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ABSTRACT. In a recent paper, L. Brickman introduced the concept of
®-like holomorphic functions as a complete generalization of starlike and spiral-
like functions of a single complex variable. In the present paper, the author
extends this work to locally biholomorphic mappings of several complex variables
and then to locally biholomorphic mappings defined in an arbitrary Banach space.
Complete characterizations of univalency and starlikeness of locally biholomorphic
maps in general Banach spaces are obtained.

1. Introduction. The object of this paper is to extend to locally biholo-
morphic mappings of several complex variables the theory of ®-like holomorphic
functions of a single variable as developed by L. Brickman [1]. We also show
how this theory may be extended to locally biholomorphic mappings defined in
a Banach space X.

Suppose f(z) = (f,(2), " * -, f,,(2)), z € C", is a locally biholomorphic map-
ping from the unit ball B” into C" such that f{0) = 0 and Df(0) =1. Let Q be
a region in C". For such mappings and regions in C", we respectively generalize
Brickman’s one-dimensional definitions of ®-like holomorphic functions and ®-
like regions (Definitions 1 and 2) in §2. Extending a result of Brickman [1,
Lemma 1, p. 556], we develop differential equations in C" and show that the
origin is an asymptotically stable critical point of the equation (Lemma 2).

This result is used in §3 to obtain generalizations in C" (with Euclidean
norm) of Brickman’s one-dimensional univalence criteria. In Theorems 1 and 2,
we establish that ®-like functions have ®-like images and, conversely, univalent
normalized holomorphic functions having &-like images are ®-like functions. We
show for a locally biholomorphic function f on the unit ball in C” normalized at
the origin, that f being univalent is equivalent to f being ®-like for some ®
(Corollary 1).
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A necessary and sufficient condition (Theorem 3) for starlikeness of locally
biholomorphic maps f: B* — C" is proven in §4. We also introduce the defini-
tions of a spiral-like function of several variables and show that a spiral-like func-
tion is necessarily univalent.

The remaining sections consist of generalizations to an arbitrary Banach
space X of the results contained in the first part of the paper. These generaliza-
tions are relatively straightforward when we consider X as a semi-inner product
space. (See [6] or [7].) We completely characterize univalence for locally bi-
holomorphic maps on the unit ball in X (Theorem 5) and starlikeness for locally
biholomorphic maps from the unit ball of one Banach space into another Banach
space (Theorem 7).

I am indebted to Professor John A. Pfaltzgraff for many stimulating discus-
sions on this subject and his patient assistance during the preparation of this
paper. The idea of exploiting results from Pfaltzgraff [10] for the generalization
of ®-like holomorphic functions originated with him.

2. Preliminaries. Let C" denote the space of n complex variables z =
2, z,€C G=1,- -+, n), with the standard orthonormal basis. The
Euclidean inner product and norm are denoted by (z, w) = 2}’=lz,-'ﬁ', and lzIl =
(z, 2)* respectively. The open ball {z: Iz - all <r} is denoted by B?(a): the
unit ball is abbreviated by B7(0) = B”. The closure of any set £ C C” is denoted
by E.

The space of continuous linear operators from C” into C",i.e. the n x n
complex matrices A = (4;;,), is symbolized by L(C™). The letter I will always
represent the identity map on C". The standard norm on L(C") is used: 4l =
sup{l4zll: z € B"}, A € L(C™). The adjoint or conjugate transpose of A4 is de-
noted A%, i.e. (4Au, v) = u, A*) for all 4, v € C".

The class of holomorphic mappings

=@, . 5E), z€Q,

from a region £ (contained in C™) into C" is denoted by H(S2). A functiocn
f € H(R) is said to be locally biholomorphic in S if the differential
of(z
o= (22), 1<ir<n,
Zk
is nonsingular at each point z € £, or equivalently f has a local holomorphic
inverse at each point in .
A mapping v(z) € H(B") is called a Schwarz function if lu(z)ll < lIzIl for all
z € B*, or equivalently (by the Schwarz Lemma) v(0) = 0 and llv(z)ll <1 for all
zEB".
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We define the following two classes of mappings:
N = {h € HB"): h(0) = 0, Re(h(2), z) > 0,z € B", z # 0},
M = {h € N: Dh(0) = I}.

Clearly, M C N. The properties of M have been investigated in the paper
[10] by Pfaltzgraff and are shown there to be valuable in the study of subordina-
tion chains and the Loewner-Pommerenke differential equation for holomorphic
mappings from B” into C". The class N is more suitable in extending Brickman’s
work [1] to several complex variables, and hence results about M from [10] de-
pending upon the normalization of Dh(0) will be modified as needed in this paper.

