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AMALGAMATED PRODUCTS OF SEMIGROUPS:
THE EMBEDDING PROBLEM
BY
GERARD LALLEMENT

ABSTRACT. A necessary and sufficient condition for a semigroup amalgam
to be embeddable is given. It is in the form of a countable set of equational
implications with existential quantifiers. Furthermore it is shown that no finite
set of equational implications can serve as a necessary and sufficient condition.
Howie’s sufficient condition (see [5]) is derived as a consequence of our main
theorem.

1. Introduction. Let {S;; i €I} be a family of semigroups, and suppose that
for each i € I there exists a homomorphism &;: U — §; from a semigroup U into
S;. Consider the set T = {(x, i): i €I, x € §;}, sum of the sets S;, and construct
the semigroup S presented by

S =(Z; (x, i)', i) = (xx', i) for every i EI,x and x' € S},
(r;@), i) = (h;(w), j) for every i,j € I, u € U).

Then S is called the product of the family S; amalgamated by U and is denoted
by H;EIU S;. If ¢ denotes the canonical homomorphism from the free semigroup
on the alphabet T onto S, then y; defined by ¢;(x) = ¢((x, {)) is a homomor-
phism from S; into S, and h: U — S defined by A(u) = ¢[(h;(), i)] is indepen-
dent of i. Indeed, {S; ¢;: S; — S} is an initial object in the category whose
objects are {T; f;: S; — T} with f; o h; independent of i.

Herein, we consider a family {S;; i € I'} of semigroups and mappings A4;:
U — §; that are injective homomorphisms for all { € I. Under these conditions
the system [S;; U; h;];; is called a semigroup amalgam [2, p. 138], and the set
G6=Ug 1 S; where §; = [S\h;(U)] U U, with a partial binary operation defined
in such a way that the natural mappings S‘} — §; are isomorphisms, is called the
groupoid of the amalgam [S;; U; h;],c;. If there exist a semigroup T and a map-
ping 6: G — T such that 8, when restricted to each §,, is an injective homomor-
phism, then the semigroup amalgam is said to be embeddable. The link between
embeddable amalgams and amalgamated products is expressed in the next theorem:
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THEOREM 1.1 [2, THEOREM 9.31]. The following conditions are equivalent:
(i) The semigroup amalgam [S;; U; h;] ;c; is embeddable.
(ii) The canonical mapping of the partial groupoid G of [S;; U; h;] ;c; into
the product H:‘EI u S; is an embedding.
(iii) The homomorphisms ¢;: S; — l'l::EIU S; have the properties
(@) v, is an injection for every i € I,
®) v () Ny (Sy) = h(U) for i, j €1, i # j, where h = ¢; © h,.

So far, only sufficient conditions for a semigroup amalgam to be embeddable
have been obtained. They are as follows:

THEOREM 1.2 (HowiE [S, THEOREM 3.3]). Let [S; U; h;] i/ be a semi-
group amalgam. If, for every i € I, h,(U) is almost unitary (see [2, p. 144]) in
S;sthen the amalgam is embeddable.

THEOREM 1.3 (BoURBAKI [1, PrRoOPOSITION 5, §7,p. 1. 81]). Assume that,
for every i € I, S; is a monoid with identity e;, that U is a monoid and that h;:
U — §; are monoid homomorphisms (i.e. h;(e) = e, for every i € I). Assume
further that for every i €I there exists a subset P; of S; containing e; such that
the mapping (u, p) — h;(u)p from U x P, into S; is a bijection. Then every x €
II;"EIU §; can be written uniquely as x = h(u) g, ¢; (p,) With iy # o4y (1 <
a<n), p, €S, andp, * e (1 <a<n).

In this theorem, the hypothesis that (u, p) — h;(u)p is a bijection yields
that A, is an injection. From the conclusion, it is easy to deduce that (iii) of
Theorem 1.1 is satisfied, showing that the monoid amalgam [S;; U; ¢] is embeddable.

The case of h;(U) being an ideal of S is covered by the following

THEOREM 1.4 (GRILLET-PETRICH [3], L1APIN [6]). Let [S;; U; h;];c; be
a semigroup amalgam. Suppose hy(U) is an ideal of S, for every i € I. Then the
amalgam is embeddable if and only if for every s; € S;, s; € S, u, u', u"euU,
sihi@) = hy(u") and hy(u)s; = h;(") imply by ' (' )s;) = B sk "))

Note that, when expressed as a condition on the groupoid G of the amalgam
[S;; U; ;] ey the condition of Theorem 1.4 is simply (s;u)s; = s;(us;) for every
s,ES,.,stS,,ue U.

Finally we mention an important result concerning the amalgamation of
inverse semigroups.

THEOREM 1.5 (HALL [4]). A semigroup amalgam [S;; U; h,] ,c; with S;
and U inverse semigroups is embeddable in an inverse semigroup.

The main result of this paper (Theorem 3.3) consists of a necessary and
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sufficient condition for a semigroup amalgam [S;; U, h;] to be embeddable. The
condition is that any system of equations of a certain nature (balanced system)
over the semigroups S; (i € I') implies another equation, or other equations (two
at most) linked to the initial system. Briefly, our condition is in the form of a
countable set of equational implications with existential quantifiers and with vari-
ables taken from card I distinct sets. It is shown further (Theorem 4.4) that no
finite set of equational implications can serve as a necessary and sufficient condi-
tion that a semigroup amalgam be embeddable. The techniques to prove our results
are quite comparable to those used by Malcev ([7], [8]) to find necessary and
sufficient conditions that a semigroup be embeddable in a group.

Theorem 1.2 and Theorem 1.4 above are derived as corollaries of Theorem
3.3, but to derive Proposition 2.4 (which generalizes Theorem 1.3) or Theorem 1.5
would require a deeper analysis of the structure of balanced systems. This indi-
cates that, at least in its present form, the condition of Theorem 3.3 is not neces-
sarily the shortest way of proving the embeddability of semigroup amalgams in
particular situations.

