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ABSTRACT. Let R(T) be the space of real valued L™ functions
defined on the unit circle C consisting of those functions f for which
limh_,o(l/h)fg"'hf(eit) dt =f(ei9) for every 9 in C. The extreme points
of the unit ball of R(T) are found and the extreme points of the unit ball of
the space of all bounded harmonic functions in the unit disc which have non-
tangential limit at each point of the unit circle are characterized. We show
that if g is a real valued function in L*(C) and if K is a closed subset of
{e’ellimh_,o Q/n)f g +hg(eit) dt = g(eie)}, then there is a function in R(T)
whose restriction to K is g. If E isa Gg subset of C of measure 0
and if F is a closed subset of C disjoint from E, there is a function of
norm 1 in R(T) whichis 0 on E and 1 on F. Finally, we show that if
E and F are as in the preceding result, then there is a function of norm 1 in
H”(unit disc) the modulus of which has radial limit along every radius, which
has radial limit of modulus 1 at each point of F and radial limit 0 at each
point of E.

Introduction. Let C denote the unit circle, and let Lz (C) be the space
of all real valued L™ functions defined on C.

Define R(T) to be the subspace of Lg(C) consisting of those functions
f for which

tim (3)f, " reeya = )
for every € in C

It follows from Fatou’s theorem and its converse for nonnegative harmonic
functions in the unit disc ([6], [3]) that R(T) is isometrically isomorphic to
the space of real valued, bounded, harmonic functions in the unit disc which
have nontangential limit at each point of the unit circle.

It will be shown that the only extreme points of the unit ball of R(T)
are the constant functions 1 and —1. From this it follows immediately via
the Krein-Milman theorem that R(T) is not the dual of a Banach space.

If instead of R(T) we consider the space of all complex valued bounded
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harmonic functions in the unit disc which have nontangential limit at each point
of C, the extreme points of the unit ball are found to be precisely those func-
tions which have modulus 1 a.e.

A number of theorems concerning the existence of functions in R(T) with
special properties are also proved.

Finally, we show that if E isa G5 subset of C of measure 0 and if
F is a closed subset of C disjoint from E, then there is a function of norm 1
in H*(unit disc) the modulus of which has radial limit along every radius, which
has radial limit of modulus 1 at each point of F and radial limit O at each point
of E.

Much of the work depends on the fact that if M is a nonempty G sub-
set of measure O of the open interval (0, 1), then there exists a real valued func-
tion z,, defined on (0, 1) having the following five properties:

(1) zp(x) = if and only if x isin M.

(2) 1<zy(x) <o foral x in (0, 1).

(3) zy, is continuous on M.

(49) If x isnotin M, z,, is upper semicontinuous at x, i.e., for every
€>0, there isa 6 >0 such that z,,(y)>z,,(x) —e whenever |y —x|<3$.

(5) lim, o(1/R) f5+%z, (£)dt = z,,(x) for all x.

That such a function exists follows from the proof of a theorem due to
Zygmunt Zahorski. Because reference will be made to the details of the construc-
tion of such a function, both this theorem and an outline of its proof are given.

All of the work was done as part of a Ph.D. thesis guided by Professor Lee
Rubel of the University of illinois.

Background. The notation E’ will be used to denote the complement of
aset E. |E| will denote the Lebesgue measure of a set E. The letter m when
it occurs as a symbol will always denote a positive integer.

A point x in an open interval I is defined to be a point of density of a
subset K of I if lim, oK N(x,x +h)|/|h]=1.

THEOREM 1 [8]. Let M be a nonempty Gy of measure O contained
in (0, 1). Then there exists a real valued, increasing, differentiable function on
(0, 1) whose derivative is > exactly on M.

The following lemma is used in the proof.

LEMMA 1. Let M, be an arbitrary nonempty, measurable subset of
0, 1). Let M, be a closed subset of M, consisting only of points of density
of M,. Then for every positive number p there exists a closed set Mp with
M, CM, CM, satisfying:
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(1) Every point of M, is a point of density of M, and every point of
Mp is a point of density of M,.

