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ABSTRACT. A m-complex is a finite, connected 2-dimensional CW com-

plex with fundamental group w. The tree HT(m) of homotopy types of =-

complexes has width <N if there is a root Y of the tree such that, for any

w-complex X, X V (V;’ils,-z) lies on the stalk generated by Y. Let m be a

finite abelian group with torsion coefficients 7, - -, 7,,. The main theorem of

this paper asserts that width HT(7) < n(n — 1)/2. This generalizes the results

of (4]

1. Introduction. Let 7 be a finitely presentable group. A m-complex is a
finite connected 2-dimensional CW complex with fundamental group #. In [4],
we gave a complete classification of the homotopy and simple homotopy types of
Z,-complexes, where Z,, is the finite cyclic group of order n. In general, we
may describe the set of (simple) homotopy types of w-complexes (S)HT(m) as a
directed tree—a directed, connected graph which has no circuits. A vertex of
(S)HT(n) is the (simple) homotopy type [X] of a m-complex X. The vertices
represented by X and Y are joined by an edge directed from [X] to [Y] if
and only if Y:(s) X V S2. A m-complex is called a root if [X] possesses no
predecessor; the stalk generated by X is the linearly ordered subgraph of
(S)HT(m) determined by the (simple) homotopy types of X, X V §2, X V
S2 \V] 52, .o,

The main theorem of [4] states that (S)HT(Z,,) is a single stalk generated
by the pseudo projective plane P, = S' U, e?. We say that the width of
(S)HT(m) < n if there is a root X such that, for any m-complex Y, Y V
(VL,5%) is on the stalk generated by X.

It is known by the simple homotopy theory of J. H. C. Whitehead [14]
that given any w-complex Y and any root X there is an integer m(Y) such
that ¥ V (V72{¥)S?) is on the stalk generated by X. Width(S)HT () < n in-
dicates that there is a root X such that m(Y) can be chosen <n for any -
complex Y.

THEOREM A. Let © be a finite abelian group, n = n(n) = the number of
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116 M. N. DYER AND A. J. SIERADSKI

torsion coefficients of , and k = k(m) = n(n — 1)/2. Then the width HT(n) <
k(m).

If p is any positive integer, Theorem A implies that width HT(Z,) is zero,
which is the result of [4]. If #= Z, x Z, where p divides g, then

width HT(7) < 1. In this case, the homotopy tree of Z, x Z,-complexes looks
at worst like:

L)
// C A X VYSY) e x=6

3

(X V(Y3 ——————————-— x=>5
e

(Xvsv §g)——————————- x=4
S

(xvsy TTTTTTTTTT x=3
3

[x] ——————————— X=2

where X is the cellular model [4] of the presentation (g, b: aP, b9, aba~'b™!)
and the horizontal levels represent the vertices with common Fuler characteristic.
At the present time it is unknown whether any of the other “branches” exist.
However, at a given level X = 3, there are only finitely many branches. See The-
orem B.

As a corollary to A, we obtain a theorem on the cancellation of “large™
sums of 2-spheres with n-complexes. If m is a finite abelian group and X, Y
are m-complexes, then X V (Vi)=Y V (V,S?) and s>t > k(n) im-
ply that VIZ¥(MS? can be cancelled from each side (up to homotopy type).

For a given finite group = let X, = min{x(X)|X isa m-complex}, In| be
the order of m, and ¢ be the Euler ¢-function.

THEOREM B. Let w be a finite group other than Z,. The number of ho-
motopy types of m-complexes with fixed Euler characteristic x = x, + 1 is less
than or equal to (Inl)/2.

ExAmpLES. (a) If m=Z, x Z,, then Theorems A and B imply that the
tree of (simple) homotopy types looks at worst like:
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(X V(Vosh) ——m——————= Xe +
A
X vovesy) ——mTT T Xe +4
A
< x v(v332)] ————————— Xx +3
A

P e — Xe t2
A

xvsy TTTTTTTTT Xe t1

2o X

where X is the complex modeled on (g, b: a2, b2, [a, b].

(b) If m= Z;, the group (of order 6) of permutations on 3 letters, then
. HT(Z;) looks at worst like the above tree, where X is a root of HT(Z;) of mi-
nimal Euler characteristic. The complex X modeled on the presentation {a, b:
b2, bab = @*} is such a root, since H,X =0 [16].

