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FOURIER COEFFICIENTS OF EISENSTEIN SERIES OF
ONE COMPLEX VARIABLE FOR
THE SPECIAL LINEAR GROUP

BY

A. TERRAS

ABSTRACT. The Eisenstein series in question are generalizations of
Epstein’s zeta function, whose Fourier expansions generalize the formula of
Selberg and Chowla (for the binary quadratic form case of Epstein’s zeta func-
tion). The expansions are also analogous to Siegel’s calculation of the Fourier co-
efficients of Eisenstein series for the symplectic group. . The only ingredients not
appearing in Siegel’s formula are the Bessel functions of matrix argument studied
by Herz. These functions generalize the modified Bessel function of the second
kind appearing in the Selberg-Chowla formula.

1. Introduction. We consider some Eisenstein series for the group SL(n, R)
of n x n real matrices of determinant 1, the special linear group. The simplest
such function is the Epstein zeta function of an n-ary positive definite (real) qua-
dratic form S, defined by

~ 1 P § -
D)z 0= 2 aeg':'—o Stel™ = 2{(2p) aEZ"—O;z-Zc.d.(a)=l Slel™,
where the first sum is over column vectors @ with integer entries and the second
sum is over column vectors @ such that the entries are relatively prime integers.
Here {(x) is the Riemann zeta function and p is a complex number with Re p >
%n for convergence of the series. A useful formula for this function is that of
Selberg and Chowla, (1.3) below, which has generalizations in [16]. This can be
used to prove Kronecker’s limit formula and has applications in number theory
(e.g., [2], [4]), and [14]). Considering the Epstein zeta function as an Eisenstein
series on SL(n, R) as is noted in [3], the formula of Selberg and Chowla is nothing
more than the computation of the Fourier expansion in the case n = 2 with re-
spect to the subgroup of SL(2, R) of matrices of the jorm Q ’1‘3 For multiply-
ing such matrices corresponds to adding the x’s and Z (S, p) = Z(S', p), where

1 0 1 x
S'= S ’
x 1 0 1
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for any integer x. Now use the diagonalization [13, p. 24]

LT TP 1 O\ /s; O\[1 ¢
S12 82 g 17\0 w/ N0 1
forq =s,,/s, and w = s, —s?,/s, = (detS)/s,. This shows that Z@S, p)isa

periodic function of g, when S is decomposed as above. Then the formula of
Selberg and Chowla is:

Z(S, p) = 577 §2p) + 1 WH P sTA (0 - K)T(p) $(20 — 1)

(1.3) + 200 wh e 5T —%0 ()1
é:o e2™Ng, ) IR Ky uiINI(wls,)*).
Here
(14) o) = 2 d*,
0<din
and
(1.5) K, @)= %ﬁf%’(“*'“_l)u”‘l du, for largz| <%m.

The latter is the modified Bessel function of the second kind. And I'(x) is the
gamma function. In [16] formula (1.3) is generalized to arbitrary n in n — 1 ways.
The main result of this paper (Theorem 2.1) is a generalization of formula (1.3)
of Selberg and Chowla.

Now the Epstein zeta function is not the only Eisenstein series associated
with SL(n, R). Others considered in [10] and [15] are called Selberg zeta func-
tions by Maass. Here we shall consider only the case of one complex variable p.
This case was considered in Koecher [9] and the function is defined for an n x n
positive definite symmetric matrix S and a complex variable p with Re p > %n by

(1.6) 2,650 = > S1.

Here n > n, and S[4] = '4SA, where 4 is the transpose of 4. We denote the
determinant of a matrix U by |Ul and its absolute value by IUll. The sum is
over a complete set of representatives for the equivalence relation 4 ~ B defined
onn x n, rank n, integral matrices 4, B as follows:

A~B if A=BV,for V some n, x n, integral matrix with |Vl =¢1.

