, T,). Similarly, by attaching a collar to the cobordism, we can show that f
cobordant to 0 with respect of {§"} implies f - 7 cobordant to O with respect to
{32

So we can regard the condition “X, C X is collared” as a convenient norm-
alization condition which does not affect the bordism groups.

We say that a bordism sequence {"} has collared boundaries if (X, X,) €
" implies that X, C X is collared. We now characterize bordism sequences with
collared boundaries in two important special cases.

DEFINITION 6. A locally finite complex K is called totally n-dimensional
if it satisfies the equivalent conditions:

(a) Every simplex of K is a (not necessarily proper) face of some n-simplex
of K.

(b) K = Closure(I"(IK|) — I (IK1)).

Since the latter condition is p.l. invariant we can call a locally compact
polyhedron X totally n-dimensional if the above holds for some (and hence for
any) triangulation of X.

PROOF OF EQUIVALENCE. For any locally finite complex K with n-skeleton
K", we have:

K" -K"1 c I"(K) - I""'(K) C Closure (K™ — K"71).

The left inequality follows from the definition [A,, pp. 420—421] of intrinsic
dimension. For the right, if ¢ is a simplex of I"(K) — I"~!(K), then since the
latter is an open n-manifold, ¢ is the face of some n-simplex. It follows that the
closures of K" — K"~ ! and I"(K) — I""1(K) are the same.

REMARK. Let X be totally n-dimensional. If X, C X is collared, then X,
is totally (n — 1)-dimensional. If ¥ is a subpolyhedron of X and is the closure of
its interior, then V is totally n-dimensional. Putting these two results together,
if x € X, then Lk(x; X) is totally (» — 1)-dimensional.

DEFINITION 7. Let {§"} be a bordism sequence with collared boundaries.
Call {§"} ungraded if §” = §™ for all m and n. Call {§"} dimension graded if
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(X, X,) €T" implies X = & or X is totally n-dimensional.

REMARK. In either case, if we let §=UJ, §" then § characterizes {§"},
that is:

Ungraded case. (X, X,) €§" iff (X, X,) € 8.

Dimension graded case. (X, X,) € §" iff (X, X,) €T and X =& or X
is totally n-dimensional.

DEFINITION 8. A class D of compact polyhedra is called a class of singular-
ities if it satisfies:

(a) 2 €D.

(b) X €Dand X = Y implies Y €D.

©XeDiffTXeD.
Since the suspensions of & are spheres, D includes all spheres.

For® a class of singularities define:

o= {(X, X,): (X, X,) is a compact pair with X C X collared and
x € X - X, implies Lk(x; X) € D}

85= {(X, X,) € Sywith (X, X,) totally n-dimensional or X =&}.

PROPOSITION 8. Let D be a class of singularities, then Sy is an ungraded
bordism sequence and {3} is a dimension graded bordism sequence.

ProOF. The preservation of collaring by the operations of the axioms is
proved as in Remark 2 following Proposition 7. In the dimension graded case,
the preservation of total n-dimensionality is easy (cf. the Remark following Defini-
tion 6). The links remain in® because if X, C X is bicollared and x € X, then
Lk(x; X) = T Lk(x; X,) and so Lk(x; X) € Diff Lk(x; X;) €D. The details are
left to the reader.

DEFINITION 9. Let {J"} be a bordism sequence and let § = {J, 3". We
define the singularity class Dg by the following equivalent equations:

Dy = {compact polyhedra X: ZX € §} U {2}
= {X: 3Y €Y, y € Y such that Lk(y; Y) = X} U {g}
= {compact polyhedra X: (cX, X) €&}V {g}.