Note that in the single variable case, the class N consists of functions
h(z) = zp(z) (z € B') where Re p(z) > 0 for z € B'. Recall that functions with
positive real parts satisfy the classical inequalities

1= 1+

€ B,
1) 1 TN Y Rep(0), A€EB

Re p(0) <Re p) < T—7p1

Corresponding inequalities for N are established in Lemma 1.

LEMMA 1. Let h € N. Then A = (Dh(0) + Dr(0)*)/2 € L(C™) is a positive
definite operator, i.e. {Az, z) > 0 for z € C", z # 0, and h satisfies the following
inequalities:

= Izl 2 1 + Izl
V) 212 12220 TT Tk < Reth@), 2 < 1zI* T m,

where k;, is the minimum eigenvalue of A and m,, is the maximum eigenvalue of
A

Proor. Fix z € B®, z # 0, and consider the function

=L (=
PN = (" (uzn")’ ’>’ AEC
Then p() is defined and holomorphic in Al < 1 and

Re pQ\) = D\—llf Re(h (“f:—“x) “—zz—ux> >0 (N<1).

Furthermore,
Re p(0)=Re(||z|| e o(k (||z|| ) ))

1
= T, Re (DO, 2)

G) Re p(0) = ﬁ; (4z,z) >0,
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which shows that A4 is a positive definite operator. By applying (1) to p(A) and
taking A = lz[l, we obtain

_ 1z
@ o <R < A cann, e

A is selfadjoint with numerical range W(4) = {{4z, z): lizIl = 1} bounded
below by k, = inf{r € W(A)} and above by m, = sup{r € W(4)}. Finally we
have )

klzI2 <4z, 2) <m,lzI2, zecCm,

and (2) follows from (4).

In a recent paper [1] Brickman introduced the notion of a complex-valued
®-like function of a single variable as follows: Let f € H(B') such that {0) = 0,
f'(0) #0. Let ® € H((B")) such that ®(0) = 0 and Re &'(0) > 0. Then fis
®-like in B! if Re(zf'(2)/®(A(z))) > 0, or equivalently, Re(®(f(2))/zf'(z)) > O,
zE€ B!

If f is ®-like in B!, then ®(f(z))/f'(z) € N. Conversely, if f € H(B),

0) =0, f'(0) # 0, ® € H(A(B')), and if there exists # € N such that H(f(z)) =
f'(2)h(z), then ®(0) =0, Re &'(0) >0, and fis ®-like. We shall extend Brickman’s
work by introducting the notion of ®-likeness for vector-valued functions in C".

DEFINITION 1. Let f € H(B") such that f{0) = 0, Df(0) = I, and f is locally
biholomorphic in B”. Let ® be analytic on f{B"). Then f is ®-like if there exists
h € N such that

®) ®(f2)) = Dfz)n(z), z€ B",

or equivalently (Df(z))~ ! ®(f(z)) € N.

Note that since the open mapping theorem fails for holomorphic maps from
C" into C", the condition that Df{(z) be nonsingular for all z € B” in Definition 1
is necessary to insure that f{B™) is an open set in C". The geometric counterpart
of Definition 1 is given next; it is the n-dimensional generalization of Brickman’s
definition of a ®-like region in C*. :

DEFINITION 2. Let §2 be a region in C” containing 0 and let € H(S2)
such that ®(0) = 0 and (D®(0) + DP(0)*) is a positive definite operator. Then
Q is P-like if for any a € §2, the initial value problem

dw, (1)/dt
(6) ‘—;l:- = : = —Q(W(t))’ W(O) =aqQ,
dw,(O/dt
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has a solution defined for all £ = 0 such that w(¥) € Q for all # > 0 and w(t) —
Oast— +oo,

If there exists a solution for (6), it is unique.

As indicated in [1] for the case in C', any & satisfying the conditions im-
posed in Definition 1, i.e. ®(0) = 0 and Re &'(0) > 0, must be of the form
d(w) = wp(w) where Re p(w) > 0 for all w € B1(0), a sufficiently small ball
about the origin. According to a theorem due to Bony [11, Theorem 1, p. 741],
the closure of B}(0), 8 < ¢, is a flow-invariant set for the vector field — @ in (6);
that is every trajectory w(¢) which meets Eg_(()) at ¢, must remain in EK(T) for
t > t,. Furthermore if these trajectories approach zero as ¢ — +, then B.(0)
is ®-like itself. If n > 2, Re(h(w), w) > 0 and $(w) = h(w) for all w € BZ(0),
the same conclusions follow. These considerations motivate us to prove the fol-
lowing vector-valued generalization of Brickman’s Lemma 1 in [1].