() IM,1> 1My + (1 —2727P) (1M1 — M, ).

@B)If6EM, and IM;, N (0,0 +1)I/It|>1—¢€ for |t]<1/m, then
IM, N ©,6+0I/1t1>1—e—2"""P*L in particular, if IM; N (O, 1)]=0,
M, N (6,6 +1)I/1t1>1 —27m=P+l for |t < 1/m.

The proof of this lemma will be omitted since it will not be referred to
later and since it is precisely the first part of the proof of the Lusin-Menchoff
lemma which is stated and proved in Zahorski’s paper [8].

PROOF OF THEOREM 1 (OUTLINE). Let N=M'N (0,1). N may be
written as a countable union of closed sets, say N = yz=,Fy, Fy closed.

Let P, be an arbitrary closed subset of N of measure greater than }2. Set
®, =P, UF,,and let p, be a positive number greater than 1, for which |®, |
+(1—272"P1)(1 — |®,1)> 3/4. By Lemma 1, there is a closed set P, of
measure > 3/4 with &, C P, C N, satisfying (1), (2) and (3). (Here M, = ®,,
M, =N,p=p, and M, =P,)) Set &, =P, U F,. Then |®,|>3/4 and
|®, N (x, x +Hk)|/Ih|>1—2"""1"P1 for x €®, and |k| < 1/m. Pro-
ceeding inductively, let p, >p,_, + 1 satisfy |®;|+ (1 —2727Pk)(1 —|®,])
>1—27%"1, By Lemma 1, there is a closed set P, , of measure
>1— %**1 with &, CP,,, CN satisfying (1), (2) and (3). Set &, =
Pryy YFiy-

The sequence {®,},., is an increasing sequence of closed sets whose
union is N. |®,|>1—1/2F forall k¥ and

[®, NG, x+h)|/|n|>1—2"m+1=Pk-1

forxin @, _, and |h| <1/m.

At this point Zahorski proceeds to define closed sets &,, where r is of
the form m/2", m > 2", m, n positive integers. These sets are so chosen that two
properties hold. They are

@@ @, C®, if r>r,

(b) if r>r', every point of ®,. is a point of density of &,.

For our purposes, it will be useful to choose these sets &, in a special way.
The essential properties (a) and (b) will hold.

For each positive integer N, let Py, (q/2) = 2. Let @y, (/) be any
closed set with ®y C Py (1/2) C Py 4y Which satisfies (1), (2) and (3) of
Lemma 1, with p =Pnia/2) = 2-

Having defined py . (;/on) and @y, (5 on) forall N and all s/2"
with 0 <s<2" and n <k, let py, (5,41)2k+1 =k +2 foreach N
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and r with 2r + 1 <2%*1. Let @y, (5,,,)/,k+1 be a closed set constructed
as in Lemma 1 with

DBy ¢/2ky C Byp@rer)/2k+l C Pviaryak a0d P =Dy, (opiqynkt1 =k +2.

If r=m/2", r in lowest terms, then r may be written uniquely as r = N+s/2",
s < 2". I)et @m/zn = ¢N+(S/2n)'

Having defined ®,, J2n for all m/2" > 1, define ®, for A\ an arbitrary
real number >1 by &, = (,,522n Bpp/2n-

Define

A

inf{A|0 €®,}, 6EN,
2y, 0) = - 0 eM

The function z,, satisfies the five conditions stated previously, and the
function h(9) = fgzM(t)dt satisfies the conditions of the theorem.
The following corollary will be of use later.

COROLLARY OF THE PROOF. For each pair of positive integers N and n,
[Py g1jan 0@, 0 +0)/1t1>1—27"*1 for |t]<1/m and 6 € By.

PrOOF. By construction, [®y,, N (@,0 + 0)|/1t]|>1—2""*1-PN for
0 €®y and [t|<1/m. Thus, by (3) of Lemma 1,

[Ppnp1/2 N 6,0 +D)/1t]>1—2""+1=PN p=m+1-PN+1/2
=1—2"mMt1-PN_y-m+1-2
Applying (3) of Lemma 1 again yields

[ Pyyrj22N @, 0 +D)1/1t1>1 — 9~ mH1=PN _ 5-m—1 _yg=m+1=PN+1/22

=1 _2—m+1—PN _2—m-1 _2—m—2.

