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ABSTRACT. Let G be a locally compact group, UC(G) the space of
bounded uniformly continuous complex functions on G, C(G) the subspace
of UC(G) consisting of functions vanishing at infinity. Let W(G) be the space
of weakly almost periodic functions on G and WO(G) the space of functions in
W(G) such that their absolute values have zero invariant mean. If G is amenable
let F(G) be the space of almost convergent functions in UC(G) and Fy(G) the
space of functions in F(G) such that their absolute values are almost convergent to
zero. The inclusive relations among the above-mentioned spaces are studied. It is
shown that if G is noncompact and satisfies certain conditions, e.g. G is nil-
potent, then each of the quotient Banach spaces UC(G)/W(G), Wo(G)/Co(G),
Fy(G)/Wy(G) contains a linear isometric copy of 1°. On the other hand, an
example of a noncompact group G is given which satisfies the condition that
Co(G) = Wy(G).

1. Introduction. Let G be a locally compact group, C(G) the space of
bounded continuous complex-valued functions on G with the sup norm, UC(G)
the subspace of C(G) consisting of uniformly continuous functions and Cy(G)
the subspace of C(G) consisting of functions vanishing at infinity. Let W(G)
be the space of all functions in C(G) which are weakly almost periodic (w.a.p.).
Denote the unique invariant mean on W(G) by m and set W,y(G)={f€ W(G):
m(lfl) = 0}. If G is amenable we shall also consider the spaces FL(G) =
{f € UC(G): u(f) = afixed constant d,(f) as u runs through the set of all
left invariant means on UC(G)} and FLy(G) = {f € UC(G): |f| € FL(G) and
d(1f1) = 0}. The following inclusive relations are well known: W(G) C UC(G),
Co(G) C Wy(G) if G is noncompact; W(G) C FL(G), Wy(G) C FLy(G) if G
is amenable, cf. [1}. It is obvious that if G is compact then all of the above
inclusive relations can be reversed. We are interested in deciding whether each of
the above inclusive relations is proper if G is noncompact.

Burckel [1] proved that C(G) = W(G) if and only if G is compact. In
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[9] Granirer provided the following improvement of his result:

(1) UC(G) = W(G) if and only if G is compact.

(2) If G is noncompact and amenable then the quotient Banach space
UC(G)/W(G) is nonseparable.

Since FL(G) lies between UC(G) and W(G) it is natural to ask whether
FL(G) 3 W(G) if G is as in (2) above. We shall prove that it is indeed so if G
is almost connected as a consequence of the following.

THEOREM. Let G be a o-compact locally compact noncompact amenable
group, f € UC(G). Then f* FL(G) C FL(G) ifand only if f € FLy(G) © C.
(The constant functions on G are identified with C.)

The discrete version of the above theorem is contained in [4].

Another natural question one may ask is the following: If the condition
“amenable” is skipped from (2) above can one still make the same conclusion?
To give a partial solution and for further discussions we like to take a digression
here.

DEFINITION. A locally compact group G is said to have property (E) if
either G is compact or G contains a subset X such that cl X is noncompact
and for each neighborhood U of the identity e of G, \{x~1Ux: x€ XU X1}
is again a neighborhood of e.

The class of groups with property (E) is quite large, e.g., discrete groups,
abelian groups and the group GL(n, R) all have property (E). But there exists
a nilpotent group which fails to have property (E). See §4 for the details.

A theorem parallel to (2) above is the following.

THEOREM. Let G be a locally compact noncompact group with property
(E). Then UC(G)/W(G) contains a linear isometric copy of 1”.

Let A(G) be the set of all almost periodic functions in C(G). Then
W(G) = Wo(G) ® A(G), cf. [1]. Since the properties of almost periodic func-
tions are better known, the mysterious part of W(G) is Wy(G). In [1, p. 74]
Burckel proved that if G is an abelian locally compact noncompact group then
Co(G) g Wo(G). His proof depends heavily on the fact that G is abelian. He
went on to conjecture that the abelian hypothesis is inessential. We shall give a
noncompact solvable group G with Cy(G) = Wy(G). On the other hand we
have the following.

THEOREM. Let G be a noncompact locally compact group which either
has property (E) or is nilpotent. Then Wy(G)/Co(G) contains a linear isomet-
ric copy of 1I”.
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Let .Fy(G) = {f € UC(G): u(If1) =0 for each left or right invariant mean
i on UC(G)}. It is well known that Fy(G) DO Wy(G) if G is amenable. In
[1, Theorem 3.19] Burckel proved that Fy(R) 2 Wo(R) where R is the addi-
tive group of reals with the usual topology. We shall provide the following gener-
alization.

THEOREM. Let G be a noncompact locally compact group which is either
amenable and with noncompact center or is nilpotent or is connected and solvable.
Then Fy(G)/Wy(G) contains a linear isometric copy of 1”.

We do not even know whether the above theorem is true for every discrete
amenable group.

2. Preliminaries and notations. Let G be a locally compact group with a
fixed left Haar measure A (or A if there is a chance for confusion). If f is
a Borel measurable function on G and B is a Borel subset of G, the integral of
f on B with respect to A\ is denoted by [ f(x)dx. The Banach space of all
essentially bounded complex-valued Borel functions with the ess sup norm, || * [l,
is denoted by L™(G). The space of integrable complex functions with respect to
\ is denoted by L'(G). As is well known, the dual Banach space of L!(G) can
be identified with L*(G). We shall write (f, & for [ f(x)g(x)dx, f € L*(G),
g € L'(G).

If ‘f isa functionon G and x €G, I f {r.f}, the left {right} transla-
tion of f by x, is defined by (I f)(y) = flxy) {(,./)(¥) = f(yx)}. A func-
tion f € C(G) is said to be left {right} uniformly continuous if, given € >0,
there is a neighborhood U of the identity e of G such that ||f - r, fll, <e
{if-Lfll. <e€ for x € U. f is said to be uniformly continuous if it is both
right and left uniformly continuous. UC(G), the space of uniformly continuous
functions in C(G), is a closed subalgebra of C(G) and is closed under transla-
tions, i.e., if f€ UC(G) and x € G then I f and r f also belong to UCG).

U € UCG)* is called a mean if [jull = (1) = 1. (1 also stands for the
constant one function on G.) A mean is left {right} invariant if u(l, f) = u(f)
{u@, f) = u(f) for x €EG and f € UC(G). The set of left {right} [two-
sided] invariant means on UC(G) is denoted by ML(G) {MR(G)} [M(G)]. G
is said to be amenable if M(G) is nonempty which is equivalent to the weaker
condition that ML(G) is nonempty. It is known that solvable groups and com-
pact groups are amenable. We refer the readers to [5], [10] for the general
facts concerning amenable groups and invariant means. It is clear that invariant
means can also be defined for other closed linear subspaces of L*(G) which are
closed under translations.
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If G is amenable then the spaces FL(G), FLy(G) are defined in §1. If
f € FL(G) then we shall call it a left almost convergent function. Similarly, let
FR(G) = {f € UC(G): u(f) = a constant d,(f) as pu runs through MR(G)}
and FRy(G) = {f € UC@G): |If| € FR(G), d,(If1) = 0}. Clearly FL(G) C
FL(G) and FRy(G) C FR(G). Let F(G) = FL(G) N FR(G) be the space of
(two-sided) almost convergent functions in UC(G). Since ML(G) N MR(G) =
M(G) # & one sees that F(G) = {f € UC(G): u(f) = a constant d(f) as u
runs through ML(G) U MR(G)} and d(f) = d)(f) = d,(f) = d(f) if f € F(G).
Set Fo(G) = {f € UCG): |f]l € F(G), d(If1) = 0}. All the spaces mentioned
in this paragraph are closed linear subspaces of UC(G).