The notation set up here will be used throughout the paper In addition we shall
use the notation S for an n x n matrix and A" ™1 for an n x n, matrix.
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For n; = 1 the function of (1.6) is Epstein’s zeta function (1.1) clearly.
The functional equation and analytic continuation of (1.6) are given in
[10] and [15] using an argument of Selberg with differential operators on the

space of positive definite symmetric matrices. One shows easily that
n 1 -1

a7 Zn, 8. 0)=2,,65.0) I 1o,
where one defines

z,,8 0= > HUAR
18) ' U=(U{""Du),uesL(n,2)/Pz(n )

Here P,(n,) is the subgroup of SL(n, Z) of matrices of block form

( A("]) B)

0o ¢

The notation means that the sum in (1.8) is over a complete set of representatives
for the quotient SL(n, Z)/Py(n,). The-residue of the pole of Z n 1(S’ p)at p =
n/2 has been calculated [15]. And the other residues have reportedly been com-
puted by Langlands (unpublished). It is hoped that Theorem 2.1 may ultimately
shed some more light on the behavior of Z n 1(S, p), just as the Selberg-Chowla
formula (1.3) provides much information about Epstein’s zeta function. For ex-
ample, one might expect to be able to calculate the constant term in the Laurent
expansion of Z, l(S, p) about p = n/2, thus generalizing Kronecker’s limit formu-
la.

Note that Z, 1(S’ p) can be viewed as a function on SL(n, R) or on
SO(n)\SL(n, R), where SO(n) denotes the group of n x n orthogonal matrices of
determinant one. This is achieved by setting S = “gg for g € SL(n, R). And Z, .
is an Eisenstein series in the sense of Borel [3]. Note that in particular, Z,, L is
invariant under the transformation § — S[U], for U integral n x n of determi-
nant 1. The calculation of the Fourier coefficients for the Eisenstein series as-
sociated with the symplectic group has been done ([1], [8], [10], [11]). The
main function arising in that calculation for the analytic case is a generalization
of the arithmetical function 0,(n) of (1.4). Here we shall apply the method of
Baily [1, pp. 228—240] to the special linear group. The functions arising in the
Fourier coefficients will include not only the above arithmetical functions but al-
so Bessel functions of matrix argument studied by Herz [5]. This is not surprising
in view of the Selberg-Chowla formula as well as the results of Jacquet [6, pp.
283-285], Kaufhold [8], and Maass [10, pp. 300—313].

Thus the main result of the paper is the formula of Theorem 2.1 for the
Fourier coefficients of Z, l(S, p). The Fourier expansion is with respect to the
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Abelian subgroup of SL(n, R) of elements of the form

p (1("1) U)
U 0 I ’

where I is always the identity matrix and O is always the zero matrix. Note that
AyAy = Ay, and that Z,,I(S, p) = Z(S[Ay], p) for integral matrices U. Thus
Z,  sa periodic function of Q, if we write [13, p. 24]
s o\ |(r o
19 S=
0o w 0 I

The Fourier expansion of Theorem 2.1 is for this periodic function of Q. The re-
sult is not as good as one might expect, for [16] would lead us to believe that
more than one Fourier expansion for Z, | exists. That is, one ought to be able

to obtain expansions of Z, . with respect to the subgroup of SL(n, R) of elements

m) U
0o 17
for all m, with 1 <m <n, and not just m = n,. More general (e.g., nilpotent)
Fourier analysis ought also to be considered.

We should note also that we always restrict our attention to Z, 1(S("), P)
with 2n; <n. This is no real loss of generality in view of [15]

(1.10) z, (8™, p)=181"2,_, (571, p).

In the third part of the paper we study the Bessel functions of matrix argu-
ment arising in the Fourier coefficients of Theorem 2.1. The definition of these
Bessel functions is slightly different from that of Herz [§]. The difference arose
in the calculations of [16]. That the difference is only superficial is shown in
Lemma 3.5. This lemma also gives an easy proof for formula (2.5) of [16]. The
other results of §3 set up the necessary theory of Bessel functions which would
be needed to use the Fourier expansion of Theorem 2.1 to obtain new informa-
tion about the function Z, 1(S (™, p). For recall that (1.3) implies the Kronecker
limit formula for the Epstein zeta function of a binary positive definite quadratic
form (see [16]). Kaufhold [8] uses a formula analogous to Theorem 2.1 to ob-
tain the analytic continuation and functional equation of the lowest dimensional
nontrivial analogue of Z, l(S("), p) for the symplectic group. However it seems
highly nontrivial to generalize Kaufhold’s results to arbitrary dimension. Though
some explicit formulas are to be found in [7] and [17].
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2. The Fourier expansion. After a long series of lemmas we obtain a Fourier
expansion of Z, l(S(”), p), n>2n,, analogous to those obtained in [1], [8],
[10], and [11] for Eisenstein series on the symplectic group. The method is the
exact analogue of Baily’s method [1, pp. 230-232].