PROOF OF EQUIVALENCE. Since Lk(v; T X) = X for v a suspension vertex,
the first set is contained in the second. On the other hand, if Y € 3, then the
regular neighborhood and boundary of y in Y is isomorphic to (cLk(y; Y), Lk(y; Y))
and so the second set is contained in the third by Axioms 1 and 3. Finally,

T X = cX U c¢'X, union along X, and so the third set is contained in the first, by
Axiom 4.
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REMARK. If §# {&} then Dg is a singularity class. For if X € Dg and
X # & then Lk((3, %), Y x I) = T Lk(y, Y) implies that £ X €Dg by Axiom 2.
If £ X €Dg, then (cZX, =X) €8 and so TX €T by Axiom 2 and so X €Dy
Finally, § contains some nonempty polyhedron and so ‘Dg contains some sphere.
By suspending and desuspending it contains all spheres. Thus, Dg satisfies (a),
(b) and (c) above.

PrOPOSITION 9. (a) Let {§"} be an ungraded bordism sequence and let
D=Dg. ThenBs =§.

(b) Let {3"} be a dimension graded bordism sequence and let D = Qg
Then §% = §" for all n.

PROOF. It suffices to show that X €Js implies X €T in (a), and X €T3
implies X € §” in (b). The result for pairs then follows because if (X, X,) € &%
then the double consisting of two copies of X pasted along X, is in &% and hence
isin §". But since X, C X is collared, the pair (X, X)) is isomorphic to the reg-
ular neighborhood and boundary of X in the double. So (X, X)) € 5" by Axioms
1 and 3. The result for pairs is obtained similarly in case (a).

We prove the result in the dimension graded case. The proof is easier in the
ungraded case as we can just forget about the grading, but otherwise it is the same.

Let K be a finite complex with |K| € 85 and let K, CK, C...CKy =
K be a sequence of subcomplexes so that K, is a vertex of K and K, , = K; U
0;41- We show by induction that if ¥, is a regular neighborhood of X; in X, then
WV I”,) € $". Fori =N this says that |[K| € 3". Note that by the remark after
Definition 6, the Vs are totally n-dimensional. By uniqueness of regular neighbor-
hoods and Axiom 1, either all of the regular neighborhoods of K| lie in 8" or
none of them do.

Initial step. For any point x € K, if V is a regular neighborhood of x, then
¥V, V) = (cLk(x; IK), Lk(x; IKT)). Lk(x; IK]) € Dbecause K € &3 and so the
pair is in 3" by Definition 9. This applies, in particular to the vertex in K 1

Inductive step. We will show that a regular neighborhood V;, ; of K, ,
can be obtained as a union of ¥; and U, ,, where V is a regular neighborhood
of K,, U,_H is a regular neighborhood of the barycentre of o; +15 and V; N U,
=V, U,,, is a regular neighborhood of something both in ¥; and Uy, ;. Then,
V, is in §" by induction hypothesis, U,, , is in 3" by the initial step and so
(Vi41 Vis 1) € B" by Axioms 3 and 4.

To prove the regular neighborhood result we have to do a little work with
Cohen’s parametrization lemma [C, p. 194, Lemma 2.14]. Let X' be the bary-
centric subdivision of K and let p: K' — [abc] be a simplicial map to a two
simplex with p mapping X to a, the barycentre of 0;,, to b and the remaining
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vertices of K’ to c. We use two derived subdivisions of [abc] so that m: n[abc]
— n[ab] and 7: nlabc] — n[ab] are simplicial, where 7 and 7 are the simplicial
retractions of [abc] onto [ab] with n(c) = b and m(c) = a. We obtain correspond-
ing derived subdivisions nK' and 7K’ so that p: nK’' — n[abc] and p: 7K' —
nlabc] are still simplicial. See the figure below:

e

h

a d o a

Applying the parametrization lemma to the diagram for n[abc], we get:
(7' (adge), P71 (dge)) = (V, Vi), (7' (bdgr), 7 (d8F)) = W15 U n)s

