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ABSTRACT. Jurkat and Peyerimhoff have characterized monotone Fourier-
effective summability methods as those which are stronger than logarithmic order
summability. Here the analogous result for double Fourier series is obtained
assuming unrestricted rectangular convergence. It is also shown that there is
a class of order summability methods, which are weaker than any Cesaro method,
for which the double Fourier series of any f € L is restrictedly summable
almost everywhere. Finally, it is shown that square logarithmic order sum-
mability has the localization property for exponentially integrable functions.

1. Introduction. In [3] and [4] Jurkat and Peyerimhoff defined logarith-
mic order summability L}, and showed that a monotone summability method M
is Fourier-effective if and only if M D L¥. Here we obtain the analogous result
in two dimensions (Theorem 7.1), and answer other questions pertaining to order
summability which are peculiar to multiple Fourier series.

In particular, we obtain the analogues in two dimensions of [3, Theorems
1.1, 1.2, 4.1] and [4, Theorems 1.1 and 1.2]. That is, we characterize F-effec-
tive methods by properties of their kernels (Theorem 9.1), and give useful nec-
essary conditions for effectiveness in terms of the matrix elements (Theorem 4.2).
We show that the Fourier series for any f € L log*L is unrestrictedly rectangular
summable L} to f at any Lebesgue point for which the maximal function of
f is finite (Theorem 5.1). We also give certain sufficient conditions for the order
summability method [g] to be included in the matrix method A (Theorem 7.2).

In addition to obtaining these analogous results, we prove that the double
Fourier series for f€ L is restrictedly summable L: to f almost everywhere
for a> 1 (Theorem 6.1). A similar result for Cesaro methods was obtained in
[5]. This result is reproduced in [8, p. 311], for the C, method. Since L}
is strictly included in np> oCp forevery a>1 [4, p. 257], our result im-
proves the result of [5].
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Finally, we show that square L’," summability has the localization property for
exponentially integrable functions. This plays the role of an “end point” result for
a theorem proved by Igari [2] in which it is proved that square C, summability
has the localization property for fELP if p = (n — 1)/a but not if p <(n— 1)/a.
Our result corresponds to the limiting case as p tends to o and a tends to 0.

For convenience, we will work in two dimensions for all cases except for that
of the localization result. In most cases it will be clear that similar results are
valid if the dimension, d, is greater than two.

2. Basics. We will use m, n, * * * etc. to denote either integers or d-tuples
with integer coordinates. The context will make clear which is meant. Notation
for real numbers and real vectors will be handled similarly with letters x, y, **°
etc.

Let A, be the lattice of d-tuples with integer coordinates and A} =
meA]m=0,i=1,2,°+,d}. Let

fomy= (2! [ afede ™ *dx,  m € Ag,

where T¢ = [-7,7]? and fEL(TY). Let k €A} andset Si(x, f)=
= f(m)e'™** where the sum is over all m € A, for which m,| <k, i=
1,2, ,d. Suppose g(x)>1 forall x € [0,)? and define for any
“sequence” {s;}, k €A},

n,meA},

11 _ o)
On.m “glm/(n + 1)) *(n + 1 —m) sk = s);
where

m m
n ( L e, 2 ) n+l1=(n, 1,000 ,ng+1),

n+l n,+1° ‘ng+1

*x =X, * X, *** Xq, for any vector x, and the summation runs over all k = (k, k,,
*++,kg) for which m; <k;<nj,j=1,2,+++ ,d Whens; =S, (x, f) and s = f(x),
then o, ,, becomes o, ,,(x, f).

We will say that {s,} is unrestrictedly rectangular order summable [g]
to s if o, , tendstozeroas n tends to infinity uniformly in m,0<m <n.
That is, for any € >0 there exists M >0 such that lo, ,,| <€ whenever
0<m<n and n;>M for i=1,2,+++,d. (For any pair of vectors, x and
y,by x<y wemean x;<y, i=1,2,*+,d) The summability will be
called restricted if a constant ¢ = 1 is specified and n tends to infinity
under the restrictions
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1
@.1) ST Sc and o<

for i,j=1,2,+++,d. The summability is called square if the constant, ¢
of (2.1), is one. Again in both of these, convergence of g, ,, to zero is to be
uniformin m, 0<m <n.

When

gD =g(ty, "+ ,tp)=(1+log 1/(1—=¢))* *++ (1 +1og 1/(1 —2,))*

we obtain the summability method L}. We denote the corresponding o, ,, by

.4
On,m-

For integers n and m (0 <m <n) and real ¢, define

1 sin(n + 1 +m)t/2sin(n + 1 —m)t/2
n+l-m sin?¢/2 .

22  K,.0=

Elementary estimates show that for 0 <¢<m we have

.3) K, m®I < @ + 1 +m)n?/4,
24 K, Ol < 7?[2t,
2.5) K, m@Ol <72[(n + 1 - m)e2.

Let e=(mn+1+m)~! and 6§ =(m +1—m)~!. Often, in what follows
(2.3) will be used for ¢t € [0, €), (24) for t € [¢,8) and (2.5) for ¢ € [5,n].
A short calculation shows that (n, m and ¢ are now vectors)

1,1
nd  &m/(n +1))

where Q% = [0, ]9 and I?,,'m(t) =Kp m, ()0 Knd'md(td).

The letter C will stand for a constant which is independent of any of the
important parameters or functions involved, and it will not necessarily be the
same constant at each occurence.