Just as in (1.8), define

A(nl) B
Po(ny) = {( 0 c) € SL(n, Q)}-

LEMMA 2.1. Let
0 0 & 0

[ o ™ o o
T\- 0 0 o
0o o0 0 [ir=n1)

Then SL(n, Q) = U, Pq0,Pq, and the union is disjoint.

ProOF. This formula can be proved by direct matrix calculation or one can
imitate Baily’s proof for the symplectic group using the Bruhat decomposition.

Note that a matrix
€ SL(n,, Q)
Cc D

lies in the rth set Po0,Pq if and only if the rank of Cis». O
Define the general linear group GL(n, Q) to be the group of all n x n ra-
tional matrices with nonzero determinant and set

o AV
Pq(ny) = {( 0 C) € GL(n, Q)}.

LEMMA 22.
¢)) GL(n, Q) = Po(n,)* SL(n, Z) = SL(n, Z) - Po(n,).
Q) SL(n, Q) = Po(n,) - SL(n, Z) = SL(n, Z) - Pq (n,).

ProoF. The proof is by induction on n. For given 4 in GL(n, Q), there
exists a matrix U in SL(n, Z) such that UA has the first n — 1 elements in the
last row equal to zero. For we know that n — 1 equations in n unknowns are sol-
vable in Q and, if homogeneous, are solvable in Z, with relatively prime coeffi-
cients. Treat the remaining (n — 1) x (n — 1) block matrix in the upper left-hand
corner of UA by induction. O

Note that the proof actually shows that Pqy(n,) can be replaced by the
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group of Q-rational points of a minimal Q-parabolic subgroup.

LeMMA 23. For 1 < ny < [Yn]land r=1,2, - -, n,,
(SL(n, Z) N (Pg(ny) a,PQ(nl)))/Pz(n,) has a complete set of representatives of

the form
141 0
Nyo,Py g us
0 B
where
< 0 v 0
(ny-7)
Ny = 0 I 0 0 s
0 o 0
0o 0 o )

for U a rational matrix. and A lies in a complete set of representatives for
SL(ny, Z)/P5(r). Similarly B runs through a complete set of representatives for
SL(n —ny, Z)/Pz(r),and P, g y; € Po(n,) is fixed once A, B, U are given.

PRroOOF. Using Lemma 2.2 we obtain a map
Pq — (SL(n, Z) N Po(ny) 0,Pq(n,)))/Pz(n,).
For given P € Py (n,), there exists Pe PQ(nl) such that Po P’ € SL(n, Z). The
map is easily seen to be well defined.
In order to complete the proof we require another lemma.

LemMA 24. If P, P' € Po(n,), the equation o P’ = Po, is equivalent to

A o 0 B

¢ p"™ g F

0 0 GO H ’
0 0 0 K(n—n 1 —r)

P=

with P' = ¢, Po;!.

PrOOF. Multiply out the indicated matrices in the equation o =Po,. O

We now return to the proof of Lemma 1.4. Note that P, P, = P'0,P}v,
for P, P', Py, P; € Po(n,) and 7y € Py(n,) implies P'P'0, = o,P,y"1(P})"!.
Then Lemma 2.4 shows that

R 0
T U
PP =

00
0 0

N~T

0
vV
X
0
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Now let

€ SL(n, Q)),

where the blocks have the usual sizes. We seek a complete system of representa-
tives for PQ(nl)/PS. Using Lemma 22 one sees that for every P € Pg(n,) there

exists P* € Pa such that
PP. t A—l t A—lc>
0 B

for A € SL(ny, Z) and B € SL(n — n,, Z). Then we can reduce 4 modulo P,(r)
and B modulo P,(r). Finally one obtains C of the form

(UM o
0 o)
LEMMA 2.5. Suppose that

tA—l 0
NUOIPA,B,U € SL(n, Z)9
0 B

where A, B, U are as in Lemma 2.3 and
P .