P =V, N Uy =V N0y,

Furthermore, p~1(dg,) is a regular neighborhood of p~!(d) in ¥; with bound-

ary p"(go). If we choose g, as the vertex for [abc] instead of g and correspond-
ingly change the choices of vertices for those simplices of K’ which map onto
[abc], then we obtain different derived subdivisions 7oK and ng[abc]. Of course,
noK' is simplicially isomorphic to nK' and because e, g, g,, d are colinear, this
isomorphism takes (p™(dgoe), P (dg,), P~ (2,)) onto (p~!(dge), p™' (dg),
P~ 1(g)) and is the identity on p~!(d). Hence, p~!(dg) is a regular neighborhood
with boundary p~!(g) of p~1(d) in p~!(dge), i.e. V; N U,,, is a regular neighbor-
hood in V. Next, use the simplicial isomorphism of nK' with 7K' and a similar
sliding argument on the colinear points d, g, &, f to get that p~'(dg) is a regular
neighborhood of p~!(d) in p~1(dgf), ie. ¥; N Uy, is a regular neighborhood of
p '@ in Uy,

REMARKS. 1. This result is really a negative one. It shows that all of the

-examples are of a particular type. The culprit is the pasting axiom. To get more
general bordism theories, one must introduce additional structure, e.g. orientation,
on the pairs and only allowing pastings which preserve the additional structure,
e.g. opposite orientations on Z. In these cases, the structures induced on X x 0
and X x 1 from X x I are often different so that one does not obtain a Z, theory
any more.

2. If X €D implies X is totally n-dimensional for n = dim X, then the
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ungraded bordism group (7, T,), associated to the ungraded bordism family
3 is just the direct sum =, (T, T,) where Q,(T, T,) are the bordism group
associated to the dimension graded family {§§}. This is left to the reader with
the hint that if X is a polyhedron such that the Lk(x; X) is totally n,-dimensional
for each x € X (with n, varying with x), then each component of X is totally
n-dimensional (with n varying with the choice of component). Hence, any element
of By is a disjoint union of elements of U,, 33.

Note that if we begin with a dimension graded family {§"} then the cor-
responding family Dg satisfies the above condition.

In general, however, if ‘D does not satisfy this condition then the map Z, 2,
— Q induced by the inclusion of |J,, §§ in Ts, need not be injective. For
example, look at the Euler space bordism groups of the next section.

Euler space cobordism. We will now turn to an example of a Z, bordism
theory which comes from Euler spaces.

Let 8% = {(X, X,) is a compact Euler pair}. If we let §* = §F for all
n € Z we obtain a sequence satisfying Axioms 1, 2, 3, 4 and hence an ungraded
bordism theory QF with exact triangle for topological pair (7, T,):

F(T,) > (1)

N/
QE(T, T,)
ProrosITION 10. There is a natural homomorphism
S: QE(T, Ty) — HW(T, Ty) (total Z, homology)

defined by S[f] = Z, fiw/(X, X,) where f: (X, Xo) — (T, T,), i.e. S maps
[f] to the image under f, of the total Stiefel-Whitney homology class.

ProoF. S is well defined by Proposition 5. It is clearly a natural homomor-
phism commuting with boundaries.

ProPOSITION 11. (a) X and Y € § are cobordant if and only if x(X) =
x(¥).

(b) For compact p.l. pairs (T, Ty), S is an isomorphism.

Proor. (1) S: Q%(p) — H(p) = Z, (p a point) is onto: Letf: X —p
be the identity map on p. wy(p) # 0.

(2) If x(X) = x(Y) then the pair (cX U, cY, X U Y) is a cobordism between
X and Y, since x(X U Y)=0.

3 S: QF(p) — H,(p) = Z, is iso: By (1) it is onto and by (2) there is at
most one nonzero class in QF(p).
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(4) If there existed X cobordant to Y with x(X)  x(Y) then, by (2), QFp
= 0 which is impossible by (3). This proves (a).

(5) S: QE(E", S"71) — H,(E™, S"~1) is iso by induction on n using natu-
rality of S with respect to the Mayer-Vietoris boundary, cf. Proposition 4.

