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ABSTRACT. Let X = (xx, • • ; x¿) be a vector of i real components and

f¡(X) = Xj=x8jjXj (fc = 2, 3, • • •; i = 1, • • -, R) R additive forms, where 0^-

are arbitrary real numbers.   The author obtains some results on the simultaneous

approximation of Wf¡(X)\\, where llfll means the distance from t to the nearest in-

teger.

1. Introduction. In 1948 Heilbronn [5] improved Vinogradov's result [9]

and obtained that for any e > 0 there exists some positive constant C = C(e)

which depends on e only such that for any real number 9 and any integer N > 1

there is an integer x satisfying

(1.1) 1<jc<7V   and    Il9x2ll< CN~Vl+e,

where Hill means the distance from t to the nearest integer.

In 1967, see [4], Davenport generalized (1.1) and obtained

(1.2) Kx<iV   and    H0jc*ll< CrV~<,/'r>+ti

where K = 2k~1, k = 2, 3, • • • and C = C(e, k) is a positive constant depending

on e, k only.  Recently, R. J. Cook [2] extended (1.2) to a finite number of 0's.

On the other hand, Cook [3] and the author [8] obtained some results on addi-

tive forms. These results are as follows:

Theorem C [2]. For any e > 0 and any integers k> 1, R > 0, there exists

a positive constant C = C(e, k, R) depending on e, k, R only such that for any

real numbers dx, • • -, 6R and any integer N > 1 there is an integer x satisfying

n2\ \<x<N   and     max (Il0,xfcll) < CN-(x,f(-k'R»+e,
v  ' ' KKR

where f(k, R) is defined by K = 2k~x and

(1.4)     f(K 1) = K,      f(k, R) = 2f(k, R-l)+KR + l      (R>2).

Theorem L [8]. For any integers k>2 and s> I, put K = 2k~x and X =

(xx, • • -, xs), a vector of s real components. Let f(X), g(X) be any two additive

forms'of degree k in s variables,
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f(x) = i e¡xk,    g(x) = i 4>tX*,
1=1 1=1

where 6X, • • -, 04; <j>x, • • •, <¡>s are arbitrary real numbers.   Then for any e > 0

and any integer N > 1 there are integers xx, • • ; xs not all zero and some posi-

tive constant C = C(e, k, s) which depends on e, k, s only 'such that

(1.5)

where

1 < max  Ijc,KA^,
KKi

max(ll/(Z)ll, \\g(X)\\) < CAr(i"r(M))+ej

(1.6) F(k,s) =

1 ifs=l,k = 2,

3K + l/k ifs=l,k>3,

2K + 1 + Klks   if s > 2.

In this paper we shall extend Theorem L to a finite number of additive

forms with some improvements of Theorem C. We shall prove

Theorem 1. For any integers k>2 and s>\, put K = 2fc_1 and X =

(xx, • • ; xs), a vector of s real components.  For any integer R > 3 let

fi(X)=tdijxf     (i=i,--,R)
j=i

be any R additive forms of degree k in s variables, where 9¡j (i — 1, • • •, R ; y =

1, ■ ■ -, s) are arbitrary real numbers.   Then for any e > 0 and any integer N>\

there are integers xx, • • -, xs not all zero and some positive constant C =

C(e, k, s, R) which depends on e, k, s, R only such that

1 < max bc.KTV,
l<j<s

(1.7)
max (ll/QOll) < CN-(-x/G^k's'R^+e,

Kt<R

where G(k, s, R) is defined by

(1.8) G(k, s, R) = 2g(k, R - 1) + (R - \)Klks + 1      (R > 3)

and g(k, R) is defined by

Í7 ifk = 2,

\3K + l/k   if k > 3.
g(k,2) =

(1.9)

g(k, R) = 2g(k, R-l) + (R- l)K/k + 1      (R > 3).

Corollary I. For any e > 0 and any integers k > 1, R > 1 there exists a

positive constant C = C(e, k, R) depending on e, k, R only such that for any
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real numbers 0,, • • -, 9R and any integer N > 1 there is an integer x satisfying

(1.10) l<x<A   and     max (H0,xfcll) < C7v~(1/*(fc'*))+e,
Ki<R

where g(k, R) is defined by (1.9).

Corollary 1 follows from Theorem L (R = 2) and Theorem 1 (R > 3).