The convolution of two Borel measurable functions f and g on G is
defined by (f * g)(x) = f¢ f()g( 'x)dt. Note that if f € L=(G) and
¢ € L1(G) then ¢ * f is bounded and right uniformly continuous and f * ¢~
is bounded and left uniformly continuous. (¢~ is defined by ¢~ (x) = ¢(x~1).)
Note also that L'(G) is a Banach algebra with convolution as multiplication.
Let P(G) = {¢ € L'(G): ll¢ll; =1, ¢ = 0}. We shall need the following well-
known but elementary facts.

LEMMA 2.1. Let G be a locally compact group.
(@ For fEL™G), ¢, ¥ € L'(G),

(Fxy7, 0 = o x ) = (1/D)p™ * £, .
®) {pxf*xV7: 0, ¥ EPG), FELT(G) isdensein UC(G).

Here A is the modular function for the left Haar measure A. For a proof
of (a), cf. [15, Lemma 3.1].

It is interesting to point out that a mean u € UC(G)* is left {right} invari-
ant if and only if u(p * f) = u(f) {u(f * ¢™) = u(f)} for ¢ € P(G) and
f € UC(G), cf. [10, p. 27]. We shall also need the following wellknown lemma.

LEMMA 2.2. Let G be a locally compact amenable group. Then

FL(G) = the closed linear span of {f—1. f: f € UCG), x € G} U {1}
= the closed linear span of {f —v *f: f€E UCG), v € P(G)} L {1}.

For a proof of the above lemma cf. [5, Theorem 9.1] or [15, Theorem 7.3].
Of course a similar result holds for FR(G).

If a locally compact amenable group G is also g-compact then there exists
a sequence of compact neighborhoods U, of the identity e which satisfies the
following two conditions (cf. [3]):
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(Fl) UnCUn+l’n=l’2’”.; U U"=G
n=1

and

F2) lim AU, & Up)INU,) =0

uniformly on compact subsets of G. Here 4 A B = (A\B) U (B\4). Asin [3],
we shall call such a sequence an F-sequence.

LEMMA 23 (c¢f. [3]). Let (U,) be an F-sequence for a locally compact
amenable group G. Let ¢, =1/ )x(U,,)xUn, where Xu, is the characteristic
function of U,. Then f € UC(G) is left almost convergent to a constant ¢ if
and only if (1/8)p, * f converges to the constant function ¢ in uniform topology.

Weakly almost periodic functions were introduced by Eberlein [8]. Recall
that f € C(G) is w.a.p. if the set {I_f: x € G} is relatively compact in the
weak topology of C(G). It is well known that W(G), the set of all w.a.p. func-
tions in C(G), is a closed subalgebra of UC(G) and it is closed under translations.
Furthermore, there is a unique invariant mean m (or mg if there is a chance
for confusion) on W(G) no matter whether G is amenable or not. (This is the
well.known Ryll-Nardzewski fixed point theorem.) We refer the reader to [1] for
a quite complete account of the theory of w.a.p. functions. A useful criterion
for f€ C(G) to be w.a.p. is the following: f is w.a.p. if and only if for each
sequence of elements in G there is a subsequence (g,) such that b, f con-
verges pointwisely on G to a continuous function g. Here BG is the Stone-
Cech compactification of the locally compact space G and for each k € C(G)
its continuous extension to fG is again denoted by k. We shall use the above
criterion several times in the sequel without any further explanation.

LEMMA 2.4 (c¢f. [6, Lemma 5.4] or [1, Theorem 3.14]). Let H be an open
subgroup of a locally compact group G, f € W(H). Define f' € C(G) by set-
ting f'=f on H and f' =0 on G\H. Then f' € W(G).

In [1], H is assumed to be a normal subgroup. But a careful examination
of his proof tells us that “normality” is not required.

If G is a locally compact group, A(G) will denote the group of bicontinu-
ous automorphisms of G. We shall give A(G) the compact open topology. If
K and H are locally compact groups and n: K — A(H) is a continuous homo-
morphism, let G = {(x, y): x € H, y € K} be the group with product topology
and with multiplication given by (x, y)(x', »') = (x * n(»)x', yy'). Then G
is called a topological semidirect product of H and K. G will be denoted by
H %, K.
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3. Multipliers for FL(G). f € UC(G) is called a multiplier for FL(G) if
f* FL(G) C FL(G). We have the following characterization for the multipliers.

THEOREM 3.1. Let G be a noncompact g-compact locally compact amen-
able group, f € UC(G). Then [+ FL(G) C FL(G) ifand only if f€ C® FLy(G).

ProOF. The “if” part is easy.(2) Let (U,) be an F-sequence for G and
let ¢, =(l/)\(Un))xUn. Assume that f is a multiplier for FL(G). Fix &,
n € P(G), x € G and set

Up = A/D)E™ * (f* 0, —L(f* ) * 1.

Note that (¥,) is a sequence in L1(G). Let h € L*(G) and set g =

Exh=*n".
Yy =& h*n™, [+ 0, —1L(f* 9,) (by Lemma 2.1@))
= (g: f. ¢n) - (Ix_lg’ f. ‘pn)
==l &9 = (81 _,8) ¢

Since g — Ix_lg € FL(G), by assumption f* (g — lx_lg) € FL(G). By

Lemma 2.3,
lim ¢k, ¥,,) = Hm(f+ (g =1 _; 8), vp)
) = lim((1/8)p, * (f* (€~ 1 _,2))(e)
=d(f-(g- lx'l ).

(1) implies that the sequence (¥,,) is weakly Cauchy in L!(G). But L!(G)
is weakly sequentially complete (cf. [7, p. 374]), therefore, there exists ¥ € L'(G)
such that

¥))] lim¢h, ¥,) = (b, ¥),  h € L™(G).
We claim that { = 0 almost everywhere. Note first that since G is noncompact,
AU,) = = as n — oo, and hence
W= 0, = 1L(f* ol < 2/AUDIflls — 0.
Therefore, lim, [|,ll, = 0. If ¥ # 0 almost everywhere, then there exist & >0

and a compact set K such that A(K) >0 and |¢| =8 on K. Set h(x) =
(1/¥x)) if x EK and =0 otherwise. Then h € L*(G), and

@) Let f=a(f) + fo€C ® FLy(G). If gEFL(G) and p € ML(G) then

u(fo2)l < n(1fp2) < Iglwr(lfyl) = 0. Therefore u(f - g) = d)(fIu(g) = dy(f)d)(g)
and hence f -+ g € FL(G).
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IKh, ¥ < (1/)NK)IY,lle — 0.

On the other hand, <4, > = N(K) > 0. This contradicts (2). Therefore ¢ =0
almost everywhere as we claimed. Combining this fact with (1) and (2) we get

©)] af-(g-1_,8) =0,

if g€EE={*xh*xn"": §& n € P(G), h € L*(G)}. Since E is uniformly
dense in UC(G) (Lemma 2.1(b)), since the linear span of {k —I k: k € UC(G)}
U {1} is uniformly dense in FL(G) (Lemma 2.2) and since d(f * ¢) = cd/(f),
¢ the constant ¢ function on G, we derive from (3) that

@ 4 (f - 8 = d,(fd(e) if g € FL(G).

Note that it is easy to see that if g € FL(G) then g, the conjugate of g,
also belongs to FL(G) and d,(g) = d,(g). By (4), we have

dz(lf - dz(f)lz) = dz(f’f_) - dz(f)dz(f) - dz_(ﬂdz(f) + dz(f)m
=0.

Since UC(G) is a commutative C *-algebra it is isomorphic to C(X) for
some compact set X. In particular, each u € ML(G) can be considered as a
measure on X. Therefore u(lf —dy(f))) =0 for u € ML(G), i.e., f—d,(f)
€ FLy(G) and the proof is completed.

Our method of proof is a generalization of the discrete version of the
above theorem given in [4].

Recall that A(G) denotes the algebra of almost periodic functions in C(G).
It is well known that if f € A(G) and f# 0 then m(|f]) >0, cf. [11, p. 250.
In particular, if f € A(G) is not a constant function then f €& FL,(G) © C.

