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FURTHER GENERALIZATIONS OF THE
NEHARI INEQUALITIES

BY

DUANE W. DeTEMPLE

ABSTRACT. Inequalities of the Nehari type are obtained for bounded uni-
valent functions on the unit disc, including a form which depends upon the param-
eters a and d, where d = f(a).

0. Introduction. The Nehari inequalities have been applied with considerable
success to the study of coefficient problems for bounded univalent functions. It
seems, however, that for further progress we must look to generalizations upon
Nehari’s original formulation; one need only look at the recent developments with-
in the class of (unbounded) univalent functions which have come about by gen-
eralizing the Grunsky inequalities. Significant generalizations of the Nehari ine-
qualities have, in fact, already appeared (Schiffer and Tammi [8], Nehari [7],
DeTemple [1], [3]), and it is our purpose here to make a further contribution in
this direction.

We obtain first some inequalities for the subclass of odd univalent functions
which result from the square root transformation f(z) — v/f(z%). These inequali-
ties include a bilinear formulation which is employed in the second section to de-
rive a set of inequalities which depend on two parameters a and d, where d =
f(@). More cumbersome inequalities of this type were demonstrated in DeTemple
[3], where it was necessary to bring in the methods of the calculus of variations.
By contrast, the results of the present paper are derived as corollaries of the
Nehari inequalities.

1. Nehari inequalities for \/f(z2). Let S, denote the class of functions
f@) = b,z + b,z? + - - - which are analytic and univalent mappings of the unit disc into
itself. Thus If(z)| <1 in |z <1 and b, can be assumed to lie in the interval 0 <
b, <1. The following inequalities (Nehari [6]) are then necessary and sufficient
for a given analytic function f(z) to belong to S, :

N N N
1 —
¢) “;:lawxnx,, <?:=J I, 12 -,;:1 b\, (V=1,2,-+)
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where A, A,, * - - are arbitrary complex numbers and the Nehari coefficients ay,
and b,,,, are defined by the generating functions

(2a) oz )= M Z:oa p2heY
(2b) ¥z, §) =-log[1 f(z)f(s“)]—“;_ by 2*s”.

It should be observed that the properties of univalence and boundedness of a
function f can be transferred into statements of the regularity of the functions ¢
and ¥ on the bicylinder IzI<1 x k<1,

For any given function f € S; we now introduce the odd 'function f*, de-
fined by f*(z) = V/f(z?). Because f* € S,, we can immediately infer the inequali-
ties

N N
at A, 2= bt AN,
?3) “’él uv\u 7\, u,vz=l O

where aj;, and by, are the Nehari coefficients for f*. Curiously the inequalities
(3) contain more than (1). Indeed, in light of the oddness of f*, it is an easy mat-
ter to show

+ = + — -
@y, = Yoa,,, Du+1,20 =204 = 0,

bawaw = %buys  Biua120 = b3u 2041 = 0
which means (1) can be recovered from (3) by choosing A,,,; = 0. On the oth-
er hand, the coefficient combinations a3, , 4 5,4y and b3, 4 2,41 are new, and
we have at our disposal the additional inequalities

N N N

1 2 . -

@ | X aurr0001%%)] S 2 be,12 = X b3u41,2041%u%0
oy f2mt1, " L w1 yoz C2mt1, u

where x,, x;, * * - are arbitrary complex numbers. For convenience we note that
this inequality can also be recast in the matrix form

) be! A*xl < xINE - x'B*%

where

= N
At = ((“;n+1,2v+ 1));{v=o’ B = ((b;u+l,2v+ 1uv=0,

(s t_ e )

here x? is the transpose of the column vector x.
To obtain a bilinear form of (5), we replace x by x + hy, h real. In view
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of the symmetry of A* and the hermitian symmetry of B* we find
?A*x + 2hx*Aty + h2y'Aty

<x'(N - B*)Xx + 2h Rex!(N — By + h?y*(N - BY)y.
Thus

4nlx’Aty I < I(x*Atx + 28xt Aty + h2ytAty) — (xTA*x = 2hxtAty + h2ytA*y)
<2'(N - B")x + 2h%y'(N - B")y
for all real k. The discriminant must then be nonpositive and so
©) KTA*YI2 < (N - BYDG'N - B).
An alternative way to obtain bilinear Nehari inequalities is to consider the
form L(x, y) = Re (x’A*y + x*B*y)
for which (5) implies IL(x)l < x*Nx; here L(x) = L(x, x). Moreover it easy to
verify that