We shall give the explicit form of g(k, R) in Lemma 1 ((2.1), (2.2)) for the

sake of application. For example when k > 3 we have:

R g(k, R)

3K + 1/fc

(6 + 2/k)K + 1 + 2/k

(12 + l/k)K + 3 + Alk

(24 + Wk)K + 7 + 8/k

I wish to thank the referee for his very helpful suggestions which brought

improvements on the presentation of this paper.

2. Notation and preliminary lemmas. In what follows k, s, R are the integers

given in Theorem 1. We always assume that e is a small enough positive quantity

which is not the same e given in Theorem 1 and that A is a sufficiently large pos-

itive integer, say N> N0 = N0(e, k, s, R) which is a positive integer depending

on e, k, s, R given, such that all the subsequent asymptotic approximations and

inequalities in §§3, 4 are satisfied. So it is difficult to define e and A0 at the be-

ginning or at any particular point.  If y > 0 we use x < y to denote bel < Cy,

where C is some positive constant which can depend on e, k, s, R. [t] is the inte-

gral part of t. For real t we write e(t) = exp(27rr/')- We shall use 5 to denote

some irrelevant numbers which need not be the same from one occurrence to an-

other. For figures x, y, (x)y indicates the .yth formula in (x).

We need several lemmas.

Lemma I. Let k, R be positive integers and K = 2k~x. If

g(k, R) = 2g(k, R-l) + K(R- \)lk + 1      (R > 3),
where

g(k, 2) =I if k = 2,

3K + Ilk   if k > 3,
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fAen

(2.1) g(2,R) = (U)2R-2-(R+2),

(2.2)g(k,R)=(3K + 3-^f^)2R-2-K(^l + ̂    if k > 3.

Proof. Since for 5 > 3, k > 2 we have

g(k, R) = 2R~2g(k, 2) + Z 2'- + fr Z  (R - 0(2').
i=0 z/c   /=1

then (2.1), (2.2) follow by a simple calculation.

Lemma 2. Suppose that A satisfies 0 < A < & and r is a positive integer.

Then there exists a real valued function 4>(x), periodic with period I, which satis-

fies

0(jf) = 0   if llxll > A,

(2-3)

Hx)=   £ cue(ux),
U=—oo

wAere cu are rea/ a«d

(2.4) c0 = A,      lc„l< C(r)min(A, A-'!«!-''-1)    if u * 0,

wAere C(r) is some positive constant depending on r only.

Proof. This is a particular case of Lemma 12 in [10, p. 32] with ß = -a —

UA.

Lemma 3. Let T = 2^=1 e(txk), where k = 2, 3, • • • and t is any real num-

ber. For any e> Owe have

L

(2.5) 171* <NK~X +NK-k+eti min(VV, l/ll;Yll),
/=i

wAere K » 2k~x and L = k\Nk~x.

Proof. See Satz 266 in [7, p. 255].

Lemma 4. For any real t if there are integers a, q with q > 0 s«cA that

(a, q) = 1 and \t - a/q\< q~2, lAe« for any positive integers P and N,

Ptq

(2.6) E    mm(N,l/\\jt\\)<N + qlogq.
j=p+i

Proof. Lemma 4 is well known. See, for example, Lemma 3.5 in [6].

Lemma 5. For any integer k > 2 put K = 2k~l. For any e with 0 < e < 1

and any integers s > 1,5 > 3 let X satisfy
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(2.7) M2g(k, R-\) + (R- \)Klsk + 1} < 1 - e

and

as, a,i^R.1)+iäzm^i+i

where g(k, R) is defined by (1.9).  Then iAe following five inequalities hold si-

multaneously.

(2.9) (k/s)RK < 1 - e,

(2.10) (\/s)(sKa + (R- l)K) < 1 - e,

(2.11) W(k - \)s)(K(l + R2) + sR - saK) < 1 - e,

(2.12) ÇK/(k - \))(2kg(k, R-l)-aK + k)<l-e,

(2.13) H2g(k, R - 1) + 1) < 1 - e.

Proof. By (1.9) it is easy to see that g(k, R - 1) > KR (R = 3, 4, • • •)•

It follows that (2.7) ■* (2.13) =*• (2.9). On the other hand, substituting (2.8) in-

to (2.10) and (2.12) we see that (2.7) = (2.10) = (2.12). So it remains to show

that when R > 3

(2.14) 2kg(k,R-l) + k>K(l + R2) + R,

i.e. (2.12) => (2.11). Here we only give the arguments for k > 3. By (22) we

have

2kg(k, R-l)+k = 3K(2R~2)(k + 1) + k(2R~2 - 1) + 2*~2 - 2KR.