0%, @ ) =

© [oalfE+D-f@IK,, @) dt

3. Fourier effectiveness, Let f€ L[~ m, ]2 have the Fourier expansion

fG) ~ = f(m)e™*. Let
o) =%U[fGc +D+10c; +1, %, —1,) +f(xy —t), %, +1,) +fx—1)].
Then ¢, €L[0,7]? and has the Fourier-cosine expansion

¢.(O~ z>:o a,(x)cos nt, cos nyt,
n
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where
i(-nyx;+nyx,)

8,() = f@)e™™* +f(=ny, ny)e

"'f(”v""z)ei(nlx'—"zxz) +f=n)e**, n, #0,n, #0,
2, Fi —i]
a("x'o)(x)=f(nl’o)enlxl +f(—n190)e "l"l, n; #0,

a(0,n)®) = 0, n,)e" 22 + f(0,~ny)e "2*2, n,#0,
2(0,0)®) =£(0).

By F, we denote the class of all series Z a,(x) for which ¢.(z) is con-
~ tinuous at ¢ = 0. Similarly, F; denotes the class of all series Z a,(x) such
that the maximal function of ¢, M¢,,is finiteat t=0 and ¢ =0 is a
Lebesgue point of ¢,. The maximal function of a function ¢ is defined by

1 hy, rh
(M¢)(t)=sup{;;;}72- f oM o2 18 + )l du: hy >0, h, >o}

and a Lebesgue point of ¢ is a point ¢ for which

1 (h(h2
lim — u+1)—¢(@)ldu=0.
wim S 2ot + -0
In one dimension, if ¢ = 0 is a Lebesgue point for a periodic ¢ € L, then
(M9)(0) < o, However in higher dimensions this need not be true. In [6], it is
shown that for a function

¢ E€L(og*L)* ! = {¢: Jioit +10g* 190 <°°}

(og*lx| =0 for |x| <1, and log*ix] =1loglx| for |x|> 1) that both
(Mg)(t) < oo and -t is a Lebesgue point hold for almost every ¢.

In what follows, the point x will be arbitrary but fixed unless otherwise
indicated and it will usually be dropped from the notation.

Consider a two-dimensional summability method B = (b,,,) in the series-
to-sequence form which satisfies (1, v € AT and n —> o means unrestricted)

3.1 b,,—1 (n—>o,v fixed),
32 by —0 (n fixed,v; = or v, — ),
Assume also that

(33 0, =X bya, (C)
v>0
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that is, that ¢,(¢) exists for each n in the Cesaro C,-sense for all series Z g,
in F, respectively in F;. Finally, assume that

34 0,@)—s=¢(0) (n—)

forall ¢ corresponding to series in F, respectively in Fj.

A method B satisfying (3.1), (3.2), (3.3) and (3.4) is called Fourier-
effective, or more precisely F-effective, respectively F; -effective.

For a measurable set E, of finite measure, |E| denotes its Lebesgue measure.

4. F y-effectiveness. In this section we note the following theorem which
has a proof essentially the same as that of [3, Theorem 1.1]. We specifically
include it because it leads to one of the central conditions of the paper.

THEOREM 4.1. A method B = (b,,) is Foeffective if and only if

1 1 «
1=

+% > b"(o’,,z)cos vyt + > b,,cosv t,cosvyt, (n=0)
v,=0 v>0
are the Fourier-cosine expansions of functions b, € L[0, ] 2 satisfying, for
every 6, 0<6<m,

4.1) esssup |b,(NI<M; (@®=0),
€T

where T8 = [0, 7’]2 - [0’ 8]2,

“2) [ofoip,0nde<m @>0),
3) Jrpn0at—0 @,
(44 (%)2 [i[ita®dt—1 (> ).

Since Fg CFy, trivially, F -effectiveness implies F-effectiveness. There-
fore, conditions (4.1) to (4.4) are also necessary for F-effectiveness.

THEOREM 4.2. If B is Freffective or Fy-effective then

4.5 i “
”1-0:”1$kl Vz—O,Vz*kz ( 1 l)( 2 2)
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where M is a constant independent of n and k. If, in addition,

(4.6) fTG bl dt—0 (n—> )
then

2k, 2k, b
(@. 7a) hm 1 sup )3 ny =0 for each k,,
k2 vy=0,0 2k, vy=0,v,%k, (k1 =V 1)k —¥;)

2k 2k
1 2 b”l’

4.7b) lim sup
(@.7) n-se k; vl=oz,;al¢kl v, =0,0, %k, (kl =V )k — "2)

=0 foreachk,.

PROOF. Let

P () = zk: — {cos (k —m)t — cos (k + m)t} =2 sin kt E smmt

m—l
and note that p,(?) is uniformly bounded in k¥ and ¢ For (4.5) put
£y, 1) =Dy ,(tl)sz(tz)- Then (4.2) implies
2k, 2k,

2 Z s vl)(kz-vz) )T' S @b, @ar= 001).

vy=0, ”l"&kl v,=0, vzsﬁkz

For (4.7) we consider (4.7a) only since (4.7b) is similar. Let

4 rmoem
= — : , t, ER}.
M sup{lpkz(tz)l Lo paar k> 1, 1y R}

Let €>0 be given and choose & >0 such that [Py (1)l < e(M)~! for
0<t, <5. Then

2k, 2k,

)3

b =00 %k, vy=0,v,2k, K1~ "'1)("2 —vy)

-l neeo

< S [T e, @500 + 0 [T f7 15,01 ae
< €/2 +0(1)

by (4.6).

