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ABSTRACT. By the kernel of a one-sided (left or right) congruence p
on an inverse semigroup S, we mean the set of p-classes which contain idempo-
tents of S. We provide a set of independent axioms characterizing the kernel of
a one-sided congruence on an inverse semigroup and show how to reconstruct the
one-sided congruence from its kernel. Next we show how to characterize those
partitions of the idempotents of an inverse semigroup § which are induced by a
one-sided congruence on § and provide a characterization of the maximum and
minimum one-sided congruences on S inducing a given such partition. The final
two sections are devoted to a study of indempotent-separating one-sided con-
gruences and a characterization of all inverse semigroups with only trivial full in-
verse subsemigroups. A Green-Lagrange-type theorem for finite inverse semigroups
is discussed in the fourth section.

1. Basic notions, terminology. We adhere throughout to the notation and
terminology of A. H. Clifford and G. B. Preston [1]. Throughout the paper, S
will always denote an inverse semigroup (i.e., for each a € S, there exists a unique
element ¢! €S such that a =az™'a and a™! =4 'aa™!) and Eg will de-
note the set of idempotents of S. The elementary properties of inverse semi-
groups may be found in [1]. In particular, we shall liberally use, without com-
ment, the fact that E; is a semilattice (a commutative semigroup of idempotents)
and that ™ 'Ega CEg Va €S. We shall also use the fact that if S is an inverse
semigroup then the Green’s relations [ and R on S are given by

L={@ b)eS xS a'a=b""b}
and
R={@ b)ES x S:az™' =bb~"}.
We denote the lattice of left congruences on S by L(S) and the lattice of right
congruences on S by R(S). For each p € L(S) U R(S) we set
Py ={@ b)ES xS8: (@, b7") €p}.

It is obvious that p_, is a left (right) congruence on § iff p is a right
(left) congruence on S, and that (o_,)_, = p.
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PROPOSITION 1.1. The lattice of left congruences on an inverse semigroup
S is isomorphic to the lattice of right congruences on S.

ProoF. The mapping ¢: p —> p_; V p € L(S) is easily seen to be a
lattice isomorphism of L(S) onto R(S).

By virtue of this observation we feel at liberty to restrict our attention to
left congruences on inverse semigroups throughout the remainder of the paper.
Any result concerning left congruences on S has an obvious dual result concern-
ing right congruences on .

We remark that it is clear that R_; = L and L_, = R, where R and L
denote the usual Green’s relations on S: note also that if p € R(S) U L(S), then
p_y =p iff p isa congruence on S. (This last remark follows from the fact
that if p is a congruence on an inverse semigroup then (g, b) € p iff
(@1, b~ 1) € p; see, for example, J. M. Howie [3].)

2. The kernel of a left congruence on an inverse semigroup. If p is a left
congruence on an inverse semigroup S then the kernel of p is the set of p-classes
which contain indempotents of S, i.e.,

Ker p = {ep: e € Eg}.

It is well known that if p and o are two left congruences on an inverse semi-
group, then p = ¢ iff Ker p = Ker 0. (See [1, Theorem 7.39].) This result
naturally suggests the following question: How do we characterize the kernel of a
left congruence on an inverse semigroup and how do we reconstruct the left congru-
ence from its kernel? In Theorem 2.1 we provide an answer to this question. The
corresponding problem for two-sided congruences on inverse semigroups has been
solved by G. B. Preston [4].

We introduce the following notation. If A = {4,: i €I} is a nonempty
set of disjoint subsets of S then we shall consistently use the notation A(A) =
Ues4; (or more simply A(A) = A if no confusion can arise) and if a €4,
then A(g) will denote the element 4; of A to which a belongs,ie. 4; =
A(a) iff a €A,

DEFINITION 2.1. Aset A = {4;:i €I} of disjoint subsets of the inverse
semigroup S is called a left kernel system of S if it satisfies the conditions:

(L1) Es C4;

(L2) foreach i €L, EgNA;#0;

(L3) foreach a €4 and j €I 3k €I such that ad; CA,;

(L4) for each a €4, a~'4(@) CA@ ta);

(L5) if a~'b €A@@ 'a) for some b € A, then a € A.

(We remark that L3 implies in particular that 4 is a subsemigroup of S.)
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LemMA 2.1. If p is a left congruence on S with Ker p = {Agzi €1},
then Ker p is a left kernel system of S.

Proor. Ker p clearly satisfies L1, L2 and 14. Let a €A4,j €I and
fEA; NEg, e € A(@) N Eg. Then for each b €A, ab paf = aa laf =
@afaV)a p (afa™')e € Eg.

Thus ad; C A((afa*)e), and so ker p satisfies L3. Finally, if 4~'b €
A(@'a) for some b €A andif g € A() N Eg, then

a=a(@'a) p al@'b) = (aa )b p (aa ')g EE,

and so a € A.

