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ABSTRACT. Let X = (xy, * * -, x;) be a vector of s real components and

fi(x) = 2;?=10,7~xjk (k=12,3,-51i=1," R)R additive forms, where 6;;
are arbitrary real numbers. The author obtains some results on the simultaneous

approximation of If;(X)l, where ll#l means the distance from ¢ to the nearest in-

teger.

1. Introduction. In 1948 Heilbronn [5] improved Vinogradov’s result [9]
and obtained that for any € > 0 there exists some positive constant C = C(€)
which depends on € only such that for any real number 6 and any integer N = 1
there is an integer x satisfying
@a.n 1<x<N and l9x%I<CN %te,
where ¢l means the distance from ¢ to the nearest integer.

In 1967, see [4], Davenport generalized (1.1) and obtained
12 1<x<N and lox*I<CN-(1/K)te
where K = 2¥71, k =2,3,- -+ and C = C(e, k) is a positive constant depending
on €, k only. Recently, R. J. Cook [2] extended (1.2) to a finite number of 8’s.
On the other hand, Cook [3] and the author [8] obtained some results on addi-
tive forms. These results are as follows:

THEOREM C [2]. For any € > 0 and any integers k > 1, R > 0, there exists
a positive constant C = C(g, k, R) depending on €, k, R only such that for any
real numbers 0, - - *, 0 and any integer N = 1 there is an integer x satisfying

(13) 1<x<N and  max. (19,x*l) < CN~(V/F(k.R))+e

where f(k, R) is defined by K = 2%~ and
14 f&D=K [GR=24EKR-1)+KR+1 R>2).
THEOREM L [8]. For any integersk >2 and s > 1,put K = 2% and X =

(xy,* *  Xg), a vector of s real components. Let f(X), g(X) be any two additive
forms-of degree k in s variables,
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fXx)= Zl oix,l" gX) = Z:l ¢ix;‘9

where 0, -, 0 ¢, * , @ are arbitrary real numbers. Then for any € >0
and any integer N 2 1 there are integers x, * * *, xg not all zero and some posi-
tive constant C = C(e, k, s) which depends on €, k, s only such that

1< max IxI<N,
(1.5) 1<i<s

max (I, lg(X)l) < CN~(1/F(k.)+e
where
7 if s=1,k=2,
(1.6) F(k, s)=\3K + 1/k if s=1,k=23,
2K +1 +K/ks if s=2.

In this paper we shall extend Theorem L to a finite number of additive
forms with some improvements of Theorem C. We shall prove

THEOREM 1. For any integers k =2 and s 2 1,put K = 25l gnd X =
(xy, " * * xg), a vector of s real components. For any integer R > 3 let

L0 =2 0 (=1,-".R)
]=

be any R additive forms of degree k in s variables, where 0 G=1,--,R;j=
1, - - -, 5) are arbitrary real numbers. Then for any € > 0 and any integer N =2 1
there are integers X, * * *, xg not all zero and some positive constant C =

C(€, k, s, R) which depends on €, k, s, R only such that

1 < max lxj|<N,
1<j<s

a.n
max_(If,(X)l) < CN~(V/GsR)+e
1<i<R

where G(k, s, R) is defined by
(1.8) Gk,s,R)=2k R-1)+R- 1)K/ks + 1 R=3)

and g(k, R) is defined by _
ok 2) 7 if k=2,
19) ' K +1/k if k>3.

gk, R) =2k R-1)+R-DK/Kk+1 (R>3).

COROLLARY 1. For any € > 0 and any integers k > 1,R > 1 there exists a
positive constant C = C(¢, k, R) depending on ¢, k, R only such that for any
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real numbers 0, - - -, 05 and any integer N 2 1 there is an integer x satisfying

(1.10) 1<x<N and max (19,x*l) < CN~(V/e®RD+e
1<i<R

where g(k, R) is defined by (19).
Corollary 1 follows from Theorem L (R = 2) and Theorem 1 (R = 3).

We shall give the explicit form of g(k, R) in Lemma 1 ((2.1), (2.2)) for the
sake of application. For example when k = 3 we have:

R gk, R)

2 3K + 1/k

3 (6 +2/k)K +1 +2/k

4 (12 + 7/k)K + 3 + 4/k
5 (24 + 18/K)K +7 + 8/k

I wish to thank the referee for his very helpful suggestions which brought
improvements on the presentation of this paper.