LEMMA 2. Let h(z) € N. Then for each z € B", the initial value problem
Q) w/dt =—h(), vO)=z,

has a unique solution v(t) = v(z, t) defined for all t > 0. For fixed t, v/ (z) =
v(z, ?) is a univalent Schwarz function on B" whose norm satisfies the following
bound

®) iz, HI < izl exp {— i—:_::;—:: kht} ,

where k;, > 0.

ProoF. The existence and uniqueness of u(¢), the solution of (7), follow
readily from the standard successive approximation techniques applied to v(z, ) =
u(z, 0) + [{h(u(z, 7)) dr, and the details are given in Theorem 2.1 of [10]. The-
orem 2.1 involves a family of functions 4(z, ) € M, 0 <t <o, In (7) we have a
single A(z) with no explicit # dependence and this merely simplifies the existence
and uniqueness proof. Furthermore u(z, ¢) is a univalent-Schwarz function as in
[10, Theorem 2.1]. Discarding the normalization Dh(0) = I merely changes the
form of Du(z, t) at z = 0.

It is easy to see that lu(z, D@ llu(z, £)I/37) exists a.e. for t € [0, =) and
that

©) oz, i 20 DL - o (WD, t)), ae.t>0.

For details see [10, Theorem 2.1] or [4, Lemma 1.3, p. 510].
Thus
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vz, HI ol a:’ Dl = —Re(h(u(z, 1)), u(z, 1)), ae.t=0,
and from (2) we obtain ae. =0

alvz, O _ _ 2 1= Iz Ol
oz, O3, <~lutz, O T cp %n

for some k, > 0. Therefore

a _1=luz ol
ot loglu(z, Il < 1+ I, 0l b
<‘%km ae.r20.

Hence

lv(z, QII) Z (r__1__ alz sl _ 1=zl
1°8( Izl f, o, 1 os S STTF a0t

and exponentiation yields (8).

3. &-likeness and univalence criteria in C". The next two theorems and
one corollary generalize Brickman’s results in [1]: ®-like functions are necessarily
univalent in B” and have ®-like images (Theorem 1). Moreover every function
analytic and univalent in B" and normalized at the origin is ®-like for some @
(Corollary 1). Hence ®-likeness is equivalent to univalence. In Theorem 2 we
have the converse result to Theorem 1, that is, f is a ®-like function in the sense
of Definition 1 if f is analytic, univalent in B", {0) = 0, Df(0) = I and f(B") is
a ®-like region in the sense of Definition 2.

THEOREM 1. Let f be ®-like in B". Then f is univalent in B" and f(B") is
P-like.

PRrROOF. By hypothesis there exists # € N such that

(10) &(2)) = Df(z)n(z), z€E€B".

Letting a approach zero in ®(f{az))/e = Df{az)h(oz)/x and using the normaliza-
tion of f, we see that DP(0) = Dh(0) and consequently by Lemma 1 that D$(0)
+ D®(0)* is a positive definite operator. This is the reason for replacing Brick-
man’s condition f'(0) # 0 by DAO) = I in Definition 1. Fix z € B" and define
WD) = v, () for all # > 0 where v,(¢) is the unique solution to (7) in Lemma 2.
Since v,(f) € B, we can define °

an w(t) = w,() = flo,(), 130,
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and note that
12). w,(0) = f2).
By Lemma 2, we see that
dw,(1)/dt = Df(v,(1))dv,(1)/at

= = Dfv, (M (v, ()

= —o(v, (1))
13) dw,(t)/dt = —B(w,(1)).
Therefore w,(f) = f(v,(r)) satisfies the initial value problem of Definition 2 with

a = f{z). Clearly w,(t) € f{B") and in fact lv, ()l — 0.as t — + oo because of
(8). Hence

Jim_w,(0) = lim_ fiv,(®) = 0) = 0.

Therefore f{B™) is d-like.

To show f is univalent, we let ¢, b € B" and suppose f(a) = f(b). By (12)
this may be rewritten as w,(0) = w;(0). Thus w,(#) and w,(¢) are two solutions
of the same initial value problem defined by (12) and (13). Hence w,(t) = w,(t)
for all ¢+ > 0 by the uniqueness of solutions to (12) and (13). Equivalently
v () = flv, () for all ¢ > 0. Since f is locally biholomorphic in B”, f has a
local inverse at 0, and consequently v,(f) and v, (f) — O as ¢ —> + oo implies
there exists M such that v, (f) = v, (¢) for all £ > M. Therefore v,(t) = v, () for
all ¢ > 0 since both are solutions to the initial value problem

dut)lde = —h((D), V(M) = v,(M) = v, (),

which has a unique solution for all # > 0. Hence a = v,(0) = v,(0) = b, and f
is univalent.