We make two small remarks about Lemma 2.1 and Definition 2.1. The
lemma implies that even though each element ep of Ker p is not necessarily
a subsemigroup of S (for example an R-class of S is not necessarily a subsemi-
group of S but R isa left congruence on S), the union U,cp 5P of the
elements of Ker p is always a subsemigroup of S. We also remark that, in the
special case in which S is a group with identity e, Ker p = {4(e)} and con-
ditions L1—-L5 reduce simply to the condition that A(e) is a subgroup of S.

The next theorem tells us that conditions L1—L5 provide the desired char-
acterization of the kernel of a left congruence on an inverse semigroup.

THEOREM 2.1. If A = {4;:i €1} is aleft kernel system of S then the
relation

O] py =@ b)ES xS:a7'b €EA(@'a) and b™'a € A(b™'b)}

is a left congruence on S with kemel A. If p is a left congruence on S with
kemel A then A is a left kernel system of S and p =p,.

PROOF. In view of Lemma 2.1 and the uniqueness theorem of Clifford and
Preston it suffices to show that if A is a left kernel system of S then Py isa
left congruence on S with kernel A. Let A satisfy L1—-L5 and introduce the
following notation: @ ~ b iff a and b are in the same element A; of A, ie.,
a~b iffa, b€ A; for some i €I Note that ~ isa partial equivalence rela-
tion on S.

It is clear that py is reflexive and symmetric: To prove that Py is tran-
sitive let (2, b)) €p, and (b, ¢) Ep, . Then a'b~ala, b la~b1p,

b le~b1p and ¢ 'b~c"!c. Hence, by L3 and L1,

claa e = (¢ laa e} e ~ (¢ laa o)™ b = ¢ laa b

Hence (@ '¢) (@ 'b) €A((@ 'c)" '@ !c)) and a b €A and it follows by
L5 that a~!'c € A. Thus by many applications of L3 we have
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ale=alecic~atlecT'b=atec bbb ~a lec I bb a
=g lecTbb \aa ' a ~ a e bb laa b
=g 'bb lec™ b ~a b lecT e = a7 b e ~ a7 bbb

=g b~ala

Hence a !¢ € A(a™'a), and a similar argument shows that ¢ 'a € A(c"!c). Thus
(a c) € p, andso p, is transitive.

Now suppose that (2, b)) €p, and ¢ €S. Then alb~ala bla~
b~'b, and, by L3,

1.-1 1

(ca) lca=a'clea= (@ ¢ ca)ata~a ¢ eaa b

=g ¢ leb = (ca) 'cb,

and similarly (cb)™'cb ~ (cb) 'ca. It follows that p, is a left congruence on S.

Now let K = {Kj: j€J} be the kernel of Py - We let Ki € K and show
first that K; C 4; for some i €1 Choose e €K; N Eg and let k € K. Then
(k. e)Ep, andso k~'k~k7'e and ek ~e. Since k'k ~kle it follows
that k €A by L5. Hence, by L3, k = kk™ 'k ~ kk™le ~ kk™'(ek) = ek ~ e,
so k € A(e). It follows that K; C A(e).

Conversely, let 4; € A and suppose that e €4; N Eg. Then e €K; for
some jEJ. Let a €A, Then a~e andso ea~e by L3. Also,a”'e€
a 'A(a) CA@ 'a) by LA. It follows that @ 'e ~ 4 'a and this, together with
ea ~ e, implies that (g, e) € Py > ie.,a € K]-, and so A; gKi. Thus K= A is
the kernel of p, . This completes the proof of the theorem.

We now provide examples which show that the conditions L1-LS are
mutually independent. Let I, be the symmetric inverse semigroup on two
letters {1,2}. (I, is the set of all one-one mappings from subsets of {1, 2}
onto subsets of {1, 2} (including the empty mapping) with composition defined
in the usual way—see [1] for details.) We use the notation (; ) for the map-
ping which takes x to z and y to w, (j) for the mapping which takes x
to y,and O for the empty mapping. Note that

= {13 (1) ()0}

ExampPLE 1. Let

= {02 OF o G

One may readily check that A satisfies conditions L1—L4 but not LS.
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EXAMPLE 2. Let

A {0 2 AOHE b )

Conditions L1, L2, L3, and L5 are satisfied but L4 is not.
ExampLE 3. If

=408 O 6 ()4

then A satisfies L1, L2, L4 and LS5 but not L3.
ExampLE 4. Let A = {{0}, A satisfies L2—L5 but not L1.
ExampPLE 5. If

o= fo A0 O (O M0 20

then conditions L1, L3, L4 and LS are satisfied but L2 is not satisfied.

Thus no four of L1-L5 imply the fifth and so L1-L5 are mutually inde-
pendent. We make the remark that while it is true that if p is a left congruence
on S then 4 = UeEEsep is a subsemigroup of S, it is not true that A4 is
necessarily an inverse subsemigroup. For example the partition

{03 OHED ORG)-eC)

defines a left congruence on T, and here

_§12 1 1 2
a={( 3. (). €0 G}
is not an inverse subsemigroup of T,.

