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ABSTRACT. A construction of Lie algebras by means of special unital
representations of Jordan algebras on a certain kind of triple systems is given
which generalizes the construction due to Freudenthal, Faulkner and Koecher.

Introduction. A common feature of all the Lie algebras obtained by either
the Freudenthal, Faulkner or Koecher construction (cf. [4], [3], [7] resp.)is
that there is an X in any such algebra € such that the eigenvalues of ad X
are contained in the set {0, +1, £%} (cf. [3], [4], [7]). Moreover, the direct
sum of the +1 and —% eigenspace turns out to be a triple system (a vector
space together with a trilinear inner composition) such that € decomposes as
the vector space direct sum R(S) D T ® T where (S) is a subalgebra of
the Lie algebra of all linear transformations on $ and $ is another copy of
$. If Q is obtained by the Koecher construction, the 3% eigenspaces are
{0}; if Q is obtained by the method of Faulkner, the *1 eigenspaces are one
dimensional. Consulting a table of roots of the simple Lie algebras over an alge-
braically closed field of characteristic zero one finds that each such Lie algebra
contains an element X such that the eigenspaces of ad X do not satisfy the
above dimension restrictions. This is the point where the present paper starts.

In §1, we define an anticommutative algebra structure on the vector space
N(S)D S ® T where $ is a certain triple system, § another copy of $
and N(g) aLie algebra of linear transformations of . Assuming the Jacobi
identity to be satisfied we deduce a set of identities which describes T by a
Jordan sub triple system % (see [7] or [8] for definition) and a certain triple
system 8B, a special representation ¢ of the Jordan triple system  on the
underlying vector space of B and a bilinear mapping from B x B to ¥
(f is not needed if o is faithful). We restrict ourselves to the case where ¥ is
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80 W. HEIN

a Jordan algebra with unit element. Then § isthe +1 and B isthe —%
eigenspace of ad X with suitable X in R(%).

In §2, we start with a situation ¥, o, f, B which satisfies certain axioms
and make the vector space direct sum § = { @ B a triple system such that the
construction of §1, yields a Lie algebra 2(%).

We investigate the ideals of § and (%) in §3 and give conditions for
¢ and 2(S) to be simple.

In §4, we give a set of examples which provide Lie algebras of type B, C,
and D.

Using symplectic representations of Jordan algebras and Lie algebras we con-
struct in §5 triple systems as considered in §2, such that Lie algebras of type
G,, F, and Eg are obtained, the latter two types by means of spin representa-
tions of Clifford algebras.

Note. After the present paper had been completed, the author was referred
by J. R. Faulkner to a paper of I. L. Kantor in Soviet Math. Dokl. 14 (1973), pp.
254258, who gives a construction which is related to that given in the present
paper.

According to the referee, another related paper is A construction of Lie
algebras from S-ternary algebras, by B. N. Allison, which will appear in Amer. J.
Math.

1. A class of anticommutative algebras.

1.1. Let A, B be vector spaces over a field of characteristic not two,
A #{0}. Suppose that on the direct sum T=A4 @© B a trilinear inner compo-
sition (u, v, w) F=>(uvw) is defined satisfying

(TTAYCA, (TTB)CB,
(ABT) =(BAT)={0},

O

and that there is an element e #0 in A4 such that
() (abe) + (bae) =0

for all a, b €B.

Let § denote the triple system (7, ¢ )) and %(T) the Lie algebra of
linear transformations on § which is generated by the transformations L (, v),
where L(u, v) is defined for u, v € § by L(u, v)w := wuw),
weS.

Let A, B be other copiesof A and B resp.andlet x X, a —>a
be isomorphisms of A onto 4 and B onto B resp.

In order to construct ap anticommutative algebra, we define, using an
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involution N — N* of the Lie algebra R($), a composition on the vector
space direct sum %(3) DA GA OB OB by

NN +x+y7+a+5] :=[N,N'] +Nx - N* + Na = N*b,
[x,y +z +a+b] :=2L(x, z) - 2{xea),
3 [x,7 +a+b] := —2(xeb),
[a,b +c] := L@, c) + {abe)»
[g, b] :=—{abe)>

for N,N' €R(),x,y,2E€EA and a, b, c €B. The remaining products are
then defined by anticommutativity, which makes sense because of (2). We denote
this algebra by 2(§, *). Put Ly :=R(S),L, :=4,L_, :=4,L_,, :=B and
Ly, :=B. Then(1)and (2)yield [L,,L,] CL,,, for »,u=0,t1,+%
(it being understood that L, , = {0} if v+ u is different from 0,+1 and
t 1),