2. Some notation and particular cases of embedding. When considering semi-
group amalgams [S;; U; h;] 1, we shall systematically assume that S; N S; = &
fori,j €1, i#j. Asa consequence, elements of the sum Z of the sets S; (i € 1)
will be denoted s; or sg"), the superscripts being used for the purpose of distin-
guishing several elements in the same ;. Similarly we shall write U; for h;(U),
and elements of U, are denoted u; or u{¥). Utilizing this notation we have £ =
{s;: 5; €S;,i €I}, and denoting by * the multiplication in the free semigroup over
T, the presentation of [I:‘EI u S; is written

E;sfD w5 =5{Us{D el s, s €8),u;=u; G,j €I
The semigroup I}, S; presented by

m* S; = ;s # 5{ = 5{Us{? for every i € I, 5{1), s{*) €5

el

is called the free product of the family {S;; i € I}. An element x € M%, S; can
be written uniquely as Siy *Siy *coES with iy #ip,,forallk, 1 <k <
m — 1, and the elements s; (1 <k<m) ‘are called the syllables of x. Further-
more,

(si,l koo o xR s}it)) *® (sl(lz) Rooo R sjn)

=5 weew s,(;') * si(lz) secews i d, #Jy,

=95, %keeexg. * s(l)s(z) xS, koook . ifi. =1,.
i ‘m-1 (im ’l) (73 In tm =11
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Clearly Y. ; §; = g, S;lp where p is the congruence on I}, S; generated
by all pairs (u;, u,-), w €U, u; €U0, €L A replacement of an occurrence of
u; in a syllable of x € I}, S; by ; is called a step, and following [S] we distin-
guish four types of steps (a step is indicated by an arrow):
(1) Ssteps: Sp Rt RUy Koo ks (s wecc) Ry (CRER s,-m),
(2)M-sl‘eps:s,.l Kot AS UL R RS NS ATk UKL

lk lkl
*ooo*si

A E,-steps: Sp Rt RS KRSy s ek Si ) * Uy * (e
*s; ),

(4) Epsteps: Sip R EUL Koo kS (s ke )Ry (t,.k LERR
* sim).

Note that an M-step always introduces a new syllable, while an S-step or an
E-step may or may not introduce a new syllable according to the context of u; .

We shall use the notation x = y if there is a succession of steps (also called a
transition) x — x, —>+++—x,_, — y linking x, y € I, S;. Thus, we have
x p y if and only if there is a transition 7: x = y. Two transitions 7, and 7, are
called equivalent if they both link the same elements of 11}, S;. In terms of tran-
sitions, condition (jii) of Theorem 1.1 is obviously equivalent to the following:

(iv) (2) If there is a transition s{!) = s{2), then s{!) = 5{2).

(b) If there is a transition s; = 5; (i # ) then there exists u € U such
that s; = u; and 5; = ;.

We shall refer to (iv) as “condition (iv) of Theorem 1.1”.

For further simplification, whenever there is no ambiguity, we suppress the
symbol # in denoting products in I}, S, thus writing elements in the form
Si,8iy "0 Siye

As an illustration of the concepts introduced, we sketch the proofs of some
sufficient conditions, related to the conditions in Theorems 1.2, 1.3, 1.4, for a
semigroup amalgam to be embeddable.

Recall that a subsemigroup U of a semigroup S is said to be left [resp. right]
unitary if forallu € U, s €S, us € U implies s € U [resp. su € U implies s € U].
U is said to be unitary if it is both left and right unitary.

PROPOSITION 2.1 (SEE [S, P. 522]). If U; = h;(U) is unitary in S; for every
i € I, then the semigroup amalgam [S;; U; h;);c; is embeddable.

PrROOF. The idea is to show that a transition 7: x = y fromx toy €
M, S, is equivalent to a transition 7': x — y where all possible S-steps occurring
in 7’ are performed at the beginning. For this purpose one shows that a succession
of two steps M-S or E,-S or E-S can be replaced by a transition without S-steps
or with S-steps performed at the beginning. This can always be done without any
assumption on U; (see e.g. [5, Lemma 3.10]) except in the following configurations:
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E
T A W DM
a
@ R O TR R QORE R ON OB
Then from u}l)si = u}z) we deduce that s, = u}?’), so that (a) can be replaced by
cee DU s

@) oo s et = S EROD = 2D
L O I

There is also a dual configuration £-S that can be replaced similarly by S-E;. Re-
placing a transition 7: s'(l) = s§2) by an equivalent transition 7' defined as above
and taking in account the fact that an E-step or an M-step does not diminish the
syllable length, one gets s{!) = sgz). One shows similarly that s, = s, yields s, =
Ups; =u; for some u € U. A detailed proof is given in [5, Lemma 3.9]. Condi-
tion (iv) of Theorem 1.1 is satisfied. Therefore the amalgam is embeddable.

Theorem 1.4, concerning the amalgamation of an ideal, can be proved almost
exactly along the same lines as Proposition 2.1.

PrROOF OF THEOREM 1.4. The condition of the theorem is clearly necessary.
To show sufficiency, consider an E,-step followed by an S-step in the configura-
tion (a). Since U, and Uj are ideals of S, and S respectively we have sV =
u{® and ul(')sl. = u}z). It follows hi“(u}”si) = hi“(sgz)ugz)) and (a) can be
replaced by:

N

.'.sl(l)sj'.. =...u‘(3)si..o—) ) ul(3)sj e oo
SotEy . ng)u(z) v ﬂsgz)u?) oes,
- > i

The rest of the proof is identical to the proof of Proposition 2.1.

Finally, we proceed to show that the embedding of an amalgam is possible
under slightly more general conditions than those of Theorem 1.3. We say that a
subsemigroup U of a semigroup S is strongly left unitary if

(1) U is left unitary in S (us € U, u € U imply s € U),

(2) for every u,vE U, s, t €S, us = vt implies that there exist u’, v’ € U,
p €S such that s = u'p, t = v'p, uu’ = vv'.

Note that if, as in Theorem 1.3, there exists a subset P of S such that the
mapping (4, p) — up from U x P into S is a bijection, then S is strongly left uni-
tary. We shall prove that if [S; U; k], is 2 monoid amalgam such that h,(U)
is strongly left unitary in S, for every i € ], then [S;; U; h],, is embeddable.
We need the following notion, which will play a key role in the next section.