Then (2.14) follows since when k > 3, R > 3 we have

3(2R~2)(k + 1) > (1 +R)2    and   k(2R~2 - 1) + 2*~2 > R.

The proof of Lemma 5 is complete.

Lemma 6. Let R, N be any positive integers and dx,- • ; 9R any real num-

bers.  Then there exists an integer n satisfying

(2.15) 1 < n < A,      110,-nlK A-17*      (i = 1, • • -, R).

Proof. See Theorem VI [1, p. 13].

3. Existence of an5.-tuple. We come now to the proof of our theorem.

Suppose that for some X > 0 there are no integral solutions X = (xx,- • ;

xs) of the following inequalities:

(3.1) 1<  max \xA<N,        max (ll/(X)ll) <N~x,
Kj<s     ' Ki<R
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i.e. for each X with integers xx, • • -, xs satisfying 1 < maxj<*<4W <A, we

have some í (1 < i <R) such that 11/(^)11 > N~x. Putting A = N~x in Lemma

2, we have

o=Z KA(*))■•'*(/*(*))
AT

(3.2)       = ZJ    Z    ÍM.eCmi/iW)'--    Z     fm/K/j;(fl)
jr^m1=-~ mR=-<»      n )

- Asc* + Z Z cm, • • ■ cMÄ e U, I>i/**J • * • * f wk Z0*/*/*) .

where 2^ is taken over integers x¡ with 1 < / < s, 1 < x, < A, and 2m is taken

over -<*> <mx,- • -, mR <°° except m = (mx, • • -, mÄ) = (0, • • -, 0). By

(2.4) with c0 = N~x and (3.2) we have

(3.3) N*-**<Z \cmi-   ■cmR\lliS(jn,f)\,

where

m y'=l

(3.4) S(m,/•) = Z e (xk £ fyij       </ « 1, ■ • -, i).

Write

(3.5) Z K x ■ ■ ■ cmR Ijft B(m, /)l = (Z, + Z2) le«, • • • cmfi Ijft lS(m, ;)l,

where Sj is the summation taken over \m¡\<Nx+e (i = I, ■ • -, R) and m ¥=

(0, • • -, 0) while 22 is taken over all remaining terms in 2m. We are going to

show that 22 <^ /v*~ÄX_e if we let r given in Lemma 2 satisfy r > 5(X + e)/e.

So in view of (3.3), (3.5) we may neglect Z2.

For each /= 1, •••,/? by (2.4)2 we have

, Z   krm|l-      Z      W+      2      le*,"
lm,l<0° Im/K^ + e l/n/l>JV* + «

(3.6) <^A"*     Z       l+/VrX     Z       lm/l"r~1
ImjKAT^ + e lfnjl>Jv*+e

<Ae +NrXN~r<-X + e) <Ne.

Since by (3.4), I5(m,/)l < A we see that
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Z2<ZJ      Z       \cmi---cmR\U\S(m,j)\\
<=I (\mj\>N* + e /=! '

[zj  z   kMu z \cJ<NS]

By (3.6) we have

Z«a*ZÍ    Z    Ic^.iÎa^-1^
2 '=1 llm¡\>N^ + e       ' )

R
^ftS+ÍR-VeTjr tf-re ^ jys+(R-l)e-re ^ jys-R\-e^

i=l

ifr>5(X + e)/e.

It follows from (3.3), (3.5) (2.4)2 that

^ÄX<Z,lcmi---cMRin »(»,/)!
1 « "■  /si

^ZjA-^TJI^im,/)!.
/=i

That is
í i

(3 7ï «HI »(m, /)l « Z Z lS(m,/)l*.
'■•'■' >/=i /=i    i
We see that there exists some ;0 (1 </0 < s) for which we write 6t = 0Í/O and

S(m) = S(m,j0), such that

(3-8) Ns < Z IS(m)ls,

where, by (3.4),

w      /     R
(3.9) S(m) = Z e UfcZ «,0/

x=i    \   i=i

By definition of the notation < there is some positive constant 5 such that we

may rewrite (3.8) as

(3.8a) 5A* < Z lS(m)l'.