3. Idempotent-equivalent one-sided congruences. The set of left congruences
on S which induce the same fixed partition £ = {E;;i€I} of Eg con-
stitutes a complete sublattice of L(S) (with both 0 and 1 elements). Two left
congruences on S are called idempotent-equivalent if they induce the same
partition of Eg. In view of these remarks it is natural to ask which partitions of
Eg are induced by left congruences on S and to seek a characterization of the
maximum and minimum left congruences on S which induce a given partition
of Eg. We provide the solution to this problem in the following theorem. Reilly
and Scheiblich have answered the corresponding set of questions for two-sided
congruences on inverse semigroups in [5].

THEOREM 3.1. A partition E = {E;: i €I} of Eg into disjoint subsets
is induced by some left congruence on S iff E satisfies:

(N) Vi j€I, 3k=k(,j)EI such that EE; CE,.

The minimum left congruence on S inducing such a partition of Eg is
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= {(a, b)) €S x S: 3i € such that a 'a, b~'b €EE; and
ae = be for some e €EE}.

The maximum left congruence on S inducing such a partition of Eg is

t=1{@ b)ES xS:a'bb"'a €E@'a), b aa" b € E(b™b) and for
each k €1, 31, m €I such that a 'bE,b~'a CE, and
b~ 'aEa b CE,,}.

PrOOF. Let p be aleft congruence on S andlet E= {E;:i €I} be the
partition of Eg induced by p. It is an easy matter to see that E satisfies the con-
dition (N), for if e, e, €E; and f}, f, €E; it follows that e, f, p e, f, =
f2e, 0 fre, =e,f, andso EE; CE, forsome k€L

Suppose now that E is a partition of Eg which satisfies (N). We show
that there is some left congruence on § which induces this partition E of Eg
by showing directly that both & and ¢ have this property. We first prove that
& is a left congruence on S with the properties stated in the theorem.

Evidently, £ is reflexive and symmetric. Suppose now that (@ b)EE and
(b, ¢) € &: Then there exists i €1 such that ¢ 'a, 575, ¢ ¢ €E; and age =
be, bf =cf for some e, f EE;. Then a(ef) = bef = bfe = cfe = c(ef), and

f € Ei, so (g, ¢c) €£. Now let ¢ be any element of S and suppose that
a'¢'ca €E;. Then (¢ 'a)a ¢ 'ca)a™'a) €E; and it follows by (N) that

e(b'c" cb)e = (eb™")(c ™ c)(be) = e(a™ ¢ ca)e EE;

and hence that b~ c"'cb = (b7 'b)(b ¢ 'eb)(b™'b) € E;. Furthermore, if we
let f=ea 'c'ca=ea ¢ cae = eb~'c\che = b~ ¢ che, we easily see that
fE€E; and that

1

caf = caa ¢ cae = cae = cbe = cbb~ ¢! che = cbf,

and hence (ca, cb) €. Thus & is a left congruence on S.

It is almost immediate from the definition of & that if e, f € Ejg, then
(e, f)EE iff e, fEE; forsome i €L Thus & induces the partition E of
Eg and it remains to show that if p is any left congruence on S which in-
duces this partition E of Eg,then £ Cp. Let (g, b) €&: There exists i €1
such that a4, 5™'b €E, and ae = be for some e EE;. Since p is a left
congruence on § which induces the partition E of Eg it follows that aE; C
a(ep) Cxp for some x €S. But a = a(@ la) €qE; andso aE€xp. Bya
similar arguement, bE; Cyp and b €yp for some y €S, but since ae =
be € aE; N bEy,, it follows that xp = yp and that a4, b €xp. Thus (g, b) Ep
and so £ Cp. This completes the proof of the claims made about £.
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Now let ¢ be the relation defined in the statement of the theorem. That
¢ is reflexive follows from (N), and that ¢ is symmetric is immediately obvious.
Suppose now that (g, b)) € and (b, ¢) €. Then there are elements i, j, k€I
such that a~'a, a™'bb™'a €E, b™'b, b7 'aa 'b, b~'ecT'b EE), ¢,
¢ 'bb~!c € E;, and for each I €I, there exist m, n, p, q €I such that
a~'bEb'a CE,, b~'aEa~'b CE,, b 'cEic™'b CE, andc 'bEp~cC
E,. To prove the transitivity of {, we need to prove that @ lcc™la €E; and
¢ 'aa~'c €E,,and that if I €I, there exist r, s €I such that a~!cEc~1a C
E, and ¢ 'aE;a7'c CEg. Now a~lec™la = @ 'cc'a)a'a), so by (N),
a~'cc'a isin the same element of E as.(@ 'cc™'a)@~'bb~'a). But