DEFINITION 2.2. Let [S;; U; b ], be a semigroup amalgam. We say that
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two consecutive steps (i.e. replacement of occurrences of u, = h (u) by u; = hi(u))
in “i*e S, are connected if the following conditions are satisfied:

(a) In case the first step introduces a new syllable, then the second step is
an E - or E- or M-step and affects the syllable just introduced.

(b) In case the first step does not introduce a new syllable but transfers a
u, from a syllable s, to a syllable 85 then the second step affects the modified S

A transition 7: x = y is called connected if any two consecutive steps of 7

are connected.

LEMMA 2.3. Let [S;; U; h],, be a semigroup amalgam. Suppose h O is
strongly left unitary in S,. for every i € I. Then connected transitions consisting
of two steps of the form E -E;, M-E,or E -S, M-S are equivalent to transitions
where the E-steps and the S-steps are performed first, or not at all.

PROOF. Case E -E,. If E, introduces a new syllable we have
LN s o 060 = o 00 s'u o e 0 f—'; o 00 s'u o e 0
i = il Y

-_— e e e ' 4 L ] l L ! ! L ) ! 4 L ]
= s,.uis,- nd siu,-sl- or* *-° siuksi c.

From u; = u]'.sj we deduce that s; € U] and s = ul','. Thus we have the equiv-

alent transitions:

E
e e siooo ] no-s;uilu;'oo . —’; ooosi'ui'u;' o.o:oo-s;ui'sjocoor

Er r
LI si o0 0 == oo o0 s;ui'ui” 00 =) oocs;u;u}' o0 0 ) ...s;u;‘u;'ooo=ao. s;u'ksi L
If E, does not introduce a new syllable we have
LI ® 00 = 0 0o ' ‘..ﬂ... , LN
1
=.00s1’u;s;0..-—)OQOS;u;s;...or...s"u,"s;OOO.
0y . . ’ U r ’
= L =U.D., S8, = V. = . € €S.
But us; u,s! 1mpl}es S; vlp]-, .s, v;p;» u;v; = wv; for some v;, v; € U, p, €S
Thus we obtain equivalent transitions as follows:

E
=oeee g e see ¢! cee
"y'y! L eeeg'yy ese=oe0 g'tilc’cee
eee o ...:Elés... 4 cee
S{U; ;D S{U VL Dy

=.00s

r
=ooos;u;‘v;cpiooo-—)ooos;u;‘vj'piocn=ooos;u’,cs; e

The other cases M-E}, E,-S, M-S are treated similarly; they use only the left uni-
tary condition or no condition at all for M-S.

As a consequence of Lemma 2.3, it is possible either to suppress or to shift
S-steps or E)-steps forward in a transition, provided they follow an E,-step or an
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M-step. This is proved as in Lemma 3.10 of [5] the most critical cases being
when the following M-S configurations ogcur:

) +-- suiu;--- S ulu;"- e su,u;‘ AR

(2) ooouutooo—)ooou tooo—)oo-ukutiooo.

They can be replaced respectlvely by:

7

(1)'"suui.°.l’°'.s;u]u]°“?.“suuk .,
(2)ooouut ooo—L)o.ou'kukt ooo-L)oooukut LU IR

PROPOSITION 24. Let [S;; U; h),., be a monoid amalgam (i.e. S, and U
are monoids and h(e) = e, for every i € I). Suppose h,(U) is strongly left uni-
tary in S _for every i € I. Then the amalgam is embeddable.

PROOF. Let 7: x = y be a transition from x to y, withx, y € ﬂ'e 7S
Introducing eventually additional steps in 7, where identity elements are slufted
from one syllable to another, we may assume that all two consecutive steps in 7
form connected transitions. It follows from Lemma 2.3 that 7 is equivalent to a
transition 7’ where all the S-steps and the E,-steps are performed at the beginning
of 7. We will show that 7' is equivalent to a transition 7" with the following
structure: 7" begins with a succession of El-steps, followed by a succession of S-
steps, itself followed by a succession of steps that are not E, or S-steps. To
establish this, it is enough to show that an S-step followed by an E,-step can be
replaced by a sequence of the form E-E-+ « < -E}-S-S-* + *-S. The cases when an

S-step followed by an E. -step are not nnmedlately mterchangeable are
E)
(l) oooskuslooo—)oo'skuslo.. _...sku]s]sl... -—)oooskum ]sl

S ' 0 EI [
(2) . skuisl oo—-)o.oskuksl oo_cooukskslooo—)oooumsksl

LR
’

S ') El I
(3) oooskuislooo—)oooskulslooo=o-oskulslo-o-—-)noosk ml

°
In case (1), from u, = u's, we deduce s, = u and 1) is equivalent to
7~ 4% KA A q
(l)ooos usloo:-—oo-skuiuslcoo ooosku u
l‘sl... —...skumsjsl...
In case (2), we use the fact that we have a monoid amalgam; (2) is equiva-
g q
lent to .
! - e e LN ] LN ]
. @) - (Sl = S ues c o b su,
U, S e8> umskeks,
In case (3), from u 5= u s, we deduce s, = v,p,, s; ,p,, Uy, = ulv for
some p, € S, and v, v' e U,. It follows that (3) is equivalent to
(3)..E.s usl..._...skulvlpl...—g...sku pl...=...

’ U
skuj' iplooo—l)ooos u vp ooo—)oonskum Ipl...—...skums[...'

is’oos-—)ooo

sk um

E,
L) —L)'oo
eis, *
ooo=ooou:ns;‘lnoo.
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Suppose now that r is a transition from s{!) €S, to sl(z) € S, (eventually
i =j). Then 7 is equivalent to a transition 7" with the properties indicated above.
Since E,-steps or M-steps do not diminish the syllable length, it follows that when
used in 7" they must be applied to one-syllable words and thus increase the syllable
length. The transition 7" linking two one-syllable words, it follows that 7" con-
sists in a succession of E-steps followed by S-steps. Using the left unitary condi-
tion, a simple induction argument shows that a succession of E,steps transforms
s into u, (l)u (z) ceeu (">s(3) where s(1) = u(Du(® ««+ y). In case
j#i, the S steps in 7' " must affect s, Thus s(3) = u{"*1) and s(l) = u(')u(z)
cee ul(")u("“) showing that sfl) = u; and s}” =u;. In case j = i, the S-steps
in 7" may or not affect s§3). If they do, then sgl) =u = sl(z) with u, = ugl)ugz)
«++ u{Ms(® and if they do not s = u,s(3) = 5(2) with u; = u{Du?) + « - u{™.
Condition (iv) of Theorem 1.1 is satisfied, proving that the amalgam is embeddable.