In general

n
| By g1/ N 0,8 + /18] >1 =27 "+I=PN _g=m 3~ 5-s,

§s=1

Thus, By /on N (0,0 + 0)1/111>1—2"m+1-PN—2"™_ Since p, >1 for
all N, [@y4q/n N O, 0 +0)I/12]1>1 —2-m+l  QED.

If I is an open subinterval of the real line and if M is a nonempty Gj
of measure O contained in I, then a collection of closed sets {®,}5, con-
structed in the manner of Theorem 1 will be called a Zahorski collection for M
on I. If I is a closed interval, such a collection will be called a Zahorski col-
lection for M on I provided each @, is of the form &, =IN &,. where
{®,/} is a Zahorski collection for M on some open interval containing /.
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A Zahorski function for M on I will be any function z defined on I by

oo, xXEM,
= \nfuxea), xem,

where {®,},., isa Zahorski collection for M. The function z will be re-
ferred to as the Zahorski function corresponding to that collection.

If z isa Zahorski function for M on I, then z satisfies the properties
(1)—(5) listed in the Introduction, with the interval (0, 1) replaced by I (with
appropriate restrictions at the endpoints if I is closed).

We observe that if z is the Zahorski function corresponding to a Zahorski
collection {®,},5,, then z is identically 1 on &,. Also,if K isa given
closed subset of M’ N I, then &, may be chosen so that K C ®,.

We turn our attention now to the problem of characterizing the extreme
points of the unit ball of R(T).

Extreme points. Let E C [—m, 7] be an arbitrary G5 of measure 0.
Let z; be a Zahorski function for E for which zg(m) = zz(—m), and assume
that z; has been periodically extended to a function on C. Let ug(0) =
1/z5(0). ug has the following properties:

(1) ug@@) =0 ifand only if 6 isin E.

(2) 0<ug(®)<1 forall 6.

(3) ug(8) is continuous at every 6 in E.

(4) If 6 £, then for every € >0, there isa § >0 such that ug(x) <
ug(0)(1/(1 —e€)) when Ix —6|<3, ie.,ug is lower semicontinuous on E'.

(5) limy,_,o(1/k) f 8+ lug(@) —ug(f)|dt = 0 for every 6 € [—m, n].

Properties (1)—(4) follow directly from the corresponding properties for zg.

PROOF OF (5). Since ug tends continuously to 0 atevery 0 EE,
lim,, _,o(1/R) f& *Pug(t)dt =0 for 6 in E. Suppose § isnotin E. Let
{®,},>; be the Zahorski decomposition corresponding to z, and let € >0
be arbitrary. Since every point of &, is a point of density of &, whenever
A">2, 0 is a point of density of &,y ;1) and so also of {tlzg(f) <
zg(0)(1 + €)} which contains &, 4y (; 4¢)- In terms of u., 6 isa point of
density of {¢|ug(t) = ug(0)(1/(1 + €))}. This fact, together with property (4)
and the boundedness of ug, yields the desired conclusion.

A function uy which is of the form 1/zp where zg is a Zahorski func-
tion for E will be called an inverse Zahorski function for E.

If fisin L™(C), then S(f) will denote

{retnml ,}iin‘,(;‘,)f 0 dr = 50
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and L(f) will denote

x+h

{xe [—m, ] | hli_rp()(%) I |f(x)—f(t)ldt=0}.

L(f) is asubset of S(f) but the two sets need not be equal as the function

sin(1/9), 0 #0,

6) = {0, 2

shows. L(f) will be referred to as the Lebesgue set of f.

THEOREM 2. The only extreme points of the unit ball of R(T) are the
constant functions 1 and —1.

Proor. It will first be shown that f is an extreme point of the unit ball
of R(T) if and only if |f]=1 ae. .