2. The chain functor. In [4], we associated with each finite presentation
P=(ay," " a,:ry,* ", Iy) of agroup m, its cellular model

P= (\7 s,') u,(\"} 312>,
=1 j=1

which has a single O-cell, one 1-cell for each generator of P, and one 2-cell for
each relator of P. The jth 2-cell is attached to the 1-skeleton V;‘=1S,‘ accord-
ing to the instructions provided by the jth relator 7,.

Then we associated with the cellular model P the cellular chain complex
C.(F) of its universal covering P. C.(;) is a chain complex of free w-modules
with preferred bases

9, 9, €
(*) C: Cz(yls Y ym) - Cl(x19 Y xn) - co = Z["] "'—’Z - 0
in which
(a) € is the augmentation homomorphism Z[r] — Z[1] induced by = —

(b) Exactness holds at C,, Cy, Z.



118 M. N. DYER AND A. J. SIERADSKI

© Uy Ym} and {x;,- -, x,} are the preferred bases for C, and
G.

We can combine these two processes P— P and P — C*(F) as follows.
If P=(@y, " a,:ry," " r,) isa presentation for , let

1—R, = F@," " n)-¢—P>u—>1

be the short exact sequence in which F = F(a,,* - -, a,,) is the free group of
rank n on generators {ay,**+a,} and Rp is the normal closure of
the relators {ry,- -, r,,}. The elements X; = vp(a) (1 <i<n) serve as a set
of generators for . We associate a chain complex C«(P) as follows. Let
C,(P=Cy(»y,* * % ¥p) and Cy(P)= Cy(xy, ", x,;) be free m-modules with
preferred bases {y;,***, y,,} and {x;,* -, x,} in 1-1 correspondence with
the relators and generators of P, respectively. Let Cy(P) be the integral group
ring Z[n]. Then C«(P) is the chain complex

(
C(P): G305 .ym)—z(—)"cl(xl,“ .xm)—g-’zl 1-5>2z—0

whose boundary operators have the following matrix representations with respect
to the preferred bases:
3,(P)=Gy -1, %, —1) and 3,(P) = (Zly, 1r,/3a))

where 0/0a;: Z[F] — Z[F] is the derivative with respect to a; in the free cal-
culus of R. H. Fox [5] and Z[gop] Z[F]—)Z[n] is induced by ¢p: F —>m.

For example, let P= @,,a,: a,a,a; a2 1) be a presentation for 7=
Z x Z under the correspondence ¢,(a;) = x;,=(,0) and ¢P(a2) x,=(0,
1). Then the associated chain complex C«(P) takes the form

l:-;z)
;l—l (il—l,;z-l)
—_—

C,(»y) C,y (%, %,) >»Z[Z x Z) <> Z —0.
DEFINITION. We say that a chain complex C as in (*) above is realized by
a presentation P of w if C«(P) = C.

3. The homomorphism p. Given a finite presentation P= (a,,"**, a,:
ry,* 5 ry) of m there is a surjective group homomorphism p from the relator
subgroup R, onto the free abelian group ker 9,(P) (a m-module also) C C,(P)
which has kernel [Rp, Rp].

Following J. H. C. Whitehead in [13] we define the crossed homomor-
phism

P:F@ay,"*+ a,) = C(P)=Cy(xy, " Xp),
whete F is the free group of rank n, by

@) p(a) = x;,

®) oG ") = -¢plar ") x;,
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(c)if W,, W, are any words in F, then p(W, - W,) = p(W,) + ep(Wy) -
B(W,).

Recall that ¢p: F—> m is the surjection given by the presentation P. Note
that by (c), BIRP = p is a homomorphism. Alsd, if rGRP, then

- ar>
p(r) = Zlo, )=—]x;.
LEMMA. The following sequence is exact:
1R, R,1-> R, £ kerd, (P) 0.

PROOF. This is really a restatement of Theorem 8 of [13]. Part (a) of
Theorem 8 says that p(Rp) = ker 3, (P). Part (b) says that ker p = ker p=
image of the commutator subgroup of m,(7, PM)) in R, C m,(P(V) (=
F(a,, - *, a,)) under the boundary operator 3: m,(P, P(1) — m,(P(). Since
imd = Rp, kerp C [Rp, Rp]. But ker p D[Ry, Rp] follows because ker d,(P)
is abelian as a group. 0O

4. Proof of Theorem A. Let n = n(n) be the number of torsion coefficients
of the finite abelian group #. Let {r,,*-°,7,} be the torsion coefficients of
m, where 7,17, , for i=1,2,--+, n—1,and k= k(n) = n(n — 1)/2. Further-
more, let P be the wm-complex modeled on the standard presentation

P=@y, 8,47, a;", {l6;,/]1 <i<j<n)).