COROLLARY 1. Let f € H(B™) with f{0) = 0 and Df(0) =1 Then fis
univalent in B" if and only if f is ®-like for some ®.

ProOF. Theorem 1 establishes that ®-likeness implies univalence. Conversgly
suppose f is univalent and select any function # € N. If we define & on f{B") by

(14) (2)) = Df(2)h(z)

then & is holomorphic on f{B") and f is ®-like.
THEOREM 2. Let f € H(B™) be univalent in B" with f(0) = 0, DA(0) =1,
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and f(B") a ®-like region. Then f is ®-like in B" (Definition 1).

PrROOF. Since f{B") is $-like, we define w,(¢) (for z € B” and ¢ = 0) to
be the solution of the initial value problem

@1s) dw,(0)/dt = -o(w,(#)), w,(0) = fz)..
The univalence of f insures that v,(f) = £~ (w,(?)) is well defined. Hence

Df(w, (D)), (2)/0t = dw,()/dt = —B(w, (1))

and setting ¢t = 0, we obtain
(16) = ®(f(z)) = DA(z)ov,(0)/ot.

We must show that the holomorphic (in B”) function h(z) = —dv,(0)/ot
belongs to N. We shall prove that Re{A(z), z) = 0 and then show the inequality
is strict for z # 0. '

Forz =0, w,(?) = 0 for all ¢ > 0 by the uniqueness of solutions to (15);
thus v,(f) =0 forall t 2 0 if z = 0. If z # 0, then w,(¢) # O for all # > 0 which
implies v,(¢) = f~!(w,(£)) # O for all ¢ > O since f is univalent. An easy com-
putation using the differentiability of the norm, I I, in C" — {0} yields

a17) v, ()1 anv,(})ll/at = Re{dv,(1)/ot, v,(t)), z€E€B", t=>0.

(In both the definition of 4 and in (16) for ¢ = 0, we mean the right-hand deriva-
tive of v,(?) and llv,(#)l at ¢ = O respectively.) We shall prove that Re(h(z), z) >
0 by showing that allv,(0)I/ar < 0.

The analyticity of ®(z) and f{z) = w,(0) insures that w,(¢) is analytic in z
for each fixed ¢ > 0. Therefore v,(£) = f ' (w,(?)) is analytic in z for fixed ¢,
and

(18) ,®OI<1, z€B" t>0.

By uniqueness of the solution to (15), we know w,(0) = 0 implies w(z) = O for
all £ 2> 0 and consequently

(19) vo(®) =0 forall > 0.

The Schwarz Lemma applied to (18) and (19) shtows that lv, (£)I < Izl for all
z€B", t>0. Hence
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ollv, ()l B CX GRS PR()]]

ot ot t

v, D1 = 11zl
AQ) <0

ot t

and Re{h(2), z) = 0.

As in Theorem 1, the relation ®(f(z)) = Df(z)h(z) forces DP(0) = Dh(0),
and therefore (Dh(0) + Dh(0)*)/2 = (D®(0) + D®(0)*)/2 is positive definite.
Using a method from Lemma 1, we know that

P = i ¢ (i) 2)

for fixed z € B", is a complex-valued holomorphic function of A, A| < 1, such
that

L edn(-Ea) -2
Re p(Y) = 51 Re(h (“z“)\), “z“x) >0

since Re{A(z), z) = O for all z € B". The operator A = (Dh(0) + Dh(0)*)/2 is
positive definite and therefore

Re p(0) = [z Re (Dh(O)z, 2) =[5z Az, 2)>0,  z#0.
By the minimum principle for harmonic functions, Re p(A) > 0 for all [A| < 1.
Taking A = lizll, we see that Re{h(z), z2) > 0, z # 0, and A(z) € N.

REMARK. The last paragraph in the proof of Theorem 2 is necessary to
show that A(z) € N; in general it does not follow that Re{h(2), 2> > 0 if h(2) €
H(B") and Re(h(z), 2> >0. Suffridge’s example h(z,, z,) = (— z,, 2,) [14, p.
577} is a counterexample.

4. Pike, starlike, and spiral-like criteria. A holomorphic mapping f: B" —
C™ is starlike if f is univalent, {0) = 0, and for all ¢ € [0, 1], (1 — )(B") C
f(B™); that is, the region f{B") is starlike with respect to 0. If & = I (the identity
map) in Definition 2, then the solution to (6) is w(f) = ae*. Hence  is Ilike
if and only if  is starlike.

THEOREM 3. f is starlike if and only if f(0) = 0, f is locally biholomorphic
in B" and (DA(2))~'f(z) € N.