We are now going to show that by (3.8a) there exists a p

(3-10) 0<p<X + e
such that
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(3 n) \S(m)\ > (2-r-xB)x/sNx-rp      (> NX~RP),

p = pis,

for at least [NRp~e] + 1 5.-tuples (mx, ■ • -, mR) in

(3.12) \m,\<Nx*e   (i = l,--%5).

Suppose that such a p does not exist. For some integer / with le > 2R(X + e)

write

i-i
Z IS(m)l* = Z IS(m)l* + Z T.,

1 3 /=0    '

where 23 is taken over \m¡\<Nx+e (i = 1, • • -,R), m ^ (0, • • -, 0) and

\S(m)\s < 2-Ä-15As-fi<x+e> while 7} = 215(m)!* which are taken over Im,.! <

Ax+£ (i = 1, • • -, R), m * (0, • • -, 0) and

2~Ä_157V(s"(/'+1)Ä(*-+e)/,) < IS(m)lî<2_A_15A(i~/A(X+£)/,).

According to our assumption on p there are no such terms IS(m)ls satisfying 2~R~XBNS <

LSim)^ even if 2~R~XB < 1. So we neglect this possibility in the above summa-

tion I,jlx0Tj. Now by our supposition on p and e/2 > 5(X + e)/l we have

T < (2_Ä_I5Af(s_/Ä(A+e)/'>)(A((/+ i)Ä(^+e)//-0)

= 2-*-15A(^e+ß(X+e)//) < 2-R-xBN*-el2      (j = 0, 1, ■ • -, / - 1).

Z l5(m)ls<(2-'R-15Ai-Ä(x+£))(2A?l+£)R = 5A72.

Hence

Z IS(m)l* = Z U(m)l* + Z Tj
1 3 /=0

< (5AV2) + (2-R-1BlNs~e/2)<BNs

if A is large. This contradicts (3.8a). So a p satisfying (3.10), (3.11) exists.

In what follows we shall confine our attention to the R -tuples (mx, • • •,

mR) satisfying (3.10), (3.11), (3.12). From (2.5), (3.9) we have

L

(3.13) LS(m)l* <£ A*"1 + NK~k+e Z min(A, 1/ll/Yll),

where L = k\Nk~x and

(3.14) t = Z 0,«!,..
í=i

Define
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(3.15) Q = Nk-l+aXK-Kp        (p = p/s)>

where

(3.16) a = a(k, s, R) = ^g(k, R - 1) + (* " ^ " k) + ¿

and g(fc, 5) is defined by (1.9). By Dirichlet's theorem for given t and Q ((3.14),

(3.15)) there are integers a, q such that

(3.17) (a,q)=l,    1 < q < Q,    \qt-a\<QTl.

Fix such a q and divide the sum in the right of (3.13) into blocks of q terms. It

follows from Lemma 4 and (3.13) that

15(111)1* < A*-1 +A*-t+e(/c!Afc-1<T1 + l)CrV + <7 log?).

Then by (3.11) we have

(3.18) Nl-RKp-e < Nq-l  + Ne + Nl-k + eq^

Suppose that X satisfies

(3.19) \ffg(k, R - 1) + (i? ~J)K + l} < 1 - Ae      (R> 3),

where g(k, R) is defined by (1.9) and A is a positive constant. The value of A

is so defined such that all following inequalities (3.21), (3.22), (3.26), (4.8),

(4.10) will be satisfied.

By (3.15), (3.17)2, (3.18) we have

(3.20) q~l >N~RKp~e{l -N2e+RKp-l _ NRKp + 2e-l+a\K-Kp^

The last two terms in the curly bracket of (3.20) can be neglected since by (3.10),

(3.19) and Lemma 5 ((2.9), (2.10)) we have

(3.21) 2e + RKp - 1< 0

and

(3.22) RKp + 2e - 1 + aXK - Kp < 0.

Then from (3.20) we have

(3.23) (1 <)q<NRKp + £.

By Lemma 6, for given 9X, • • -, 9R and integer [QN~e] there are integers

a,, • • •, an and b such that

(3.24) 1 < b < [ßATe],      \b9¡ -a¡\< [QN~eyXIR      (i = 1, • • -, R).