COROLLARY 3.2. If G isas in Theorem 3.1 and A(G) contains a non-
constant function then FL(G) is not closed under multiplication and hence
UcG) 2 FL(G) 2 W(G).

A(G) # C if and only if G has a nontrivial finite dimensional unitary
representation. Therefore A(G) # C if either G is solvable or is almost con-
nected and amenable. Note that if G is almost connected and amenable then G
is a topological group extension of a solvable group by a compact group, cf. [10,
p. 53]. On the other hand there exist discrete amenable groups with no nontrivial
finite dimensional unitary representations. For example, the locally finite group
G = U, =1 4, where A, is the group of even permutations on {1, 2,**+,n},
satisfies 4(G) = C.
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We like to conjecture that if G is noncompact then FL(G) 2 FL,(G)® C
no matter whether A(G) = C or not. It is known that if G is noncompact and
if F is the set of all left almost convergent functions on LUC(G) then F is
not an algebra.(3) Therefore our conjecture is also true for infinite discrete amen-
able groups.

REMARK. let E = {f € UC(G): u(f) = a constant as u runs through
M(G)}. Then E D FL(G). In [9, p. 62], E. Granirer proved that UC(G)/E is
nonseparable if G is a noncompact locally compact amenable group by applying
a deep theorem of his [9, Theorem 5]. It is also a consequence of the following
result of ours [3, Theorem 5.3]: If G isa o-compact locally compact noncom-
pact amenable group then M(G) contains at least 2° elements. Indeed, as men-
tioned in [9] to see that UC(G)/E is nonseparable we may assume that G is
o-compact. If UC(G)/E is separable then there exists a countable set (f,) in
UC(G) such that E + the linear span of (f,,) is dense in UC(G). Therefore
each u € M(G) is dciermined by (u(f,)). Hence M(G) contains at most ¢
elements which contradicts the result in [3] quoted above.

We are unable to prove the analogy of Theorem 3.2 for F(G). Namely, we
do not know whether f+ F(G) C F(G) implies that f € Fy(G) © C. But we
do have the following weaker result.

THEOREM 3.3. Let G be a noncompact o-compact locally compact amen-
able group with A(G) # C. Then F(G) is not closed under multiplication and
hence F(G) 2 W(G).

PROOF. Suppose that F(G) is closed under multiplication. Let f € F(G).
Let £, n, « € P(G) and x € G be fixed. Consider the sequence (¥,) in
L'(G) where

Yy =DE" * (Fo o, = L(fr o )= (Fr9, —L(f*9) * @) *n.
Let h €EL™G) andset h' = gxh*n~ —E* h*n~ *a”. Note that

Y ) =Exh*n™, (fro, ~L(f o) = (f*0, —L(f*9,) *
= Exh*xn” —Exh*xn” xa”, fop, —1L(f* ¢,
=(n' - 1 _, B, feo)=(f (' -1 _, r'), 9.

By Lemma 2.2, ' € FR(G) and k' - I _1 k' € FL(G). We claim that k' -
I _1h' € FR(G), and hence belongs to F(G) Indeed, since d, (k') = 0, by
Lemma 22, h' and hence I.h' belong to the closed linear span of {g — r,

(3) We wish to thank Professor E. Granirer for communicating this result to us.
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g € UC(G), y € G}. Therefore h' — Ix_lh' € FR(G) as we claimed. By
assumption f+ (b’ — Ix_lh') € F(G), and hence, by (1) and Lemma 2.3,

lim(f s (b =1 _yh"), @) =d(f + (B =1 _yh").

As in the proof of Theorem 3.1, one sees that lim, [y, ll., =0 and thatif J =
Erxh*xn” —Exhxn” xa”: h €L7(G), & n, @ € P(G)} then

€)) d(f+ (W' -1,h") =0 if xEG and h' EJ.

Note that the linear span of J U {1} is dense in FR(G) since the linear span of
{g—g*a": g€ UCG), a € P(G)} V {1} isdense in FR(G) (Lemma 2.2)
and {E*h*n": & n €PG), h € L™(G)} is dense in UC(G) (Lemma 2.1(b)).
By (2), d(f* (g — 1.8)) = 0 if g € FR(G), f € F(G). In particular, d(lg - I,.£l%)
=0 if g € FR(G), x €EG. Let g be a nonconstant function in A(G). (Then
g € F(G).) Then for at least one x, d(lg — nglz) # 0. This is a contradiction.

4. Cy(G) and Wy(G). It is well known that if G is a noncompact locally
compact group then Cy(G) C Wy(G), cf. [1]. In [T, Theorem 4.17], Burckel
proved that if G is further assumed to be abelian then the inclusion is proper,
ie., Co(G) g Wo(G). He conjectured that the abelian hypothesis is inessential.
In this section we shall prove that his theorem is true for a much bigger class of
groups; and, on the other hand, there does exist a noncompact group G with
Co(G) = Wy (G).

We shall start with some simple observations.

LEMMA 4.1. Let G and H be locally compact groups.

(1) If ¢ is a continuous homomorphism from G onto H and if Cy(H)
< Wo(H) then Cy(G) g Wy (G).

Q) If ¢ is a continuous homomorphism of G onto H and if both H
and Kker ¢ are noncompact then Cy(G) g Wo(G).

(3) If H is a noncompact open subgroup of G and G/H is infinite then
Co(G) g W (G).

PROOF. Let ¢ be a continuous homomorphism from G onto H and
f € WH). Then (2) fo ¢ € W(G), (b) mg(fe ¢) = my(f). () is [1,
Theorem 1.8]. To see (b), note that if m,(f) = c then ¢ € closed convex
hull of {ly f: y € H}, cf. [1, Theorem 1.25]. Therefore, ¢ € closed convex
hull of {I,(fo ¢): x € G}. Then mg(fo ¢) = ¢, cf. [1, Theorem 1.25].
Now for (1), choose f € Wy(H)\Cy(H). Then fo v € Wo(G)\Cy(G).
For (2), choose f € Cy(H), f #0. Then f € Wy(H) and fo ¢ € Wo(G)\Cy(G).
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(3) follows from Lemma 2.4 by taking f=1 on H and =0 on G\H.

COROLLARY 4.2. Ifa locally compact group G is either nonunimodular
or non-o-compact then Cy(G) g Wo(G).

Proor. If G is nonunimodular then the modular function A is a con-
tinuous homomorphism of G onto a noncompact closed subgroup of the multi-
plicative group of positive reals. Therefore C,(G) g Wo(G) by Lemma 4.1(1)
and Burckel [1, Theorem 4.17].

If G is not g-compact, choose a noncompact g-compact open subgroup H
of G,cf. [9, p. 64]. Clearly G/H is infinite. Therefore C,(G) g Wo(G) by
Lemma 4.1(3).

DEFINITION 4.3. Let G be a locally compact group. Aset X CG is
said to be an E-set if given a neighborhood U of e the set ({xUx~!: x €
X U X1} is again a neighborhood of e.

Note that if the right and left uniform structures of G are equivalent then
each subset of G is an E-set. Note also that each compact subset of a locally
compact group G is an E-set. Recall that a locally compact group G is said to
have property (E) if either G is compact or G contains an E-set which is not
relatively compact (cf. §1). While we cannot characterize the class of groups
with property (E) we do have a large number of examples.

PROPOSITION 4.4. The following locally compact groups have property (E):
(1) a group with equivalent right and left uniform structures, e.g., an abelian
group, a discrete group, (2) a group with noncompact center, e.g., GL(n, R), or
the subgroup of GL(n, R) consisting of upper-triangular metrics (x;) with
x;=1for i=1,**,n

REMARK. It is easy to see that if G is a noncompact locally compact
group with property (E) and if H is any locally compact group then the direct
product G x H also has property (E). Many similar observations can be made.

There exist locally compact groups without property (E). We include
three such examples here.