2. Notation and preliminary lemmas. In what follows k, s, R are the integers
given in Theorem 1. We always assume that € is a small enough positive quantity
which is not the same € given in Theorem 1 and that NV is a sufficiently large pos-
itive integer, say N > N, = N,(e, %, s, R) which is a positive integer depending
on ¢, k, s, R given, such that all the subsequent asymptotic approximations and
inequalities in §§3, 4 are satisfied. So it is difficult to define € and N, at the be-
ginning or at any particular point. If y > 0 we use x < y to denote lx|< Cy,
where C is some positive constant which can depend on ¢, k, s, R. [¢] is the inte-
gral part of ¢. For real t we write e(t) = exp(2nti). We shall use B to denote
some irrelevant numbers which need not be the same from one occurrence to an-
other. For figures x, y, (x)y indicates the yth formula in (x).

We need several lemmas.

LEMMA 1. Let k, R be positive integers and K = 2571, If

gk, R)=2g(k, R-1) +KR - 1)k + 1 (R = 3),
where
7 if k=2,

8k, 2) =
3K+ 1/k if k>3,
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then
.1) &2, R) = (ll)ZR_2 -(R+2),

+ .
@.2) gk, R) = (31( + 3l£i£‘—i-l) JR-2 —K(R—k—l- + 1%) if k>3.

ProOF. Since for R = 3, k = 2 we have

K5 R -,

R-3

gk, R) =202k, 2) + X 2/ + =
2k

i=0 i=1

then (2.1), (2.2) follow by a simple calculation.

LEMMA 2. Suppose that A satisfies 0 < A < % and r is a positive integer.
Then there exists a real valued function Y(x), periodic with. period 1, which satis-
fies
Ye) =0 if Ixl> A,
2.3) o0
Vo) = 2 c e(ux),

U=-—oco

Where c,, are real and
24 =4, le,]<CE)min(A, A ul™Y) if u#o0,
where C(r) is some positive constant depending on r only.

PROOF. This is a particular case of Lemma 12 in [10, p. 32] withf = —a =
KA.

LEMMA 3. Let T = ZV_ e(tx*), where k = 2,3, - - - and t is any real num-
ber. For any € > 0 we have

L

(2.5 ITIX < NX=1 4+ NK=k+€ 3™ min(v, 1/1jz1),
=1

where K = 2*"1 gnd L = kIN*1,

ProOF. See Satz 266 in [7, p. 255].

LEMMA 4. For any real t if there are integers a, q with q > 0 such that
(@, q) = 1 and It — alql < q~2, then for any positive integers P and N,

P+q

(2.6) , > min(, 1/ljtl) < N + qloggq.
=P+1

PROOF. Lemma 4 is well known. See, for example, Lemma 3.5 in [6].

LEMMA 5. For any integer k > 2 put K = 2*~1, Forany e with0<e < 1
and any integers s = 1, R = 3 let X satisfy
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Q7N A2k, R-1)+(R-1DK/sk +1}<1-¢
and

=2 L R=DA=K) 1
(2.8) a= Kg(k, R-1+ & + 5

where g(k, R) is defined by (19). Then the following five inequalities hold si-
multaneously.

29) (VRK <1 -,

(2.10) WVs)(Ka + (R - 1DK)<1-¢,

(2.11) Wk - 1)K +R?) +sR —5aK) <1 -,
2.12) Mk - 1))2kg(k, R—=1) —aK +k) <1 -,
(2.13) AQgk, R-1)+1)<1-e.

PRrROOF. By (1.9) it is easy to see that g(k, R—1) > KR (R = 3,4, - ).
It follows that (2.7) = (2.13) = (29). On the other hand, substituting (2.8) in-
to (2.10) and (2.12) we see that (2.7) = (2.10) = (2.12). So it remains to show
that when R > 3

(2.19) 2kg(k, R—1) +k> K@ +R?) +R,

ie. (2.12) = (2.11). Here we only give the arguments for k = 3. By (2.2) we
have

2kg(k, R— 1) + k = 3K(QR2)(k + 1) + k(2R~2 —1) + 2R-2 - 2KR.
Then (2.14) follows since when k = 3, R = 3 we have
3QR2)(k +1)> (@1 +R)®* and k(R"2-1)+2R"2>R.
The proof of Lemma 5 is complete.

LEMMA 6. Let R, N be any positive integers and 0, * * +, O any real num-
bers. Then there exists an integer n satisfying
(2.15) 1<n<N, lopl<NVR (i=1,--+R).

PRroOOF. See Theorem VI [1, p. 13].