Note that k(m) is the number of commutators in P and that P is a root of
(S)HT () (see [15]). We will show that if X is any w-complex, then XV
(VEms?2) is on the stalk generated by P; ie.,

k() D(X)
xXv\|\Vvs} VvV S
i=1 j=1

where D(X) = rank H,(X).
The given m-complex X has the simple homotopy type of a #-complex R
modeled on the “pre-abelian” presentation

R= (bl, tey blzb:l Wis b;2 Wasoosy b;n Wos B s Woaens* = 5 ByWi Wigrs ™= W)
where each W; (=1, -+, m) has zero exponent sum on each b;j=1,--+ 1)

[4, Proposition 3]. Notice that R V (\/¥(™52) has the simple homotopy type
of the m-complex S modeled on the presentation

S=0, o bby Wy, b Wi by i Wy oo bWy

Wigrs: o Wy (b, b1l 1 i <j<n)).
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Observe that in passing from R — S we have added only those commutators
corresponding to the nontrivial generators by, * -, b,,.
Let

1 =R, —Fby," b) > 1—1

be the short exact sequence of groups and homomorphism determined by S. De-
note pg(b,) by x; (=1, -+, n) and note that, since = is abelian, ¢g(b) =
1 (n+1<i<]). The chain complex C«(S) is given as follows:

() €,(S)
' 3,(S) !

CulS):Cy(1s" " s Vi 2120 2130 " " *s Znetm) ——— Cy(p, " * % XD

e g
"'_’al(s) Z[ln] > Z—0
||
(il —19..'9}-"—130’.“’0)

where {z,,ll <i<j<n} corresponds to the set of special relators {[b,, bi] |
1<i<j<n}. Thus

9,@) = -%)x; +G-1x, (A<i<j<n).

Let Z denote the n x k matrix of 0, restricted to (215,253, " % Zp—g )
the submodule of C,(S) generated by {z;11 <i<j<n}.

By examining the chain complex Cu«(P), it follows that ker (9,(S)) =
ker(3,(P)) ® ¢x,,41,° * - x> (we will henceforth identify ker d,(P) as a sub-
module of (x,,***, x,) C C;(8)) and that ker 3,(P) is generated by {N;x;|
=1, n} U {9,211 <i<j<n},where N, = £}5'%] € Z[r]. Note also
that, since R is a presentation of m with the same generators as S, {9,y, hi =
1, -+, m} generates kerd,(S) = ker 3,(R).

As in [4, §3], we use H. Jacobinski’s theorem on the cancellation of pro-
jective m-modules (see [7], [11, Theorem 19.8], or [12, p. 178]) to choose a new
basis {(y},°° " Ym} U {z;} for C,(S) such that the set {d,y;li=1,--+n,
I1+1,---, m} generates ker d,(P) and a,y,' =X; for j=n+1,:--- 1. The
matrix for 9,(S) with respect to the new basis for C,(S) and the original basis
for C;(S) becomes
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n 1 m m+k
? 0 ? z
n
Il 0
0 0 0
0 1

Let y: F(by, -, b,) — m be the surjection ¢¢F(b,, - b,) and let R=
ker Y. Since the homomorphism p: R — ker 9, (P) is surjective, we can choose
relators {ry, " Fp,Pppqs * % Ty} C R such that

- or, '_
p(rt)—jgl Z[y] a_b; X =0 Gi=1,-nl+1, -, m).

Here it is crucial that 3,y; € {xy, 4 x,) (=1, n 1+ 1, m).

CLAIM. Each r; can be written as

n= bell"lbgﬂfz, . .bﬁin‘rnwi (i = 1’ ceem, 1+1,--, ”f)

where W; has zero exponent sum on each b,, j=1,*+n,and W, ERN
[F,F). _

PROOF. Abelianize F = F(b,, "+, b,) and obtain the following commu-
tative diagram:

F 4

4
Y
3

w'
fZ(E“ . l-’n)

where I-"Z(Fl, . ,,) is the free abelian group of rank n generated by by,
b, (A®) = b,) Since ¥(r) =1=Y'AC)) = V', -+ -5, =
Xpit ... xpin it follows that each my is divisible by order X; =17; and 7, =
b"“b""'wl, where W, € ker A = [F, F). Define B; = n;/7;.
CLAIM. We may change part of the basis of C,(S), say to S ZTRRRA 2
y','+l v W Ymt Y 5 VU {y,,l n + 1 <j <[}, so that we may alter each 7; to
ﬂl_lbf‘i" and preserve p(r})) = d,y] for i=1,"+,ml+1, -+ m
PRrOOF. This follows because p([F, F]) C kerd,(P) C (x;,* ", X,)) is
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generated by {Bzziill <i<j<n}. Consider

p(ry) = p(b3™: + by W) = p(r}) + p(W)).
But
pW)= X 8z Gy €ZI[AD.
1€j<k<n

Let
yi=vi- X Spzp G=1cuml+l,cm).
1<j<k<n

Clearly 9,57 = p() and /], % Voo Vis1s 5 Ym} Y 53U Wpprs o
¥} is a basis for Cy(S).