ExaMmpLE 1. Let G = SL(2, R), the group of two-by-two matrices over
R with determinant 1. (Note that G is a nonamenable semisimple Lie group.)
Since G is a closed subset of R*,aset X C G is relatively compact if and
only if it is bounded with respect to a norm on R*. Let X be a subset of G
with cl X being noncompact. Let U be a neighborhood of the identity matrix
8 in G. We shall prove that the set D = {o~!70: 0 € X, 7 € U} is unbound-
ed. (It clearly implies that X is not an E-set and hence G fails to have property
(E))
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If 7 € G the components of 7 will be denoted by Ty b J = 1, 2. There
exists € > 0 such that the set 4 = {a € G: o)) = ay; =1, lay,| <€, a,, =0}
and the set B = { € G: §;; =6,, =1,8;, =0, |8,,1 <€} are contained in
U. For ¢ €A,BE€B write 0~'ao = (g;) and o~ 'Bo = (b;). Then

— 2 __ .2
0 @13 = 033013, 43y = 70313,
__ .2 — 2
by =—0i3b1 by = 0118y

Let X;; = {0;: 0;; is the (i j)th component of some o € X},i,j=1,2. Since
X is unbounded, at least one of the sets Xj; is unbounded. By (1) the set D is
unbounded as we claimed.

EXAMPLE 2. Let G = C x T with product topology and with multiplica-
tion given by

@, W', w') = (¢ +wz', ww').,

(Note that G is a solvable Lie group and G/C =T is compact and abelian.)
Note that a set X C G is not relatively compact if and only if the collection of
first coefficients of elements in X is unbounded in C. Suppose that U isa
neighborhood of (0, 1) in G and cl X is noncompact. Then the set

{z W) '@, b, w): @, w) € X, (3, b) € U}
={W(-z +a + bz2), b): (z, w) €EX, @, b) €U}
is clearly not relatively compact. Therefore G fails to have property (E).

EXAMPLE 3. Let G =R x R x T with the product topology and with
multiplication given by

&, y, exp@0) ', ¥', exp(i0') = (x +x',y +y', exp(i(@ + 6’ + xy"))).

(Note that G is a nilpotent Lie group with center {0} x {0} x T.) Let U=

R x R x {exp(i0): lexp(i0) — 1] < 1}. Then U is a neighborhood of (0,0, 1).
It is not hard to see that if X C G is not relatively compact and if W is a neigh-
borhood of (0, 0, 1) then

D={"wr:teEX,wEWCU.

Indeed, the set {exp(i0): there exists x, y ER with (x, y, exp(i0)) €D} =T.
Therefore G fails to have property (E).

One of the reasons that we are interested in groups with property (E) is
that we have the following.

LEMMA 4.5. Let X be an E-set in a locally compact group G. Suppose
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that U is a compact neighborhood of e suchthat xUNx'U=¢g if x,x' € X,
x#x'. Let f€ C(G) with its support contained in U and let {c,},cx bea
bounded set of complex numbers indexed by X. Then the function g =

z {cxlx_lf: x € X} belongs to UC(G).

ProOOF. Note first that g is well defined since for each y € G there is at
most one x € X with (Ix_lf)(y) # 0. Let € >0 be given. Since f is uni-
formly continuous, there exists a neighborhood V of e such that ¥ C U and
1f(») - f(2)l <€ ifeither yz~! €V or z~'y € V. Foreach y €G and
a €V at most two termsin 7,8 —g = Z {c,(fx 'ya) - f(x~'y)): x € X} can
be different from zero. Note that (x~'y)~!'(x~!ya) =a € V. Therefore
Ilr,g — gl <2€ - sup{lc,|: x € X} if a € V. So g is left uniformly continuous.

Let € and V be as in the previous paragraph. Since X isan E-set, there
is a neighborhood W of e such that WCxVx~!,xE€X. If a€EW, x EX,

Y €G then (x~'ay)(x~!y)~! =x"lax € V. Therefore ||l g —gll., <2e -
sup {le,|: x € X}. So g is right uniformly continuous.

Now we are ready to state and prove one of our main results.

THEOREM 4.6. Let G be a noncompact locally compact group with prop-
erty (E). Then C,(G) g Wo(G). Indeed, the quotient Banach space Wy(G)/Cy(G)
contains a linear isometric copy of 1= and hence is nonseparable.

PrOOF. Let X be a fixed relatively noncompact symmetric E-set in G.
Let V be a fixed compact symmetric neighborhood of the identity e. Choose a
compact symmetric neighborhood W of e such that x " 'Wx CV if x€X
and WC V. Choose x; €X. For n>2,choose x, inductively such that
x, €X and

7
* x ¢ .Hl 20 €V Uy, e, X, s xy e xp L
1=

Set T=Uyg=, x;W. We claim that

M x,vnx, V=g if n#m,

(2) TN Ty is compact if y & V2,

() TNyT is compact if y & V2.

(1) holds since x, & {x;,***,x,_;}V2. Tosee (2),let y EG,y & V2.
Suppose that T N Ty is nonempty. (Otherwise there is nothing to be proved.)
Fix x,a = x,,by €ETNTy where a, b €W. Since y & V2,n hasto be
different from m. Let k = max {m, n}. Let x,a’' =x,,b'y be any given
pointin TN Ty where a’, b’ € W. Then n' #m'. We claim that k' =
max {n', m"} <k. Ifnot,say k' =n'>k then x,, =x,.b'b"'x1x,ad'" ",
contradicting (*). Therefore,
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TN Ty Cx,WU---Ux, W

and hence is compact.

To see (3),let y & V2 and suppose that x,w=yx,w €TNyT where
w, w; € W. We claim that n#m. If n=m, then y=x,wwy'x;! =
x,wxy'x, wilx;1 € V2, a contradiction. The remaining part of the proof is
the same as the proof of (2). (The construction of the set T is a generalization
of Lemma 1 in [2].)

Pick h € C(G) such that h(e) =1,0<A <1 and h=0 off W. Set
&)=Y hix;'x), x€G.
n=1

We claim that f € Wy(G)\Cy(G). By Lemma 4.5, f € UC(G) and clearly 0 <
f<1. Note that f(x,)=1 for n=1,2,-+- and that {x,,x,, <} isnot
relatively compact (by (1)). Therefore f & Cy(G). It remains to show that f
is wap. and m(f)=0.

To show that f is w.a.p. we shall follow the steps in [14, Lemma 3] quite
closely. We shall prove that if (g,) is a sequence in G then there is a subse-
quence (ank) such that (l"nkf ) converges pointwisely on G to a continuous

function g on SG.

Case 1. Some compact subset of G contains infinitely many ;. Since f
is right uniformly continuous, some subsequence of (l"n f) converges uniformly
and hence weakly.

Case 2. No compact subset of G contains infinitely many a;. Then there
is a subsequence of (g,) which is again denoted by (a,) such that

@ aai €V Oif i #].

Suppose that i#j. 1f (I, f)(») - (lajf)(y) #0 then y €q7'TNa;'T.
Therefore, by (3) and (4), we know that the support of I“i f Ia,- f is compact
and hence Ia,.f’ IaifE 0 on BG\G. Thus lim Iaif(y) =0 if y €EBG\G. So
it remains to show that some subsequence of (I"i f) converges pointwisely on G
to a continuous function on G with compact support. If lim; (l“i NO=0
for each y € G then the proof is completed. So assume that for some z €G,
lim sup; f(a;z) > 0. By taking a subsequence if necessary, we may assume that
f@;z) #0 foreach i. Let y €G such that f(g;¥) # 0 for infinitely many i
Then y €a;'T for infinitely many i. Say,z =a;'p; y =a;'q; for i€,
an infinite subset of the set of positive integers, where p;, q; ET. Then p; =
q,-y“z ETNTy 'z,i €I Since {a;: i €1} is not contained in a compact
subset of G, {p;: i €I} is not either. By (2), y~'z € V2, ie., y €zV2. So
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©) lim(Z, f)(») =0 if y ¢zV>.