3. A necessary and sufficient condition for the embedding of semigroup
amalgams. Let [S;; U; ], be a semigroup amalgam, and let

TIX=Xg > X, DXy > X, =Yy

be a connected transition (see Definition 2.2) from x to y,with x = Xor X500,
x,=y€ n;‘e, S;. Given any two consecutive steps x,_, — x; = x,, , (0<i<n)
in 7, there is a syllable of x; which admits two factorizations, the first one reflect-
ing the result of the step x,_, — x, and the second reflecting the origin of x, —

x;, - Consider for example, the following connected E, -E| steps

E E,
LN ) skuil)sfl) LA 2 —r) skul(l)sfl) oo = 000 skul(z)s§2) LR —l) L ] skuiz)s§2) . ...

The syllable with index / obtained after E, has the factorization u}”sfl) (“out-
come” of E,) and the factorization u{*)s() (“input” of E;).

An equality arising from two connected steps (u{Vs{!) = u(2)s(®)) of the
transition 7 is called a connecting equality of 7.

DEFINITION 3.1. Let I be a set, and let s{¥), ul("), i €I, k €N, be sequences
of letters forming an alphabet 4. A system X of equations is a set of (unordered)
pairs of elements of the free semigroup over 4. If (w, w') € T we write w = w'..
A system Z is called a coherent system of equations, if there exist a semigroup
amalgam [Si; U; hi]‘.e ; and a connected transition 7 in ﬂ"‘ S, such that the equa-
tions of X are the connecting equalities of 7.

EXAMPLE. Let 7 be the connected transition

— u{Ps(?) = s(DuMs(s(2).
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The coherent system corresponding to 7 is
s(ll)ugl) = u(Ds(?), DD = u(23), “(33) = sg‘)ug“)sg’)-

In order to define a coherent system of equations independently from any refer-
ence to a connected transition, note that for any equation £ in a coherent system,
the left side and the right side of E are words over 4 of the type ul('), u,(' )sg'"),
s‘(")ug’ ), s,(")u‘(’)sl('") with the same index for each side of £ and with the excep-
tion that E is not ugll) = u{'2)_ Thus there are 15 possible types of equations.
If the right side of F is ul(.’ ) we say that the u-variable appears freely in E. If the
right side of £ is u{Ps(™) [resp. s®u(D] we say that the u-variable is blocked on
the right [resp. left] in E by s,("') [resp. sg")] . Finally if the right side of E is
s$uDs(m) we say that the u-variable is blocked in E by s{¥) and s{™). This
terminology is used in our next inductive construction of a coherent system.

Construction 32. Let I be a set, sg"), u‘(") (i €1, k € N) sequences of let-
ters forming an alphabet 4. We construct a finite system of equations £, E,,,
*+*,E over 4 as follows:

(1) For every n (1 < n <r) the letters in E, have all the same index i,
and i, #1i, , for 1 <n <r. Furthermore E, is not ug":) = u,(;) foralln,1<
n<r,k,l €EN.

(2) For every i € I, the letters ulf") appearing in all equations E, such that
i, = i have distinct superscripts, and the letters sl(" ) appearing in a given equation
also have distinct superscripts.

(3) E, is any one of the 15 possible types of equations indicated above.

(4) Suppose E,E,,**+,E,_, (n> 1) have been defined. Then the right
side of £, can be ul(;), ui("')s,(:') , s‘(:)u,(' ) or s’(:)u‘(i )sg"'"), for some k, I, m €N
except for the case outruled by (1).

The restrictions for the left side of £, depend first on the nature of the
right side of E, _,. They are indicated on the following table:

s 1
Right side of E,,_, u,('?_ . u,gn)_ ls,(;"_)l s,(":_)_lug)_ . "1(:1 1“'(::)—1s(m)1
Possible left sides u,(”‘) u,('? u,('? u,('?
of E,
(k) (D (%), (D @ g(m)
siuf’ sfuf’ up)sf!
(Dg(m)
ul" sln
sEuDsfm)
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Further restrictions on the contexts of u(’ ) are as follows:

(2) If the u-variable appears freely in E, "for every k < n, there are no
restrictions on the context of u(')

(b) If, for every k <n, the u-variable is blocked on the left [resp. right] by

s(") [resp. s(’”)] and s(") [resp. s(’")] appears on the left side of £, _ ,*+~,
E

1’ there is no restnctlon on the left [resp. right] context of u(' )

(c) If the u-variable does not appear freely in E, for every kn< n,letp
[resp. q] be the largest integer < n — 1 such that the u-variable is blocked on the
left by s(") [resp. on the right by s("' )] and such that s(") [resp. s(’")] does not
appear on the left side of any of the equations £, , ,,° -F »Ep_y [resp Eqp1ts

E,_,]1. Xi, #i, [resp.i, #i,], then u;, has no left [resp. right] context. If
i =i, [resp.i, =i ] then the left [resp nght] context of u 1ss(") [resp. s('”)]

Justzﬁcatzon Suppose that the equations of a system E arepthe connectmg

equalities of a transition 7 in TI¥ ier S; where [S;; Us h], ., is a semigroup amalgam.
There is no difficulty verifying (1), (2), (3) and the restrictions concerning the
type of the right and left side of E,,. To verify (4)(a) assume that the u-variable
appears freely in E, (k <n). Then none of the first n steps of 7 introduces an

s-variable. Consequently the contexts of u(’ ) do not depend on the equations E,,
E,,*+*,E,_,. Similarly if the u-vanables are blocked for example on the left,
by variables s(”c‘) appearing on the left side of a following equation, the left con-
text of u(’) does not depend on E |, E,,***,E, _,. Finally s-variables blocking

-vanables and not appearing on the left side of a followmg equation are s-variables
introduced by the successive steps of 7 and not suppressed by any of them. They
are present in the successive elements of H*e, S, involved in 7, in their order of
appearance. Consequently the left context of u(’ ) (if any) must be s*) as defined
(4)0). 1

Conversely, let T be a system of equations obeying conditions (1) to (4).