(6) S: QE(K) — H4(K) is iso for any finite complex K by induction on
the number of cells. K =K, U o with 6 N K, = d0. Then by inductive hypoth-
esis S is iso on K, and by excision and (5) it is iso on (K, K) and so S is iso on
K by the five lemma.

7 S: QE(K, K,) — H (K, K,) is iso for any finite complex pair (K, K)
by the five lemma and (6) for K and K; separately.

CoroLLARY 1. If (X, X,) is a compact Euler pair, then x(X,) = 0.
Another corollary is the converse of Proposition 5.

CoroLLARY 2. If f: (X, Xy) — (T, T,) and g(Y, Y,) — (T, T,) are maps
of compact Euler pairs to compact p.l. pairs, then if fuw(X, X)) = gow(Y, Y,)
for all i, then f and g are cobordant.

George Cooke showed me how to contrast this with manifold cobordism.
f and g are cobordant iff the generalized Stiefel-Whitney numbers are equal (see
[C—F; p. 47, Theorem 17.2]), i.e. iff

(f"‘zuwlrl U...Uw'r",ux>=(g“‘zlel U...Uwik,#y)
where 1y and uy are the fundamental homology classes, U is cup product and z
is an arbitrary cohomology class of (7, T,) of codimension i; + ...+ i,. The
w'’s are the usual Stiefel-Whitney cohomology classes, which by Cheeger, Halperin,
Toledo etc. are dual to the w;’s. Since N = intersection is dual to cup product,
we have

i i
(f*zUw! U...Uw",px)=<f*z,w,ln...ﬂw,i)

=z, faloy, O ... 0w,

Thus, f and g are Euler space cobordant iff fyw; = gyw, for all i. They are
manifold cobordant iff fu(w;; N ...Nw; )= &w;; N ...Nwy). In the first
case the Stiefel-Whitney homology classes are related and in the second the gen-
erated intersection algebra classes are all related.

Finally, using the fact that ordinary cobordism maps onto homology by
evaluation on the fundamental class, we can find a cobordism between any Euler
space and a disjoint union of manifolds.

ProrosITION 12. (a) If z € H,(T) then there exists X a disjoint union of
compact manifolds of dimension <n and a map f: X — T such that z = S[f].
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(b) If X is a compact Euler space then there exists Y a disjoint union of
manifolds of dimension < dimension of X and a map r: Y — X such that r is
cobordant to 1.

Proor. (a) By induction on n. For n = 0 it is obvious. There exists a
manifold X, of dimension n and a map f: X, — T such that fo.uy =
forw,(Xg) =2. Soz+ S[fy] = Z,c, foswi(X,). By induction, there exists X,
a disjoint of manifolds and f,: X; — T such that S[f;] =z + S[f,]. Let X =
X, UX, and f=f, Uf,. .

(b) Apply (a) to the classes of S[14], for the existence of r: ¥ — X. The
cobordism follows from Corollary 2 of Proposition 9. Note that dim ¥ <
max {i: w;(X) # 0}.

Finally, we contrast the ungraded theory we have been looking at with the
dimension graded bordism theory obtained from the class D of Euler spaces with
even Euler characteristic via Proposition 8. Note that if X; and X, are totally
n-dimensional Euler spaces with the same Euler characteristic mod 2, then the
cobordism cX; U cX, is totally (n + 1)-dimensional. Hence, by Corollary 1, we
can compute the coefficient groups: Q, (point) = Z, for all n = 0. This is sug-
gestive of K-theory. At any rate notice that Q # Z, Q,,.

NOTES ADDED IN PROOF. 1. 12(b) extends to pairs (X, X,) by removing
a neighborhood of r~1(c) from r: ¥ — X U cX,,.

2. Sullivan and the referee showed me that 12(b) and the product formula
for S-W classes on manifolds yield the corresponding result for Euler spaces.
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