3. Existence of an R-tuple. We come now to the proof of our theorem.

Suppose that for some A > 0 there are no integral solutions X = (x,, - -,
x) of the following inequalities:

. 1< max Ix,I<N, max (If;,GONH <NA,
G0 1<j<s A 1<i<)§2(fi( <
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i.e. for each X with integers x,, - -, x; satisfying 1 < max; ¢;¢Ix;| <N, we
have some i (1 <i <R) such that If;(X)I > N~*. Putting A = N7 in Lemma
2, we have

0= }; V() W (X))

oo oo

B2 =2 X cpemfix) - X c,,,Re(meR(X))z
X

my=—oo mp=-—oc

s S
5+ EE e, emge(m E0u) e (e Epet).

where T is taken over integers x; withl1 <j<s,1< x; <N, and Z, is taken
over —eo<m,, ", mp <o except m = (m, **, mg)=(0,+,0). By
(2.4) with ¢y = N and (3.2) we have

§
(33) N&RA < %: emy " * g 1_1_11 1S, 7)I,
where
N R
(.9 Sm,)=> e (xkz aijm) G=1,"""5s).
x=1 i=1
Write

(3.5) > Icml. .. cmRIfIlIS(m’j)I = (Zl + 22) lcml g |~I§I| IS(m, ),
m J= j=

where 2, is the summation taken over m < N**€ (@ =1,--- R)and m #
(0, - - -, 0) while Z, is taken over all remaining terms in Z . We are going to
show that =, < N*~ RA—€ if we let r given in Lemma 2 satisfy r > R(A + €)/e.
So in view of (3.3), (3.5) we may neglect Z,.

Foreach/=1, -+ R by (2.4), we have

2 leyl= ¥ e+ 2 low)

Imyl<eo ImjI<NA+e Imgl>NA+e
(3.6) <N X 14N Y m
Imyl<NA+e Imyl=NA+e

<N + NN+ < e,

Since by (3.4), IS(m, j)I <N we see that
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R s
22<Z Icml“-cmRIHIS(m,j)l

i=1 3lmil>N}\+5 j=1 2

<st: > Icmilggn > Icmllz.

=1 (Im;l>NAte i#l Impl<oo
By (3.6) we have

R
2 <N | > IcmiliN(R“)e

=1 lim gl NA+e

R
<Ns+(R—l)eZ N—Te <Ns+(R—l)e-re <N3—R7\-e’

i=1
if > R(\ + €)le.
It follows from (3.3), (3.5) (2.4), that

s
NS RM < lecml° . -cleHl IS (m, )!
l=

< X VR fI IS (m, j)!.

Jj=1
That is
S s
(7 N < T IS NI< XX I5@m, )i*.
Jj=1 j=1 1

We see that there exists some j, (1 <j, <) for which we write 6, = 6;;, and
S(m) = S(m, j,), such that

(3.8) N < X Is@m)l,
where, by (34), !

N R
(3.9) S(m) = Z;l e (xkiz_jl m,.a,.) .

By definition of the notation < there is some positive constant B such that we
may rewrite (3.8) as

(3.82) BN® < ZIIS(m)I’.

We are now going to show that by (3.8a) there exists a p

(3.10) 0<p<A+
such that p= €
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lS(m)|> (Z—R—-IB)I/le—Rp (>N1—Rp)’

G.11)

p = p/s,
for at least [NR?~€] + 1 R-tuples (m,, - * -, mg) in
(3.12) Im| <N M€ (i=1,--+R).

Suppose that such a p does not exist. For some integer I with le > 2R(A + ¢€)
write

2 sk =3 Ism)ls + If T,
1 3 j=0

where Z; is taken over Im;l < NMe€@=1,---R),m#(0," - 0)and
ISm)I* <27R-1BNTRA+E) while T, = Z1S(m)I* which are taken over Im,| <
NMe€(@G=1,--+R),m#(0,-*,0)and

2—R-—IBN(S—(/'+1)R (A+e)1) < Is(m)ls < 2—R—IBN(S-jR (7\+€)/l).