It will be convenient to rewrite conditions (4.5) and (4.7) in sequence-to-
sequence form. Let 4 = (a,,,) be a “multi-matrix”; that is, a matrix where the
entries are indexed by the vectors n and v with the properties a,, >0,
a,,—0 (n —>,p fixed) and
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2 Gy —1 (1),
v20

(4.8) Y a,—0 @—=) for k=(k,k,) fixed,
vy >kl,v2<k2

(4.8b) > 8,—0 (n—) for k fixed.
vl<k1,vz>k2

When we feel it necessary we will write a,,, = a,(,, »,)-

A sequence (S) = {S,} is said to be convergent to S if |S,|<M for
all n and S, — S as n—> 0. In this case, the above conditions on A4 are
necessary and sufficient for 4 to be a regular sequence-to-sequence transforma-
tion. As a remark, we point out that for n = (n,, n,) there are sequences for
which S, —S as n— and S, #O(1). Furthermore, there is such a
sequence such that S, — 0 as n— o but the C; mean of (S) tends to .
Thus the boundedness condition on (S) cannot be dispensed with.

Associated with A4 is a series-to-sequence method B = (b,,,) defined by

byy= 2 4, (n,v>0 are vectors).
w3y

From the conditions on 4 we see that

by —1  (n—>,v fixed),

b,, —0 (nfixed,v; — o or v, —> )

and if v >’ then b,, <b,,.
Suppose that B satisfies condition (4.5). By writing b,, as the sum
above and changing the order of summation (4.5) becomes

s v Lty e,

= ‘,mim _ e

49) <M.

Similarly (4.7) becomes

kytm-1  ky+mgy—1

D S S

= =y Mym = =

(4.102) lim sup

n—>e ky

=0

for each &, and
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(4.10b) lim sup Zl: Z L

=0
14

for each k,.

5. Convergence theorems. In the next two sections, we prove two conver-
gence results. The first of these shows that the method L} is Fourier-effective
at Lebesgue points for which the maximal function is bounded. The second is
that the method L} is restrictedly Fourier-effective almost everywhere provided a> 1.
For such a, the method L: is weaker than all two-dimensional Cesaro methods but
still stronger than L} [4, p. 257].

THEOREM S.1. Let t = 0 be a Lebesgue point for ¢.(t) at which the
maximal function of ¢.(f) is bounded. Then o,‘,,m(x, f)=o0() as n— o
uniformly in m, 0<m<n.

In the proof of this theorem, it will be convenient to use
wy(h) = " MR "2 19,0 - £l .

Since u,(h)— 0 as h — 0 and M¢,(0) <M <o it follows that |u, (h)| <
M < oo,

Let w be a nonnegative function of a single variable in L![0, 7]. By
using an integration by parts argument for each of the following integrals, one
can show

%f;w(t)dt+j w) Y - +8f w(t)%
5.1)
< p(u)+f5 oty & +28f (t)

where p(f) = (1/6)f§w(u) du. We will use (5.1) successively in the integrals
appearing below.
We have as a consequence of (2.3), (2.4) and (2.5) with

and

&B = (1 +1og 1/(1 — ¢ ))(1 +1og 1/(1 - 1)),
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Ig(’l '_: l) o'l""'(x"f)lgcfﬂoj:w”vml(tl ny.m (’2)@’ (), )= fx))ldt, dt,

-Cf l nzmz(tz)l{f Ky m (D] 18,(t10 22) = £ G0 dt,}dtz

< T 1 re, 5 ‘_iﬁ
cf o [Knpum (NG f oy, 1) dry + f ooty 1)

dt
U4 1

where w(ty, t,) = |¢,(¢,, ;) —f(x)l is integrable in ¢, for almost every t,.
One now applies (5.1) to the inner integrals and obtains a summation of three
terms. In each of these, the estimates (2.3), (2.4) and (2.5) are applied again for
variable t,. One finally obtains that |g(m/(n + l))a,','m (x, 1) is dominated by
a constant times

8,8,u(m, m) + 28182f u(ﬂ, tz) 2+ 81f u(m, t)) - 1,

dt, dt
+28,8, [ p(t,,n) +4aa,ff ut,, 2) -2
2

6.2 d,
+2ajf’ (t,,:,) —+a, u(tl,w)

] m 8
+ 1 + 2 s —_—
282.Iel .[82 Il(tp tz) 1, ’ J‘ (tl tz)

It is tedious to check all cases at this point. Instead, we pick terms from
the above, which we feel are exemplary enough, and show they are o(g(m/(n + 1)))
as n —> oo uniformly in m, 0 <m < n. We begin with

dt, dt,
16,8, =8,5, f 1)
1

First assume € > 0 is given and that §, and &, tend to zero. Choose
8 >0 such that, for 0<t¢, <& and 0 <t, <§,we have (from the hypothesis)
that u(t,, t,) <e. We break I(§,,8,) into four integrals. These four are
below with estimates.
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€ j — =e.
192
5y 2 J8; 13

11=5182f f “(tl’ 2)

2 =9 82! f u(ty, 2)dtl i

5
—<M(f>—>0 as 8, — 0.
dt, dt, 5,5,
I,=3 azjf y(tl,r,) : <M( ;2
2

—0 as 5,5, —0.