It follows from (3.12), (3.14), (3.17)3, (3.23) that
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(3.25)

R

q Z «tmi ab
i=\

<<7Z \mi\\ai-9ib\ + b
i=\

? ZVM -«
i=l

< NRKp+£ Y,Nx+e[QN-erx/R + [ÔA_e]Ô_1.
f=i

By (3.10), (3.19) and Lemma 5 ((2.11)) we see that

(3.26)

(RKp + e) + (X + e) - ^(k - 1 + aKK - Kp - e)
K

< ^V^iiöfc^i)^1 + *2)+sR ~saK)+1 + Be}< ~e-

where 5 is some number depending on k, s, R only. Then from (3.15), (3.25),

(3.26) we have \q ZR=xaimi -ab\< N~e < 1, for large A. That is q 2f=1 a,w,- =

ab. But by (3.17)!   ((a, q) = 1) we see that q divides b. Then by (3.15), (3.24)j

the number of possibilities for q is 0(N£). Since at least [NRp~£] + 1 (> 1)

5-tuples (mx, ■ • ; mR) in (3.12) satisfy (3.11) then >NRp~2e (or >BNRp~2e

for some positive constant 5) of these 5-tuples have the same q.  Choose a suit-

able d (dRB >2R + X, say) such that the following pigeonhole argument holds.

Partition the 5-cube, li^K Ax+£ (i = 1, • • -, R) by

(3.27) blfl = W7Vx+£-("-(2e/'R)),

where i = 1, • • •, R; I = 0, 1, • • •. In all, there are at most

.R

= (2/d)RNRp-2£
X + e

_2N
ar/v-X + e-(p-(2e/R))

5-subcubes in the 5-cube, lm,.l <Nx+£ (i = 1, • • -, R). Now by the pigeonhole

argument, there is an 5-subcube containing at least two distinct 5-tuples (m'x,

• • ; m'R), (m'[, • • -, m"R), say, having the same q.  For these two 5-tuples we

may suppose that for some integer / with 1 < / < R we have m\ > m'¡. Put

(3.28) (i=l,   ■;R).

In particular, we have

(3.29)
Then by (3.27), (3.28) and (3.17)3 we have

m/>l.

(3.30)

|W.|<^AA + e(l+(2/K))-P (/= l,-.-,5).

I R

Z A/«?«Z Otmt)q
i=i

<
R

Z öiW-<7
i=i

+
í=i

<2QTX,

since 5.-tuples (m\, • ■ ; m'R), (m"x, • • -, m"^ have the same q in (3.17)3.
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4. Completion of the proof. In what follows we shall confine our attention

to the new 5-tuple (mx, ■ ■ ; mR) satisfying (3.28), (3.30). We proceed by in-

duction on R. As usual, our proof consists of two parts. We first show that The-

orem 1 is true for R (> 4) if we assume that Theorem 1 is true for R - 1. Then

we can see that in fact Theorem 1 holds for R = 3.

Put

(4.1) mk-xqk9t,

(4.2) m= [N&*+i£(.i+R~x)-P)s'(i-eg)]t

where g = g(k, R - 1), i = 1, • • -, R; R > 3. Suppose that Theorem 1 is true for

R - 1 Ç> 3). Then by Corollary 1, (1.10) is true for M and any R - 1 0's among

0j, • • -, <¡>R. So there is some integer n satisfying

1 <n<M,

(4.3)
max     (\\<t>.nk\\) < M(-x/g(k'R-x»+e < N-2X-2e(-1+R~l)+p

Ki<R;i*I

Let
(4.4) x = nqm¡.

It follows from (4.1), (4.3)2, (3.30)! that

ltxk\\ < \\(mk-xqk9i)nk\\mI = Il01.«fcllm/      (i = \, ■ ■ ; R; R> 4)

and

(4.5)        max      \\9¡Xk\\ <N-2X-2e<-x+R~1)+pNx+£(-x+<-2/R»-p <N~x~£
Ki<R;i±I

Similarly, we have

Il07;cfcll = llfl^Vm/1

(4.6) <qk-xnkmkrx ■(Zfl,m.
i=i

+    Z    lmi\\\(qkmk-x9i)nk\\
i=l;iV=/

<N°X +N~x-£,

where a, is defined (so as to make the last part of (4.6) valid) by the first part

of (4.7). By (3.23), (4.2), (3.30), (3.15) we see that

ax = (k - l)(RKp +e) + k(2\ + 2e(l + R~x) -p)g/(l - eg)

(4.7) +(k- 1)(X + e(l + (2/5)) - p) - (k - 1 + aXK - Kp)

= p((k - l)RK - skg -(k- \)s + K)

+ \(2kg - aK + k) + Be - (k - 1) - X - e,
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where 5 depends on k, R only. As pointed out in the proof of Lemma 5,

g(k, R - 1) =g>KR when5 >4,whence we see that (k - l)RK - skg - (k - l)s +

K < 0. Then together with (4.7), (3.19), and Lemma 5 ((2.12)), we have

(4.8) ax < \(2kg(k, R - 1) - cxK + k) - (k - 1) + Be - X - e < -X - e.