According to our assumption on p there are no such terms S(m)!® satisfying 27 R~1ANS <
IS(m)I* even if 27R~1B < 1. So we neglect this possibility in the above summa-

tion Z]';}, T;. Now by our supposition on p and €/2 > R(\ + €)/I we have

T, < (2~R-1pN(s—iR A+e)/ DN+ 1R (A+e)/i-e))
= 2~R-1pp/(s—e+R(A+e€)/l) < )-R—1pprs—e/2 G=0,1,--+1-1).
23 IS@m)!* < @~R-1BNTRA+e) N )R = pys/p,

Hence

2 IS@m)ls = 3 Ism)ls + If T
1 3 j=0

< (BNS/z) + (2—R—lBlNa—e/2) < BNS

if NV is large. This contradicts (3.8a). So a p satisfying (3.10), (3.11) exists.
In what follows we shall confine our attention to the R-tuples (my, -,
mg ) satisfying (3.10), (3.11), (3.12). From (2.5), (3.9) we have

L
(3.13) IS@m)IX < NK=1 + NK=K+e ™ minv, 1/12l),
=
where L = k!N*! and
R
(3.19) t= '_z; 0,m,.

Define
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(3.15) Q = Nk-1H+erk=Kp  (p = p[s),
where
_ _2 L R-DA-K) 1
(3.16) a=ok,s R)= Kg(k’ R-1)+ ks + K
and g(k, R) is defined by (1.9). By Dirichlet’s theorem for given ¢ and Q ((3.14),
(3.15)) there are integers @, g such that
(3.17) @q)=1, 1<q<Q, lgt-al<Q.

Fix such a ¢ and divide the sum in the right of (3.13) into blocks of g terms. It
follows from Lemma 4 and (3.13) that

IS(m)IX < NK-1 4 NE-E+enk=171 + 1)V + q log q).
Then by (3.11) we have
(3.18) NI—RKP"E <Nq'1 + N€ +N“"+€q.
Suppose that A satisfies

(3.19) )\{2g(k, R-1)+ @—;,—}M + 1} <1-de (R=>3),

where g(k, R) is defined by (1.9) and A is a positive constant. The value of 4
is so defined such that all following inequalities (3.21), (3.22), (3.26), (4.8),
(4.10) will be satisfied.

By (3.15), (3.17),, (3.18) we have

(3.20) q—l > N RKp—e {1 — N2€+RKp-1 __,NRKp+2€—l+a7\K—Kp}.

The last two terms in the curly bracket of (3.20) can be neglected since by (3.10),
(3.19) and Lemma 5 ((2.9), (2.10)) we have

(3:21) 2¢ +RKp-1<0

and

(322 RKp +2¢—-1+aXK - Kp <0.
Then from (3.20) we have

(3.23) (1 )q < NREpPte,

By Lemma 6, for given 8, * - -, 05 and integer [ON ™ €] there are integers
a;,* -, ag and b such that

(324) 1<b<[QN"€], IbO,-gI<[ONTYR (=1, -+R).
It follows from (3.12), (3.14), (3.17);, (3.23) that
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R R
g am;—ab|<q) Imilla,—0,bl+b
i=1 i=1

R
< NRKp+e ENA+6[QN—G]—1/R + [QN_G]Q—l.

i=1

By (3.10), (3.19) and Lemma 5 ((2.11)) we see that

(3.25)

(RKp+e)+()\+e)-k{-(k—l +a\K —Kp —¢€)
(3.26)

<(k1; 1) {s(kk- l)(K(l +R%) +sR - saK) + 1 +Be} <-e,

where B is some number depending on %, s, R only. Then from (3.15), (3.25),
(326) we have lg =R a;m; — abl < N7€ < 1, for large N. That is ¢ ZR a;m; =
ab. But by (3.17); ((a, @) = 1) we see that q divides b. Then by (3.15), (3.24),
the number of possibilities for g is O(V€). Since at least [NRP~€]1 + 1 > 1)
R-tuples (m,, - * -, my) in (3.12) satisfy (3.11) then > NRP=2€ (or > BNRP~2¢
for some positive constant B) of these R-tuples have the same q. Choose a suit-
able d @RB > 2R *1, say) such that the following pigeonhole argument holds.
Partition the R-cube, lm;| < N**€ (i=1,--- R) by

(27 lm,| = IdNM €~(o=(2€/R)),

wherei=1,:-+, R;1=0,1,---. Inall, there are at most

R

dN?\+e—-(p—(2e/R)

R-subcubes in the R-cube, lm; <N *€ (i=1,- -, R). Now by the pigeonhole
argument, there is an R-subcube containing at least two distinct R-tuples (m'l ,
-+, mg), (my, * -, mg), say, having the same q. For these two R-tuples we
may suppose that for some integer I with 1 <7 <R we have m; > mj. Put

(3.28) mi=m;—m; ({=1,"-+R).