I4=8,62f61f:u(t4, b 5 <M(3) oo s —o
1 °2

Next assume that &, or &, does not tend to zero; for example, assume
8, remains bounded away from zero. Then

m . n,+1 L+1 n, +1
g<n+l)_ l-'-ognl-ml+l B, —m, +1

and 8, bounded away from zero implies the first factor in g(m/(n + 1)) tends
to infinity as n, —> >, However, I(§,, §,) <M. By using these remarks and
some of the estimates in integrals I, I,, I; and I, one sees I1(8,,8,) =
o(g(m/(n + 1))) as n—> oo uniformly in m, 0 <m <n for this case. Other
cases are similarly handled.

We consider one other example from the integrals in (5.2); namely,

=f8 J-Sz Ii(tp tz)d dt2

e, 4Ll

If both 6, and &, tend to zero then

r=ow 2113 S =o(s(55)

The case that 6, and &, do not both tend to zero is handled in a manner
similar to that for I8, 5,).

For future purposes, we remark that it can be easily seen from (5.2) that
there exists a constant C depending only on M, the bound for the maximal
function, such that lo,','m(x. HISC forall n and m with 0<Km<n

6. Convergence theorems (continuéd). In this section, we prove

THEOREM 6.1. Let fEL[0,2n]2 and &> 1. Then for almost every x, o ,,(x, f)
tends to zero as n tends restrictedly to infinity, uniformly inm, 0<m <n.
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One should note that restricted summability implies the usual restrictedness
relationships between n, and n, as well as a similar one for m;, and m,
while the converse is not true.

We will prove this convergence theorem by obtaining a maximal inequality.
Let o*(x, f) = sup {lo}; ,,,(x, )I: 0 < m < n, restricted}. This maximal function
depends on the constant of restrictedness, ¢, but we suppress this fact. We will
show there is a constant C independent of f€L and A >0 such that

6.1 [{o*Gx, £)> A < ClfIl, /A

In our proof, we obtain C = C(a) so that C(a) —> o as a —> 1. It is clear
that o ,,(x, f) is a linear operator on f for x fixed. We have

[’E‘Oﬁ,m(x, f-lim o (Cx, f)] < 20*(, f)

where the upper and lower limits are in the restricted sense. From Theorem 5.1,
we know that lim 0py m(, h) = lim op , (x, k) for a continuous function h.
For an € > 0 given we may write f=g + h where h is a continuous function
and ligll; <e. Let

Ay = {x:1m o, (x, f) — lim 0f ,,(x, £) > 1/k}
= {x: lim o2 ,,(x, &) = lim 0} ,,(%, £) > 1/k}
C {x: 20%(x, g) > 1/k}.
It is easily seen that the set for which convergence does not hold is contained in
U#x=14%- An application of (6.1) shows that |4, |< 2kCe. Since e is arbitrary

this shows |4;|= 0 and hence Theorem 6.1 follows from (6.1).
To obtain (6.1) we need

LeEMMA (6.2) (E. M. STEIN AND N. J. WEIss [7, p. 37]). Let g; be posi-
tive functions and suppose that, for each i=1,2,+++, |{g;> A} < 1/\. Sup-
pose ¢;>0 for i=1,2,°++ and Zc;=1. Then

I{Zc,g, > 7\} <22 +K)/\ where K = i ¢; log(1/c)).
i=1

We will also need

Lemma (6.3) [8, Vol. II, p. 310]. Let h(t) be positive functions and
strictly monotonic decreasing to zeroast — 0, fori=1,2. Let

hq(t ha (1)
726 = o i

l .
dh (Dhy () I -1y (0 _hz(,)lf(y)l dy: t> 0}.
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Then there exists a constant C such that, for fEL, 1{f*@x) > <CIfll, /A
where C is independent of f, \>0,and h,i=1,2.
If we put

Pn,mC ) = [of; (& + 0K, @)l dt,

1
’gm/(n + 1))

then we have Ia,, m@ PN <pp b, £)+ 1 fX) and (6.1) will follow from
(*Cx, ) = sup {Ip, G, F)l: n, m restricted})

6.1 {p*(x, £) > AH < CIfIl /N

To further simplify calculation, we only prove the theorem for the special
case n, =n, and m, =m,. With the notation e =(n, +m, +1)7!, 8 =
(n,—m, + )™, and Ifl=If(x, +t;, x, +t,)| and the estimates of (2.3),
(24) and (2.5) we have p, ,,,(x, f) is majorized by Cg~Y(m/(n + 1)) times

3 n=Lf i an s 1 a2 2 e B2
6 e
£y |f|—dt,+sff|f|"l rorf” fﬂmdtldtz
l

where the sum is arranged in an array to suggest the indexing for the summation.
We will use Lemma (6.3) with h,(f) = 2't, and h,(¢) = 2/t. The corres-
ponding maximal functions are

It x) = su f :f 2, 1fGe, + 8y, Xp + 1)l dt, dty.
-—€

2212]

We will also use the following sums of such maximal functions

Fi@) = £, Fipl) = i“‘gl IR, Fot)= 2T

Fyy) = g o), Fl)= ”Z“_l(ii)"’f:.'i(x), an(x)=‘§ kot
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F3,(x) = g 27 (), F300 = :g; 2750, Fy0)= il 2~ HfA).

i,j=

To apply Lemma 6.2, we agree to let the maximal functions in any one of
the above sums be reindexed and denoted by fX(x). It follows from Lemma
6.3 that each f* is subject to a weak type inequality with a weak type constant
C, which is the same for all f;*(x). Furthermore, we allow the numerical factors
to be reindexed and denoted by ;. Then any one of the nine expressions be-
comes an expression of the form Z2,a;f*(x) = f).