L(x, ) = L(y, x),
L(ax, By) = ofL(x,y), «a,f real,

L(x £ y) = L(x) + L(y) £ 2L(x, ),

L(x, y) = %L(x +y) - %L(x - y),

and so
LL(x, y)I S %lx + p)NE +7) + U(x - p)NGE - 7) = %x'Nx + %y'Ny.
A stronger form is obtained upon replacing x by x/(x*Nx)* and y by y/(»*Ny)*
The homogeneity of L then gives IL(x, ¥)I> < (x*Nx)(»*Ny). Finally we replace
x by e'®*+9)x and y by ¢/®“~9)y, with p and 6 real. Because
L(ei(tp-!-a)x’ e{(w—O)y) = Re(e”"x'A + e210 tB j
the arbitrariness of ¢ and 6 allows us to conclude
™ k*A*yl + K'B*Yl < INDE(VN)%.
In particular,
Re(x'A*y +x'B'Y) < (x'N®)*%(y'Ny)*

and so if we choose x = N"1(A*y + B*y) we find

N N 2 N
8 Qu+1) at y, + bt y by, 12
@® ‘Efo vgo 2u+1,2041Y0 T 0254120417 Z=Io +1 v

We collect our results in the following theorem.

THEOREM 1. Let f(z) € S, and define f*(z) = \/f(z?). Define the elements
of the matrices A* = ((“;n+1,2v+1))f,v=o and B* = ((Gzu41,20+ 1));12,,v=o by
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W(Z)—f*(g)](z + ;’) =2 3 a;y-l-l 2 +1‘22“+ l§2v+l’
@ +reOle-4  wo=o 2

9b + ,{"l __M)_ 2
O Ve e o ® u,;=o

Then, for arbitrary complex column vectors x = (x,)o and y = (,)],, the
following equivalent inequalities hold, where N = ((8 w!/@v + l)))ﬂ”,,=o:

©2) ¢*(@ ) =log

2u+1T2041
b2n+l 2v+1% §

(102) k?A*xl < x'Nx - x'B*X,
(10v) *A*yl2 < (x*(N - BH)X)('(N - BY)y),
(10¢) k*A*yl + Byl < (N (' Np)*%,
N N 2
(10d) “;o @u+1) vgo @pt1,2041%+ biu+1,2041%)| S<xNx.

REMARKS. 1. An application of Schwarz’s inequality shows that (10a) fol-
lows from (10d). The equivalence of the four inequalities is then apparent.

2. The inequalities continue to hold when A*, B*, N and x are replaced by
(@ iv=1> @u)v=1s (™) p=1» (), Hummel [4] has also ob-
tained results of this type.

3. For applications to coefficient problems it seems more convenient to re-
place (10b) and (10c) by the weaker forms

(100" 2Rex’A*y <x(N - BY)x +y'(N - By,
(10c") 2Re(x’A*y + x'B*y) < x*Nx + y’Ny.
In the next section we shall see that (10b) is required however.

2. Nehari inequalities for functions satisfying d = f(a). The generating func-
tions ¢* and y* defined by (9) bear a close resemblance to some generating func-
tions already introduced by DeTemple [1]. Indeed let

. F@-FQ)  _ o
(118) & )= log [F( ) +F(§)](Z g.)_' “’vz=o A“vzﬂg'",
() ¥, D=10g L EQFQ) _ g g

1-F@FE) »»=0

If f€S, is a function which omits a value d, 0 < ld| < 1, then the above series
converge in the bicylinder Iz <1 x 11 <1 for the function

(12) FG) = (d - f@)(Q - df @),
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and moreover we have the inequalities

N
13) Rez A, AN, +B, 7\7\,)<2 D2 V=1,2,--9).

Here A, is any real number and the A;, A, * - * are arbitrary complex numbers.
Although the calculus of variations was used to prove (13) originally, a more ele-
mentary proof of area type was given in a subsequent paper [2].

Now suppose the parameter d in (12) is taken as a value in the range of a
function f € S, , so that d = f(a) for some a, 0 < lal < 1. For Izland [§l suffi-
ciently small, the series in (11) are still convergent. The left side of (13) can
then still be formed, and for a fixed value @ we can seek its maximum. In fact
this problem was solved in [3], but again by means of the calculus of variations.