PA,B,U= 0 EPQ(nl).
*

Then P, Il = v(U), where we define v(U) = the product of the reduced denomi-
nators of the elementary divisors of U.

PROOF. Clearly it is equivalent to ask that N, 0, P lie in SL(n, Z). Suppose

now that
E" F
P, = .
G H
Then
~UE -UF * =
G H =.»
NUOrP= -E -F * .
0 0 * )

By elementary divisor theory assume that
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U= .-. o
0 4,

This changes P; but not its determinant. Then the ith row of U(EF) is d; times
the ith row of (EF). Suppose g; is the reduced denominator of d;. Clearly
4,4, " q, divides |P,|. If some integer m divides (q,q," * - q,) "' IP,|, then m
divides 1 = [N, 0,P|, because m divides all terms in the n; x n, block Lagrange
decomposition of IV, 0, Pl corresponding to expansion by the first #, columns.
For each term contains an n;, x n, subdeterminant from the first n;, columns of
Nyo,P. Suchn, x n, subdeterminants are either 0 or a product of some d;
times (P;I. O

We are now in a position to rearrange the terms of Z, l(S("), p) forn 2> 2n,
in such a way as to apply the Poisson summation formula.

First we make a definition. Suppose that

s 0 \[(re
0 w(n—nl) 0 1 ’

S =
o) » W »
(2'1) Q = 4 W= ’
Q;- * * *
" 0 I' 10
S 1 = ( ) P I .
ny-—r,
o s L
Then define
22) V650 =181 2 IT,[Q,+U]+W,LI™®.
veM(r,2)

Here M(r, Z) denotes the set of all r x » matrices with integral entries.

In the following lemma we shall, as usual, write Z_ ., f(x) to mean that
the sum runs over a complete set of representatives x in G for the quotient space
G/H when f: G — C is constant on cosets of H.

LEMMA 2.6.

t A-l 0

Z, 6™, =15,"+ T uRyY, S[( )NR] .p
1<r<n;;A,B,R 0 B

where A € SL(n,, Z)/P4(r), B € SL(n — n,, Z)/P4(r) (multiplicative quotients)

and R € M(r, Q/M(r, Z) (additive quotient). As usual, we assume n = 2n, and

Rep > %n.
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PROOF. By Lemma 2.5 and (2.1), if
anl) *
0 =

is such that Ny 0,P € SL(n, Z) then

)

The proof of this fact runs as follows.

=p(UIT,[U+Q,] + W, ISl

U o 100 \/Uo

slo =1\ 2105 O\|{o 1 o «)fo -1

10 0017 of\r o
o W

0 0 000 1/\o o

-
+
0 0
U+Q, o)' W0
e
o 7 0 0
(U+Q, 0 (U+Q, )(1 0)
e -7 (e 2
W, 0 W, o> (I o)
0 o) (0 o/ \a, -1/’

In a similar way one obtains the further simplification

506
g ] iy e

= IT[U +Q,] + W, |,SL.

and
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An application of Lemma 2.3 completes the proof. El
For future use it would be well to consider ¥ ,(S, p) a little more closely,

where
t4-1 g
S = s[( )N]
o B/*"

Using formula (2.1) we obtain
_ R 0
e o ¢
o w/ |\ I/ \o B/\o I
e )
(S,['A“] o) I B g o
"\ o wm/|\o I

' \o s [ 0 1 ]
1 . . ’

then (S7'), = 7;7!. Applying this to the decomposition

5[4 = (7: ;A) [(pIA j)]

we see that T = (S7'[4,]) ™!, where 4" = (4"14), Also | 54]=
15, ITA1™! = IS, 1157*[4,]l. We have thus proved the following lemma.