We now show that f satisfies a maximal inequality of type (6.1'). Let
& =1®ICIfl, a=Z2ZZ,0;, ¢;=aja for i=1,2,++ where C is the
universal weak type constant of Lemma 6.3. With these choices, the g; and
c; satisfy the hypotheses of Lemma 6.2. Hence

,{Zc,-g, > A}' < 2(K + 2)/A where K =(1/a)X a; In(a/a)).

It follows that

a, fF
s> M =[E% G > sl < S w2

With this remark, it remains to show that each of the expressions on the
right of (6.2) satisfies an inequality of the type

(63) IL0) < CF2 ().

Because of the tedious nature of this task we again choose to give a proof in two
exemplary cases. -
We do this first for I,,. Let L be the smallest integer such that 2L >
8/e. In this case, it follows that L2°g~'(m/(n + 1)) SC < forall n and m,
0<m <n. Then
1 s (5, 9t dt,
by =gt J S T 7

g(m/(n + 1)) i =1 Li‘l 2/ 1e L1

< S et ) < R
gmf(n + 1)) i j=1 b 22

We consider I,; as our second example. This time, let L be the smallest
integer for which 28 > n. Then
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4t dty

la3() = m.fafs oy
52 dtl -dl'—z
g(m/(n +1) 5% I z“‘sJ 715 ti 13

L
<cC . E l4-2-'2-ff,j',(x) < CF3(x).

Similar calculations give the remaining inequalities of (6.3). A finite “sum”
of weak type inequalities gives rise to a weak type inequality. In our case (6.1)
follows from the weak type inequalities for the F}(x).

A modification of the above argument gives the full restricted version. To
see a method for doing this one could follow the argument given for the C, case,
as done in [8, Vol. II, p. 311]. One should alsc compare Theorem 6.1 with the
result given there.

7. Characterization of monotone effective methods. In this section we will
prove

THEOREM 7.1. A two-dimensional monotone summability method A is
Fourier-effective if and only if A D LY.

In what follows we will see that for monotone methods F-effectiveness and
F, <ffectiveness are identical, thus we may speak of effectiveness without qualifica-
tion. The definition of monotone will be given shortly. Theorem 7.1 will follow
from Theorem 7.2.

In §5 we proved that LT is F, (and hence F() effective. It follows
trivially that if 4 DL} then A is effective. So we need only prove that if 4
is monotone and effective, then 4 D L7.

In this direction, we have already shown that if a nonnegative regular method
A is effective, then (4.9) holds. If, in addition, we have (4.6), then (4.10) holds.
It is easily seen that (4.9) implies (see [3, p. 248])

k=1 ky—1

k, k,
(71a) X X a, <l + log % > (l + log % > = 0(1),

vl=o u2=0

kl—l > kl v2+1
(71b) X X 4, (1 +log Py l+logm = 0(1),

Vl-'-"'o 92=k2
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CRL +1 K,
(7.10) > X a, (l + log—————,?l><l +logk2__v2> =0(1),

vy=k; v,=0

+1 v, +1 —oa
(7.1d) Z 3 a,,,,l+log——T—kl- l+log;l+l—_—k'; =0(1)

v =k, vy=ky

for n >0,k >1 and that (410a) implies

k=1 kp—1 k, k,
(7.22) sup > X a1 +logk 1 +Iogk ) =o(1),
2"V

ky V=0 v,=0

(7.20) sup E 2 g, (1+log 1 +logs—5—5 ) =0
v, =0 vy=k, 170 V2 2

Interchanging indices 1 and 2 will give conditions we call (7.2c) and (7.2d) which
follow from (4.10b).

A method A is monotone if A is regular, nonnegative and, with the
following notation

AIO

Gy =n(v,,v,) "%, +1,v,)
01, _
A anv_an(vl, vz)-an(vl,v2+l)’
11, _ - _
A anv_an(vl,vz) an(vl+l,u2) an(vl,vz+l)+an(vl+l,v2+l)’
we have
A'%,, <0 if 0<v, <v,(n),
(739) >0 if v,(m)<v,,
0lg,, <0 if 0<v, <v,(n),
(7.3v) 20 if v,(n) <v,,
Allg,, >0 if 0<v<uv(n) or v>u(n),
(7.3¢) ,

<0 otherwise,

where »(n) is a function of n specified for 4. All methods 4 formed by
taking the product of two one-dimensional monotone methods are monotone; for
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example, all Cesdro methods with positive order are monotone.
Assuming g is defined on [0, 1)%, we define h(v; k) = h(v,, v,; k,, k)
by

4 v .
5(3); 0<»<Kk,
v, k|
g k—l’_v2+‘l ;3 0=y, <k, Kk <v,,

hw; k) = <
ky v\
g(v1+1’k2>’ ky <v,,0<p, <k,

E_\.
g(v+l)’ v>k,

~

forall v20 and k>1.

THEOREM 7.2. Suppose g(t) t as tt (using the order defined in §2),
t€[0,1)% and A is monotone. Suppose that

.4) 2 anh vn) + 1) = 0(1),

(7.53) lim sup i a,,h(v; k) =0 foreach v, k,,

(7.5b) lim s’l‘? i a,,h(v; k) =0 for each »,, k,,
no= vl=o .