For a fixed i € I let S, be the semigroup generated by all s{¥), u{) where s
belongs to the set of all s-variables with index i appearing in Z and ug’) belongs to
the set of all u-variables such that uI(’ ) appears in T for some j € I. Suppose that
the presentation relations for S, are all the equations of Z involving s-variables and
u-variables with index i. By condition (2) the subsemigroup of S, generated by all
u?) is free. Thus, if U is the free semigroup on the set {u(): there exists j € I
that ui(’) appears in X}, then there is a 1-1 homomorphism k;: U — S, for every
i€land [S;; U;h),c, is a semigroup amalgam. We show that there is a transi-
tion 7 in I}, S, admitting the equations E,** , E, of Z as connecting equali-
ties. We shall say that an s-variable s(™) is at the origin [resp. the extremity] of
Zif sg"’ ) appears on the left [resp. right] side of an equation E w (L <k <7)but
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does not appear on the right [resp. left] side of an equation £, for I <k [resp.

forI>k]. Letx = s(’) cee s(lz)s(ll)u(l) (m 1) ("'2) oo (m‘)be the element
ia Iy Sy Sy ke

of I'l* S, obtained by the following process: u(l) is the y-variable in the left

side of E andn#i;s; s(ll) ('2) .. s( " are s- vanables at the origin of T that
71

are left contexts of u-vanables written from right to left in their order of appear-

ance; similarly s('"l) ('"2) (m ¢)

ceo o s

ky k, are right contexts of u-variables at the
origin of Z written from left to right in their order of appearance. Dually define
y€ “.e ; S; using as u-variable the variable appearing on the right side of E,, and
using s-vanables at the extremity of Z. Then by conditions (3), (4) it is possible
to construct inductively a connected transition 7: x =» y with the equations of =
as connecting equalities. The details involve only notational complications and
thus are omitted.

The next definition uses the notion of an s-variable at the origin, or the
extremity of a connected system of equations X, as defined above in the justifica-
tion of Construction 3.2.

DEFINITION 32. Let Z be a connected system of equation E, E,,***,
E,. Zis called a balanced system if

(1) the left side of E is u(‘) and the right side of £, is u(")

(2) there is at most one s-valmable sO [resp. s(' )] at the ongm [resp.
extremity] of Z which is a left context, and there 1s at most one s-variable s("‘ )
[resp. s, (m")] at the origin [resp. extremity] of T which is a right context.

If i = j we say that ¥ is a balanced system of type I, and if i #j X is called
a balanced system of type II. Given a balanced system of type I we call the equa-
tion sV u{Ds(m) = sg")ug")sg"") the equation locked to . Note that the s-vari-
ables in the locked equation might be present or not. For a balanced system of
type II the sentence: “there exists u{®), ulfo) such that sOu{1s(m) = (%) and
s‘(" )uf.")sg"') = u](o)” is called the sentence locked to Z.

ExampLES. The following are balanced systems with their locked equation
or sentence:

Type 1 Tyre 11
ug:) - ugz)sgl) ugl) = s{Du(®
s(Duf® = sﬁ”u{"')sg"‘) u§2) = uga)sgl)
ugs) = sgz)ug‘;) sgl)ugs) = ug4)sgz)
u§4)s$3) = ugs) sgl)u?) = usS)

s@ufs() = uf® uS)s$) = uf®
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Locked equation: s(l‘)u(l‘) = 5(2)y(6),
Locked sentence: there exists u{, 4 such that {Pu{!) = u®, 4P = 1.
Our main result is:

THEOREM 3.3. A semigroup amalgam [S,.; U; h,.],.E ; is embeddable if and
only if whenever a balanced system of equations Z holds in S, and U; = h,(U)
(i € 1), then the equation or the sentence locked to Z also holds in the semigroups
S, GeD.

By condition (iv) of Theorem 1.1 and Definition 3.2 of a balanced system,
the condition of Theorem 3.3 is obviously necessary. That it is also sufficient fol-
lows directly from Lemma 3.5 below.

Let [S,; U; h],c, be a semigroup amalgam and let ¢ be a transition in
H;"El S; of the formo: x =5, ls iy (R sl.k = y. We define the notion of descen-
dant of a given syllable s, of x as follows. Consider the first step of ¢ modify-
ing the syllable s ThlS step might incorporate s, into a new syllable of one
of the forms a, ms mbi ,a. ms,m, si b. or it mxght create new syllables after a
decomposition of s, of one the forms a(;) U s ima(:') aVu, a(;) The new
syllables created by the first modifying step of s are called the direct descen-
dants of s . A descendant of s is either s, or a syllable ¢ in o such that there
exists a success1on of syllables tys t st, thh = s st,=tandt,  isa
direct descendant of #, fori =0, 1,*++,n—1.

In case the first modifying step of Sim is due to a factorization of s into
aMu, or u, a® or al(‘)ui a(z) then 4{!) and a(?) might be modified t by

m m m 'm m m m
subsequent steps of g, and th1s modlﬁcatlon might be due to factorizations of
a(‘) ora, (2), If all the factorizations due to the successive steps of ¢ are reported

m
ons; then S; takes one of the forms
m

m

m im im

where some of the u,(")’s might be empty symbols. It follows that
m

'm

(l) X = silsiz e g, n u(l)a(l)u(z)a(z) LRI

(n )@ )M, +1)
i = 1 im"'a'”a'” .

im

We define the descendants of an element ag') as the descendants of the syllable
containing a'("z when the modification of a’(’lz occurs (by modification of a,("z we
mean the step x, = x,, , of ¢ where a‘("'n) appears in a syllable of x, but does not
appear in x, ).