1.2. Obviously, the anticommutative algebra just defined is a Lie algebra if
and only if the Jacobi identity

JX, Y,2):=[X [V, Z]] + [V, [Z, X]] + [Z, [X, Y]] =0

is satisfied for all X, Y, Z € 8, *). Since R(S) isa Lie algeﬁra, JWN,,N,,N;)
= 0 holds for N; € NS). Since N> N* is an involution, JWV,, N,, X)
=0 holds for N; € %(S) and X € (S, *). Using the fact that the mapping
J is alternating, a simple computation shows that Q(S, *) is a Lie algebra if
and only if the following identities are satisfied forall N € R(), u, v €S,
x,,2€A and q, b, c €EB:

@@ [V, L(u, v)] = LNy, v) — L, N*v),

) (xyz)=(zyx)s

(c) (abc) = (cba) — 2{{aceeb)>

(d) (xya)= — 2(ye(xea))

(e) (abx) = — 2{{xea)be)>

(f) N¥xea) + ((Nx)ea) + (xe(Na)) = 0,

(8) N™abe) + {(Na)be) + (a(Nb)e) =0,

(h) L(x, {abe)) + L(a, {xeb)) — L(b, {xea)) = 0,

@ Lex, »)'z =Lk, 2)",

(&) L(a, b)*c = L(a, ¢)*b + 2((bce)ea)s

(M) Lx, y)*a = — 2{xe(yea))

(m) L(a, b)*x = 2{(xeb)ae)s

(n) L({abe), x) + L({xea), b) — L({xeb)}, a) = 0.

1.3. In view of the next section we remark )
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a. If L(x,)*=L(y, x) and L(a, b)* =—-L(b, @) hold for x,y €A
and g, b € B, the identities (i)—(n) follow from the former ones.

b. Suppose L(x,y)* = L(y, x) holds for all x,y €4 and (a)—(h) are
satisfied. Then (a) and (b) imply that A together with the composition {(xyz)
is a Jordan triple system (cf. [8]). From (d) and (f) one concludes immediately
that

({xyz)ea) = 2((xe{yelzea))) + (ze{yel{xea))))

for x,y,z€A and a €B. With o(x) := — 2L(x, €) 5, x € A, this can be
rewritten as

o({xyz)) = % (0(x)o(»)0(2) + 0(z)a(»)o(x))

which means that o is a special representation of the Jordan triple system

(4, { ). If the characteristic of the groundfield is not three, then A4 is a Jordan
algebra under the composition x » y = (xey) (cf. [8, p. 70]) and ¢ isa

special representation of this Jordan algebra. If in addition (eex) = x for all

x €A (that means e is the unit element of (4, *)), then (a) yields

(0] (xyz) = (xp)z + x(yz) — y(xz)

for x, y, z € A.
c. Suppose B = {0}. Then (1) is satisfied and (2) holds for all e € 4.
The composition rule can now be written as

[V, N+x+75] =[N,N'] + Nx - N,
[x, y + 2] =2L(x, 2),
[x.y] =0
for N, N' € %) and x,y, z € A. Thus, in the case where L(x, y)* =
L(y, x) for x,y €A our construction is the same as that given by Meyberg
in [8]. If in addition A is a Jordan algebra under the composition x « y =

(xey) with unit element e we observe, using (4), that our construction is
identical with the Koecher construction (cf. [6]).

2. A class of triple systems. In this section we shall be interested in those
triple systems used in §1 to construct the anticommutative algebra (S, *). We
restrict ourselves to the case where 4 with the multiplication x « y =
(xey) is a Jordan algebra with unit element e (see 1.3b). We describe the
triple system & in terms of a Jordan algebra ¥, a certain kind of triple system
8, a special unital representation ¢ of g on the underlying vector space of B
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and a skew symmetric bilinear mapping from 8 x B to g by a system of axioms,
which guarantee that with a suitable involution * of the Lie algebra %(S) of
endomorphisms of $ generated by the linear mappings w > (uuvw) the alge-
bra Q(S,*) is a Lie algebra.

2.1. Let U be a Jordan algebra w1th unit element e # 0 over a field F
of characteristic not two and o a special unital representation of ¥ on the vec-
tor space B over F, that means a F-linear mapping from A4 to End,(B) satis-
fying

0(y)=% (0(x)o(») + 0(y)o(x))
and
g(e) =idg
for all x,y €Y. We denote o(x)a by x . a.
Let f be a skew symmetric bilinear mapping from B x B to ¥ such that

(F) zxf(a’b)=f(x'aob)+f(aox’b)
holds forall x € ¢ and 4, b €B.
Finally, we require a trilinear inner composition (g, b, ¢) > {abc) =
L(a, b)c to be given on B making B a triple system denoted by B satisfying
the following two axioms for all 4, b, ¢, d €B:
(L1) [L(a, b), L(c, d)] = L(L(a, b)c, d) + L(c, L(b, a)d),
L2) {abc) —{cba) = {cab) — {ach).