Since f is uniformly continuous, (Ia” f) is a bounded equicontinuous family of

functions on the compact set zV3. By the Arzela-Ascoli Theorem, there is a sub-
sequence of (Ian 1), say, (I“n f) which converges uniformly on z¥V3 to a con-
k

tinuous function g on zV3. Note that g=0 on zV3\zV?2, by (5). Extend
g to G by setting g=0 off zV3. Then lim, I“n f =g pointwisely on G
k

and g is continuous and is with compact support. Therefore we have finished
the proof of the fact that f is w.a.p.

To see m(f) =0, for each n pick b,,** in G such that bib‘
¢ V2 if i#j. Note that if Uy, fHeeet 1, f)(y)>l then y €
UrITneiT: i#j, 1 <z,] <n}=A. Notethat 4 is compact, by (2).
Choose ¢ € C(G) with compact support such that €=1 on 4,0 <§(<1.
Then

L+ng>1, ooty f

Therefore, m(1) + nm(¢) = nm(f). Since m(¢) = 0, m(f) <1/n. But n can
be arbitrarily large, m(f) = 0, ie., f € W,(G).

Now let us prove that Wo(G)\C,(G) contains a linear isometric copy of
I*. Write {x,: n=1,2,-+} asa disjoint union of a countably infinite family
of sets Y, with each Y, being infinite (and hence relatively noncompact). Let
=2 {Ix_,h: x €Y,}. Then as above f; € Wy(G)\Cy(G). Indeed, if (c) *
is a nonzero element in I* then I c; f; € Wo(G)\Cy(G) by using the same
proof as the proof of the fact that f€ Wy(G)\C,(G). Since the support of each f,
is noncompact, one sees that

Zklckfk + Co(G)" = i“fz Zk: cfi T g€ C°(G)i
= ;ckfk = [l co-

Therefore, the mapping from I* into Wy(G)/Cy(G) which sends (c,) € I
into Z ¢, f, + Cy(G) is a linear isometry and the proof of the theorem is com-
pleted.

REMARK. Let G be a locally compact group. Suppose that there exists a
sequence of functions f, € Wy(G), k =1, 2, +, such that (i) the supports of
the functions f; are mutually disjoint, (ii) 0 < f; <1, (iii) the set {x €G:
fi(x) = 1} is noncompact, and (iv) for each (c;) € I”, I, c;fy € Wo(G). Then
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the mapping from [ into Wy(G)/Cy(G) defined by sending “(c;) to Z, cify
+ Cy(G) is a linear isometry. In the last paragraph of the above proof we have
established the existence of such a sequence (f;) for a noncompact group with
property (E). Note that if ¢ is a continuous homomorphism from a locally
compact group K onto G where G has a sequence of functions f;, € Wy(G)
which satisfies (i) to (iv) then the sequence of functions f; o ¢ € W (K) also
satisfies conditions (i) to (iv).

COROLLARY 4.7. If G is a noncompact locally compact nilpotent group
then the quotient Banach space Wy(G)/Cy(G) contains a linear isometric copy
of I”.

ProOF. It is enough to prove the following assertion: For each noncom-
pact locally compact nilpotent group G there is a sequence of functions f; €
Wo(G) which satisfies conditions (i) to (iv) in the above remark. Since G is
nilpotent, the upper central sequence is finite: G =Gy 3G, D***DG,_, O
G, = (¢e) where each G, isclosed and G;_,/G; is the center of G/G; i =1,
2,¢+*,n. Weshall call n the rank of G.

If n=1,then G is abelian and our assertion is a special case of Theorem
4.6. Assume that our assertion holds if the rank of the groupis n—1 (n =2).
Let G be noncompact and be of rank n. If G,_,, the center of G, is non-
compact, then G has property (E) (Proposition 4.4(2)) and hence our assertion
is again a special case of Theorem 4.6. If G, _, is compact,then G/G,_, is
noncompact and is of rank »n — 1. Therefore, by inductive assumption, our asser-
tion holds for G/G,_, and hence it also holds for G by the remark preceding
this corollary.

REMARKS. (1) The conclusion in Corollary 4.2 can be strengthened as in
the above corollary.

(2) By Lemma 4.1 it is quite clear that property (E) is not a necessary con-
dition for Cy(G) to be contained in Wy(G) properly. For example, if G =
SL(2,R) x SL(2, R) (direct product) then by Lemma 4.1(2), C,,(G) g Wo(G)
while it is not hard to see that G fails to have property (E) (cf. Example 1).
Other such examples are the group in Example 3 and the group A4, of affine
mappings of R” onto R”. Indeed, Wy(4,)/Cy(4,) contains a linear isometric
copy of I”.

THEOREM 4.8. Let G = C x T be the group defined in Example 2. Then
Wo(G) = Co(G).

PrROOF. Let f € UC(G) be fixed such that =0 and f€ FRy(G)\Cy(G).
If we can conclude that f is not w.a.p. then the proof of the theorem is completed.
Toward this end, note first that sitce f ¢ Cy(G) there exist >0, z, =
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p,exp(i0,) with p, — + and exp(iy,) €T such that f(z,, exp(iy,)) =
3a for each n. By choosing a subsequence if necessary, we may assume that
exp(if,) converges to some exp(ify) €T and exp(iy,) converges to some
exp(ipy) € T. Note that

[ F1(,exp(ify), exp(ivy))

l
T(0.6xp (1((p = 00)+ (89 —6,))) (0,exP (i(6 ,~ 6))
= f@,, exp(iv,))-
Since f is uniformly continuous, the above relation implies that
1f(p,exp(i0o), exp(ivg)) ~ f(z,, exp(iw,))l
is small when n is large. Therefore, we may assume that fp,exp(if,), exp(iv,))

> e . .
2a for each positive integer n. By translating f by r(o,expi (¢o-oo))l (0.exp(i80))

we may assume that 6, =0 and ¢, = 0. So we have the following:
6)) flp,,1)=>2a for n=1,2,++, and p, — + oo,
For the sake of clarity, we single out part of the proof as
LEMMA 4.9. For two positive real numbers ¢ and B set
A.g={y€R y=>0, fc +iy,1) > p}.
Then D(A,p) = limsup,{sup{n™"Ag([y,n +y] NA,5): yER, y >0}} = 0.

PROOF. Suppose that D(4, ) >0 for some ¢ >0 and some B> 0.
We want to get a contradiction.

If s and ¢ are fixed positive numbers, then, since d = D(4, ) > 0, it is
not hard to see that there exists a positive number y, such that y, >¢ and

)] Usg([yo> Yo +s1 N A, ) =d/2. (O)

Since f is uniformly continuous there exists & > O such that if [w| <§,
lexp(0) — 11 <8 and lexp(iy) — 1| <& then

(€)] 1£(z, 1) = fzexp(i9) + w, exp(ip))l < B/2. ()

(3) Choose n > 5(t + s)/d such that n-lAR([y, y+nln Ac,ﬁ) > 3d/4 for some
y 2 0. Choose a positive integer k suchthat y + t+ ks<y +n and y+t+ (k + 1)s>
y + n. Then there exists a j, 0 < j € k — 1, such that

-1 . .
s ARy +r+js,y+t+ G+ 1)1 N4, g >d2.

If not then n_l}\R((y, y+n]Nn Ac,ﬁ) < n_l(t + ksdf2 + s) < d/5 + d/2 < 3d/4, a con-

tradiction.

(5) Note that f(zexp (i) + w, exp (ip)) = 1@z, 1).

! (wiexp(i0)) (0,exp(ito-0)))
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Let s be a fixed positive number. For a given large positive number ¢ denote
the unique complex number with absolute value ¢ and with real part ¢ +s by
wo. Choose ¢ so large such that (i) if ¢ is the angle formed by the imaginary
axis and the ray connecting 0 and w, then lexp(iy)—1/<6é and (ii) 7 —imag-
inary part of wy < 8. Choose y, >t such that (2) holds. Note that by the
ways ¢ and y, are chosen and by (3) we have

@ fx + iy, exp(iv)) = /2 if y €A, 3N [¥g, o + 51,

c<x<c+s,and [exp(iy) — 1| <8.