Note also that

It follows that if

LEMMA 2.7.
an(s(”)'9 p) = Isl I—p

+is,0 X WR) 2P IST1[4, )1
A,B,U,R;1<r<n;

X

S7'14,D7'[*4,08, + R + U1+ wiB,)|

where



FOURIER COEFFICIENTS OF EISENSTEIN SERIES 107

A=A v e sLin,, ZYPL0),
B=@"" ¥ eSLn - ny, ZYP,(),
UGM(I', Z), R GM(", Q)/M(rv Z).

And Rep > ¥%n, n22n,. O

It is not perhaps obvious that this is the same as the simple decomposition
used in Theorem 1 of [16] for Z,(S(™, p). There we obtained

@3) (CHZ,E™, ) =3P +3 T (s,la+ 0]+ WD
a€Z;peZN—1-90

In this case n, = 1 and Lemma 2.8 gives
$20)Z,(S™, p)

CH em s+ X ) (s, [Qby +r+ul+ Wb, D

(by *)u,r
where (b, *) €SL(n — 1,Z)/P;(1), u€Z, r € Q/Z. The last sum equals

1 3 (5,105,qa + pa] + W[b,qa) ™,
where the sum is over b, € Z"~! with relatively prime entries, p/g € Q with
(p,q)=1,4>0,and a > 0. To see that the 2 decompositions are equivalent,
note that

{(b,9a, pa) 1 b, € Z"! such that
gcd. (b,)=1,plq €Q with (p,q)=1,¢4>0,a> 0}
= {X,»)IX€z"!-0,y€Z}.

To go from (X, y) to (b,qa, pa) set a = g.cd. (X, y) and ¢ = g.cd. (¢ 1X).

One should note that the decomposition we used in [16, Theorem 1] was
more general. Thus one would conjecture that a more general decomposition can
be obtained for Z,, (5™, p).

We can rearrange the series as in the preceding lemmas because the series
Z, (™, p) converges absolutely and uniformly in compacta for Re p > %n and
S positive definite symmetric.

The function (S, p) of (2.2) is invariant under @, — Q, + U with U €
M(r, Z) and Q, as in (2.1). Thus it has a Fourier expansion (for Re p > %n)

@5) U 0= 2 ay(S)exp{2mio('NQ,)},

NeM(r,2)
where o(X) = trace of X.
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Before evaluating the Fourier coefficients an(S) we need a few definitions.
For A, B both n x r real matrices define the modified Bessel function of the sec-
ond kind K(4, B, p) by

©.6) K(4, B, p) = f,x

Here dX = Lebesgue measure on R%7(#+1)_ This function was considered by
Herz [5] essentially and will be discussed more fully in the next section. In the
casen=r=1,z>0, KNz,Vz,p)= 2K ,(2z), where K ,(z) was defined in
(1.5). The function (2.6) converges for all p if 44 and ’BB are both positive
definite. If A4 is positive definite and *BB is not, then conditions on p such as
Rep > %(r — 1) are needed (n =>r). Note that [1, p. 226]

Q.7 KI™, o, p) = ﬂ%”(”_l)Gn(p),

where G,(p) = I'(p)T'(p — %) * -T'(p — %(n — 1)).

When S is positive definite symmetric, we shall write 7 = /S to mean a
matrix T € GL(n, R) such that *TT = S.

Finally we define

238) o(U, p) = > v(R) 2P exp(2mia('RU)}.
ReM(r,Q)/M(r,2Z)

oo XPTRCH D exp{-o("AAX + "BBX™)}dX.

This is the exact analogue of the function S which appears in Siegel’s calculation
of the Fourier coefficient of the Eisenstein series on the symplectic group [11, p.
133]. Note that our sum is over 7 x r rational matrices R modulo 1, while
Siegel’s sum is more restricted, being only over 7 x r symmetric rational matrices
modulo 1. A slight modification of the arguments of [12, Lemmas 9, 10, and
11] shows that o(U, p) converges for Rep > r. The main change in Siegel’s argu-
ment is to replace the exponent n — k + 1 in formula (22) of [12] by n, because
of the lack of symmetry in the case under consideration.

THEOREM 2.1. For Rep > %nand 1 <n; < %n,
an(s(n)’ p)= Lgll-p

ny

- 2 —

+ Isll P Z ahtr +')G,(p) 1
r=1

x 2 a(U p)(IST'4,1IW[B,1)~—*
A,B, U

x exp {2mio("U*'A,0B,)} KU, m/ST [A,1UNWIB,], p - %r).