A situation - [, o, f, B which has the above properties is called admissible if the
following relations hold forall x € Y and a4, b,c, d €B:

v1) [o(x), L@@, b)] = L(x - a, b) - L@, * . b),
(V2) L(a, b) = L(b, a) = o(f (@ b)),
wv3) f(abe), d) + f(c, {abd)) = f(a, f(c, d) . b).

22. REMARK. We consider the case where ¥ = Fe is the one-dimensional
Jordan algebra over F. If o is any special unital representation of ¥ on the
vector space B, we have o(te)a =%a forall §EF and a € B. The skew
symmetric bilinear mappings f: B x B +— U with (F) are exactly the skew
symmetric bilinear forms on B. ‘

Now, let ((B, D), B) be a Freudenthal triple system in the sense of [9,

§1, (1)—(4)] and let ((B, R), ) be a Faulkner triple system (cf. [3] for defini-
tion). Put’

f(@, b) :=P(@a, b)e and <{abc) := — 2 D(a, b)c + % P(a, b)c
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for a, b, c € B. Then with I and o as above we get an admissible situation
U, 0, f, (B, { )). Moreover, if a, b,c €B then

{abc) = R(a, b)c — B(a, c)b + B(c, ba.

23. ExamrLE 1. Let U, 0, B be a special unital representation of the
Jordan algebra ¥ on the vector space B which satisfies o(x)a(y) = o(y)a(x)
forall x,y €U. Let f: B x B — ¥ be a skew symmetric bilinear mapping
such that (F) and f(x .a, b)=f(a, x . b) hold forall x € ¥ and 4, b €B.
Then with the triple system B defined by

{abc) =% (f@ b).c—f(b,c).a+f(ca).b),

we get an admissible situation ¥, o, f, 8. If ¥ is one dimensional, this is
exactly Example 1 in [3].

ExAMPLE 2. Let B be a skew symmetric bilinear form on the vector space
B and U the Jordan algebra of symplectic symmetric endomorphisms of B, i.e.

U= {X € End; (B); f(Xa, b) = f(a, Xb) for a, b € B}

with multiplication X « Y = %(XY + YX). Define a special unital representa-
tion 0 of ¥ by 0(X)a :=Xa for XE€ U and a € B, and define for each
pair (g, b) of elements of B an endomorphism of B by f(a, b)c := f(a, c)b -
B(b, ¢)a. It is immediate that f(q, b) isin ¥ for all g, b € B, and an easy
computation shows that the triple system B, defined by (abc) := B(c, a)b for

a, b, c € Bmakes U, 0, f, B an admissible situation. We remark that this
example is a special case of the example considered in §4.

2.4. Given an admissible situation ¥, o, f, B, we make the vector space
direct sum of ¥ and B a triple system, denoted by £, which satisfies (1) and
(2). For x,y,z€ Y and a, b, c €B we put (xyzlyq = (xy)z +x(yz) -
y(xz), denote by ( )y the composition on B and define

(xy@z +0)):=(xp2)y =%y . (x . a),
) (ab(z + ¢)) := = f(z - a, b) + {abc)y>

{(xb(z +c¢c)) :={ay(z +¢c)):=0

for x,y,z€ Wand a, b, c €B. Clearly (1) and (2) are satisfied and with
L(x) := L(x, ), x € W, where L(u, v)w := (uvw) for u, v, w € I, we obtain
Lx)y=xy and L(x)a=—-%x .a for x,y € ¥ and a €B. Moreover,

(6) L(x, y) = Lxy) + [LG), L)),
)] L(a, b) — L(b, a) == 2L(f(a, b))
for x, y€E Y and 4, b €8.
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Next we define a bilinear mapping D: § x § > Endg($) by

D(x, y) =% (L(x, ) — L(y, X)),
®) D(a, b) := — %(L(a, b) + L(b, a)),
D(x, a) :=D(a, x) :=0
for x, y € ¥ and a, b € B. Using (6) and (7) we obtain
©) L(x, y) = L(xy) + D(x, »),
(10) L(a, b) = — L(f(a, b)) — D(a, b)

for x,y € ¥ and g, b €8B. Hence L(Z,T) is the vector space sum of L(2)
and D(S $). This sum is direct since D(x +a,y +b)e=0 forall x,y€ U
and @, b €8. Therefore we may define for x € ¥ and D € D(S, )