Note that G is the topological semidirect product of C and T where the
action of T on C is given by exp(iy): z — exp(iy) * z. Therefore G is uni-
modular, and the Haar measure of G is just the product of the Lebesgue measure
for C and the normalized Lebesgue measure for T, cf. [11, p. 210]. For each
positive integer n, let

U,={&+iy =IxI <n/2, Iyl < nf2} xT.

It is easy to see that (U,) is an F-sequence with respect to multiplication from the
right and that A(U,) = n?. Since f € FR(G), by the right-hand version of
Lemma 2.3, we have

) li'{n(l/nz) fU fl@au)du =0 uniformly in a (@ € G).

Let s = n, a positive integer. Choose y, as above and let a = ((c + n/2)
+i(yo + n/2), 1). By (2) and (4) the Haar measure of the set {v € aU,: f(v) = f/2}
is =n - (d/2)* n - (8/n). Therefore

W), fadu = (AIn*)f,,, fe)du

> (1/n?) - n? - d[2) * (6/7) * (B/2) = d6B/4m > 0.

The above relation certainly contradicts (5) and hence the lemma is proved.
Now let us go back to continue the proof of the theorem.
We claim that it is possible to pick a sequence of positive integers n, <n,
<-+-, and a sequence of nonnegative real numbers y,, y,,°** such that, for
each j,

(6) f(pnl+lyp9 1)>a’ p=l,2"..aj’
M fn, + 1y )< @f2, p=j+1,j+2,000

Choose n, =1 and y, = 0. Then by (1) f(,onl +iy,, )=22a2a.
Suppose we have picked n, <-++<n, and y,,***,y, such that (6) holds
for j <k and (7) holds for j <k and p <k. Let
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U"'UA

A = Apnl,alz P2

By Lemma 4.9, D(A4;) = 0. Therefore there exists y;,., =0, ¥4, €4, e,
f(l’n +iygye1> 1) <cof2 for j=1,2,+++, k. Again note that f is uni-
formly continuous and p,, — +<o, If s isa ﬁxed positive number then |f(p,, 1)
= f(p, +iy, 1)| becomes uniformly (in y, 0 <y <s) close to zero when n
becomes large. Therefore, by (1) there exists n, ., > n; such that f(p,,k+l +iy,,1)
2a if p=1,2,2++,k + 1. Thus, by induction, we know that our claim is
true.

Let f, = l(,yp,l)f, p=1,2,>++. If fisw.a.p. then there is a subsequence
ij such that lim,- f"i = g pointwisely on G where g is a continuous func-
tion on BG. Let a be a cluster point of {(pn , 1) k=1,2,°-°} in BG

Then by (6) f, (a) a for each j and hence g(@) = a. On the other hand, by
o, g(p” , )= hm, f(p,, + 1ypl, 1) <of2 and hence g(@) < af2. We have
arrived at a contradiction and hence f is not w.a.p.

REMARKS. (1) By the above theorem we know that in Corollary 4.7 the
condition nilpotency cannot be replaced by solvability.

(2) In [6, Theorem 7.1] DeLeeuw and Glicksberg proved that if G isa
locally compact abelian group and H a closed subgroup then W(H) = W(G)|H.
Their theorem does not hold for the group G = C x T of Example 2 in the fol-
lowing dramatic way: W(C) ¢ UC(G)IC. (Note that C is a normal subgroup of
G.) For example, let h € C(C) with #(0)=1 and h =0 outside of the unit
disc. Set f(z) = Z,_-, h(z—2"),z€C. Then f € W(C) and clearly f is not
the restriction of any uniformly continuous function on G.

(3) For a locally compact group G, denote the Fourier-Stieltjes algebra of
G by B(G), cf. D. Eymard’s L’algébre de Fourier d’un groupe localement com-
pact, Bull. Soc. Math. France 92 (1964), 181236, for the definition. It is known
that B(G) C W(G). If G is noncompact and abelian D. E. Ramirez proved that
the uniform closure of B(G) is a proper subset of W(G), cf. [1] for a proof.
However, if G is the group in Theorem 4.8 then the uniform closure of B(G),
B(G)~, equals W(G) since A(G) C B(G)~ by Peter-Weyl Theorem and Cy(G)
C B(G)~, cf. Eymard’s paper quoted above.

5. Wo(G) and Fy(G). If G is a noncompact locally compact amenable
group then W(G) g F(G), cf. §3. A harder problem is to decide whether W,(G)
g Fy(G). In [1, Theorem 3.19] Burckel proved that W,(R) g Fy(R). We have
the following stronger result.

THEOREM 5.1. Let G be a locally compact amenable group with a relatively
noncompact E-set X such that {xax~': x € X U X~} is relatively compact
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for each a €G. Then Fy(G)/Wy(G) contains a linear isometric copy of I”.

PROOF. By replacing X by XU X~! we shall assume that X is sym-
metric. We shall also assume that e € X. Note that if K is a compact subset of
G then J{xKx~!: x € X} is relatively compact. Indeed, pick any compact
neighborhood W of e and choose a compact neighborhood U of e such that
xUx~! CW for x €X. Cover K by,say, alU, aU,+++, a, U, a;,***,a; €G.
Then |J{xKx~!: x €G} is contained in

U{Ga x " HEUx~ ) Us e+ U (g x~ ) Ux~1): x € X}

and hence is relatively compact.

Assume first that G is o-compact and unimodular. Then G has an F-se-
quence (U,) such that each U, is, in addition, symmetric, cf. [3, Theorem 4.4].
Choose a compact symmetric neighborhood V of e such that A(V) < 1. For
convenience, let U, =¢& and n, =0.

Pick x; =y, =e€X. Pick n; suchthat xV’x~! CU, for x€X
and )x(Unl) = 2. Suppose that we have picked x,,***,x;; ¥;,°**, ), from
X and positive integers n, <-++<n, such that the following are satisfied:

@ x;y;vC U”p\U"p-l if 1<, j<k, p=max{i j}.

(i) x,y;V Nxpyp V=0 if 1<i,i',j,j' <k and G, )#*0",]").

(i) x;x7t, x7Ixp ¢U"i—l if 1<i'<i<k; (y;V)ypV)'cC
G\U"i—l’ (yiV)-l(yj,V) C G\U,,j_l if 1<j'<j<k.

iv) VU,fi_lVC Uy, if i=2,2+,k.

) )\(Uni)>2' if i=1,2,%°,k.

(vi) xU,,i_lx‘l CU,,i=2 ",k xEX.

Pick y;,, € X such that (2) (kaV)(yiV)‘1 C G\U,,, Gra V'OV
CG\U,, if j=1,2,27,k 0) Xxyps VN xpy;V =2 if 1<, i',j <k,
©) xypesVC G\U,,k, i=1,+<,k Sucha y,,, exists since each of the
following sets is compact: Unkyi y? Uy, VU,,k V,j=1,2,°¢°,k; x,“xivy,-Vz,
1<i,j,i' <k x,"UnkV, i=1,*++,k. Note that the condition x;y;,, ¥V N
Xp Y41V =9 is automatically satisfied if 1 <i,i' <k, i #i’. Indeed, if
X Vi1V =Xp Vi1V €X Vs 1 VO XpYis V where v, v' €V, then x7lx;=
Yies1V'V" Wik 1 € U, , contradicting (iii).