(7.6) I*@ = v@E)A h@; v(n) + DI = 0(1),

(7.72) @, = v,@)A°h@v,, 0; v(n) + 1)l = O(1),
(7.70) 1@, = v,()A° A0, v,; v(n) + DI = O(1),

then A D [g].
Note that for

1 1 =
8w,,v,)) = <l+l°gl-v><l+l°gl-v2> and k=u(n) +1,

1

(74) is (7.1), and (7.5) follows from (7.2). Furthermore (7.6) and (7.7) follow
from the definition of g. For example, if » <»(n) then
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A h(; v(n) + 1)| = ,All‘g'(-an_;’—-l-_l)I

v,(n)—v, o vy(n) = v,
vin)+1-v, 8 vo(n) +1-v,

= |log

J-vl(n)+ 1-vy dt vy(n)+1-v, t_i_t 1 . 1

Thus, in order to show that Theorem 7.1 follows from Theorem 7.2, we need
only prove
LemMA 7.1. If A is monotone and satisfies (7.1a), then [. Ts 1b,()ldt >0

as n-—>ox,

Here, T; and b, are as in Theorem 4.1.

PrROOF. Since A is nonnegative and regular we may apply summation by
parts twice to obtain (compare [3, p. 239, formula just below (3.5)] and [8,
Vol. I, p. 183, (1.7)])

b,()= X @, + 1), + DAq, K ()
v>0

where K,(#) is the two-dimensional Fejér kernel. Fix ¢, and ¢, >0. By a
standard estimate on K(f), we obtain

15,0 < 5= Z lattq,, |

1 2 v>
C v(n)—1 ”1(”)— o
= Allg Allg
t%t% [p; = vlz-—-o vz=zv:2(n) "

. v (n)—l
- Z Z A“anv'l' E Ally ey

vi=vi(n) vy=0 v=p(n)

since A is monotone. But each term in the brackets tends to zero as n —> oo,
Consider, for example, the first term. We have

v(n)-1 1
;o A" apy = 8p0 =8y, (n); 0) ~n(0, v3(m) T Inv(n)s
and the regularity of A implies that the first three terms on the right tend to
zero. If either »,(n) or vy(n) is bounded, then a,,(,)—>0 as n—> o
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also by the regularity of 4. If »,(n) and »,(n) both tend to infinity as
n — oo, then by (7.1a),

a,,,,(,,)(l +log(v;(n) + D)1 +log (v,(n) + 1))

is bounded and it follows that a,,,(,) — 0. That a,,(,) —>0 as n—>
for a general »(n) follows from these two special cases.

Therefore, lim,,_, ., 1b,(t)] = O for each ¢,, ¢, > 0. By (4.1), |b,]| is
essentially bounded on T and an application of the bounded convergence
theorem gives the result.

PROOF OF THEOREM 7.2. Suppose (f) € [g]; that is,

1 1 - =
78 o T D) T+ 1o men 070
as n — o uniformly for 0 <m < n, where by o(1) we will mean, through-
out this section, a function which is bounded and tends to O as »n tends to
infinity. One should compare this to the final remark of §5. It will be con-
venient to extend the definition of g to all of [0, *)? by

0 if either x =1 or y =1,
gll/x,y) if x>1,y<1,
g, 1fy) if x<1,y>1,
gl/x, 1fy) if x> 1,y>1.

&k, y) =

Let s, =1,—1t for »=>0 and zero otherwise, S,,,. = Z,.¢,, Sp» Op =

(*(n +1))7'S,, and define Sy, =S, =S, x, =Sk, v, + Sk Thus
f
> s, @m<n)
m<v<n
> s @>n),
n<v<m
my ny
Sh=4- X > s (my>n,my<ny),
vl=nl+l u2=m2+l
n ma
- X > s, (m<n,m>ny),
vl=ml+l va=ny+1
LO otherwise. 4




ORDER SUMMABILITY OF MULTIPLE FOURIER SERIES 239

Further, if we define

n 1
(m, n) = Sm %m — mlgten + Dita + 1)

0 otherwise,

(m, #n,,m, #n,),

and j, = max(my, n,), j, = max(my, n,), i; =min(m,,n,), i, =min(m,, n,),
then (7.8) can be rewritten as

7.9 sup 7(m, n) =o(1) as j—>oo.
-1<i<j
Summing by parts gives
ml .
O<Z<: 8nySy = Splp msq + Zo Svl,mzAloau(vl, m,+1)
yem Pl=
my
o1 11
+ vzz=:o Sm l’"2A an(ml +1 "’2) + o<§<m SDA a4y

A short calculation shows that this formula can, for a given &, be expanded to

my
°<vz<m apySy = (S "Sk)an,m+ 1 vléo(svl ooy -Svl,kz)Aloan(vl,mz-n)

ma
+ Zo (Sm 1,92 —Skl,vz)Aman(ml+l,v2)
92=

(7.10)

my
+ sallg + 3 (S -5,)A%
0<§<m k ny le;O vyskg k. n(vy,0)

ma
+ 20 (Sk l,l’z -Sk)AOIa}l(o,02) +Skan0’
l’z=

We first show that for fixed n and % the first three terms of (7.10) tend to
0 as m—> o, Because A is monotone one can show that (m, + 1)m, + )a,, ,,, 4
—*0. Thus S,a, ,,,+, =(m, + )m, + Do,,a, 4 —>0 as m —>° and it
follows that the first term of (7.10) tends to zero as m tends to infinity.
Using (7.9) we have that the second term of (7.10) is, for large m, equal to
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my ‘ ky, +1 10