We now show a more direct approach to such inequalities. The basic idea
is one of Lebedev which arose in a similar context within the class S of unbound-
ed univalent functions (Lebedev [S]). For a given function f€ S, and a given
point a of the unit disc, 0 < lgl < 1, define the odd bounded univalent function
[ty

1) = eF((a + z2)/(1 +az?)),

where F is given by (12) with d = f(d) and ¢, lel= 1, is a factor which insures
r/@o>o.
Observing that f*(\/(z — a)/(1 — az)) = € F(z), we have

/Z" -a
¢+/-a F=a\ _ 1o O~ F«)]Jl Jl-a
1 1-ag

~a [F(z)+F(§)1 i‘—‘}
-az -a
(14a)
Z=a _[-a
FG)-FE) _ _ Ji-zz J1-z¢
TR + FOlE D 1°g[ i, k=i, o
V-2 «/l—ar]
and similarly

(14b) lV( /2—_0’ i"_a =1051+F(z)§(—9_
1-at 1-F@)F()
As with Lebedev, we define the coefficients a,,, and c{ by
as) log— Y- - -V -Ya(-a) _ 5 , wu»
V(1 - 2la)(1 - a8) + V(1 - Sla) (1 —a)le = §)  #»=°

and
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/z-a / -
(16) ( -l—-E—z> = ‘goc‘({)z”.

The series expansions of equations (14), which are valid for sufficiently
small Izl and [{], can be expressed in terms of the coefficients introduced by equa-
tions (9), (11), (15) and (16). Comparing these expansions we see

- = (2j+1).(2k+1) +
Ap -, =2 ; :1-;-0 eIt DRE D g7, kb1

B, =2 / kZ=° “.(42,“)“:(:2""' l)b;]+l,2k+l .

Then if x4, ¥o, Xy, ¥y, * * * are arbitrary complex numbers, and N is any
nonnegative integer, we find

2

N
A, —ay)x,y
“’;:o 117 uv)*ulv

2

N 3
> (2 ,Eo c‘(‘2j+1)c$2k+1)‘,;/“’2“1),‘“},"

m

2
N N
Z a;]+l,2k+l (Z \50},2]“)1,) ( > \/ic.(,zk“)yp)I
»=0 =0

1,k=0
2
s _2 | e
a”n <[j§o 71 Eo @i+ Dy,

o N N
-2 2 bt Z c(21+l)x Zc(zk-l-l)x
j=o 21+1'2k+lu=0 " ® e v v

2 _
&7+

- N N
2k
-2 X bijriker X ey, 2 cP*H Yy, |,
J k=0 #=0 v=0

2

ﬁ (2j+1)
4 Y,
= M

‘where the inequality step above is a consequence of (10b).
The final form of our inequalities will be reached by simplifying the right-
hand side of (17). We first notice that
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Y, v
2 X bjerak41 §o Dy, 3 (kN

, k=0 M v=0

N [ -

. |
it=

B“,,xui,,.
Next we define the coefficients g, by

V(1 - az)(1 - a?) + a1 - z/a)(1 - ?/é) Z B,
Vi -2z —a0) - blQ - zla)Q ~Fla) ++=°

which allows us to write

Eo+i

(18) log

2

E (2j+1)
4 X
h M u

S 2 _@j+1) @FD
(jgoz] T c§ X%,

+N

I

E
Mz M=

= BupX,X,.
prso HH

Making these substitutions into inequality (17) yields the following result.

THEOREM 2. Let fE€ S,,0 < lal < 1, and d = f(a). If the coefficients
A,y By, @y, By, are defined by equations (11), (12), (15) and (18), then the
inequalities
N

Z=0 (Anv - ayv)xpyv

[ T4

2

(19) N N
,I)Z;O (ﬂyv —Buv)xyfy] [“,vz=o m‘w —Byu)yp,;y] (N= 09 L. ')

hold for any sequence of complex numbers Xy, g, X4, Yy>° °*

REMARKS. 1. The inequality can be restated in various weaker forms, in-
cluding for examp]e

Re Z A px,x, +B, xx,,)<Re Z( v XuXy By X, X, x,).
Bv=0

Here the parameter d appears only in the left-hand side, and a only on the right.
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2. The coefficients oy and B“,,, which depend only ona = re'?, can be ex-
pr¢ssed by means of the polynomials P, and II,, defined by

(Q-2z+22)% = f: P,(%)2",
n=0

(1-2z+2%)% = i m,(¢)z".
n=0

Indeed, as shown by Lebedev [5], if & = %(r + 1/r), then
p+v
Bay, == 20 Py n(OI,(E)e BP0,
n=v+1

min {u~1,v}
W == 2 Pugn@®N, (7.
Of course P, (%) are the Legendre polynomials, while the II,,(£) are closely related
to them. It is easily shown that nll,(§¥) = P,_,(&) — £P,—(§).
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