If |fI=1ae. andif g isafunctionin LZ(C) for which If+gll<
1 and lf—gll<1,then g=0ae. Thus f is an extreme point of the unit
ball of Lg(C) and so also of R(T). Suppose |f|#1ae. Set g=1— [f].
Let E bea G; of measure O containing {010 S(g)} U {—n} U {7} and
let ug be an inverse Zahorski function for E on [—m, #] which has been
periodically extended to a function on C. Since ug tends continuously to 0
on E,0 isin S(ug(l —Ifl)) whenever 6 isin E. If 6 € E, 0 isin
both L(ug) and in S(g), so that 6 is also in S(ugg). Thus every point of [—, 7]
is in S(ug) and ugg is in R(T). Since ugg is a function in R(T) which is not
identically O and for which uz(9)g() <1 — [f(¢)| for all €' in C, f is not extreme.

The conclusion that the only extreme points are the constant functions 1
and —1 follows from the following lemma:

LEMMA 2. If f is a real valued, continuous, differentiable function on
(—m, ®) whose derivative assumes the values 0 or 1 a.e., then [’ is either
identically 0 or identically 1.

Professor C. Weil noticed that this lemma is a consequence of a theorem
of Denjoy [2], which asserts that if f’ exists everywhere, then for any open
set G, (f)~1(G) is either empty or has positive measure.

A direct proof is given here. This method of proof is useful for extending
some of the results given here to R"™. These extensions will be given in a later
paper.

PrROOF OF LEMMA 2. Set u=f and K = {x|0 <u(x) <1}

The conditions on f imply that f is absolutely continuous [7, p. 207].
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Therefore, since u has the Darboux property, it is sufficient to show that K is
empty.

Suppose that K is not empty. Let y be an arbitrary number in (0, 1).
If @ isin K and if A > 0 is an arbitrary positive number for which (¢ —hA,
a + h) C (—m, ), then it follows from the Darboux property for u and the ab-
solute continuity of f that « must assume the value y in (@ —h, a + h).

Let @ bein K and let 2 >0 be arbitrary except that (@ —h, a + h)
C (—m m). Let @, beapointin (¢ —h, a + h) for which u(e,) =1—(%).
Let 0<T, <% besuch that [ —T,,e, + T,] C (@ —h,a + k) and, for
0< It < Ty, I(1/8) {flay +8) —f@)} —{1 — (%)} <% and set F, =
[¢, = Ty,a, + T,]. Since o, €K, there isa point a, in (¢, — Ty, e, +7T;)
for which u(e,) = 1/22. Let 0< T, <1/2% satisfy [a, —T,,a, + T,] C
F3, where ° denotes interior, and I(t=1){f(a, + #) — f(e,)}— 1/2%1< 1/2? for
0<I[tI<T,. SetF, = [, —T,,a, + T,].

Continue defining o, T}, F), inductively as follows: If k —1 is even,
let o beapointin (a_, —Ty_y, @ _y + Ti_,) for which u(e,)=1-—
(1/2F). Let 0<T, <1/2% satisfy [o) — Ty, + T;] CFy_, and

I/ {f ey + ) —fle)} — {1 — (129N <1/2% for 0<|tI<T,.

Let F, = [o, — Ty, o, + T, 1. If k—1 isodd, replace 1 —(1/2%) by 1/2%,
ie, ap €EFy_,, ule)=1/2* and

/O fley, + 1) — floy)} — 1/2¥1 < 1/2% for 0 < |tI < T.

{F,};>, is asequence of nested closed intervals. Let 6 be in the inter-
section of the F,. Let € > 0 be arbitrary and let T, > 0 satisfy
1A/D{6 + ) —fO)}—u@)|<e for 0<|t|<T,. Let k, be a positive in-
teger for which 1/2¥¢ <min{T,, €}. Since § €F,, for k >k, 10 —a,;|
<T,, and |1/ — ) {f(0) — f(ey;)}— 1/2%%] < 1/22* < ¢. Also since
Ty, <1/2%¢ < T, 11/(ay; — 0){f(ey) —F(O)}— u(®)| <e. Thus, for k> k,,
[u(0) — 1/2%% | < 2¢, which implies that u(6) = 0. On the other hand, the fact
that @ isin F,,,, for k >k, leads to the conclusion that u(f) = 1. Thus
the assumption that K is not empty leads to a contradiction and K is empty.
QE.D.