Proor. If Df(0) = I, then this is an immediate consequence of Theorems
1 and 2 and our preceding remarks that identify I-like and starlike regions. The
results of Theorems 1 and 2 where Df(0) = I depend upon the equation
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(20) D®(0) = Dh(0)

which follows from ®(f(2)) = Df(z)h(z). ((10) in Theorem 1 and (16) in Theorem
2.) In Theorem 1 (20) is used to show that (D®(0) + DP(0)*)/2 is positive def-
inite and in Theorem 2 (20) establishes the positive definiteness of (Dh(0) +
Dh(0)%)/2.

If the normalization Df(0) = I is dropped, but & = I then (20) is replaced
by
(20) Df(0) = Df(0)Dh(0)

which implies Dh(0) = I. Hence Theorems 1 and 2 are still true in the case where
Df(0) # I and ® = I since D®(0) = I = Dh(0). This completes the proof of
Theorem 3.

Theorem 3 was first obtained by Matsuno [8]. Suffridge has obtained
similar results characterizing starlike mappings in C" [13]. In fact, our Theorem
3 above is a special case of [13, Theorem 4, p. 247]. In §5 we shall generalize
the methods used in §§2 and 3 to obtain Suffridge’s results in [14] concerning
starlike maps in Banach spaces.

We note the role of the class M in studying starlike functions. Since
(D)~ f(z) € N if and only if (DAz))~'Az) € M, Theorem 3 could be restated
using M instead of N.

In Definition 1 for n = 1, the choice $(w) = Aw with Re A > 0 yields the
classical definition,

Re{e®zf'(2)Ifz2)} >0, |z1<1,

of a spiral-like function of type § = —arg A. In Definition 2 for » = 1, the same
choice, ®(w) = Aw, yields w(f) = ae~>? as the solution to (6). Thus  in C! is
®-like for some ®(w) = Aw if and only if & contains all spirals {ae—>*: ¢ > 0}
where a € Q. This motivates the following extension to C" of the notion of a
spiral-like function.

DEFINITION 3. Let f be locally biholomorphic in B", f{0) = 0 and DA(0) =
I Let ® € L(C™") be a normal operator for which Re A > 0 for each eigenvalue
A of ®. Then f is spiral-like if (DA(z))~}(®(f(2))) € N.

It is clear from Theorem 1 that a spiral-like function f is necessarily uni-
valent. By Theorem 1 and Definition 2, the initial value problem (for a fixed
z €B")

@n dw/dt ==-®w), w(0) = fl2),
has a solution w(¢) such that w(¢) € fAB") for all ¢t > 0 and w(f) — O as t —

+o0, Since P is normal, there exists a unitary operator U € L(C") that diagonal-
izes &,
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% 0 0---0

0 0
veU-'=10 0° -,
o
0--0 0 2,

and Re \; >0, 1 <j <n, since [ is spiral-like. By a change of variables, v = Uw,
we know that (21) is equivalent to

dU Y/dt =-oU v, v(0) = UAZ).

Applying U to each side of this differential equation, we obtain the initial value
problem

(22) dv/dt =-UU v, v(0) = UG),

equivalent to (21). The unique solution to (22) is w(r) where vi(r) =
wr ),(z) exp{— Rit}. From these elementary considerations, and Theorems 1
and 2 we have the following theorem.

THEOREM 4. Let f be locally biholomorphic in B", f(0) = 0, and Df(0) =
L Then f is spiral-like if and only if there exist {A;: Re \;>0,/=1,---, n}
and a unitary transformation U such that each of the coordinate projections
(Uf)j(B"), j=1,-+-,n, of B" into C contains all of the spirals

{(UfG)); exp{- Nt}: >0}, zE€B"

S. Nand M for Banach spaces. Henceforth X will always be a complex
Banach space with norm |l . Denote the unit ball in X as B = {x € X: lxl <1}.
The dual of X is symbolized by X'. For each x € X, we define T(x) = {x' €
X': Ix'l =1, x'(x) = Ixl}; the Hahn-Banach Theorem guarantees that 7(x) is
nonempty.

If Q is a region of X (a nonempty connected open subset of X) and Y
another Banach space, then a function f defined on  with range in Y is said to
be (F)-differentiable at x, € Q if

Jim 5Uxq + B) = fxg)] = Dftxg

exists for all # € X and Df{(x,) is a bounded linear operator from X to Y, i.e.
Dftx,) € L(X, Y). The norm on L(X, Y) will be 141l = sup {lAxl: Ixl <1}
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for 4 € L(X, Y). We say that f is a holomorphic function on Q if f is (F)-differ-
entiable at each point of 2. We denote the class of holomorphic functions f:
Q — X by H(Q).

