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PARTITIONS OF UNITY AND A CLOSED EMBEDDING
THEOREM FOR (c?, b*)-MANIFOLDS

BY

RICHARD E. HEISEY(I)

ABSTRACT. Many manifolds of fiber bundle sections possess a natural
atlas {(Uou ¢a)} such that the transition maps ¢B¢; l, in addition to being smooth,
are continuous with respect to the bounded weak topology of the model. In this
paper we formalize the idea of such manifolds by defining (C‘o , b*)-manifolds,

(C‘p , b*)-morphisms, etc. We then show that these manifolds admit (C‘D , b*)-
partitions of unity subordinate to certain open covers and that they can be em-
bedded as closed (C‘D , b*)-submanifolds of their model. A corollary of our work
is that for any Banach space B, the conjugate space B* admits smooth partitions
of unity subordinate to covers by sets open in the bounded weak-* topology.

0. Introduction. In §3 of [10] Richard Palais discusses an additional
structure possessed by certain manifolds of fiber bundle sections. (For example,
the manifold of L%, cross sections of a fiber bundle over a smooth compact n-
dimensional manifold M, p > 1 and k > n/p. See [5] for this and other ex-
amples.) This additional structure can be described by saying that the manifold
possesses a natural atlas {(U,, ¢,)} such that the transition maps ¢z 1 in addi-
tion to being smooth, are continuous with respect to the bounded weak topology
of the model. (The bounded weak topology on a Banach space B is the finest
topology agreeing with the weak topology on bounded sets.) In this paper we
formalize the idea of such manifolds by defining (CP, b*)-manifolds, (C°, b¥*)-
morphisms, etc. We then show that these manifolds admit (C°, b¥)-partitions of
unity subordinate to certain open covers and that they can be embedded as closed
(C®, b*)-submanifolds of their model.

A corollary of our work is that given any Banach space B, the conjugate
space B* admits smooth partitions of unity subordinate to covers by sets open in
the bounded weak-* topology. This is in contrast to the fact that there are con-
jugate spaces known not to admit smooth functions of bounded support (see §II,
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Theorem II. 2 and the paragraph following it).

The basic definitions and the precise statements of our main results are con-
tained in §II.

Throughout this paper we work with the bounded weak-* topology on the
conjugate, B*, of a Banach space B rather than the bounded weak topology on B.
By doing so we are able to avoid the hypothesis of reflexivity by appealing to
Alaoglu’s theorem. (Alaoglu’s theorem [3, p. 424] states that given any Banach
space B, the closed unit ball in B* with its weak-* topology is compact.) We then
obtain as corollaries theorems about manifolds which are modelled on reflexive
Banach spaces and whose transition maps respect the bounded weak topology.
(See the remark at the end of §II.) The reader interested in only this (reflexive)
case may well want to read this paper by replacing “B*” by “B” and “bounded
weak-* topology” by “bounded weak topology”. Then reflexivity (rather than
Alaoglu’s theorem) will give the weak compactness of bounded sets. Propositions
I1I. 2 and II1.3 may then be omitted, and the rest of our definitions and proofs go
through with only minor changes.

The idea of considering manifolds modelled on conjugate spaces and bounded
weak-* topologies originates with Richard Graff. Since first submitting this paper
for publication the author has received a copy of Graff’s thesis [5] which investi-
gates manifolds modelled on conjugate spaces. Graff has independently obtained
a strong partition of unity result in the case that B is separable [5, Corollary 4.22,
p.118]. (Related to this see also [5, Theorem 4.21, p. 117] and [5, Example
2.40, p. 64].) Note, however, that our partition of unity result, Theorem II. 1,
has no separability restriction. Graff has also obtained, independently, a proof of
our Proposition III. 1(e) [5, Proposition 2.7, p. 42].

The author wishes to thank his thesis advisor, David W. Henderson, for
suggesting this research and for continually giving help and encouragement. Also,
the author wishes to thank David Elworthy, who made several very valuable
suggestions resulting in the improvement of this paper. It should be noted that
our proof of Theorem II. 3, and especially our introduction of a (7*, b*)-Banach
completion in §V, is patterned after the work of N. H. Kuiper and B. Terpstra-
Keppler in [7]. Finally, the author wishes to thank the referee for several help-
ful suggestions. In particular, the referee showed how to simplify the proof of
Theorem V. S.