This lemma completes the proof of Theorem 2.

Now consider L>(C), the space of all complex valued L* functions on
C, and let X(T) be the subspace consisting of those functions f for which
S(f) = [—m, n].

A proof identical to the one used in the real case can be used to show that
f is an extreme point of the unit ball of X(7) if and only if |f| =1 a.e. The
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functions 2" show that there are many extreme points. Lohwater and Piranian
[5] have shown that corresponding to any subset of C of measure 0, which is
simultaneously an F_, and a Gj, there is an inner function in H~(D) which
has radial limit O at each point of E and radial limit of modulus 1 at each
point of E'. Boehme, Rosenfeld and Weiss have shown [1] that the boundary
function of an H™(D) function which has radial limit along every radius is in
X(T). Combining these results leads to the conclusion that if E is a subset of
C of measure 0, which is simultaneously an F, and a G, then there is an ex-
treme point in the unit ball of X(7) whichis 0 on E and whose modulus is
1 on E'.

Functions with special properties in R(T) and H™(D). We now state two
theorems and a corollary concerning functions in R(T). Since their proofs are all
very similar, only the second theorem will be proved here.

If E isasubset of C, the notation E* will be used to denote {0 €
[—n, 7]1e® € E}.

THEOREM 3. If E isa Gg of measure O contained in C andif F is
a closed subset of C disjoint from E, there is a function of norm 1 in R(T)
which is O at each point of E and 1 at each point of F.

CoROLLARY. Let {w;},., be a convergent sequence of pointson C for
which w; # w; unless i=j and w;# limw, forany i. If {ay}y>, isany
sequence of O’s and 1’s, then there is a function u of norm 1 in R(T) for
which u(w,) =a, forall k.

THEOREM 4. If g isin L(C) and if K is a closed subset of {€/°10 €
S(g)}, then there is a function in R(T) whose restriction to K is g.

PrOOF. Let E be a Gg subset of C of measure 0, disjoint from K
and containing {e’910 & S(g)}. Let

E if ¢"€EK,
EU {¢™) if "¢ K,

and let {®,},5, be a Zahorski collection for E#* on [—m, n], where ®, is
such that K* C ®,. Let up be the corresponding inverse Zahorski function ex-
tended periodically to a function on C. An argument similar to that used in the
proof of Theorem 2 shows that S(ugg) = [—m, n]. Thus ugg isin R(T).
Since upg/E =0 and upg/K = g, the proof is complete. Q.E.D.

Theorem 4 directly implies that the functions in R(T) are dense in
measure in Lp(C). (A sequence {f,} of measurable functions converges to a
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function f in measure if, for every € > 0, there is an N such that, for n = N,
Hxllfx) —f,x) = el < e)

A theorem similar to Theorem 3 holds if the space R(T) is replaced by
{fEH>(D)lim,_,, |f(re'®)| exists for all e® € C}. (Here D denotes the unit
disc.) Explicitly, this theorem says the following:

THEOREM S. If E isa Gg of measure O contained in C andif F is
an arbitrary closed subset of E', then there exists a function H in H™ of norm
1, the modulus of which has radial limit along every radius, which has radial limit
of modulus 1 at each point of F and radial limit O at each point of E.

A lemma will precede the proof of this theorem.

LEMMA 3. Let E be a nonempty Gg of measure O contained in (0, 1).
Let z be a Zahorski function for E with corresponding Zahorski collection
{®\}r51. Then

R
S, 6 + 1) —J(© —t, 6))}dt
is finite for every 6 € ®, and every positive number R less than min(1 — 6, 0),
where J((6,60 +)=[ (g 6+ 2()duand J(6 —t,0)) =f(g_+p y2(u)du.