(11) (L(x) + D)* := L(x)-D

to get an involutorial vector space automorphism * of L(S, ). Note that
(12) Lex, »)* = L(y, %),

13) L(a, b)* = - L(b, a)

forall x,y € ¥ and 4, b €B. Hence 1.3, a—c apply. In order to show
that * is an antiautomorphism of the Lie algebra % (S), we verify

(14) [N, L@, v)] = LNy, v) - L, N*v)

for NER(Z) and u, v €S. From this identity it is clear that the vector space
L(S,%) is closed under the bracket multiplication, hence () = L(g, ), and
an easy computation shows that (14) implies [N,, N,] *= [N," , Nl* ] for
N,€ELE,S). Now, (14) is an immediate consequence of the following three
identities which we shall now prove (for the cases u, v €4 applied to 4 and
u, v E B applied to B, first look at N = L(a, b) and then at N = L(x)):

(15) N*f(a, b) + f(Na, b) + f(a, Nb) =0,
(16) N*x.a)+(Nx) .a+x . (WNa)=0,
a7 —2L(x, f@ b))=L@ x.b)—L(, x . a)

for NEL(S,%) and 4, b EB.

To verify (15) it is enough to consider the cases where N = L(x, y) and
N=1L(@,b) for x,y €U and a, b €B. The latter case follows from
L, a)f(c, d) =f(@, f(c, d) . b),a, b, ¢, d €B, which is immediate from (5) and
(V3). It is clear from (6) that (15) holds for N = L(x, y) if it holds for N =
L(x), but this is what (F) says.
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Since o is s special representation of ¥, (16) is satisfied for N = L(x),
x € Y. It remains to show (16) for N € D(Z,$). With 20(x) := — o(x) we
have

[[0&), (], 0()] = 0 (x(y2) ~y(xz)) for x,y,z€ Y
which implies (16) for N = D(x, y). Axiom (V1) yields x . {(abc) —{ab(x * c))
=((x.a)bc)—{a(x . b)c) for x € Y and q, b, c €B. Interchanging & and
b implies
x . {bac) —(ba(x . c)) ={(x . b)ac) —{b(x . a)c).

Adding the last two identities and using (7) and (8), we get the desired result.

Since (abx)=—f(x . a,b) for x€ Y and a, b € B (see (5)), it follows
from (F), (6) and (8) that (17) holds when applied to x € 2. Combining (7),
(V1), (V2) and (16) we get

{a(x . b)c) = (b(x . a)c) ={a(x . b)c)—{(x . a)bc) + f(x .a, D) . c

=—x.{abc) +{ab(x . )+ f(x .a,b).c
==x.{abc) +(ba(x.c))—f(b,a) . (x.c)+f(x.a b).c
=(abx).c+f@bd.(x.c)+f(x.abd):c

= — 2(xf(a, b)c)
for x € U and g, b, c €B. This completes the proof of (15)—(17).

We note that (14) implies D(F, <) = Inder(S), where Inder($) is the Lie
algebra of those endomorphisms D € L(S, $), for which D{uvw) = ((Du)vw) +
(u(Dv)w) + {uv(Dw)) holds for all u,v, w € T, the so-called inner derivations
of the triple system $.

The triple system S and the involution * of the Lie algebra L(S,$)
defined in the present section lead to the anticommutative algebra 2(S, *) con-
structed in §1.1. We observe

THEOREM 1. &(S, *) is a Lie algebra.

ProoOF. Following remark 1.3a, we must verify the identities (a)—(h)
of §1.1. Now, (b) is immediate from the definition of ( )y. Identity (a) is
equivalent to (14), and (c) follows from (7), whereas (d) and (e) are special cases
of definition (5). Finally, (f), (g) and (h) are equivalent to (16), (15) and (17)
resp. .

If § is the triple system constructed as above from an admissible situation
and * is the involution defined by (11), we write (%) for the Lie algebra
2@, *).

3. Idealsin $ and Q(S). Let B be a triple system over a field of
char # 3 (and # 2) and a a subspace of 8. We call a anideal of B if
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(BBa) Ca, (VaB) C a and (aBB) Ca. We call the triple system § simple if
(BBB) # {0} and B has no ideals different from {0} and 8.

For the present section we fix an admissible situation %, o, f, B and de-
note the corresponding triple system constructed as in §2.4 by €.

3.1. With each ideal t of § there are associated two ideals of the Lie
algebra L(S, T), namely

n, = L(S:t) + L(£,3)
and
m= {NELES, I M) C t and N*g)Ct}.