I. Notation. Throughout this paper B, E, and F will denote real Banach
spaces. The norm on any Banach space will be denoted by Il Il. Given a Banach
space B, B* denotes the conjugate of B. On B* we consider three topologies:
7%, the metric topology (induced by the norm); w, the weak-* topology (some-
times called the B-topology of B*, see [3, p. 420]); and b}, the bounded weak-*
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topology (sometimes called the bounded B-topology for B*, see [3, p. 427]).
Recall that b} is the finest topology on B* that agrees with w} on (norm) bound-
ed sets of B*. When no confusion will result we suppress the subscripts and write
T*, w*, and b*. By B*(r*) (resp. B¥(w*), B*(b*)), we indicate B* with its 7*
(resp. w*, b*) topology. For any real number r > 0, let B* = {x* € B*| Ix*ll <
r}. We use the notation B = E @ F to mean that B is the topological direct sum
of the closed linear subspaces E and F. As usual R denotes the space of real
numbers.

II. Basic definitions and summary of results. Let M be a set,~1 <p <o,
In order to have the following definitions cover the cases p = —1 and p = 0, we
regard a C~!-diffeomorphism as a set bijection, a C°-diffeomorphism as a homeo-
morphism, etc. (Thus, our (C~?!, b*)-manifolds will be topological manifolds
carrying only a b* topology, and our (C°, b*)-manifolds will be topological mani-
folds carrying both a b* and a metric topology.) A (CP, b¥*)atlas for M is a
collection of pairs {(U;, ¢)li € I}, I some indexing set, such that (1) each U; C M,
(@ M = U, U;, (3) for every i, j € I such that U; N U; # &, ¢(U; N U)) is
open in Bf(b*) for some Banach space B;, and (4) for every i, j with U; N U; #
2, ¢;67 11 6,(U; N U) — ¢,(U; N U)) is a CP-diffeomorphism w.r.t. the metric
topologies and a homeomorphism w.r.t. the b* topologies of Bf and BF. Any
such pair (Uj, ¢;) will be called a (C?, b*)-chart on M. As usual, two (C?, b*)-
atlases will be called compatible if their union is again a (C®, b*)-atlas for M.
“Comopatibility” is then an equivalence relation on the family of (C®, b*)-atlases
for M. An equivalence class of (C°, b*)-atlases for M will be called a (C°, b*)-
manifold structure on M, and M equipped with a (C?, b*)-manifold structure will
be called a (C?, b*)-manifold. Note that a (C®, b*)-atlas determines two topol-
ogies on M. One is defined by requiring each U; to be open and each ¢;: U; —
¢{U;) C B¥(r*) to be a homeomorphism for each i. The other is defined by
requiring each U; to be open and each ¢;: U; — ¢,(U;) C B}(b*) to be a homeo-
morphism. When regarding M with the first (resp. second) of these topologies we
write M(r*) (resp. M(b*)). It is clear that equivalent atlases induce the same
topologies, so that a (CP, b*)-manifold has well defined 7* and b* topologies.

If a (CP, b*)-manifold M has a (CP, b*)-atlas {(U;, ¢;)} such that all the
¢(U)) lie in the same conjugate space, say B*, then we say M is a (C?, b*)-
manifold modelled on B*. Note that B* is naturally a (C°, b*)-manifold model-
led on B*, =1 <p < oo,

Let M, N be two (C?, b*)-manifolds. A map f: M — N is a (C?, b*)-
morphism if Wx € M there is a (CP, b*)-chart (U, ¢) about x and a (C?, b*)-
chart (V, ) about f(x) such that f{U) C ¥ and yf¢~" is a C°-morphism in the
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7*-topologies and a continuous map in the b*-topologies. We obtain a category
of (C°, b*)-manifolds and (C°, b*)-morphisms. If f: M — N has an inverse in
this category it will be called a (CP, b*)-isomorphism.