ProoF. Fix R and fix § € ®,. For each measurable subset M of
(0, R) define J(M) = [pz(u)du, M(t, +)=MN 0,0 + 1), M(t,-)=MN
©—1t0),M =d\b,_,. Set

®=] ’:(f;) (6, 0+ 1) —J(© — 1, )},
'R/ 1 fd -
=] o(,—z) 3 Z IO, ) = 06, ) %dr,

B= jﬁ('}z)%l(d)z(t, +)) —J (2, —))%dt.

Since (*) = A + B, it is sufficient to show that |4| and [B]| are each
finite.
Since z(u) is defined z(u) = infy{A lu E®, }foru in E', 2(u) <k if u € ®,.. Thus

i< f(ﬁ) ; é:a k(1M (2, )1 + IM, (2, -)lidt-

For each ¢ in (0, R), let n(z) be the positive integer for which 1/2"()+1 <
2 <1/2"®. Set n'(t) =n(ty2. Since 6 €®,,0 €®,_, for k>3,and
it follows from the construction of the &, that [&,_,(s, +)| > (1 —

272" W=Pr_2+1y Since |B,(t, DI <t, IM(, P <r2-2" O-Pr_z+1,



172 R. G. CAHILL

Similarly, |M, (s, =)< 122" ®~Pi-2+1_ Since p, >k forall k> 1,
Zr=3k27Pk-2 converges and

oo R ’
1< T k2 Pi-2 [ a2 O ar,
k=3

Thus, |4 | < 4Z_ k2~ T2 Ry~ N2T/14¢ which is finite.

Now consider B. Let M(f) = (1/t){J(®,(t, V) —J(®,(t, )}, t € (O, R).
Fix ¢ for the time being and let n be the positive integer for which 1/2"*1<
12 <1/2". Let n' = n/2. To simplify the notation, write E(+) instead of
E(t,+) and E(—) instead of E(t, —) for each subset E of (0, R). For
each positive integer s >2,let B, = d>l+(s/2,,)\<1>l+(s_,) j2n and let By =
®, 4 (1/2n)- We have

M) = ( >zJ(B; ) —JB, )+ Z J(By(+)) — J(B( ))2

1
M@® < <F>

( >|31(+)| B, (— )l+'Z <1+5‘;>|3s(+)|

§=2

2"
> <1 + ‘-—’—1> 1B, ;
s=2 2"
Let c(s) = |B;(+)| — IBy(-)I. Then,

,M(t)|<(t12->3( >|B,(—)|+<1 + = )lc(l)l + Z( > ()l
2" s
+§2 <l +§;>lc(s)|2,
|M(r)|<<t—lz->g (2%) |By(=)]+ iles(—)I $+ ilr:(s)l
§= s=1
1 2
+(§;>s_ slc(S)I}
<(z {<L>I<b(—)|+ > el +( ) £ slew
12 2n 2 sgll | 2" s-ISIcs

l 2n l 2"
<2t+<—2- ;l le@) | + <5-;>§ slc(s)lz.

STl
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By the corollary of the proof of Theorem 1,
1244120 (H) Z A =272+ and (@1, pn(0)1 > 2L —2727F D).

Thus, le(1)| < £~2" *1. Similarly, lc(s)| < £2=2""*'for s> 2, and we have

M| < 2t + @) 1272727 1< 21 + (@) 21V,

Since the above inequality holds for each fixed ¢ and since B= §M (t)dr,
|B]| is also finite. Q.E.D.
PrROOF OF THEOREM 5. Let

_\E if é"eF,
EVU {e™} if e™ ¢ F,
and let {®,},,,; be a Zahorski decomposition for E** on [—m, n], where
F* C®,. Let z be the corresponding Zahorski function extended periodically

to a function on C.
The function

H(w) = e exp (—1/2m) f :r (" + w)/(e"* —w))z(H)dt, wED,
isin H”(D) and its modulus,
H(e'®) = e exp (—1/2) f 1:" Re{ (" + w)/(e'* —w)}z(t) dt,

has radial limit along every radius since lim,,_, o(1/h)f9*"2(f)dt = 2(9) for all
¢/® € C. This radial limit is O at each point of E, since z tends continuously
to oo at each point of E.