Thus 3,(y}) = p(r)) = 2}, B;iN;xj, where B, €Z (i=1,--+,nl+1,
*++, m). Again notice that {d,(y)li=1, -, ml+1, -, m}U {3,2;11 <
i <j<n} generates ker9,(P). Thus foreach s=1,--+ n

n,m
Nx = ago(r)) + 0,2 (o, 7. € Z[n)]).
s*s HZI:“ siP\" 1<x‘<zi<n sijv2%iy si> ¥ sij D

=4

Denoting the second term by T (T € p([F', F D) we have
N,x, =E‘aﬂ(;ﬁ1jlvix]) + T, =z]:(;as,5,,) Ny +T,

By augmenting the above equation, and observing that €(T) =0 and e(N)) =
7;, we have (Z; e(ay)By)7;x; = 87 xs- Thus we deduce

o 'in y s=1,""n
4.1 e(ag) B = oy,
@1 i=1,1+1 )Py = 8y ji=1,"+n

The above argument shows we can choose ay; € Z (let oy “=" e(a,,)) such
that
n,m

“2) Nxy= 2 oagp() (=1, n).
i=1,l+1

Let p = m + n — I, the number of basis elements in the set {y}'}. Let
(o) =A and (B;) = B denote respectively the n x p and p x n matrices
with integer coefficients. Relation (4.1) implies that
“4.3) AB=1,

where I, is the identity n x n matrix. Using (4.3), an easy argument on free
abelian groups shows that there exists a nonsingular p x p matrix C with inte-
ger coefficients such that

4.9 CB=(I,l0) (nxp matrix).
Apply the matrix C to the partial basis {y;li=1,--+nl1+1, -+ m}
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of C,(S) to obtain a new basis {wli=1,--+nI+1,-++, mVU {z;} U
{yjln +1<j<1} for C,. Then

3,(wy) =9, ;cijy]"' =;cij32y}' =§(§/:cijﬁjs> Nyx,

Nixi ifi=l,°°',n,
0 ifi=i+1,--4m

by (4.4). The matrix of 9, with respect to this new basis for C,(S) and the
old basis for C,(S) is

n ! m ) m + k(m)

o ’(I—n) 0 0

1

The chain complex with this new preferred basis for C, can clearly be rea-
lized by the presentation

v =<b1" . b,:b;l,' .. b;", buris' by

1,1, {[b, 5]l 1 <i<]‘<n}).
m-=1

The cellular model V' has the same simple homotopy type as P V (V27'S?).
The chain complexes C«(S) and C«(V/) differ only by a change of basis in C,.
Proposition 4 of [4] shows that there is a homotopy equivalence f: ¥V — S
which is the identity on the 1-skeleton and such that the matrix of f; #°
C,(V) — C,(8) is exactly the matrix N recording the basis change in C,.
Furthermore, this matrix N represents the Whitehead torsion 7(f) € Wh(r, V)
of the equivalence f. This completes the proof of Theorem A. O

5. Proof of Theorem B. In this section we will show that for a finite group
n # Z,, the number of homotopy types of m-complexes with a given Euler char-
acteristic x is less than or equal to ¢(Inl)/2, provided x = x, + 1.

DEFINITION. Let M be a finitely generated m-module. M has the cancella-
tion property if for any finitely generated m-module N such that M & (Zn)? =
N ® (Zn)! (i =), we have N=M & (Zn)*/.
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The following lemma was shown to us by R. G. Swan [12].

LEMMA. Let X be any m-complex. Then ny(X) ® Zn has the cancella-
tion property.

ProoF. We will show that 7,(X) ® Zn satisfies the Eichler condition.
That m,(X) @© Zr has the cancellation property follows from the theorem of
H. Jacobinski ([7], [12, p. 178]). A finitely generated, torsion free w-module M
satisfies the Eichler condition <= the algebra End,,(Q ® M) has no totally
definite quaternion algebra as a direct summani (see [7] for a def‘mition)\.'