Hence by (4.5), (4.6), (4.8) we have

(aq\ max   Il0,.;c*ll ^A_x_e.

Next, by (42), (3.23), (3.29), (3.30)! we see that l < nclmi = x < N°2>

where

a2 = (2X + 2e(l + R~x) - p)gl(\ - eg) + (RKp + e) + (X + e(l + (2/5)) - p)

= p(RK/s -g(k, 5 - 1) - 1) + \(2g(k, 5 - 1) + 1) + Be

<X2g(k,R-l) + l)+Be,

for some 5 depending on k, 5 only. Then by (3.19) and Lemma 5 ((2.13)), we

have

(4.10) a2 < X(2g(k, 5 - 1) + 1) + Be < 1 - e.

Hence

(4.11) l<x^A1-£.

(4.9) and (4.11) show that we have obtained an integer x satisfying

Î412Ï Kx<N   and     max (Il0,xfcll) < A-\
v '   ' i</<«

This contradicts our supposition (3.1) since if we let x¡   = x (for/0 see statement

between (3.7) and (3.8)) and jc. = 0 for all/ #/0 then we have a particular vec-

tor X = (xx,- • ; Xj, • • -, xs) for which

tm = Z itf = eiioxfQ = 9(xk,

where i = 1, • • -, 5; 5 > 4. So by (3.19) with a suitable choice of e Theorem 1

is true for 5 Ç> 4), if it is true for 5 - 1.

It remains to see that Theorem 1 is true for 5 = 3. For the case 5 = 3

the proof follows exactly in the same way as that for 5 > 4 except that now

Corollary 1 ((1.10)) is known for 5 = 2 (a special case of Theorem L). This

proves Theorem 1.

REFERENCES

1. J. W. S. Cassels, An introduction to Diophantine approximation, Cambridge Tracts

in Math, and Math. Phys., no. 45, Cambridge Univ. Press, New York, 1957. MR 19, 396.



SIMULTANEOUS APPROXIMATION 373

2. R. J. Cook, On the fractional parts of a set of points, Mathematika 19 (1972),

63-68.

3.-, The fractional parts of an additive form, Proc. Cambridge Philos. Soc. 72

(1972), 209-212. MR 45 #6764.

4. H. Davenport, On a theorem of Heilbronn, Quart. J. Math. Oxford Ser. (2) 18

(1967), 339-344. MR 36 #6355.

5. H. Heilbronn, On the distribution of the sequence n2d (mod 1), Quart. J. Math. Ox-

ford Ser. 19 (1948), 249-256. MR 10, 284.

6. L. K. Hua, Additive theory of prime numbers, Trudy Mat. Inst. Steklov. 22 (1947);

English transí., Transí. Math. Monographs, vol. 13, Amer. Math. Soc, Providence, R. I., 1965.

MR 10,597; 33 #2614.

7. E. Landau, Vorlesungen über Zahlentheorie. Band I, Hirzel, Leipzig, 1927; English

transi., Elementary number theory, Chelsea, New York, 1958. MR 19, 1159.

8. M. C. Liu, Simultaneous approximation of two additive forms, Proc. Cambridge

Philos. Soc. 75 (1974), 77-82.

9. I. M. Vinogradov, Analytischer Beweis des Satzes über die Verteilung der Bruchteile

eines ganzen Polynoms, Bull. Acad. Sei. USSR (6) 21 (1927), 567-578.

10.-; The method of trigonometrical sums in the theory of numbers, Trudy

Mat. Inst. Steklov. 23 (1947); English transi., Interscience, New York, 1954. MR 10, 599;

15,941.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF HONG KONG, HONG KONG

Current address: Department of Pure Mathematics and Mathematical Statistics, Univer-

sity of Cambridge, Cambridge, England