On the set A;’ = {ag”z la§"3 is in the decomposition (1) of x} we define a
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relation y by a(’) a(’ ) if the modifications of a(’) and a(’ ) occur simultaneously
m m
in case both are modified, or if m = m’,j =j' if a(’) is not modified. It is easy
to verify that 7 is an equivalence relation on 47. Furthermore a(’) ¥ a(’ ) ) implies
m m

m = m', because both disappear simultaneously, and thus they are in the same syl-

lable of x,, there x, = x,, , is their modifying step.

Denoting by 'y[a(’)] the y-class of am we define a relation < on the quo-
tient set A9/y by
(a) 'y[a(’)] 'y[a(’ )] if the syllable containing a(’) when a(’) is modified,
m m

is a descendant of a(’ )
®) 'y[a(’)] [a(’ )] if a(’) is unmodified and a(’ ) is modified or if am
and a(" ) are both unmodrﬁed and m=m',j=j'.

The relation < is reflexive, antisymmetric (since 7 is an equivalence) and
transitive (by transitivity of the descendance relation). Thus it is a partial ordering
of A%/y. Note that if a//) is unmodified by o, then 7[a’§f)] = {a{"} is a minimal
element for < " " "

LEMMA 3.4. Let 0: x = y be a transition in H* S;. A maximal element
for the partial ordering < defined above on A% consrsts of consecutive elements

a‘.(i) of the decomposition (1) of x, all contained in a single syllable of x.
m

()

PROOF. Suppose q, (’) va; " and a(") b’ a( D, If these four elements of

A7 have the disposition « + a(’) XX a(") (XX a(“) ce a(kl) +++ in the decom-
n

m
position (1) of x, then the common modification of af’) and agi 1) occurs at the
m
same step of ‘o as the common modification of a(") and a; 1) "It follows that all

four elements are in the same class of y. If the four elements have the disposition
(kyp) Uy,
m in

a(") and ag ‘) takes place at a step of o occurring before the step modifying a(’)

n
(i 1) But when a(’) and a(' v

(ll)

coeglD e a(") crea , then the common modification of

oooa

are modified they belong to a syllable of the

form x‘7 a(’) Vi (one or both of x, n? Zi 3T€ eventually empty symbols),
and thrs syllable 1s a descendant of a(") By the deﬁmtron of <, we have 'y[a(g]
< 7[a§")] L If 'y[agi)] is a maximal element of A7, we deduce 7[a§’)] [a,(")]

n m m n
and the lemma follows.

LEMMA 3.5. Let 0: x = y be a transition in H S with x €S,, y GS.
(eventually i =j). Then there is a connected transztton T:X=yin II, el Sl

ProoF. By induction on the length (i.e. the number of steps) of a. The
result is clear if o has length 1. We assume it is true for any transition of length
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strictly less than the length of ¢. The factorization (1) of x is x = u; or
1 x = uDg{DufDg(2) « o o y(Mgmyn+ 1),

The case x = u; occurs when the first step of o is an S-step, i.e. o has the form

x = u; —> u;, = y. The induction hypothesis applied to the transition u; = y
gives the result. Suppose x has the factorization (1) with n > 1. If all the ele-
ments a{!),+ « «, a{™ are unmodified by o (i.e. are minimal singleton 7y-classes),
then y €S and there are transitions in o such that u§") = b§") forevery k, 1 <
k <n + 1. By the induction hypothesis there are connected transitions 7). u,(")
= b, and 7V, 7(2) « o« 7(K+1) applied successively give a connected transi-
tion 7: x = y. If there are elements agl),' oe, a§”) modified by o, then by
Lemma 3.4 there is a segment of x, say

= K+1) (k+1), (k+1
¥ = w0l Dalk+1) oyt Dyl Dglie+ Dyl Dy et 141),

such that the elements a{*), g**+ 1)« « « g(k+1) form a maximal 7y-class of 4J.
Since 'y(a,(")) is maximal, all the steps of o affecting x' until the modifying step
common to a{*),« «+, a{¥*) can be performed at the beginning of ¢ in the order
in which they appear in 0. Thus o has the same length as the transition

x = ufDafD) - oo gfk=Dy!gfRHIF1) oo gy (n+ 1)
a uDg{1) « oo gfe=Dg"g{eH1+1) o oo glmdy(n+1)
92
=)y
where the step following immediately the syllable containing x” is the modifying
step common to a{*),+  +, a%*+D_ The induction hypothesis applied to o, and
0, gives a connected transition 7: x = y. This completes the proof of Lemma

3.5, and thus Theorem 3.3 is established.
As a consequence of Theorem 3.3 we deduce Howie’s result [5].

COROLLARY 3.6. Let [S;; U; h;];c; be a semigroup amalgam. If U; = h(U)
is almost unitary in S; for every i € I, then the amalgam is embeddable.

PROOF. Recall that the hypothesis U; almost unitary in S; for every i € I
(see [2, p. 144]), means in particular that for every i € I there is a pair of linked
left and right translations A;, p; of S; such that U, is unitary in N;S;0;. Denoting
A (s)p; by 6%(s;), we also have 0(s;u;t) = 6%(s,)u;8'(2,), for every s;, ¢, €S, u; €
U,, s; or t; being eventually empty symbols (see [2, Lemma 9.36]). In what fol-
lows, some of the elements 0"(s,.) are elements of U;. We denote them by Bﬁ(si)
and define 0]'.'(si) by 0]‘.’(si) =h, [ '6%s)]. Given a balanced system Z over
[S;; U; h;];c; we prove that the locked equation or the locked sentence holds, as
follows. Let i, be the index of the locked equation in case Z is of type I; in this
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case we will show that all s-variables s;, i # i, appearing in Z are such that Oi(si)
€ U;. Similarly let iy, j, be the indices appearing in the locked sentence in case
Z is of the type II; in this case we show that all s-variables s;, i # iy and i # j,
appearing in 2 are such that 0'(s ;) € Uy, and that all s-variables in one of any two
consecutive equations with indices i, and j, are such that 6 °(s ) € U (or