@ 'eccla)a bb 7 a) = a "B ecT b)b T a EaT BED a,

and ¢~ 'bb~'a =a"'b(b™'b)b~'a €Ea~'bEp ™ a. Hence a~'bEpH™'a NE;
# 0, and it follows that ¢~ 'bE;b~'a CE;. Hence a~'cc™'a € E; and similarly
¢ 'aa~'c €E,. Now choose I €I arbitrarily and let e € E,. Then, by (N),
a~lcec™'a is in the same element of E as (2~ 'cec™'a)(@ 'bb~'a), since

a~cec™'a = (@ 'cec 'a)(@a'a). But
(@ cecla)@ 'bb7'a) = a 'bb e bb7 a €aT b(b I cEcT D) a,

and a~'b(b~cE,c™'b)b~'a CE, for some r €I, since there exist p, r €1
for which b~'cE,c™'b CE, and a~'bE,b~'a CE,. Hence a~'cec™'a €E,
for each e €E; and it follows that a~!cE,c~'a CE,. Similarly, c™'aEa~'c
CE,somes €/, and so { is an equivalence relation on S. Now let ¢ be any element
of S and let (g, b) € ¢ as above, and suppose thata~ ¢~ 'ca €E e Then since
a~'c¢™'ca =@ 'c¢'ca)(@™'a), we have that EE; CE,. It follows that a~ ¢~ cb-
b~ 'c ' =(@""c"cafa~'bb~'a) EE,,, and the proof that b~'c~cb and b ¢ ez -
a~'¢™1ch are in the same element of E is similar. Further, if / €I and e €E, then

a ¢ cbeb ¢ ea = (@ ¢ ca)a " beb ™ a) € (@ ¢ ca)a bE, b a)

- EpEm gEq, for some q €1,

and it follows that a~'c™'cbE,b™'c™'ca CE,. Similarly b~'c™'caEg'c™'ch
CE, forsome r€1l,and so { is aleft congruence on S.

Again, it follows fairly easily that § induces the partition E of Eg: Let p
be any left congruence on S which induces the partition E of Eg,and let (g, b) €
p. Then (@~ 'a,a~'b)Ep and (b~ 'a, b~ 'b)Ep andalso (b~ 'a, b 'aa1b)= .
(b~ 'aa'a, b= 'aa~'b) Ep. Since (b~ 'a, b~'b) Ep it follows that (5™,
b~'aa~'b)Ep and hence that b~ b, b~ 'az~1b EE; for some i €I Similarly
a~'a,a”'bb~'a EE; for some jEL Nowlet IEI and e €E,. Then
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(ea™'b, ea~'a) Ep, ie., (ea~'b, a~'ae) € p, and hence (b~ 'aea='b, b~ 'aa~lze)
€p,ie., (b~ 'aea'b, b~ lae) Ep. Let A= {4;:i EI} be the kemel of p.
Then b~ 'ae € b~'aE, Cb~'aA;, and since b~ 'aea™'b € A; for some j €1,
we have b~ lad, C4; by the left congruence property of p. In particular,
b=laf €A, forall fEE, Hence b~'afa~'b € A; forall fEE, and it fol-
lows that b~ 'aE;a~'b CA;. Since b~'aE,a~'b C Eg, we evidently have that
b~'aEja~'b CE;. Similarly, a~'bE;b~'a CE,, for some k €I Hence (g, b)
€¢ and so p C¢. This completes the proof of the theorem.

We mention two corollaries of the theorem which are of independent interest
and may be proved directly.

COROLLARY 3.1. A partition E = {E;:i €I} of Eg isinduced by a
left congruence on S iff E is induced by a right congruence on S.

(This follows from the left-right symmetry of condition (N).)

COROLLARY 3.2. Any left (right, two-sided) congruence on Eg may be
extended to a left or right congruence on S whose restriction to Eg coincides
with the original left congruence on Eg.

(This follows since condition (N) is of course just the condition which in-
sures that the partition E defines a congruence on the semilattice Eg.)

4. Idempotent-separating one-sided congruences. A one-sided congruence p
on S is called idempotent-separating if distinct idempotents of S are in dis-
tinct equivalence classes of p. Idempotent-separating left congruences on S are
clearly idempotent-equivalent in the sense of the previous section. For idempotent-
separating left congruences on S we are able to obtain a Green-Lagrange type
theorem (Theorem 4.3): We first show how the results of the previous two sections
may be simplified in the idempotent-separating case.

THEOREM 4.1. The maximum idempotent-separating left (right) congruence
on S is R(L).

Proor. This may be proved by noting that the relation { of Theorem 3.1
reduces to R in the special case in which E = {{e}: e €Eg}. For with this
partition E, the relation ¢ clearly reduces to the relation

t={@ b)ESxS:ala=a'bb'a and b~'b =b"aa 'b}.
If (g, b) €S, then
aa ! =a@ e} = a(@ b a)a! = (aa )b ) ea )

= (6™ Yaa )b~ = b(v ™ aa ' b)o™! = (67 'b)o! = bb7,
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so (g, b) €ER,ie., ¢ CR. Since R is an idempotent-separating left congruence
on S, R={¢ asrequired. One may of course provide a direct proof of this
result without using Theorem 3.1.