Obviously the inclusion ny C my holds and a simple computation shows that, if
b is any ideal of L(S,%), the vector space direct sum [ =) @t ® T isan
ideal of (%) if and only if

(18) n, C 5C my-

We define the projections R, S and § of () onto the subspaces L(S, S),
% and $ resp., and the projections P and Q of $ onto the subspaces ¥ and
B of $ resp. by

RX):=N, SX):=u, SX):=71;
P(u) =X, Q(u) =a

whenever X=N+u+0 and u=x+a, NEL(F,T),x € U and a €B.

If a isany ideal of Q(S) and t is any ideal of §, then R(0), S(0), S(a),
P(t) and Q(t) are ideals of L(S,%),S, S, U, B resp. Foreach u=x+a€
t we have L(e)u — u = — (3/2)a, which implies a €t,hence u —a=x €t.
It follows that

(19) t=P(t) ® 01)

for any ideal t of $.

If a isany ideal in Q(5) and X=N+u+9 €q,u=x+aqv=y+b,
then [e, [e, X]] = — 2y and [, [¢, X]]= — 2x imply x, y € a. Moreover,
[Le),X] =x—%a-y +%bE ayilds w:=a—-b €a. Since [e, w] =
— 2z and [e, w] = 2b, we have a, b €a. Finally we have N € a since N =
X—-u—0vand u, 0 €a. Thisand S() = S@) imply

(20) a = R(a) ® SE@) ® S(a).

Using (18) we conclude that a = {0} if and only if S(a) = {0}, and that a =
Q) if and only if S(@) =S. Since [L(e),x +a] = L(e)(x +a) =x — %a
for x€ Y and ¢ € B we see that L(T,$)= {0} if and only if
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[2(), 2($)] = {0}. Hence we observe
THEOREM 2. Q(%) is simple if and only if § is simple.

3.2. For the rest of this section we assume that f is not the zero mapping.
We saw that each ideal of $ can be written as a @ b, where a is an ideal of
% and b is an ideal of B. Conversely given ideals a, b of ¥ and B resp.,
the sum a ® b is an ideal of ¢ if and only if

@n o(WbHCH o@BCH, f(6,B)Co.

It follows immediatly that ker o0 ® {0},(imf) ® B and {0} ® {a €B; f(a,B)
= {0}} are ideals of ‘¢, where (im f) denotes the subspace of 9 generated by
f@, b),a, b €B. If § issimple we conclude that o is faithful, f is nonde-
generate and (im f) = Y. Moreover, we prove

THEOREM 3. I is simple if and only if B has no o(Y)-invariant ideals
different from {0} and B, o is faithful and (im f) = U,

PrROOF. Suppose § is not simple and t is an ideal of $ such that {0}
#t+#G. Write t=a® b where a and b6 are suitable ideals of ¥ and B
resp. Then (21) yields o(2)6 C 6. If {0} and B are the only o(%)-invariant
ideals of B we obtain that either b = {0} or &6 =B. If ¢ is faithful (21)
shows that 6 = {0} implies a = {0}, hence t = {0}. Using (21) again we see
that (im f) =%, and 6 =B implies a = Y, hence t= $. Thus in any case
we get a contradiction to our assumption on t.

3.3. We consider the important case, where the Jordan algebra ¥ is simple.
Recall that {0} ® {a €B;f(@, B) = {0}} is an ideal of § and that {0} & B
is not an ideal of I since f# 0. Hence < simple implies f nondegenerate.
It is an immediate consequence of (21) that any ideal # £ of § can be written as
{0} ® b where b is an ideal of B different from B, such that f(p, B) = {0}.
Hence f nondegenerate implies b = {0}. Thus we observe

ProPOSITION. If the Jordan algebra 9l is simple, then § is simple if
and only if f is nondegenerate.

4. Lie algebras of type B, C, D. Let U be a vector space of finite dimen-
sion over a field F of characteristic not two and A a bilinear form on U. We
denote by U the Jordan algebra of those endomorphisms X of U, for which
M(Xa, b) = N, Xb) for a, b € U. The product of two such endomorphisms is
defined as usual by X « Y =% (XY + YX). Let W be another vector space
over F of finite dimension and u a bilinear form on W. We choose a basis
a,,***,a, of U andabasis b,,+-,b, of W and define a representation
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o of Y on the vector space V :=U® W by

for X€ Wand 1<i<r,1<j<s This representation is clearly faithful and
unital special. Now, we define a trilinear inner composition on ¥V by