o’ °(s ) Ey; ) If 2 is of type I, the locked equation is denved from E by re-
placmg each step of the connected sequence of Z by an equality in §; o’ This is
possible since each equation of Z with index i # i;, can be replaced by an equa-
tion with variables in U and thus in U . For example the equation s{*)u{s{™)
- s(n)u(l+l) can be replaced by 9! (sgk))u(l)gi (85'”)) = e:jo(s'(n))ul(u 1), A simi-
lar argument applies if 2 is a system of type II, but in this case weoneed the addi-
tional property that all the s-variables in the initial or in the final equation of Z
(with respective indices i, and j,) are such that their image under 6% or 670 are
in Uio or U;,. In order to prove all the required properties of elements of the
form 6i(s;) where s; is an s-variable in =, we transform Z into a system of equa-
tions over the amalgam [Bi(Si); U; h;);<; by applying 67 to both sides of any
equation in  with index i. It is thus enough to show that the properties indicated
for elements 0'(s,.) are in fact true for s-variables in a balanced system Z over an
amalgam such that U, is unitary in S; for every i € I. This is done by induction
on the number of equations in Z, the idea of the induction being the possibility
of moving forward the first S-step in the connected transition defined by T (cf.
proof of Proposition 2.1). If ¥ is not empty, then the connected transition of Z
contains at least one E-step or one E,-step followed by an S-step. Thus Z con-
tains two consecutive equations of the form

oo =y (B
a (1.2) u;’s;
(1b) s = y{k+ 1)
or
)]

(2b) u(")s(m) = u('”' n.

In both cases it follows that s¢™) is an element of U; which is denoted by T(s"")).
Also, we put 'r(s(m)) h, [h" 7; s('”))] We construct a balanced system E con-
taining less equations than T by deletmg the equation s]('” )u,(") = u,(" +1)) (or
ul(")s,('”) = u}" +1)) in the first succession of equations of the form (1) or (2) in
< and by modifying correspondingly the remaining equations. To indicate the
details of these modifications, suppose we suppress equation (1.b) (the case (2.b)
is symmetrical). If the index of the equation following immediately (1.b) in Z is
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distinct from i (index of (1.a)) the equations of Z following (1.b) are not modified.
Equation (1.a) is replaced by
(la') T. (s(m)) cee = u(k+ l)s(l)

which is derived from (1.a) by multiplication of both sides on the left by 7 (s("'))
All equations preceding (1.a) are similarly multiplied on the left by 7 (s('”)) whxch
can alternatively be considered as an s-variable or a u-variable, until an equatxon
containing eventually the variable s'(’ ) is reached. We replace sl('") by ri(sl("')) in
it and continue the multiplication process if necessary in other equations so as to
obtain a balanced system Z’. In case the index of the equation following (1.b) in
% is the index of (1.a), then this equation has the form « « + u{¥*Ds® = ...,
We replace (1.2) and the equation following (1.b) by a single equation obtained by
replacing u** s{) in the latter by its value 7 (s(’")) «+« given in (1.2'). Other
modlﬁcatlons are performed as indicated above, yleldmg again a system X' with
less equations than . By the induction hypothesis, all s-variables in Z' have the
required properties. But s-variables in ' are either s-variables in  or products of
s-variables in = by an element in one of the U;’s. The unitary condition implies
then that all s-variables of = in Z' have the required properties, while variables of
Z, not in Z’, are in one of the U,’s by the reduction process. This completes the
proof of Corollary 3.6.

In contrast to the previous result, Theorem 1.4 is an immediate consequence
of Theorem 3.3. Indeed, the hypothesis in an ideal amalgamation is such that the
sentence locked to a balanced system is directly derivable from the system itself.

It does not seem possible to derive Proposition 2.4, or the embeddability
property in the inverse semigroup case, without further analysis of balanced sys-
tems in these particular cases. This leads to proofs that are, at the present state
of affairs, longer than the original ones.

4. Finite sets of equational implications. In order to define equational im-
plications over a semigroup amalgam we need the following

DEFINITION 4.1. A morphism from the semigroup amalgam [S;; U; h,];<;
to the amalgam [T; V; k;];; is a collection of homomorphisms [®;; ®],c; such
that the diagrams

S ——T;

commute for every i € I.
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It is easily seen that the existence of a morphism [®;, ®],, is equivalent to
the existence of a homomorphism 6: l'l:‘au S;— II;_"EI,, T; such that 8[p,(S)]
C 9,(T;) and 0 [n(U)] C k[V] with y; [resp. §;] the canonical homomorphism S;
— M}, S; [resp. T, — M}, T;] and h [resp. k] the canonical homomorphism U —
M S; [resp. V— M}, T;] (see §1).

Let Z; (i €I) and Q be alphabets (i.e. sets of letters) such that there are
injections x;: § — Z; for every i € I. Extend ¥; to an injective homomorphism,
also denoted x; from Q* to ZF where Q* and Z} are the free semigroups on
and Z; respectively. Then [Z}; Q*; x;];; is an embeddable semigroup amalgam.

Let wfkl’), w?l’), vgmq), vg"q) EZFwithp,g=1,2,¢-.
DEFINITION 4.2. We say that the set of equational implications
(n,)
(*) wﬁk") = w(.’P)(iEI, p=1,2,*+7) imply vi(m") =y q (€Lg=1,2,")
i l
holds in the semigroup amalgam [S;; U; k;];<, if for any morphism [®;; ®],;:
(25 Q% xlies = I8 Us Bliey

k 1
(Di(wf p)) = (I)‘.(w: P)) (l ELp=1,2,"+") 1mply

) (n,)
0" 7) = 0,0, 7) (ELa=1,2,+.

It should be noted that the equational implications (*) contain in general
existential quantifiers affecting elements of Q* involved in the expressions of

wgkl’), w,(.'P), vgm

; ‘1), vﬁ"q ). As an example to write

“(11)3(11) = 3(12)“(12) s(xl)“(lz) = ”(14)
implies
ug2) = sgl)u(z?‘) s(zl) = ug4)

means: If there exists u(1), u(?), u(3) € Q* such that x, @(M){V = s(Ix, @),
X ) = s{Dx, (), then there exists u(*) € Q* such that s{Vx, ») =
X @), s§ = x, @™).