Pick x;,,; € X such that

@) X1 X7 Xeh X E Uy L 1= 1,000k,

O®) Xy yiVOxyp V=g if 1<i,j,j' <k,

©) Xx41Y;VCG\Uy,, j= 1,2,k +1. Note again that we have
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X1 ViV X ypV=90 if 1<j,j'<k+1 and j#j'".
Choose n;,, > n; such that
@) X410 VeV I g VC Unyryr?
®©) MU, )>2F*,
2
(c) vu; VC U"k+l

@ xU, x"l CU,,  +XEX

The reason that (d) is possible is given in the first paragraph of the proof. By
induction, we get sequences (x;), (¥;), (1) such that (i)—(vi) are satisfied for
each k. Since (U, ) is again an F-sequence we shall write U, for U,,k. Let

Z = {x, i hj=1, 2 «+<}. It is easy to see that Z is again an E-set. Choose
he€CG),0<h<1,he)=1 and =0 off V. Let

r= it

By Lemma 4.5 and (ii) above we know that f € UC(G). We claim that (I) d(f)=0
and (ID) f-gll. = Ifll. if g € WEG).

ProoF oF (I). According to Lemma 2.3, to see that d(|f]) = 0 it suffices
to show that

i+j (xy)_lh b1 12---§

L 1
m @y o, fENdt = lim ) Jo, fEnIde =0

uniformly on G. Let 4 = U{xiy,V: L,j=1,2,°*°}, 4, = U{x,y,V. i=j}
and 4, = U{x; YV i< j}. Note that the support of f is contained in 4 and
that 4 = A4, U A,. Therefore,

1 AU, NAx~1)
X(_U;)_fu,,lf(tx)'dt < EEECAREE
AU, Nx~14) -

L T

1
@ e,
and hence to prove (I) it suffices to show that
C MUxNnA4) AMxU, NA4)
YA N A A
uniformly on G. Note that
xU, N4 = U, NxU, NA) VU (U,,,\U,) NxU, N A4)

¢y
SN ((% +2\Un+l)nxU NA)Ue---,
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Suppose that (U, \U,_,)NxU, # @ for some k> n. Then x €U, ,, and
hence xU, C Uy, ,. Therefore (U\Uyp_y)NxU, =@ if k' >k +3. Thus:

(2) There exist at most three k’s with k > n and (U,\U,_,) NxU, * &.

Let k>n be fixedand set T, = (U, \U,_)NxU,NA, and T, =
U\U,_)NxU, N A4,. Notethat T, UT, = (U, \U,_,) N xU, NA. Sup-
pose that T; # & and let xt=x, y;vE€T,; where j<k vEV,tEU,.
(Note that each element in U \U,_; N A4 is of the form x, y;v, by (i).) If
there is no element in T; which can be expressed in the form x, y;v' with
"<k j #jand v'EV then T, Cx,y;V and hence N(T;)<1. If there
exists j"#j,v'€V and t' €U, suchthat xt'= x,ypv' €T. Then, by (iv),
yilyj=v't'"" "' € VUV CU,,,. By (ii) j, j' <n + 2. Therefore, in
this case, T, is contained in the union of at most n + 2 left translates of V.
Therefore A(T;) <n + 2 is always true.

Suppose that T, #& and let xt= xiy,,v €T, where t€U,, 1<i<k
and v € V. If there exists i’ #i,¢t' €U,, v' €V such that xt'=x,y,v' €T,
then x;'xy =y, vt 1ty "’y"l € VURVy! Cy Uy Y5 CU,.p by
(iv) and (vi). Therefore, i, i’ <n + 3, by (iii). We have shown that NT,) <
n + 3 is always true.

By the above two paragraphs we see that

3) MUNU_ ) NxU, NA)<2n +5 if k>n
Combining (1), (2) and (3), we conclude that

AxU, NA4) < n® +3+@2n+5).
Therefore, for each x € G,

AxU, N AU, <1/2M(n® +3+2n +5)) >0 as n—

Similarly, for a fixed k> n,set §; = (U\U,_{)NU,xN A, and S, =
UN\U_)NUx N A, I tx=x, 0, t'x =x, ypv' €S, where 1, ' €
Ups j# 7’50, 0" €V then (ypv") o) ' =xp't't™x, €U nt2 by (iv) and
(vi). Therefore j', j<n +3 by (ii)). If tx=x, Vv =xpy, v €S, where
Lt €U, i<i',v,v' €V then xp=t"t"x;y, 00"y €V2UU, C
Uy+2 Y Upyp. Therefore MS,)<n+3 and N\S,) <n +2. As before, we
may conclude that

AU, x N AU, < (1/2")(n? +3+(2n +5)) >0 as n — o,

We have finished the proof of (I).
Proor oF (II). Note that, since fGey))=G=DIGE+7), Iflle = 1. Sup-
pose that there exists g € W(G) with ||f—gll <1 — 28 for some & > 0.
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Then for a fixed j, g(x;»;) has to be greater than & when i is sufficiently
large. On the other hand, for a fixed i, g(x;»;) hasto be less than — & when
j is sufficiently large. Since g is w.a.p. there is a subsequence (xin) of (x;)
such that lxing =g, converges weakly to a continuous function g, on G.

Let y be a cluster point of {y;} in BG. Since g,( yj) =39 when n is large,

8(y;) =& and hence go(y) = 6. On the other hand g,(y) <-§ foreach n

and hence g,(y) <—38. It is a contradiction and the proof of (II) is completed.
(II) Write

b= U X, X, NX, =@ if ny #ny, each X, infinite;
n=1

= U Y, Y, NY, =& if n, #n,y, each Y, infinite.
n=1

Number the elements in each X,, and each Y, say, X, = {x,,l, Xp,ot* °} and
Yy = {Fns Yyt o} Lt

1] -
fo=X2 ml(xn,yn,)"h' 1,j=1,2,.
If (c,) €I” then by (1) and (II) it is not hard to conclude that Z, ¢c,f, €
Fy(G) and that (IZ, c,f, + Wo(G)"Fo(G) IWo(G) = e, M. Therefore (c,)
= Z, ¢, fy + Wo(G) is a linear isometry from I into Fy(G)/Wy(G) and we
have proved the theorem if G is o-compact and unimodular.

(IV) If G is not o-compact but is unimodular, choose a o-compact open
subgroup H of G which contains a relatively noncompact portion of X. Con-
struct f, on H just asin (II). Consider f, € C(G) by setting f,, =0 on
G\H. Then clearly (c,) = Z, c,,f,, + Wy (G) is a linear isometry from [”
into Fy(G)/Wo(G).

(V) If G is nonunimodular let K = {x €G: A(x) = 1}. Then G/K is
isomorphic to a noncompact subgroup of the multiplicative group {x € R: x > 0}.
Denote the natural homomorphism from G to G/K by ¢. Construct a sequence,
of functions f, on G/K asin (III). Then clearlly (c,) = Z, ¢, (f, ° v) +
Wo(G) is a linear isometry from I® into Fy(G)/Wy(G).

REMARKS. (1) If G is an arbitrary nonunimodular locally compact amen-
able group then F(G)/Wy(G) contains a linear isometric copy of I* by part
(V) of the above proof.

(2) Let G be a non-o-compact locally compact amenable group. Let H
be a o-compact noncompact open subgroup of G. If f€ UCH), f' € UC(G)
is defined by f'= f on H and f'=0 on G\H. The mapping from
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UCH)IWH) to Fo(G)/Wy(G) defined by sending f+ W(H) to f' + Wy(G)
is a linear isometry. Since UC(H)/W(H) is nonseparable [9, p. 62], so is
Fo(G)/W,(G).

(3) If G is a noncompact locally compact amenable group with property
(E) then we can construct (x;), (»;), (n;) to satisfy ()—(v) in the proof of
Theorem 5.1. Keep the notation there and let

i-j Ut e
hH= Z% ¥ I(x”)"h 1>]§ fL= Z;z+] ( _lh.z<].
Then f, € FRo(G\Wo(G) and f, € FLy(G)\W,(G).

A result parallel to the theorem on p. 62 of [9] is the following.

THEOREM 5.2. Let G be a noncompact locally compact group with prop-
erty (E). Then UC(G)/W(G) contains a linear isometric copy of 1.