In particular, we have
(3.29) m; = 1.
Then by (3.27), (3.28) and (3.17); we have

|mi|<N7\+e(l+(2/R))—p (i =1,-:+R).

since R-tuples (m}, - - -, mg), (my, * - -, mg) have the same g in (3.17);.

(3.30)
B
I

R
< |2 6;miq
i=1

R
£ s <z,
i=1
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4. Completion of the proof. In what follows we shall confine our attention
to the new R-tuple (m,, - - -, mp) satisfying (3.28), (3.30). We proceed by in-
duction on R. As usual, our proof consists of two parts. We first show that The-
orem 1 is true for R (> 4) if we assume that Theorem 1 is true for R — 1. Then
we can see that in fact Theorem 1 holds for R = 3.

Put
@4.1) ¢; = mf~1q%9,,

“.2) M = [N@M2e(+R™D)—p)e/(1~eg) ],

where g =gk, R—1),i=1, -+, R; R > 3. Suppose that Theorem 1 is true for
R —1 (> 3). Then by Corollary 1, (1.10) is true for M and any R — 1 ¢’s among
®y,° -+, #g- So there is some integer n satisfying

1<n<M,
“4.3)
max  (lg,nkl) € MC1/e(kR=1))+e ¢ y—2A-2e(1+R™1)+p
1<i<RiAI ' :
Let
4.4 X = nqmy.

It follows from (4.1), (4.3),, (3.30), that

19,x¥1l < Ien¥1q*0 ) n*Ilm, = l|¢in"l|m, @i=1,--vRR=>4)
and

@.5) max  16,x*I < N"2A-2e(1+R™D)+pph+e(14+(2/R))-p ¢ Ny—A—€

1<i<R;i#]
Similarly, we have
18 ,x*1 = 16,n*q*m¥I
R R
4.6) <q*nkmi? q(Z Himi) + X Imll@*mEte)n*l
i=1 =051
<N°! + N,

where o, is defined (so as to make the last part of (4.6) valid) by the first part
of (4.7). By (3.23), (4.2), (3.30), (3.15) we see that

0, = (k- 1)(RKp + €) + k(2\ + 2¢(1 + R™Y) —p)g/(1 — €g)
@7 + & -1\ +el +(/R)-p)—(k—1+ oK - Kp)
= p((k = 1)RK — skg — (k — 1)s + K)
+AN2kg-aK +k)+Be—(k—1)—A—c¢,
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where B depends on k, R only. As pointed out in the proof of Lemma 5,
gk, R —1) =g > KR when R >4, whence we see that (k — 1)RK —skg — (k — 1)s +
K <0. Then together with (4.7), (3.19), and Lemma 5 ((2.12)), we have
(48) o, <N2kgk, R-1)-oK +k)—-(k—1)+Be—-A—-e<-A-—ce.

Hence by (4.5), (4.6), (4.8) we have

o xkl A—e,
49) ll'<nl:«.1x X< NT

Next, by (4.2), (3.23), (3.29), (3.30), we see that 1 <ngm; =x < N°2,
where

0, =\ +2e(1 +R7 1) - p)g/(1 —eg) + (RKp + €) + (A + e(1 + (2/R)) - p)
= p(RK/s —g(k, R —1) — 1) + A(2g(k, R = 1) + 1) + Be
<N\2g(k, R —1) + 1) + Be,

for some B depending on %, R only. Then by (3.19) and Lemma 5 ((2.13)), we
have

4.10) 0, <M2%k,R-1)+1)+Be<1-—e.

Hence

4.11) 1<x<N'"e

(4.9) and (4.11) show that we have obtained an integer x satisfying
1<x<N and max (I6;x*I)<N™™.

(4.12) x 1<i<R ( )

This contradicts our supposition (3.1) since if we let Xjo =X (for j, see statement
between (3.7) and (3.8)) and x; = 0 for all j # j, then we have a particular vec-
tor X = (x,"* W Xjy x;) for which

LX) = Z Oyxf = 0y % = 0,x%,

wherei=1,+-+, R; R 2 4. So by (3.19) with a suitable choice of € Theorem 1
is true for R (= 4), if it is true for R — 1.

It remains to see that Theorem 1 is true for R = 3. For the case R = 3
the proof follows exactly in the same way as that for R = 4 except that now
Corollary 1 ((1.10)) is known for R = 2 (a special case of Theorem L). This
proves Theorem 1.
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