As in §2 a function f € H(S) is said to be locally biholomorphic in Q if
Dfi(x) is nonsingular at each point x € Q. By the inverse function theorem for
Banach spaces [12, p. 252] and the fact that x — Df{x) is a holomorphic map-
ping of Q into L(X) = L(X, X) [9, Proposition 3, p. 29], f being locally biholo-
morphic is equivalent to f having a local holomorphic inverse at each point in .

We now generalize the classes N arid M to Banach spaces as follows.

N = {h € H(B): h(0) = 0, Re x'(h(x)) > O for all nonzero
x € B, x' € T(x)},
M= {h € N: Dh(0) = I}.

For X = C" with the standard Euclidean norm, T(x) for x # O consists of one
element x' = (, x)/x, x)%; N and M as defined above then reduce to the definitions
in §2. Analogous to Lemma 1, we have the following result.

LEMMA 3. Let h € N, then for all nonzero z € B and x' € T(x),
Re x'(Dh(0)x) > 0 and

(23) 1 — H Re x'(Dh(0)x) < Re x'(h(x)) < :'l x| e x'(DR(O)2).
PrOOF. Fix x €B, x # 0 and also fix x' € T(x). For { € C, [¢] < 1, define
0=z
Therefore p(§) = g()/¢ is holomorphic in ¢ and
p©) = (Dh(O)“;—u).
Fix ¢ # 0 and define x = (§1/4)x’. Thus since
(&) =5 () =m0
we have that x € T((x/lxl){) and hence
Re(7 (4(50))) >0

Consequently Re p($) > 0 for all [{| < 1 by the minimum principle for harmonic
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functions. Using the classical inequalities in (1) applied to p(¢) with ¢ = lxll, we
obtain (23). This completes the proof of the lemma.

The analogy between Lemmas 3 and 1 is most clear if we consider the
Banach space X with a semi-inner product structure. The notion of a semi-inner
product space was introduced by Lumer [6] and Lumer and Phillips [7].

DEFINITION 4. A semi-inner product [ ,] on a complex vector space V is
a map from V x Vinto C such that:

0 x+xzl1=[x 21+ D, zl, [, y] = Ax, y] forx, y EV, AEC,

@ii) [x, x] >0 forx #0,

@) I6x, ¥1? <[x, x] [, ¥].

Such a space V is called a semi-inner product space (abbreviated s.i.ps.).

It is easy to show that a s.i.p.s. is a normed linear space with the norm
[x, x]*. Conversely any normed linear space ¥ can be made into a si.p.s.—in
general in infinitely many ways—by choosing for each element y € V exactly one
element Jy € V' such that (Jy)(») = lylI? and Wyl = lyll. Then [x, y] = (J¥)(x)
defines a semi-inner product on ¥ such that [x, x] = llxI2. Note that lxlI~—1(/x)
€ T(x).

Following the lead of [6] and [7], we make the following definitions.

DEFINITION 5. A linear operator A with domain D(4) in a s.i.ps. Vis
called strictly dissipative if Re[Ady, y]1 <0,y € D(4),y # 0.

DEFINITION 6. For any operator A with domain D(4) in a s.i.p.s. V, the
numerical range W(A) is defined as

W) = {[4y, y]: ¥y EDA), Iyl = 1}.

We let k(4) = inf{Re A: A € W(4)} and m(4) = sup{Re \: A € W(4)}.

Returning to the Banach space X, we see that for each function J: X — X'
such that lIxlI=1Jx € T(x), we obtain a distinct semi-inner product [, ] which
makes X into a s.i.p.s. so that [x, x]* = lxll for all x € X. We let (X, [, ]) de-
note the s.i.p.s. with semi-inner product [ , ] obtained via J and thus consistent
with the norm on X.

For A € L(X) and any s.i.p.s. structure (X, [, ]) imposed on X, we know
that m(4) computed with respect to [ , ] is equal to

lim Ir+ g4l -1
f—0 B

[6, Lemma 12, p. 36]. Therefore m(4) and k(4) = —m(— A) are quantities de-
pendent only upon 4 and are independent of the choice of a semi-inner product
on X. Lemma 3 can now be restated as the following.

LEMMA 4. Given h € Nand s.ip.s. (X, [, 1), then — Dh(0) is a strictly
dissipative operator and
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'};—::;c% Re[Dh(0)x, x] < Re[h(x), x]
@9 <l+lbc|l Re[DA(O cB
1- “xu e[ ( )x’ x]: X B

The next lemma is a generalization of Lemma 2.
LEMMA 5. Let h € N. Then for each x € B, the initial value problem

(25) w/dt =—h@), v(0)=x,

has a unique solution v(t) = v(x, t) defined for all t = 0. Furthermore for fixed
t, v,(x) = v(x, t) is a univalent-Schwarz function on B whose norm satisfies the
Sollowing equality for each (X, [, ]):

ft Re[h(v,(5)), v, ()] ds) , Xx#0.

o T,@F

(26)  lu(x, Ol = Ixll exp (—

PROOF. As noted in [10], Theorem 2.1 of [10] can be extended to a
Banach space. Using this fact, we obtain the conclusion above (except for (26))
after noting the same comments mentioned in the beginning of the proof of
Lemma 2.