Let M be a (C°, b¥*)-manifold, and let A C M be such that for every x €4
there is a (CP, b*)-chart (U, ¢) such that ¢(U) = U; ® U, C B* and (U N 4) =
U, where U;isopenin E}, i=1,2,and B=E, ®E,. (Here we have identified
B* with EY © E3. We use the hypothesis B = E; ® E, to insure that the natural
map EY ® E% — EY x E% is ahomeomorphism in the b*, as well as 7*, topologies.
See Proposition III. 3.) Regarding ¢/U N A as a map into E*, the charts (U N A4,
#/U N A) induce a (CP, b*)-manifold structure on 4. We call 4 with this structure
a (C®, b*)-submanifold of M. If A is also closed in M(b*) we call A a closed
(C®, b*)-submanifold of M.

If f: M— N is a (C°, b*)-morphism and x € M we say f is a split (C°, b*)-
embedding at x if there is a neighborhood W of x in M(b*) such that f/W: W —
f(W) is a (CP, b*)-isomorphism onto a (C?, b*)-submanifold of N. (Note that our
definition of (CP, b*)-submanifold incorporates a strong splitting requirement.

See [4, p. 767].) We say f is a local split (C°, b*)-embedding if it is a split

(C®, b*)-embedding at each point of M. If a local split (CP, b*)-embedding gives
a (CP, b*)-isomorphism onto a [closed] (C?, b*)-submanifold of N we call it a
[closed] split (CP, b*)-embedding.

A (C®, b*)-partition of unity for a (C°, b*)-manifold M is a topological
partition of unity {A,: M — R} for M(b*) such that each A, is a (C°, b*)-
morphism. (Here we have identified R with R*.)

We are now ready to state our main results.

THEOREM IL. 1. Let M be a (C°, b¥*)-manifold such that M(b*) is paracom-
pact. Then M admits a (C°, b¥*)-partition of unity subordinate to any b*-open
cover, =1 < p < oo,

The proof of Theorem II. 1 is given in §IV. Note, as an immediate corol-
lary to Theorem II. 1, that the (C?, b*)-manifold M admits a CP-partition of
unity subordinate to any b*-open cover. In Proposition III. 1(d) we show that
for any Banach space B, B*(b*) is paracompact. Thus we obtain:

THEOREM II. 2 (COROLLARY OF II. 1). For any Banach space B, B* admits
smooth partitions of unity subordinate to b*-open covers.

Thus, for example, /; = c§ admits smooth partitions of unity subordinate
to b*-open covers. (Here /; is the space of all real sequences {x;} with ll{x;}Il =
Z;lx;1 <o, and ¢ is the space of all real sequences {c;} converging to zero with
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I{e;} Il = sup; {lc;[}. The isomorphism 2, c} is given by ®({x;}){¢;}) =
Zc;x;.) This is in contrast to the fact shown by Bonic and Frampton in [1] that
there is no nontrivial differentiable map f: I, — R with bounded support. (That
there is no such continuously differentiable map f was shown by Kurzweil in [8].)

THEOREM II. 3. Let M be a (CP, b¥*)-manifold modelled on B* such that
M(b*) is regular and Lindelof. If there is a closed linear split embedding B ©
B —> B, then there is a closed split (C°, b*)-embedding M L B*, -1 <p <o,

Theorem II. 3 is a corollary of the more general Theorem V. 5 stated and
proved in §V.

If B is separable we may weaken the hypothesis “M(b*) is regular and
Lindel6f ™ occurring in Theorem II. 3. Assuming B is separable, each bounded set
in B*(b*) is metrizable [3, Theorem 1, p. 426]. Thus, if 0 is open in B*(b*),

0 N BX®*)isan F, set, n=1,2,---. Since BX(b*) is compact (Alaoglu’s
theorem), 0 N BX(b*) is thus the countable union of compact sets. It follows
that ( is the countable union of compact sets and therefore Lindelof. But, as
shown in Proposition III. 4, if every open subset of the model is Lindelof, then
each component of the paracompact manifold M is Lindelof. We have proven the
following theorem.

THEOREM II. 4 (COROLLARY OF 1. 3). Assume B is separable. Let M be
a (C®, b¥)-manifold modelled on B* such that M(b*) is paracompact with at most
countably many components. If there is a closed linear split embedding B ® B
— B, then there is a closed spit (C°, b*)-embedding M L B* -1 <p oo,

REMARK. If B is a Banach space, let b denote the bounded weak topology
on B. Define (C?, b)-manifolds in analogy with (C?, b*)-manifolds. If B is re-
flexive, then the natural isomorphism B — B** identifies the b topology on B
with the b* (i.e. bounded B*) topology on B**. Hence our theorems yield as
special cases analogous theorems about (CP, b)-manifolds modelled on reflexive
Banach spaces.