Thus the study of idempotent-separating left congruences on S reduces to
the study of those left congruences on S which are contained in R. Recall
that T is called a full inverse subsemigroup of S if T is an inverse subsemi-
group of S which contains all idempotents of S.

THEOREM 4.2. The lattice of idempotent-separating left conguences on an
inverse semigroup S is isomorphic to the lattice of full inverse subsemi-
groups of S.

ProOF. Let p be an idempotent-separating left congruence on S with
kernel Ker p = {A(e): e €EEg}. Asusual,set 4 = UeeESA(e). Then A4 is
a subsemigroup of § which contains Eg. In addition, if a € 4, then a €
A(aa™") because p CR,andso a~! =a '@ ') pa~la€Eg ie,a" ! €A
Hence A is a full inverse subsemigroup of S.

Conversely, if A is a full inverse subsemigroup of S,let A ={4NR,:
eEEg}. We claim that A isaleft kernel system of S. A clearly satisfies L1 and
L2. If a€A, then V e €EEg, ad(e) CA since A is a subsemigroup of S, and
also aA(e) CaR, CR,, since R isa left congruence on S. Hence ad(e) C
R, N A = A(ae),so L3 is satisfied. Furthermore,a™! €4 so a7 '4(a) C
A(@@ 'a) by L3 so LA is satisfied. Finally,if a~'b € A(e~'a) for some
bEA,then a~'b Ra'a,s0 a~'bb~'a =a~'a: Hence a =a(@ 'a) =
aa~'bb~'a = (aa~")b(b~'a) €A (since aa~!, b, b~ 'a € A),and so LS is
satisfied. One can easily check (by using Theorem 2.1) that this establishes an
isomorphism between the lattice of idempotent-separating left congruences on §
and the lattice of full inverse subsemigroups of S.

LeMMA 4.1. If p is an idempotent-separating left congruence on S then
p_, is an idempotent-separating right congruence on S and p°p_; = p_,°p
is the smallest equivalence relation containing both p and p_,.

Proor. That p_, is an idempotent-separating right congruence on § is
obvious. The rest of the proof follows from Lemma 1.4 of [1] and Lallement’s
result [6] that any left congruence on a regular semigroup which is contained in
Green’s relation R commutes with any right congruence which is contained in L.

The following theorem describes how a D-class of S is further partitioned
by an idempotent-separating left congruence on S. It may be thought of as a
generalization of Green’s lemma [1, Lemma 2.2] and provides an analogue of
Lagrange’s theorem for finite groups in the case where S is finite.
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THEOREM 4.3 (A GREEN-LAGRANGE THEOREM). Let p be an idempotent-
separating left congruence on S with kernel A = {A(e): e € Eg}. For each
a €S define

R, (@) = U{H,: x Eap},
L,@=U{H,: x€ap_,},
D,(@) = U{H,: x €a(p° p_))}.

Then ,

(D) Va€ES, ap = ad(a 'a).

() If a L b then for some x,y €S, xa=b and yb =a: the map-
pingsd:u—>xu Y u€ap and Y: v—>yv VY v E bp are mutually inverse one-
one L-class preserving mappings of ap onto bp and bp onto ap respectively.

(3) Foreach e€Eg e(oNp_,)=ep NH, =ep_; NH, isa sub-
group of H,: If ¢, f€Eg and fED,(e) then e(p Np_y)=f(p N p_,).

(4) If S is finite, then for each a €S,

@) 1ol =lapl and |bp_,|=lap_,|1 ¥V b E€D,(@); lap N H,|= [bp N
Hy| and lap_; NH, | = [bp_, NHy| Vb €D,(a);

(i) laol|IR,@)!ID,(@)| and lap_,I|IL,()I|ID,(@)I;

(i) lapl, lap_,11la(o ° p_l;

@) lapl =lap_,| if D,(@) N Eg#0O.

PrROOF. (1) Let ax €aAd(a'a). Then ax p a(a~'a) =a,s0 ax Eap.
Conversely if x pa then xx~! =aa~! andso x = (x")x = ax =
a@'x),and a~'x pa~la,so a~'x €A@@ 'a). Hence x €A@@ 'a).

(2) This is straightforward and is omitted.

(3) Let e€Eg: Thenif a€ep NH,, (a,e) €Ep and so a =
alepala=e,ie.,a”! Eep NH, andso aE€ep_, NH,. It follows easily
that eo NH, =ep_; NH, =e(p Np_,). Clearly e(p Np_,) is a subgroup
of H, sincep induces a left congruencé on the group H,.

Suppose now that e, f € Eg and that e € D,(f). There are elements
a,b €S suchthat b EH, ep_,a and apb, and it follows that a!=f
a la=e bb='=b"'b=f epa~! and a~'p_,b~1. It is straightforward
to check that the mapping x: e(p N p_,) — f(p Np_,) defined by x(u)=
b~laua 'bVYu€epn p_,) is an isomorphism from e(p N p_,) onto
fleNp_y).

(4) Suppose now that S is finite.