To conclude Lemma 5, it suffices to mention that as in Lemma 2,
ollu(x, H)I/ot exists a.e. for ¢ > 0 and that analogous to (9) we have the formula

lu(x, Hl allv(; Dl = Re[av(;:’ t), u(x, t)] , ae.t=20,

for (X, [, 1) [4, p. 510]. Therefore

3_195“3:;(3:, t)n =- ||v(x,lt)||2 Re [h(v(x' t))9 u(x, t)]’ ae.t=0,

and

luix, DI _ _ * Re[h(u(x, 5)), v(x, )]
log =1 ="Jo lu(x, s)li2 ds, t20.

Exponentiation yields (26) and the proof is concluded.

REMARK. It is clear from (26) that the norm of the solution of (25) is
strictly decreasing as a function of ¢ since the integrand in (26) is always positive.
In general we do not know if flu(x, )l — 0 as # — + o when X is an arbitrary
Banach space and 4 is an arbitrary element of N. However the question is settled
for one important subset of N.

If 1 € M, then by (24) we have
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1 - lxl <l- luex, Bl

1+ Ixl ~ 1+ lux, ol
_ 1 =lux, DI Re[Dr(O)(x, D), v(x, 1)]
T 1+ v, ol lu(x, £)lI2
Re [A(u(x, 1)), v(x, 1)]
lu(x, HI2 :
In this case (26) yields

lvix, HI < llxll exp (— i ; ::i:: t)

and lv(x, ) — 0 as t — +oo,

A more general approach involves picking a semi-inner product on X that
satisfies the homogeneity property [x, Ay] = [x, y] for all x, y € X [2, Theorem.
1, p. 437]. This can be done by choosing exactly one nonzero y € X from each
complex line through the origin and defining Jy. We then define J on the remain-
der of the line by JAy = My. The semi-inner product associated with J then sat-
isfies the condition [x, Ay] = A[x, ¥]. Any semi-inner product with this property
will be denoted [, ],.

If A € L(X), then k(4)IxI? < Re[Ax, x], < m(4)IxI?. Using the same
argument as for A € M, we see that if 2 € N such that 0 < k(Dk(0)), then (26)
yields

@7 hox, 1)l < lxl exp( L {'I"ﬂ k(Dh(O))t)

and llu(x, £)l — 0 as t — +oo. This applies when X is a finite-dimensional
Hilbert space; then {,) =[, ] and k(Dh(0)) is the usual lower bound for the
numerical range of (Dh(0) + Dh(0)*)/2.

We now define the notions of ®-like functions and &-like regions in Banach
spaces.

DEFINITION 7. Let f € H(B) such that f{0) = 0, Df(0) = I, and f is locally
biholomorphic in B. Let ® € H(f(B)). Then f is ®-like if (Df(x))~®(f(x)) € N.

The normalization of DA(0) = I forces D®(0) = Dh(0) for some h € N. We
see by Lemma 4 that — D®(0) is then a strictly dissipative operator on B with
respect to any semi-inner product consistent with the norm on X.» This is the
analogue of (D®(0) + DP(0)*)/2 being positive definite in §2.

DEFINITION 8. Let  be a region in X containing 0, and let & € H(2) such
that $(0) = 0 and Re x'(D®(0)x) > O for all x € B, x # 0, x' € T(x). Then
is ®-like if for any a € 2, the initial value problem
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(28) dw/dt =-®w), w0)=a,

has a solution w(r) defined for all ¢ > 0 such that w(¢) € Q for all £ = 0 and
w(@®) — 0ast— +oo,

Just as the uniqueness and analyticity of the solution of (6) as a function
of the initial value @ € C™ follows from the analyticity of ®, one can show that
for the Banach space X, the solution w(a, ¢) to (28) is unique—if it exists—and
for fixed ¢ holomorphic as a function of the initial value . If the solution w(e, ¢)
exists, then it may be found using the method of successive approximations [5,
pp. 129-130]. For fixed ¢ each of the approximations w, (¢, ¢) will be holomor-
phic in « and equilocally bounded in . Thus since lim,,_, .w, (e, 1) = w(e, ) in
2, we see that w(e, 1) € H(R) for fixed ¢ [3, Theorem 8.4.3, p. 272].