((ai ® bf) (ak ® bl) (am ® bn)> = 7\(ai, ak)p.(bn, b,)am ® bf
= N@y, a,,)ubd,;, bj)a; ® b,
+ Nay, a)ub,, bya, @b,

for 1<ik,m<r and 1<j, I,n<s. It is immediate that for a, b € V' the
endomorphism f(a, b) := L(a, b) — L(b, @) isin U if (a) A is skew symmetric
and pu is symmetric, or (b) A is symmetric and u is skew symmetric. An
elementary proof shows that in both cases the situation U, g, f, (V, ( }) is ad-
missible. If A\ and p are not the zero forms and are nondegenerate, then f
is nondegenerate. Using the proposition of §3, we observe that the Lie algebra
Q) is simple since ¥ is simple (cf. [1, Satz 3.2, p. 189]). In the case (a)
() isof type B,,, if s=2t+1 and of type D,,, if s =2t If (b)
holds we have s =2t and £(%) is of type C,,,.

REMARK. There is another way to describe the above situation ¥, o, f,
(¥, { )), which is due to U. Hirzebruch: Let V be the vector space of all
by s matrices over F and A+ A a F-linear mapping from ¥V to the vector
space of all s by r matrices over F, such that

ABC = - CBA

for A, B, CE V. Denote by ¥ the set of those r by r matrices X over F,
for which XA = AX is satisfied for all 4 € V. It follows immediately that ¥
is a Jordan algebra under the multiplication X ¢ ¥ = %(XY + YX), where XY
is the ordinary matrix product. ¥ actson ¥ by matrix multiplication. Denote
this action by 0. Put

f(A4,B):=AB — BA and (ABC):= ABC + CBA + CAB

for A, B, C € V. The situation ¥, 0,f, (V,( )) is then admissible.

We specialise this situation by letting 4 := MA’N, A € V where A? is the
transpose of A4, M isan r by r matrix over F and NV isans by s matrix over
F, such that either M is skew symmetric and N is symmetric or M is sym-
metric and N is skew symmetric. Further we let ¥ be the subalgebra of U
formed by those elements of 2 which commute with N?. We denote the re-
striction of o to ¥ by o. It is easily seen that f(4, B)E U forall 4, BEV,
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and a simple computation shows that this specialisation of the above situation
exactly yields those triple systems which led us to the Lie algebras of type B, C
and D.

5. Triple systems defined by symplectic representations of Jordan algebras.

5.1.1. Let ¥ be a finite-dimensional Jordan algebra over a field F of
characteristic not two with unit element e # 0 and « a nondegenerate sym-
metric bilinear form on [, @ # 0 such that

(22) a(xy’ Z) - a(x’ yz) =0

for x,y,z €Y. Let o be a faithful special unital representation of ¥ on the
vector space B over F which is symplectic with respect to the nondegenerate
skew symmetric bilinear form §# 0 on B, that means

(23) B(x . a, b) =B, x . b)

for x€ Y and a, b € B, where x . a stands for o(x)a.

5.12. Let 9 be a finite-dimensional Lie algebra over F and u#0 a
nondegenerate symmetric associative bilinear form on 9 (associative means
u(®D,, [D,, D;]) = w([D,, D,], D;)). Assume that a faithful symplectic repre-
sentation p of 9 on the symplectic space (B, B) is given, such that

(24) [o@), 0(U)] C p(3)>

(25) [o@), p(3)] C o (),

@6) a'(o(x), [o(D), 0(M)]) = &' (e(D), [0(»), 6 (x)])
= d'(0(»), [0(), p(D)])

for x, y €U and D €D, where o' and u' are defined by
od(0x), o) :=afx, »), W(p(D,), pD,)) := Dy, D,).

5.2.1. For a first set of examples, which plays a role later on choose a Lie alge-
bra 9 with nondegenerate Killing form u and symplectic representation p on the
nonsingular symplectic space (B, ). Let & = Fe be the one-dimensional Jordan
algebra over F. Then there is exactly one special unital representation ¢ of ¥ on
B given by o(te)a=ta for EEF and a €B. Now, (23)—(26) are satisfied.

Since every bilinear form a on ¥ satisfies a(te, ne) = afe, e)n for &, EF, the
identity (22) is clearly satisfied.

$.2.2. A more important set of examples which leads to the Lie algebras of
type F, and Eg is the following: Let U, @, 0, B, B be given asin 5.1.1. Put
9:= [0(Y), o(UW)] and p :=idy. Then p is a faithful symplectic representation
of the Lie algebra 3 on thé symplectic space (B, ) and the outer terms of
identity (26) obviously agree. Now, a induces a nondegenerate symmetric asso-
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ciative bilinear form p on 9, which is uniquely determined by

@7 (o), o], [ox"), o)) = — 4(axx’, ")~ a(xy', x'y))
for x, x',y, y' €Y. Clearly 5.1.2 is also satisfied.