Consider the cellular chain complex C«(X) of the universal cover X of X.
This gives an exact sequence of #-modules

0 — my(X) = (Zn)" — Zn)* — Zn -5 Z — 0.
Tensoring with Q, the rationals. The resulting sequence splits and gives

nX) ® Q= Q)" © 0"
where n=r —s and 7 is the augmentation ideal. Therefore Q ® (m,(X) ®
In)y= Q"2 ® Q**! and

Endg,(Q ® (m,(X) ® Zm)) = M, ,(Endg, Q) x M, ,(Q).

Since n = 0, no totally definite quaternion algebras occur. O
We appeal to the theory of 2-types (see [10]) and the cancellation theorem
above. Let X be any m-complex with x(X) = x, + 1. By a theorem of J. H.
C. Whitehead [13],
(0 ® )" = 1y(Y) © (Z[n])"
where Y isa m-complex with x(Y) = x,,and n=>m + 1. The cancellation
theorem above guarantees that

1,(X) = 1y(Y) ® Z[a)"™

where n—m = x(X) — x,. Thus m-complexes with fixed Euler characteristic
X = X, + 1 have the same second homotopy module

T, = m,(Y) © (Z[a])**".

We conclude that their algebraic 2-types (m, m,, k) differ only by the obstruc-
tion invariant k € H3(n, m,) = Z,,. But each k € H3(m, m,) which is the ob-
struction invariant for a m-complex must be a generator of H°(m, m,) (see [3]).
There are exactly - ¢(Inl) such generators. The sign changing automorphism

Nm,—w, (AMx)=-x,x€Em,)

together with id: # — m gives an isomorphism of the 2-types
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-X; (1[’ My, k) - (ﬂ’ My, —k)
and shows that the number of k-invariants representing distinct homotopy types

of m-complexes with Euler characteristic x is less than or equal to ¢(lnl)/2,
since w # Z,.

BIBLIOGRAPHY

1. H. Bass, Algebraic K-theory, Benjamin, New York, 1968. MR 40 #2736.

2. , K-theory and stable algebra, Inst. Hautes Etudes Sci. Publ. Math. No.22,
1964, pp. 5—-60. MR 30 #4805.

3. W. H. Cockcroft and R. G. Swan, On the homotopy type of certain two-dimension-
al complexes, Proc. London Math. Soc. 11 (1961), 194—202. MR 23 #A3567.

4. M. Dyer and A. Sieradski, Trees of homotopy types of 2-dimensional CW-complexes.
I, Comment. Math. Helv. 48 (1973), 31—44.

S. R. H. Fox, Free differential calculus. II, Ann. of Math. (2) 59 (1954), 196-210.
MR 15, 931.

6. G. Higman, The units in group rings, Proc. London Math. Soc. 46 (1940), 231—
248. MR 2, 5.

7. H. Jacobinski, Genera and decompositions of lattices over orders, Acta Math. 121
(1968), 1—-29. MR 40 #4294.

8. T. W. Lam, Induction theorems for Grothendieck groups and Whitehead groups of
finite groups, Thesis, Columbia University, 1967.

9. W. Magnus, A. Karrass and D. Solitar, Combinatorial group theory: Presentations of
groups in terms of generators and relations, Pure and Appl. Math, vol. 13, Interscience, New
York, 1966. MR 34 #7617.

10. S. Mac Lane and J. H. C. Whitehead, On the 3-type of a complex, Proc. Nat. Acad.
Sci. U. S. A. 36 (1950), 41-48. MR 11, 450.

11. 1. Reiner, A survey of integral representation theory, Bull. Amer. Math. Soc. 76
(1970), 159—227. MR 40 #7302.

12. R. G. Swan, K-theory of finite groups and orders, Lecture notes in Mathematics,
Vol. 149, Springer-Verlag, Berlin, and New York, 1970. MR 46 #7310.

13. J. H. C. Whitehead, Combinatorial homotopy. 11, Bull. Amer. Math. Soc. §5 (1949),
453-496. MR 11, 48.

14. . Simplicial spaces, nuclei, and m-groups, Proc. London Math. Soc. 45
(1939), 243-327.

15. D. B. A. Epstein, Finite presentations of groups and 3-manifolds, Quart. J. Math.
Oxford Ser. 12 (1961), 205—212. MR 26 #1867.

16. B. H. Neumann, On some finite groups with trivial multiplicator, Publ. Math.
Debrencen 4 (1956), 190—194. MR 18, 12.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OREGON, EUGENE,
OREGON 97403