Here A € SL(n,, Z)/P5(r), B € SL(n — ny, Z)/P4(r), U € M(r, Z).
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ProOF. From (2.5) and (2.2) we see that
3y = x, TIQ, + X1+ W18 | SI™? exp {~2nio("UX)} dX.

Here dX is Lebesgue measure on R” 2 Making the change of variables Y =
VT,(Q, + X), we obtain

ay(S) = IT,I7%"1,S1° exp {2mia(*UQ,)}

x-[mr,a JTT + W, 17 exp {~2mio("UNT,) "' Y)} dY.

Note that since T, = *\/T,)VT,, T,! = WT,) ' */T,)™!. Thus VT 1=
0(\/77,)'l for some orthogonal matrix O. A change of variables then shows that
we may replace exp {—2mio(*U(/T,) "' Y)} inside the integral by

exp {Znio('(\/T?r U)Y)).
From Lemmas 3.1 and 3.3 of the next section it is seen that
ay(S) = IT,I7%" |1 exp (2mio(*UQ,)} 73+
x G0y KWW, VT, T U, p - %r)
= exp{2mio(*UQ,)} IT,I7%" | SI=° |w,|=(p—%n) g% (-2 +r)

x G, (o)™ K@, NT;TU W, p - %r).

Due to the calculations preceding Lemma 2.7, we must substitute
‘A4,0B, +R for Q,, (ST'[4,D7! for T,,

Is,11s71[4,]l for I SI, W[B,] for W,
into the formula for a;;(S) to obtain

Moo
0 B
= exp{2mio("U'4,0B,)} IST [4,1%71s,17°Is7 (4, ]I~

x IW[B,%rPa% (47 exp 2mia(*UR)IG,(0) "

x K(1, \/S]__l [Ar] Ut\/W[Br]’ p= %r).

Thus, by Lemma 2.6, the proof is complete. [
In the special case n, = 1, the result can be checked with Theorem 1 of
[16]. The main formula needed in the comparison is
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§20)0(w, p) = o<§ '~ = o,_,, (),
u
where for u = 0 we define

012,0) = X " =¢2p-1).
0<dlu
Using the formulas (1.5), (2.6), (2.7) as well, one sees that the formula of Theo-

rem 2.1 yields:

Z,6™, p)
= $Q0)s7? + 147A 0 - BT () 1 Z,(W™1), p = %)
+ 5747 T(p) " )2 2 d'T(Wb, JuRyRHe

g.c.d.(b1)=1ucZ-{0} 0<dlu
x exp{2miuQb,}K p—%(zﬂs;% [l \/W[b N
= {@p)s? + T4TE (o — W T(0) ' Z, (W1, p - )

+ 5 AhPT(p) 1 a® > 1o~ %(W[p]%h—%p
nez-{o};pezn—1-{o0}

x e2minQbg . (2nsy% InlW[B])

upon setting u = dn and then replacing b, by db,. This is the result of [16,
Theorem 1] in the particular case corresponding to the (1, n — 1) decomposition
with a minor change in point of view.

3. Bessel functions of matrix argument. We saw in the preceding section
that certain modified Bessel functions of the second kind arise in the coefficients
of Eisenstein series on SL(n, R). In this section we shall consider these functions
carefully. Our definitions differ slightly from those of Herz [5] in order to derive
an easy proof of a fact needed in [16] (see Lemma 3.5).

For A and B both n x r real matrices we define

KU, B, p) = [X IXIP=%0+ Dexp (- o(*AAX + 'BBX 1)} dX

=x()>0
G.D) A
Ky B o)=f, . I'AA +"WWI™® exp{2io(BW)}dW.

The convergence, symmetry and reduction properties of these functions are’
considered in the following lemmas.

LeMMA 3.1. (a) Let C be an invertible matrix. Then K(A, B, p) =
K(4'C, BCY, p) ICI?P,
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(b) K(A’ B, p) = K(B’ A; _p)'
(¢) For all orthogonal matrices U, V, K(UA, VB, p) = K(4, B, p).