We shall show that no finite set of equational implications can serve as a
necessary and sufficient condition for a semigroup amalgam to be embeddable. As
for the embedding of a semigroup into a group [8], the idea is to show that given
any finite set of equational implications, holding in any embeddable semigroup
amalgam, it is possible to construct a nonembeddable amalgam in which the impli-
cations hold. We construct a nonembeddable amalgam 2, = [S;; U; h;];<; with
card 1 = 3 the construction being easily extendible to any finite set I. The semi-
group U is the free semigroup on u(!), u(2),+ «+  4(4n+4) " The semigroup S,
(= 1,2, 3) is generated by elements u{"), u(®),++ + 441+ together with all
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the elements sgk) appearing in the set IT (¥,,) of generating relations indicated in
the following board.

S S, S3
ugn = sgx)ugz) ugz) = u?)sg') '
${Du(® = (DS O ONC
u§Ss§?) = s{3uf®) uf®s{) = u{Ns@
@) = 5(3y() Ul = uBs(®

s(ln)“(l4n) = S(|"+ I)u(|4n+ 1) s(22n—|)u(24n—l) = u(24n)s(22n)
u(24n+ ')ng") = 8(22"+|)u(24”+2) us4n+2)sgn) - ua4n+3)

sg2n+ 1 )ug4n+3) = u(24n+4)

The general form of a relation for S, is s{Vu{**) = s{k+ Dy (#*+ 1) (1 <k < n).
For Sy it is u{*¥+2)s{) = y{}*+3sfc+1) (1 <k < n - 1), while for S,, succes-
sive relations are

sgk)u(z2k+l) = ug2k+2)sgk+l),
ug2k+3)sgk+ 1) — Sgk+2)ug2k+4), 1<k<2n-1.

In each of §,, §,, S5 the word problem is easily solved: Every word can be put
into a unique canonical form by lowering, if possible, the superscript of u{™. For
example, in S,, replace occurrences of s u{?) by ul!), u{2¥+2)5(2k+2) py
s{Vu(2¥+1) etc. Due to the independence of the presentation relations, these
replacements can be performed at most once for every occurrence of ug"). It fol-
lows that h(U) is free in S; and thus that 9, is a semigroup amalgam. Further-
more Y, is not embeddable, since the set of all presentation relations constitutes
a balanced system over ¥,,, with locked equation s{!u(!) = s{"u{#"+4). The
locked equation does not hold in S, for s{"u{") and s{"u{*"*4) are both in
canonical forms.

LEMMA 43. Let U, = [S;; U; h;),c; be the semigroup amalgam where the
semigroups S; have the presentation relations 11 (% ,,) indicated above, and let Tl
be a proper subset of 11 (,,). For every i € I, denote by S,rl the semigroup hav-
ing the same generators as S; and presentation relations all the relations with index
i contained in 1. Then the amalgam ?I},I = [S,“; U; h;),;; is embeddable.

PrOOF. We show that condition (iv) of Theorem 1.1 holds in Y. By
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Lemma 3.5 it is enough to consider connected transitions 7: x = y with x € S,n,
¥ €S, If x does not contain any occurrence of u{!), u{®), u{37+3) or y{4n+4),
then 7 is either empty (in case i =j) and x = y or 7 consists of a single S-step (in
case i # j) performed on x € h(U). A similar result holds in case x contains
occurrences of u{¥) with k = 1,2, 4n + 3, 4n + 4. In this case, possible succes-
sive steps of 7 are indicated by the factorizations given by the relations in II. For
example, if x = x{Du{Vx{?) the possibility for r is

xgl )u‘(I )xgz) — xgl )ugl )xl(z) = xg 1 )sgl )u(22 )x§2)

— x{Ds{DuPx(2) = x(Ds{DyDs(Dx(2) — etc.

But such a sequence does not yield an element y € Sjn in case i # 1, and also in
case i = 1 due to the fact that II is a proper subset of IT(%[,,).

THEOREM 4.4. Given any finite set of equational implications, each of
which holds in every embeddable semigroup amalgam, there is an integer n and a
nonembeddable semigroup amalgam U, such that the given implications hold in U,,.

PROOF. Let the finite set of equational implications be:

(k
Wi
o0 = 0" €L q=1,2,-7).

1
p)=wi(p) GELp=1,2,+++) imply

Let n be an integer greater than the total length of all words w( P) w; (p) appear-

ing in the equational implications above. Then all the words in these xmphcatlons
can be considered as words in the amalgam F, = [Zf, Q¥, x,],c; where Q =
@D, 4, ooy 1+ and 3, = (O, s(2) e uD, U@ s Bt ay,
Let [®,, ®],, be a morphism from F, to ¥, such that (w( P)) L) (w(lp) )
fori€l,p=1,2,*++. Suppose wi(kP) = x'.(k2) . 'xgk’) and w'p) = xﬁ'l) 2)
o -x("') are the expressions of wng) and wf’P) as products of elements of X.
Then

) q’i[xfkl)]q)i[xfk2)] ‘I’i[ i ] =&, [x :I )]‘I’tl"z ] oo &lx :l )]'

If we assume that each &, [x,(k)] and &,[x®] is in its canonical form in ¥, then
by the choice of n,to transform the left sides of all the equalities (1) for i €I,

p = 1,2, into the corresponding right sides we will need a proper subset IT of
the relations I1(%,). It follows that the morphism [®;, ®];c, induces a morphism
[V ¥)ies: F,, = UT such that the diagram below, with [0,, 8], the canonical
morphism: YN — %
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. 6,0

commutes. From (1) we deduce wl.(wgkp)) = wl.(wg'P)) foreveryi€l,p=1,2,
+++. By Lemma 3.3 and the hypothesis on the equational implications we deduce
wi(v.(mq) =y i(vg"q )) and thus <1>‘.(v§'”‘7)) = Cbi(vg"‘?)) foreveryi€I,p=1,2,

* * +, showing that the given implications hold in .

[‘piy 'p]

n
n
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