(i) First note that by part (2) of the theorem, if a L b then |ap| = |bp|
and lap N H,| = |bp N H,|. Let |ap N H,|= k: Since H, =Uera(xP NH,)
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it follows that |H,| = Ik for some I € Z*. We claim that if ¢ €ap then

lao NH|=|co NH,|=k. Let A= {xp NH,:x€H,} and B= {xp N H:
x €H,} and define v: 4 — B by v(xp NH,)=xp NH, V¥ x €EH,. One
checks that v is well defined and is a one-one mapping of 4 onto B, and so
|4l = |Bl. But |H,|=|Allap N H,| and |H, = |B| lcp N H,|, and since

|H,| = |H,| it follows that |ap N H,| = lcp N H,|. The remainder of (i) fol-
lows easily.

(i) We have k= [bp NH,| Vb ED,(@) and |H,| =1k Let n be the
number of L-classes which ap intersects and let m be the number of R-classes
which ap_, intersects. Then since R,(@) = U,e,pHys IR, @I =nlk, lap| =
nk and also D,@) = Uxesp_,Rp(@) 5o |D,(@)| = mnlk. Thus lapl IR, @]
ID,(a)l and similarly lap_,|[IL,()!|ID,(@)I.

(iif) We need only note that a(p ° p_;) = Usreap_, X0 = Uxeap*P_15
and so lapl, lap_,||laCo ° p_)I.

(iv) Note that if e € Eg then the mapping a — a'Va€E€ep isabi-
jection between ep and ep_,: The result follows easily.

5. Inverse semigroups with only trivial full inverse subsemigroups. We now
turn to the question of characterizing inverse semigroups S which have no
idempotent-separating left congruences between ig and R. In view of Theorem
4.2 this is equivalent to the problem of characterizing those inverse semigroups §
which have no full inverse subsemigroups other than Eg and S. We shall refer
to Eg and S as the trivial full inverse subsemigroups of .

We use the notation (W) to denote the subsemigroup generated by a sub-
set W of S. Itis clear that if S is an inverse semigroup with only trivial full
inverse subsemigroups, then either § = E is a semilattice or S = (g, a?, E)
Va € S\Eg. This comment will be used without further reference.

LemMA 5.1. If S =(a,a~}, Eg) for some a € S\Eg then S=EgVU
Es(a, a—l).

PrROOF. Let s be an element of S\Eg. Then
= see —1
S=e we,w, e, wee, ., some ¢,€EE;, w;E(a,a "),
=e w,e,w, e, _w _.ew (W lw e
171272 n-—1 -1"n"n\""n "n’“n+1
=e,wie,w, **° w_eWwe .  .w Dw
171%2"72 n—1"n—-1"n\""n*n+1"n n
= = —1
=e W e w, en—lwn-lfnwn where fn = epWplp i1 Wy GES'

If we proceed inductively in this manner it is easy to see that s = fyw, *** w,,
some f, €Eg,and so s € Egla, a~ ).
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LEMMA 5.2. If S=EgU EgA for some inverse subsemigroup A of S
and if S has only trivial full inverse subsemigroups, then A has only trivial full
inverse subsemigroups.

PROOF. Suppose that B is a proper full inverse subsemigroup of A4 and
set B, = Eg U EgB. A standard argument shows that B, is a full inverse sub-
semigroup of S. Furthermore, since B CEgB CB; andsince B contains non-
idempotents, B, # Eg and so B; =S. Now let x be any element of A: Then
x€S andso xEB,. If xEE;, x€EANEgCB andso x€B. If x ¢ Eg,
then x =fb for some fEEg b €B. Thus xx~! =fbb~! €EEg N ACB,
and so x =fb = (fbb~')b €B. This yieldls 4 CB and so A =B which con-
tradicts the fact that B is proper. Hence A has no proper full inverse subsemi-
groups.

We recall that an inverse semigroup S is called an elementary inverse semi-
group if S is generated by an element and its inverse, i.e., § = (g, a~ ') for
some a €S. We make use of the following lemma concerning elementary inverse
semigroups due to L. M. Gluskin [3].

LEMMA 5.3 (GLUSKIN [2]). If S is an elementary inverse semigroup gen-
erated by a and b (=a~!) then every element wES is expressible in the form

w=dbld*, 0<ik<j j=>1

Furthermore, if 1=>i and n >k, then a'b™a" = a'b/d* implies that b™ =
PHe-R+0-D. if 1<i and n >k, then a'b™a" = a'bla® implies that
bm+(i—-l) = bi+(""'k).

We deduce a number of technical corollaries and lemmas concerning element-
ary inverse semigroups. The arguments involved in the first two of these are quite
routine, involving only the commuting of idempotents, the expansion x = xx " x
and Lemma 5.3, so we omit these details and provide statements of the results
without proof.

COROLLARY 5.1. If S is an elementary inverse semigroup generated by
a and b(=a"") and if a is of infinite order then

(@) a'b™a"™ = a’bld* implies m—-1-n=j—-i-k;

(b) a'bla* €Eg iff i+k=].