PROOF. (a) Change variables via X = Y[C].
(b) Change variables via X = Y1,
(c) Note that I[UA] = I[A). O

LeMMA 3.2. K(A, B, p) converges for all p if "AA > 0 and 'BB > 0.

PROOF. Change variables via X = *TT, where

h, ty
=\ "), #>o0.
01,
Then
r

= 2p—i - t -1
K(A, B, p)= 2’_/,;>0;,”en ‘I=Iltip exp{ U(I[A T]"‘I[BT D}dT.

Here dT denotes the ordinary Euclidean measure in R%7("+1),
Now, since ‘44 and BB are both positive, there exist positive constants ¢
and cg depending only on 4 and B such that

o([A'TD > c,0('TT) and o(I[BT™']) >czo(T~1'T™Y):

Therefore, with some positive constant ¢, depending only on 4 and B, we
have:

r o —
K@, B, p)<c* 1 f, £ expi-ct? - e 2}t
=1

+ oo
x I1 f exp{~ct} = ct;*}dty,
<jvT*®

where T~ = (1}).
The above integrals converge for all values of p, for

@ oer fanfs2 4 208E — [ 578 per fm (2 4 —21 9L
f:t exp{—c(t* +1¢ )}t flt exp{—c(t® +¢ )}t

+ f , thexp {—c(t? + t'z)}th-.

And these integrals converge for all values of a, since a can be replaced by any
larger value of g obtaining an integral bounded by I'(1 + lal) for example. O

We next prove the result needed in the proof of Theorem 1 connecting X
and X,.
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LEMMA 3.3, 7%(2~72)G (0)K (4, B, p) = K(A, B, p — %n), where
G,(p) is the gamma factor defined by (2.7).

PROOF. By (2.7)

471G (0)K, (4, B, p)

=-[v(".r) ceat Jx015 o XPEOCAA + WW)X) + 210 (BW))
x | xIp—(r+1)2 gx gy

=Jes 0IXI P=h(r+1) oyp (—0(*AAX)}

x -/;;(n,r) req1 EXP{-OCWWX + 2i'BW)}dWdX.
The inner integral over W is equal to
X1~ f . expl-oCW'W' +2'BW'Z1)}aW',
where W' = WZ, X = Z'Z.

Setting ’C = iZ~1'B, we see that c("W'W' + 2i'BW'Z™1) = o(I[W' + CD +
o(*BBX™!'). Thus, using the formula [1, p. 244],

Jyryon X2 EOUW + CDYAW = fy . ry rony X0 CHII W = 7577,

and the proof is complete. O

The question of the behavior of K(J, B, p) for singular B is answered by the
following lemma.

LEMMA 34.
0 0

K I(r), ,pl = %3(2)‘—!‘—1)03(p)K(I("—8)' D,p- %S)-
0 D)

ProoF. Write

x 0 [(I Q)] X, X0
X= =
o w/L\0 [ 'ox, W+X,[0]

L [am oo [ I o] xt+wlgl ow™!
X *'= ’ = .
o w/L\-2 [ -w'g w-

Then the Jacobian of the change of variables is 13X/3(X,, Q, W)l = IX,I"™*.
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Thus

0 o
k|10,

s P

0 D9

= fi525 050150, TR T + W + X110 = o@W )}

Q(&r=8)arbitrary

x X, [P=%Qs+1-n =%+ gy, awdQ.

Then make the change of variables Y = TQ, where 'TT = X, to obtain:

fe—o(xllgn do = ¢oUYD gy |, |- ()

y (s,7—5) real

= | Xl,—Vz (r—s).”%s(r—s)_ O

Before concluding this section we insert a lemma on Bessel functions which
proves formula (2.5) of [16] in an easy way.

LEMMA 3.5. Let A{*" be such that *AjAy = 1. Let *B™"B be positive
definite symmetric. And suppose that B{") € GL(r, R) is such that BB = 'B, B,.
Then

K, (4§, B, p)

= a4 NG (p — %in ~ N G,(0) KU, BY), p = % ~ 7).
PrOOF. Clearly K(4,, B, p) = K(, By, p). Then use Lemma 3.3. O
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