PROOF. Again we only have to consider the case that G is o-compact and
unimodular. Let X be a relatively noncompact E-setin G and let W be a
compact neighborhood of e. Choose a compact symmetric neighborhood ¥V of
e such that xVx~! C W for x € X UX~1. Apply induction to obtain two
sequences (xi) (¥;) of elements in X such that x; yiVOoxpypV= g if
G, j)# (@', j"). Construct a sequence of functions J, from (xi) (¥;) asin
part (III) of the proof of Theorem 5.1. Then (cn) —=Z,¢c,fn T WG) isa
linear isometry of I into UC(G)/W(G).

REMARK. For convenience we shall say that a locally compact amenable
group G has property (*) if there exist two sequences (X,), (Y,) of subsets of
G X, = {x,i=1> ¥, = {y,;}j=1, and a sequence of functions (f,) on G
such that (i) for each (c,) €17, 2, ¢, f, € Fy(G), (ii) the supports of f, are
mutually disjoint, (iii) f,(x,;7,;) = G —=DIGE +j), n, i,j=1,2,*++, and (iv)
Ifolle =1, n=1,2,--. Itisclear thatif G has property (*) then F(G)/W,(G)
contains a linear isometric copy of 7. In Theorem 5.1, we established that if G
is a locally compact amenable group with noncompact center then G has property
(*). It isalso clear that if G is a locally compact amenable group which has a
continuous homomorphic image with property (*) then G also has property (*).
In particular, we have the following.

COROLLARY 5.3. Let G be a noncompact locally compact nilpotent group.
Then Fy(G)/Wy(G) contains a linear isometric copy of 1”.

The proof of the above corollary is the same as that of Corollary 4.7. While
Corollary 4.7 does not hold for the solvable connected Lie group in Example 2 of
§4, Corollary 5.3 does have the following extension.
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THEOREM 5.4. If G is an almost connected honcompact locally compact solv-
able group then Fy(G)/Wy(G) contains a linear isometric copy of I”.

Proor. Since G is almost connected, there exists a compact normal sub-
group K such that G/K is a Lie group with a finite number of components, cf.
[13, p. 175]. We shall prove that the connected component of G/K has prop-
erty (*) which clearly implies that G/K has property (*) and hence G also
has property (*). Therefore assume that G itself is a noncompact connected
solvable Lie group. By [12, Lemma 3.3] there exists a sequence of closed charac-
teristic subgroups of G,

G=Gy>5G, >***D>G,_, 026G, = (e),
such that G;/G,, , is either a real vector group or a toroid, i =0, 1,*++,n — 1.
We shall prove that G has property (*) by inductionon n. If n=1 then G
is a real vector group and hence has property (*), by Theorem 5.1. Suppose that
our assertion holds for n — 1 (n>1). If G/G,_, is noncompact then by in-
ductive assumption G/G,_, has property (*) and hence so does G. If G/G,_,
is compact then it is T* for some k=1 and G,_, hastobe R* for some
s = 1. Therefore G is a split extension of G,_1,G=R* Xn T* where 7 is
a continuous homomorphism of T* into A(R®), cf. [12, Lemma 3.4]. It is well
known that A(R®) = GL(s, R), cf. [11, p. 434]. Since T* is abelian, each irre-
ducible (complex) representation of T* is one dimensional. A simple complexi-
fication argument tells us that R® can be written as Vi®e--® V; where each
V; iseither a one- or two-dimensional vector subspace of RS and 7(T ")V, cv,.
Note that for each i, V; x, T is a homomorphic image of G. If one of the
Vs is one-dimensional then R x T¥, being an abelian group, has property (*)
and hence so does G. If each V; is two-dimensional over R then R?2 Xn T*
is a continuous homomorphic image of G. Therefore it is enough to prove that
G =R? x, T* has property (*). Let I=n(T*). Assume that I# (5) where
& denotes the identity matrix. Then I, being a connected compact abelian sub-
group of SL(2, R), is isomorphic to T. In particular there exists an element ¢
of order 4 in I. Since * -8 =(2-68)(2 +8)=0,

@) 2 =-1.

Let M(2, R) be the algebra of 2 x 2 matrices over R. Let A, and 4,
be the subalgebras of M(2, R) generated by ¢ and I respectively. Then both
A, and 4, are abelian, 4, C 4, and dim 4, = 2. Since the dimension of
each abelian subalgebra of M(2, R) is less than or equal to two, 4, = 4,. In
particular, if 7 €1 then 7=x +y¢ for some x, y €ER, x? + y2 = 1. Since
I is connected and {x + yu: x, y €R, x> + y2 = 1} is isomorphic to T, we
have
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?) I={x+yux,y€ER,x*+y? =1}

By (1) there exist @, b ER, b# 0 suchthat ¢;;, = -, =a,4,,=b, 4, =
—(1 +4a%)/b. Replacing ¢ by — ¢ if necessary, we shall assume that 5 > 0.
Clearly ¢ is similar to an orthogonal matrix w, i.e., there exists o € GL(2, R)
such that ¢=0"'wo. Since w?=—1 and b>0, w; = w,, =0, W, =
—w,; =1. So,by (2), I={o"'(x +yw)o: x, y €R, x2 + y* = 1}. Since

the dual group of T* is Z¥, there exist n,,+++,n, €Z such that if (exp(if,),
-+, exp(if,)) ET* then n(exp(if,),**, exp(if,)) = 0~ 'ro where 7,, =
Tyg =cos(n, 0, +ec+n0,) and 7., =—7,, =sin(n, 0, +°+*+n,0,).
We shall identify R? with C and hence multiplication in G = C Xn T is
given by

(z; exp(if;),° * +, exp(i0,))(2"; exp(i0}),* * * , exp(if))
=(z + o exp(i(n, 8, +- -+ m))(0z"));
exp(i(0, + 07)," -, exp(i(0, + 0;))).
Note that if (z, ¢), (', t') €G, t = (exp(i,)," * -, exp(i0,,)), then

llo@z + n(t)z") — lozll < loz + exp(i(n, 0, +++++ n,0,))0z'
—exp(i(n; 0, +++++n,0,)oz'l

= |oz|,
and

lHo@' + n(t")2)l = loz'll < lozl.

‘ Therefore, we have

(3) If g€ UCR) and if f is defined by f(z, ©) = g(loz]), (, O €G,
then f€ UC(G).

Choose three strictly increasing sequences of positive integers (a;), (b;),’
(n) such that (@) ng, =a;+b;>ng, (b) a;—ay =>n;_y, b —bp 2n;_,
if i>4,7>7", () ng>2% Write {a} = {a,;: n i=1,2,7}, {b;} = {b,;:
nj=1,2,++} such that a,;#a, if (n, i)# (@', i') and b, # b,y if
(n, j)# (n',j'). Let h be a continuous function as R with #(0)=1,0<h
<1, =0 outside of the open interval (— %, %). Let

i -j 7§ = oo o =
80 = T lcanbapltt b1 = 1202 and (2, 0) = g (loz

Then, by (3), for each (c,) €17, 2, c,.f,, € UC(G). It is easy to see that G is
unimodular and that the Haar measure for G is the product of the Haar measure
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for C and the Haar measure for T* (cf. [11, p. 210]). It is also easily checked
that W, = {z €C: loz| <n} xT¥,n=1,2,*++, isan F-sequence for G and
that each W, is symmetric. We claim that for each (c,) €17, Z, ¢, f, € F,(G).
The proof of this claim is not very short but is quite routine. We like to leave the
details to the reader. Since f,(07'(a,; + b,;), 1) = gla,; + b,;)) = G - DIE+))
we have finally completed the proof of the fact that G has property (*).

REMARK. Let G be a noncompact locally compact group which is either
nilpotent or is almost connected and solvable. Then, by Corollary 5.3 and
Theorem 5.4, F(G) ® A(G)/W(G) contains a linear isometric copy of I=. It
implies that F(G)/W(G) contains a linear isometric copy of I™. It also implies
that W(G) is not a maximal subalgebra of F(G). We do not know whether
Fy(G) ® A(G) is a maximal subalgebra of F(G).
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