LEMMA 5.4. If S is an elementary inverse semigroup generated by a and
b (=a"') then multiplication in S is defined by
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(. .
a'p/tmklgn if k+1<j,m,
e d'pigkti-mtn if m<k+1<j,
@Vd*)(a'b™a™) = ¢
gktiitipmgn if j<k+I<m
Lalc~i-l—]'+l'bk+Iak+l-m+n lf k+1 >]’ m

From these two results we obtain the following

COROLLARY 5.2. If S is an elementary inverse semigroup generated by
a and b and if S has only trivial full inverse subsemigroups, then a is of
finite order.

ProOOF. Suppose that a is of infinite order. Asin Lemma 5.1, § =
(Eg, a*, b*) and thus a €(Eg, a?, b*). Hence a =ew for some e € Eg,
w € (a?, b?) and by the preceding lemmas, e = a'b**/a’ and w = a**p??*™
for some-integers i, j, k, I and m such that i,j > 0,0 <k, m <l Thus by
the previous lemma

[ gipi+i+2ii—kg2m if j+2k<i+j, 2,

gipitigit2k=21+2m if 20<j+2k<i+j,
a=

g H2k-i-itip2l2m if i+j<j+2k<2,

\a/'+2k—i—j+ib/'+2kaj+2k—2l+2m if j+2k>i+j, 2L

Then since a is of infinite order, Corollary 5.1 yields 2/ — 2k — 2m = — 1, which
is a contradiction since 2/ — 2k —2m is even. Hence a is of finite order.

LEMMA 5.5. If S is an elementary inverse semigroup with only trivial
full inverse subsemigroups, then either S is a group of prime order or S is the
five-element Brandt semigroup.

PROOF. Let S be generated by 2 and b (=a~'). By Corollary 5.2,
Im,n€Z* suchthat m>n and ¢™ =4". With m and n chosen mini-
mally it follows easily (using Gluskin’s Lemma 5.3) that G = {a", a"*!, -+ ,a™ "'}
= {b", +++,b™ !} is a cyclic group and an ideal of S.

Now set 4 =Eg U G: since G is anideal of S, 4 is a full inverse sub-
semigroup of S and hence 4 =S or A =Eg. If A=S,then a €Eg or
a€G,andif a €Eg then a=a"" and S= {a}: If ¢ €G then §=G
is a group which has no proper subgroups and so is a cyclic group of prime order.

Suppose now that 4 = Eg. Theri G = {0} because G is an ideal of S
and is a group consisting of idempotents: We claim now that this implies that
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a® = b% = 0. Suppose that @> #0: Then &" =0 for some n>2 and
{@,a% <+ ,a" Y, a" =0} and {b, b2, -+ ,b""1, p" =0} are sets of n
distinct elements with o' ¢ Eg and b’ ¢ Eg for i <n. Nowset B=EgU
Eg(a?, b). B is clearly a full inverse subsemigroup of S and B # Eg since
a? € B; we produce a contradiction by showing that ¢ & B, and so B # S. First
note that if e is an idempotent of S other than 0 then e =a'b'*/a/ for
some #,j €Z* U {0} such that 0 <i +j <n. (This follows by a routine
argument using the fact that the elements b, b2, <+ ,b"~! are all distinct.)
That a ¢ Eg (2%, b%) may be proved by an argument along the same lines as the
argument used in Corollary 5.2. Thus ¢> =52 =0 and so S = {a, b, ab, ba, 0}.
One checks easily that the elements @, b, ab and ba are all distinct, and thus
S is the five-element Brandt semigroup (with nonzero idempotents ab and ba).

LEMMA 5.6. Let S =(Eg, a, a~') be an inverse semigroup with only
trivial full inverse subsemigroups and suppose that {a, a~') = G is a cyclic group
of prime order with identity e, € Eg. Then S =EgU G with multiplication
between Eg and G defined by

eg=ge=¢ee, if e€E;, gEG and ee, F €,

*
© eg=ge=g if e€Eg gEG and eey =e,.

PrOOF. From Lemma 5.2 we know that § = Eg U EgG. Before embark-
ing on the proof we recall that the natural partial ordering on Eg is defined by
e <f iff ef = fe =e: We make liberal use of this partial ordering in the proof.
Note that for each e, fEEg, ef <e and ef <f.

We first claim that for each e €Eg, R, = {ed:i=1,*+,p}, L. =
{de:i=1,++,p}, and D, = {dlea’:i,j=1,+++ ,p}. Clearly {ed":
i=1,*+,p} SR, . Suppose now that s €R,, : If s €EEg thens=ee,;
if s¢@Eg then s—fa' some fGES, i€{l,*++,p},and so ee, =ss~! =
fiaif = feof=Tfey, 50 s = fal= feoa = eeoa' = ed'. A similar argument shows
that Lee = {dle:i=1,+++,p}. It follows that the set of idempotents of

eeo is {a‘ea ti=1,+++,p},and if x Ra'ea™" for some i then x =
d'ea—'a/ = d'ea®, some k. Thus Deeo = {dleal:i,j=1,°++,p}.