5.3. From now on let the characteristic of F be different from two and
three. In order to construct an admissible situation (see 2.1) from the data of 5.1.1
and 5.1.2, we define a bilinear mapping f: B x B +— U by

(28 ofx, f(a, b)) = 2B(x - a, b)

for x € 9 and @, b € B, and a bilinear mapping D: B x B — End (B) by

29 1 (p(D), D(a, b)) = — B(p(D)a, b)

for DE D and a, b € B. Next we put

(30) (abe) := % f(a, b) . ¢ — D(a, b)c

for a, b, ¢ € B, and this makes B a triple system which we denote by B.
THEOREM 4. U, o, f, B is an admissible situation if and only if

(1) D@, b)c — D(c, b)a=%f@, b).c+%f(b,c).a—f(,a).b

or equivalently {abc)—{cba)=f(c,a) . b for a, b, cEB.

If (31) is satisfied the corresponding Lie algebra {() is simple if the
Jordan algebra U is simple.

ProoF. It follows immediately from (24) and (25) that ¥ :=o(W) ©
p(D) is a subalgebra of the Lie algebra of all endomorphisms of B. Using (26)
we obtain a nondegenerate symmetric associative bilinear form A on R by

Ao () + p(D), 0(x") + p(D")) = afx, x") + u(D, D)

for x,x' €4 and D, D' €9. Obviously we have
(32) AW, L(a, b)) = B(Na, b)

forall NE€ %t and g, b €B. Now we are ready to establish our axioms. First,
we get (F) as a simple consequence of (22) and (28). Since ¢ and p are
symplectic with respect to $, (30) yields B(L(a, b)c, d) = — B(c, L(b, a)d). The
associativity of A and (32) imply

AW, [L@, D), L(c, d)]) = BVL(a, b)c, d) — B(L(a, b)Ne, d)

for N€ R and q, b, ¢, d €B. These two identities imply (L1). Obviously (L2)
and (V2) follow from (31) and (30) resp. Using again the associativity of A we
obtain (V1). In order to check (V3) we first prove

2[0(x), D(a, b)] = — o(f(x . a, b))+ f@@, x . b)) for xE A and 4, b EB.
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The associativity of \ implies
2Me(») + p(D), [0(x), D@, b)]) = 2\([0(¥), 0(x)], D(a, b))
=—2(y . (x.a),b)+28(y .a x.b)
=-a(y, f(x . a b))+ o, f@ x . b))
=No() + o), — o(f(x . a, b)) + 0(f(a, x . b))
for x, y€U,DEVD.

Since A is nondegenerate, this implies the desired identity. We shall now show
(V3). Forany x €l we have

a(x, f({abc), d)) + a(x, f(c, {abd)))
= 2B(x . (abc),d) + 2B(x . c, {abd))
=8k - (f@ D) . ©),d) — 2B(x - (D(a, b)c), d)
+B(f@, b) . (x . c),d) + 26(D(a, b)(x . ¢), d)
=2B((xf@, b)) .c,d)+B(f(x .a,b).c,d)—B(f@@ x .b).c,d)
= 2B(f(x -a, b) M c’ d) = a(f(x . a, b)’f(c’ d))
=- 2ﬁ(f(0, d) . bn X . a) = a(xt f(a» f(c' d) . b))s a, b’ ¢ dE€B.
Since « is nondegenerate this yields (V3).
Suppose (31) is satisfied and [ is simple. Since B is nondegenerate, f is
also. Using the proposition of §3, we conclude that £(3) is simple.
5.4. Following 5.2.1 we give the data 9, p, B, § which lead to Lie algebras
of type G,: Let 9 be the Lie algebra of 2 by 2 matrices over an arbitrary field
of characteristic not two and three with trace zero. Let B be the four-dimen-

sional vector space over the same field with basis e, e,, e,, e;. We define the
representation p of 9 on the basis

w=(5 D) () 00
of 9 by

3 03
Hi— 1 , .Er— 04 , Fm—|10
-1 03 1
-3 0 10
With the notation »;:=3 -2 (0<i<3),y:=i(4-i) (1<i<4) and
e_, :=¢e, := 0, the representation p can be written as

pH)e; =vie;, pE)e; = ey, pF)e;= ey
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for 0 <<i < 3. This representation is clearly faithful. It is symplectic with re-
spect to the nondegenerate skew symmetric bilinear form g, defined by the
atrix
1
-1
1
-1

We define the bilinear form a by afe, €) = — 8/3 which yields f(a, b) =
—(3/4)B@a, b)e (e asin 5.2.1).