Zo (=1, kp; vy, mp)@y +1)m; = k,|g| 0, my +1 1A my )]
l’l=

’ vl(n)-l

=0()my + )| X @)+ D@n,+1,mip41) "n(ey,my+1))

vl=0
my

- ; e 1"'1)(“n(v,+1, my+1) ~ an(ul,mz-l-l))
vl—vl(n)

—0(1)("13+1)[2”1(")“n(v,(n),m2+1)"‘ Z )an(l’pmz‘l'l)

vl-—vl(
v;(n)-1
- Eo an(vl,m2+l)_(ml+l)an,m+l
”l=

and (m, + 1) times each of the terms in brackets tends to zero as m —> .
Consider, for example, the second term. We have

my

2> Gn,, < Z 2=V
S O S

Vo4 forall large p because 4 is monotone,and 2 V, exists since 4
is regular. It follows that PV, —>0 as p—> oo,

Similarly it can be shown that the third term of (7.10) tends to zero as
m —> oo,

We now have justified writing

Eo @Sy = Z S:':’A"%v + vz_o s, viky Sk)Aman(vl,O) ‘

(7.11)

+ Zo (Sklvz Sk)A n(0, v,) + Skano
Vz—

and to complete the proof we must show that, for a choice of k depending on
n, each of these terms is o(1) as n —> o, We will show how this follows from
the conditions below.

(7.12) )

v>0

0 - voe( ) Al =
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- v, +1
(7.132) (v,(n) +1) Z—o v, - v,(n))g( W+’ 0>Aloan(vl,0) = 0(1),
Vl-
- +1
(1) 0+ S fes=r (025 1) 8%, 0| = 00
02— .

(7.149) *w(n) + 1)a,,, = 0(1),

- v, +1 u
(7.15a) "h_{llvléo Ivl(n)-vllg(m';‘i ,0> |AYg, |=0 foreach v,,

(7.15b) ’EI_I&”E__ v, () - vzk( >|Alla,,,,l =0 foreach v,.
5=0

v,(n)+1

We see this first for the case ¥(n) — o°. Let k = v(n). Then the first
term of (7.11) is majorized by

)

v>0

0, )0 - ve)s (5L ) alta,

which is o(1) by (7.9) and (7.12). The second term of (7.11) is majorized by

- 1
@+ D 2 ey, =10, - "1(”))g<,( )+1° (>Aloan(vl,0)

”l=°

which is o(1) by (7.9) and (7.13a). Similarly, the third term of (7.11) is o(1)
by conditions (7.9) and (7.13b). Finally, the last term of (7.11) is o(1) because
of (7.9) and (7.14).

Next suppose that v,(n) — o while »,(n) = O(1), as n —> <. For
this case let &, =»,(n) and k, =—1. Then S,  _, =0 in (7.11) and we
obtain

(7'16) v2>:o @S E (v, (n), -I)Auanv + Z S(vl(n), vz)AOIan(o,vz)’
”2—_-0
The second term of (7.16) is majorized by

(7.17) (vl(n) + l) z (1’2 + l)la(yl(n) vz)A an(o l’z)l

vz—
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Choose €>0. Choose M such that », >M and v, > M implies o, < /2P
where

P= sup(vl(n) +1) Z ¥, + DIA° “n(o,v2)|

l’2—o
<sup(y() + 1) > Iry =@l ¢ 1A%, , |
l’z—o
vl(") ©o
+ sup Z E @, (0) + DIA ", , ol <™

by (7.13b) and the regularity of 4. Hence, if v,(n) > M, then (7.17) is major-
ized by

-+ (vl(n) + l) 2 (”z + l)la(vl(n) vz)A

l’z— (O,Pz)l
v um
<2+cz > 1A%, 1<e
V=0 v,=0

for all sufficiently large n, by the regularity and monotonicity of A.
The first term of (7.16) is majorized by

 H1
Z 0,(0), — 1;9), + D, () - vllg( T >|Aua”|

+1
<CZ Z vy(m) - ”1'8( m+1 0>|All |'|' <e

I’z_o Pl-o

for all sufficiently large n by (7.9), (7.12) and (7.15a).
The case in which »,(n) = O(1) and v,(n) — > as n —> o is handled
in a manner similar to the previous case.

Finally, we treat the case in which »(n) = O(1) as n —> oo, In this case,
we write '

2 a8, = 3 SAYe,, = 3 0,0+ Dalla,,

v=0 v>0 v>0

M oo M
+ Y X + X ¥ =I+n+I
va(M+1,M+1) V=0 vy=M+1 V=0 »=0
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It follows from (7.12) and the fact that o, — 0 that [I| <e if M is large
enough. Furthermore,

II=0(1) § > @, + DiAlg, | =0(1) by (7.15b).
V=0 vy=0

Similarly III = o(1).

The proof that (7.11) tends to zero for an arbitrary sequence »(n) follows
by combining the arguments for the above special cases.