We now claim that in fact D,, = {eeo} if eeq # e (ie., if eeq < eg)-
Suppose that Dg . # { foeo} for some f, € Eg for which f,e, # e, and
consider B =U, s e D andlet A =EgUB: We claim that 4 isa full
inverse subsemigroup of S. It clearly suffices to show that A is a subsemigroup
of S since if x €D, then x~! €D,. Let a'efoeoai, a"ffoeoa’ € B. Then

d'efye,alaffyeqd =a itk @ ¥ef e alt ¥ ffe,)d €B.
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(Note that a~/~¥ef eqa’t¥ff eq EEg and a1 *ef e al**ffoey < foeo-)
Also, if f€EEg and a’efoeoai € B, then f (a'efoeoai) = ai(a"'fa')efoeoai €B
since a“'faiefoe0 < fo€p; similarly (a'efoeoaf) f € B, and thus A is a full inverse
subsemigroup of S. Now Dfoeo # {foeo} and Dfoeo CA,s0 A#Eg On
the other hand ¢ €D, o and ey K eyfy,50 a & A,s0 A #S. This contradicts
the fact that S has no full inverse subsemigroups other than Eg and S. Hence
D,,, = {ee,} if eey #e,. Thus dee, = d'e = eeqd’ =ea' =eegVi=1,+,p
provided ee, # e,. Clearly, if ee, = e, then d'e =d'eje =a

leg = a' = edl.
This proves the lemma.

LEMMA 5.7. Let S =(Eg, a, a” 1y be an inverse semigroup with only
trivial full inverse subsemigroups and suppose that {a, a—') = T is the five-
element Brandt semigroup T = {a, b, e,, e,, e,} (where b=a"', e, =aa™!,
e, = a~lg, ey is the zero). Then S =Eg U T with multiplication between
Eg and T defined by

ea=ee, If ee, *e,, ae =ee, Iif ee, e,,
=a if ee; =e; =a if ee; =e,;
(+*)
eb =ee, Iif ee, #e,, be=ee, if ee, #e,,
=b if eey =e,; =b if ee; =e,.

ProOF. This is similar in spirit to the proof of Lemma 5.6 so we provide
only an outline of the proof. One checks first that for each e €Eg, R, =
{ee,, ea}, Ree2 = {ee,, eb}, Leel = {be, ee,}, Lee2 = {ee,, ae} and so
D,,, = {ee,, ea, be, bea} and D,,, = {ee,, eb, ae, aeb}. Since a? =b%=¢,
and since § = Eg U EgT, it follows that § = Eg U (U e Do) Y (Uece,De)-
One then proves, as in the proof of Lemma 5.6, that D,, = f{ee,} if ee; #e,
and that D,,, = {ee,} if ee, #e,. Theresult §=EgUT and the multipli-
cation (xx) then follow easily.

Motivated by the results of Lemmas 5.6 and 5.7 we introduce two semi-
groups F(E, ey, G) and F(E, ey, ey, e,, a, b) as follows:

(1) Let E be a semilattice, e, a fixed element of E and G a group
with identity e,: We define F(E,, ey, G) = E U G with multiplication inherited
by that in £ and G and multiplication between elements of E and elements
of G defined by () (in Lemma 5.6).

(2) Let E be a semilattice, ey, e, and e, distinct fixed elements of E
for which ey <e,, e, <e, andlet a, b be elements notin E: let T =
{a, b, ey, €, €,} be the five-element Brandt semigroup with b =a~!, e, =ab,
e, =ba and e, aszero. Now define F(E, ey, e, €5, a, b)) =EUT with
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multiplication inherited by that in £ and T and multiplication between elements
of E and elements of T defined by () (in Lemma 5.7).
Combining all of the results of this section we have the following theorem.

THEOREM 5.1. An inverse semigroup S has no proper full inverse sub-
semigroups (other than Eg and S) iff either

(i) S=FE, ey, ey, e,, a, b) for some semilattice E and elements e,
e,e, €E and a, b ¢ E;or

(ii) S=F(E, ey, G) for some semilattice E, some e, € E and some
cyclic group G of prime order.

ReEMARKS. (1) Semilattices and cyclic groups of prime order are special
cases of the semigroup F(E, e,, G).

(2) Theorem 5.1 also characterizes inverse semigroups S which have no
idempotent-separating left (right) congruences between ig and R (L).

(3) Theorem 5.1 suggests that a general study of the connection between
the lattice of full inverse subsemigroups of an inverse semigroup and the structure
of the semigroup might prove rewarding.

I should like to offer my thanks to Professor G. B. Preston, who originally
suggested the problem solved in Theorem 2.1. The results of this paper were pre-
sented at a symposium on inverse semigroups and their generalizations at the
University of Northern Illinois in February, 1973.
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