The function H itself will have radial limit at each ¢’® € E' for which
ST .zO + 1) —z(0 —t))/tan (t/2)dt converges [4, p. 79].

Set v(@) =f f,,z(t) dt. By integration by parts,

I "{2(0 + 1) — 20 — )}/tan (/D) dt
= [T {6 + 1) + (6 — 1) — 206)} /2 sin? (i/2) e
—{@@ + €) + v(@ —€) —2v(h))/tan (¢/2)} .

Since v is differentiable at @, the expression between the {,} approaches 0

as € —> 0 and [T(z(0 +¢) —z(0 — 1))/tan(t/2)dt will be finite provided
JT@O + 1) +v(@ — ) —20(0))/£* dt is finite. In terms of z this last integral
is f5J(@,0 + 1) —J(@ —t,6))/t*dt (where the notation is the same as in
the preceding lemma), which is finite for § € &, by Lemma 3. Since F*C &,
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H has radial limit at each point of F. This radial limit has modulus 1 since z
is identically 1 on ¢,. Q.E.D.
We conclude with a corollary of Theorem 5.

COROLLARY. If f isa function in Lg(C) for which log|f| is integrable,
then for every € > 0 there is a function F, in H(D), the modulus of which
has radial limit along every radius, which has radial limit of modulus equal to the
modulus of [ except on a set of measure less than e.

ProoOF. Since log|f| is integrable, |7, (log |f(6 + #)| —log|f(8 — r)Dedt|
is finite a.e. Let K be a closed subset of {90 € S(log|f)} intersected with
{€] IS™ . (logIf(@ + £)| —log |f(6 — t))/tdt] < oo}, with |K|> 2w —e. The
function

G(w) = exp — (1/2m) f ’:"(—log IFODE* + w)/(* —w)dt, wED,

isin H™ and has radial limit of modulus equal to the modulus of f at each
point of K.
Let E bea Gz of measure 0 disjoint from K and containing
{€9] |lim,,,G (reio)l does not exist}. By the previous theorem there is an H
in H”(D) whose modulus has radial limit along every radius, which has radial
limit O at each point of E and radial limit of modulus 1 at each point of K.
The function F, = HG satisfies the conditions of the theorem. Q.E.D.

REFERENCES

1. T. K. Boechme, M. Rosenfeld and M. Weiss, Relations between bounded analytic func-
tions and their boundary functions, J. London Math.Soc. 1 (1969), 609—-618. MR 40 #2870.

2. M. Denjoy, Sur une propriété des fonctions dérivées , Enseignement Math. 18 (1916),
320-328.

3. M. Heins, Some remarks concerning nonnegative harmonic functions, J. Approxima-
tion Theory § (1972), 118—121.

4. K. Hoffmann, Banach spaces of analytic functions, Prentice-Hall Ser. in Modern Analy-
sis, Prentice-Hall, Englewood Cliffs, N. J., 1962. MR 24 #2844.

5. A.J. Lohwater and G. Piranian, The boundary behavior of functions analytic in a
disk, Ann. Acad. Sci. Fenn. Ser. A. L. no. 239 (1957), 17 pp. MR 19, 950.

6. L. H. Loomis, The converse of the Fatou theorem for positive harmonic functions,
Trans. Amer. Math. Soc. §3 (1943), 239-250. MR 4, 199.

7. S. Saks, Theory of the integral, Monografie Mat., vol 7, Warsaw, 1937.

8. Z. Zahorski, Uber die Menge der Punkte in welchen die Ableitung unendlich ist,
Tohoku Math. J. 48 (1941), 321-330. MR 10, 359.

DEPARTMENT OF MATHEMATICS, INDIANA UNIVERSITY, BLOOMINGTON,
INDIANA 47401

Current address: Department of Mathematics, University of Wisconsin, Washington
County Center, West Bend, Wisconsin 53095.