We will complete the proof of Theorem (7.2) by showing that the condi-
tions (7.12)—(7.15) hold. Consider first (7.15a). A calculation shows (see the
proof of [4, Theorem 1.2, p. 247]) that the summation in (7.15a) is majorized by

vi(n) v
o1 1 01
v,z-:-—-o A a,,,,lg(v W+l ,0) + (v,(n) + 1g(0)|A a,,(o,,,z)l
vy(n)-1 v, v, +1
+ 1 -1 - <[ AO1
v?;o @) -v)le <yl() +1°> <vl(n) +l,o>| 1a%,,,]

d v,(n)+1
+ X lA°‘a,,,,lg<‘lvl—+l, 0)

vy=v(n)+1

e +1 +1
+ P |A% a,,l(v, -1- vl(n))|g< :’(’21 ’0> _g<l’1(v"1) ,0>|.

vy=vi(n)+2

The first and fourth terms combined are less than or equal to

sup Z @y (,,l’,,z_,,l))h(v;kl,O)
ky v;=0

which tends to zero by (7.5b). In view of (7.7a), the other terms also tend to
zero. Similarly (7.15b) holds.

For (7.14) we have *((n) + 1)a,o < Z.00" a,, = O(1) by the regular-
ity of A.

A calculation like the one done above for (7.15a) will lead to an estimate
on the product in (7.13a) whose terms can be bounded by (7.4) and (7.7a). A
similar calculation will bound (7.13b) using (7.4) and (7.7b).

We divide the summation in (7.12) into four parts using the point »(n).
For the first of these we have
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> *(v-v(n»g( L) At

o<v<v(n) v(n) + 1

vy (n)—-1 v,(n)

_ v(n) v _ v
- uz=:o a,,,,g(v(n) + 1) * v,2=o »E';‘o @1 (7) vl)Alog(”(") + l)

vy(n) vy(n)-1

+ - o1 v
Z, Z, G0 ()
+"5 s - v)a, a1 (—2
=5 nv g(v(n) + 1)
P11 v +1 v,
*E, mson o vl o)

.'."2(")"l _ v, +1 v,
Z, e 605555 )
+ @, (n) + D)w,(n) + 1)a,,200).

In this expression, the first term is bounded by (7.4), the second and third are
negative, the fourth term is bounded by (7.6), the fifth and sixth terms are
bounded because of (7.7) and the seventh can be bounded by (7.4). The other
three parts of the summation in (7.12) are treated in a similar manner.

This completes the proof of Theorem 7.2.

8. Localization for the method L}. Let &() = (1 + [¢[)log(1 + [¢]) — Iz,
where ¢ is a real number, and let ¥(f) = e'?! = |¢| = 1. It is easy to see that
these functions are mutually complementary N-functions [1, p. 14]. We will be
interested in the Orlicz spaces L§(7?) and L¥(T?). The space L3 =L log" L.
The space L% is commonly called the space of exponentially integrable functions
and is the space of functions f for which there exists a constant ¥ > 0 such
that [.q exp (kf(x)) dx < ee.

We say that a method [g] has the localization property for the space S
if f€ES and f(x)=0 for |x| <p,p>0,imply that S, (x, f)— O[g] uni-
formly for |x| < p' <p.

THEOREM 8.1. Square order summability LT has the localization property
for the space LY.

PROOF. Let ¢ be a continuous function on T¢ such that ¢(t) =0 if
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t1<p and ¢(@)=1 if [¢]| >6, t€ 719 where p and & are suchthat 0<p<8§<
n. Welet n or m denote either mtegers or d-tuples with every entry equal to n
or m. We will prove that, with X, ,,(x) =g~ '(m/(n + D)X, ,*),

8.1) sup {lo}, ,,x, 1)1 1x1 < p', 0 <m <n} <Alflly

where 0 <p' <p. The usual argument using a dense classin Ly and (8.1)
yields the theorem. To begin, note that an application of Holder’s inequality for
Orlicz spaces yields

102, Gy 81 < llgGe + 1)K, (g * Ifllg, /7.
By [1, p. 222(20)]

loGe + K, Ollp <1+ [ [ 4 B0+ R, (D).

Let 7= (p —p')\/d. Note that |xf<p and |f| <p—p' implies Ix +1 <p
and that [f|<p—p' if It/ <n forall i=1,2,+++,d. Thus ¢(x +#)=0
if |t <n and Ix| <p. It follows that

f | P06 + R, @) dt <C f ;’ coo f ;’f;’ &, ,,®) dt

< c(l A [T 2T R m(Oll0g* Ky, 0 dt).

The last inequality follows from the fact that ®(z) <t log*¢ if > 10. Since
log* juvl <log* lul + log* lu] we obtain

fo fo f (t)|1°8+|K m®l dt

f" [ofr 1Ry m(O)llog* K, ()l dt

Rom@ = (1 +108(5225)) Kt

By using the estimates (2.3), (2.4) and (2.5) and the notation a= (n + 1 + m)~!
and =@ +1-m)~! and splitting the integral f§ into three parts [§ =
S5 + S8 + J7, it is easily seen that

o K mtdldy<C

8.2)

where

for all i. Furthermore, by (2.5)
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_[ ;’ R, ()l dt; < CB(1 + log f(n + 1))~ < C(log(n + 1))~ *

and
ﬂ; l’?n,m(l‘j)llog'* Z,,'m(t,)l dy<C

This shows that (8.2) is majorized by

83) C(log (n + 1)~ ! f : K, @llog* K, (O] dt + C.
Again, using (2.3), (2.4) and (2.5), we obtain

[ R, mllog* R, (0 dt

—1
<¢ (1 + log (ﬁ%‘i—m')) [f ® oot Ao~ tar + [° logtart &

_2.d
+f:ﬁ"log"'(ﬁ'lAt 2)t—2‘]

n+1 \- +1

1 n
n+l-m) [l+log(n+l)+logn+l

e +log(n + l)].

<C<l+log

This estimate combined with (8.3) gives (8.1).
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