We note that requiring Re x'(D®(0)x) > 0 for all nonzero x € B, x' € T(x)
is equivalent to saying — Dh(0) is a strictly dissipative operator on the unit ball in
(X, [,]) where [, ] is consistent with the norm on X.

6. ®-likeness and univalence criteria in a Banach space. In this section we
give Banach space generalizations of the results in §3. Our characterization of
univalence in terms of ®-likeness for a general Banach space involves the additional
requirement that k(D®(0)) be positive. This insures that the solution to the initial
value problem (25) tends to zero as ¢t — +oo.

THEOREM 5. Let f € H(B) with f(0) = 0 and Df{0) = L. Then f is univalent
in B if and only if f is ®-like for some ® with the property k(DP(0)) > 0.

PROOF. Let f be a univalent on B. Select any A € N and define ¢ on f{B)
by
(29) (f(x)) = Df(x)h(x).
This defines a holomorphic function ¢ on f{B) such that f is $-like. In particular,
we choose 4 € M and define ® by (29). Then f is ®-like and k(DP(0)) = 1.
Conversely, if f is ®-like and k(D®(0)) > 0, then k(Dh(0)) > 0 where d(f(x)) =
Df(x)h(x). By (27) the solution to (25) tends to zero as ¢ — +o, With the

machinery developed in §5, the proof of the remainder of this theorem is a
straightforward generalization of the proof of Theorem 1.

COROLLARY 2. Let f be ®-like in B. If the solution v(x, t) of (25) tends
to zero as t —> + o, then f is univalent and f(B) is ®-like.

THEOREM 6. Let f € H(B) and univalent in B with f(0) = 0 and Df(0) = I;
let f(B) be ®-like. Then f is ®-like in B.

PROOF. As in the proof of Theorem 2, we define v () = f~'(w, ()



@-LIKE HOLOMORPHIC FUNCTIONS 405

where w, (¢) is the solution of the initial value problem dw, (t)/dt = —®(w,(?)),
w,(0) = flx). Setting # = 0, we obtain $(f(x)) = —~Dfix)dv, (0)/dz. We now wish
to show that h(x) = —dv,(0)/d¢ is an element of N.

By the same argument used in Theorem 2, v, (¢) is a Schwarz function for
fixed t. Therefore for ¥ € T(x), Re ¥(v,(?)) < lv, (I < x|l and consequently

Re \y(av"(o)): lim, Re xp(v"(g ~ x) <0.

ot ~ot

Hence Re ¥(h(x)) = 0 for all x € B, ¥ € T(x). By Lemma 3 of [14], Re ¥(A(x))
= 0 if and only if Re ¥(Dh(0)x) = 0. Since Dh(0) = D®(0), the latter is impos-
sible unless x = 0. Therefore Re ¥(h(x)) > 0 when x # 0 and 4 € N. This con-
cludes the proof of Theorem 6.

REMARK. In general we do not know whether or not f being ®-like implies
f is univalent and has a ®-like image since Corollary 2 has an additional hypothesis
about f. If for all # € N, the solution of (25) can be shown to tend to zero as
t — oo, then the question would be settled affirmatively.

7. Starlike maps in Banach spaces. Let X and Y be complex Banach spaces
and let B = {x € X: lxll < 1}. In this section we investigate locally biholomor-
phic maps f: B — Y that map the origin of X to the origin of Y. We find nec-
essary and sufficient conditions that f be univalent and map B onto a domain in
Y which is starlike with respect to the origin. The definition of a starlike map in
this context is the same as the definition given at the beginning of §4 except the
domain is now B and the range is in Y. Our approach depends heavily upon the
results concerning ®-like functions obtained in §§5 and 6 of this paper even
though ®-like functions as defined have ranges contained in X rather than Y.

Suppose I, € L(Y) is the identity map on Y and we are given a locally bi-
holomorphic map f: B —> Y such that

f0)=0 and [Iyflx)=f(x)=Df(x)h(x), x€EB,

holds where & € N(X), the class N defined for the space X. Then DA(0) =
DA0)DK(0) or Dh(0) = I, the identity map on X.

As in §4 for the finite-dimensional case, it is easy to see that a region con-
tained in Y is starlike with respect to the origin if and only if the region is I-like
(Definition 8). Therefore by slightly modifying the proofs in §6, we have obtained
the following theorem.

THEOREM 7. Let f: B —> Y be a locally biholomorphic map such that
f0) = 0. Then fis starlike if and only if (Dfix))~1f(x) € N(X).
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This result was partially obtained by Suffridge in [14]. In proving
Dfx))~1Ax) € N(X) implies starlikeness, Suffridge added to his hypothesis that
for each 7, 0 < r < 1, there exists M(r) such that I(DAx))~ Il < M(r) when lxI
< r. We have shown that this is not necessary.
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