In order to check (31) we note that, if u denotes the Killing form of 9, the
relations u(H, H) =8, w(E, F) =4, u(H, E) = uH, F) = wW(E, E) = w(E, F)=0
holds. Using (29) we obtain for 0<i,j, k <3

D(e;, ei)ek =% vv, B, e,)ek + e Blery1r €)ex—1 + u;BCe;_ 15 e]-)ek_”.

Now, an easy computation establishes (31).

5.5. We shall now give the construction of Lie algebras of type F, and Eg
according to 5.2.2. What we need is a faithful symplectic special unital representa-
tion of a finite-dimensional Jordan algebra I with unit element e # 0 on a finite-
dimensional nonsingular symplectic space, where I admits a nondegenerate sym-
metric associative bilinear form.

Let V be a vector space of finite dimension n over a field F of char-
acteristic not two or three. Let g be a quadratic form on ¥V with associated
symmetric bilinear form a, defined by

alx, y)=%@x +y)-qx) - q(»)) for x,y V.

We denote the Clifford algebra of ¢ by €(V, q) or €. The subspace U :=
Fe ® V, e the unit element of €, becomes a Jordan algebra by

(te +x) (ne +y) :=(¢n + afx, y))e + nx + &y

for £, 7E€EF and x,y €V, of which § is the special unital universal envelope
(cf. [5, p. 74, example (4)]). We extend « to a nondegenerate symmetric bi-
linear form o' on U by

dee):=1, ax):=dxe):=0, aC,y):=aXxy)

for x, y € V. Immediately o satisfies (22). Since a is nondegenerate the
Jordan algebra 91 is simple (cf. [1, Satz 5.7, p. 197]).

Suppose now that q is of maximal Witt index r> 2. Hence n=2r or
n = 2r + 1. We choose maximal totally isotropic subspaces N and P of V
satisfying NN P = {0}, abasis x;,***,x, of N and abasis x,.,,°°°,
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x,, of P such that

(33) Gy, X)) =8,,,, (1<ij<20).

If n=2r clearly V=N®P holds. Let n=2r + 1. We assume that
2(— 1yYD isasquare in F, D being the discriminant of q. Then there exists a
vector x, in ¥V such that

(34) by, %) =8, (1 <i<n).

Note that V=N ® P © Fx,,.

Recall that the elements of the form Xp X s 1§, <+--<i, <n,
form a basis of €. We denote such an element by x,, if M= {i;,***,i,}.
Let B be the subspace of € spanned by the x, , MCR := {1,+++,r}. In
order to define a representation 7 of € on B it is enough to define 7(x,)x,,
for 1<i<n andall M CR. We put

35) TX)xp i=Ex%, (A <i<n MCR)

where & :=1if i€ER or i—-r€EM;%,:=0 if i—-rERWM;iIf n=2r+1
the factor §, is defined by (— 1)™, m being the number of elements of M.

We note that this representation is a spin representation of €. The de-
scription above can easily be deduced from the definitions of [2, p. 70].

Since 7 is a faithful representation of € and § is the special unital
universal envelope of I, the restriction of 7 to ¥ is a faithful special unital
representation of ¥ on the vector space B which we denote by o.

It is shown in [2, §3.2] that there exists a nondegenerate bilinear form g
on B satisfying B(r(x)a, b) = B(a, 7(x)b) forall xEV and a, b EB. 1tis
easily seen that this implies

(36) B(x4,xg)#0 ifandonlyif AUB=R and ANB=g

for A, BC R. Moreover, f is skew symmetric if =2 or 3 mod 4. There-
fore we suppose that this condition on r is always satisfied. Hence o is sym-
plectic.

Now, let ¥, 0, f, B be constructed as in 5.3 from the data , o, B, B
defined above and those of 5.2.2.

THEOREM 5. The situation 9, o, f, B is admissible if and only if the di-
mension of V is either 6 or 13. In the former case the corresponding Lie algebra
Q(Q) is of type F, whereas Q(S) is of type Eg in the latter case.

PROOF. According to Theorem 4 we must show that (31) holds if and only
if n=6 or n=13. The rest of the theorem is then clear because Q (%) is
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simple and has dimension 52 if n = 6, it has dimension 248 if n = 13. Now,
using (33)—(36) both sides of (31) can be computed from the definitions (28)
and (29). Note that if (31) holds for b = e, e the unit element of €, then (31)
holds for all b € B. This can be proved by an easy induction on the number of
elements of M if b =x,,. The statement that n =6 or n =13 is necessary
for (31) to be satisfied follows from the case a =x5, b=c =e.
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