III. Some preliminaries. First we recall the following theorem due to
Banach and Dieudonné [2] ; for the theorem in the form we state it see [3, p.
427].

THEOREM (BANACH-DIEUDONNE). A fundamental system of neighborhoods
of the origin for the b*-topology of B* consists of the sets {x* € B*| |x*(a)| <
1, a € A} where A is a sequence of elements of B converging to zero in the norm
topology.
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Since translation is a homeomorphism on B*(b*) it follows that if x, € B,
a basis for B*(b*) at x} is the collection of sets {x* € B¥| |(x* — x§)(@)| <1,
a € A} where A is a sequence in B converging to zero in the norm topology.

ProrositioN II. 1. (a) B*(b*) is a locally convex topological vector space.

(b) Any open set in B*(b*) is unbounded if B is infinite dimensional.

(@© IfU= {x* € B* |x*(@a)| < 1, a € A} where A is any subset of B, and
if Uis the closure of U in B*(b*), then U = {x* € B*| |x*(@)| < 1,a € A}.

(d) B*(b*) is regular, Lindelof, and paracompact.

(e) B*(b*) is not first countable if B is infinite dimensional.

ProoF oF III. 1. (a) is an immediate corollary of the Banach-Dieudonné
theorem. For (b), let V = {x* € B*| |x*(a)| < 1, a € A}, where A4 is a sequence
in B converging to the origin in the metric topology, be a basic open neighborhood
of the origin in B*(b*), and let r > 0. Set A' = {a € 4| lall > 1/r}. Then A’
is finite, and so, if B is infinite dimensional, the closed linear span of 4 is not all
of B. From the Hahn-Banach theorem it follows [11, Theorem 5.19] that there
is a linear functional y* € B* such that y*(4") =0 and ly*Il =r. Theny*€V
and we have shown that ¥ contains elements of arbitrary norm.

For (c), note that the linear functional determined by each a € 4 (x* —
x*(a), x* € B*) is continuous on B*(b*). Thus the set {x* € B| |x*(a)| < 1}
is closed in B*(b*). This set is exactly the closure of U as each x* € B* is the
limit in the b* topology of a sequence {¢,x*}, {¢,} being any sequence in (0, 1)
converging to 1.

To see that B*(b*) is regular, let U = {x* € B*| [x*(@)| < 1,a€ A} be a
basic open neighborhood of zero. Setting KU = {x* € B*| [x*(a)| < %,a € 4},
from (c) we have 0 € U C %U C U, and regularity follows. B*(b*) is
Lindelof since it is the countable union of compact subspaces (Alaoglu theorem).
By Morita’s theorem [9, Theorem 10] any regular Lindelof space is paracompact.
This completes the proof of (d).

We prove (e), by contradiction. Suppose B*(b*) were first countable. For
every n, let S* = {x* € B*| lIx*Il = n}, and let §* be the closure of S* in B*(b*).
From (b) it follows (we are assuming B is infinite dimensional) that 0 € S%.
Hence by our supposition there is a sequence {x}|i=1,2, -} CS¥ such that
x¥ 250 (i.e. {x}} converges to 0 in the b* topology). Similarly, for each i
there is a sequence {xf.lk =1,2," } C S#,, converging to x¥ in the b*
topology. Let 4 = {x}li k= 1,2, -+ }. Then the b* closure of A contains
0. By our supposition of first countability there 1s a sequence {gii=1,2,--- }
C 4 such that g; 2%, 0. But then clearly also a; AN 0so {a} is bounded.
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Hence, for some integer n = 2, {ai} N S} is an infinite sequence convergent to 0.
This is a contradiction since {g;} N S} must converge to x7;.

For convenience we include the following proposition which is probably
well known.

ProposiTION III. 2. Let \: B* — E* be a linear map. The following
assertions are equivalent and imply that \: B*(r*) — E*(1*) is continuous:

(a) \: B¥(w*) — E*(w*) is continuous.

(b) A\: B¥(b*) — E*(b*) is continuous.

(c) \is the adjoint of a continuous (w.r.t the metric topologies) linear map
v: E— B

ProoF oF III. 2. (a) implies (b): By [3, Corollary 3, p. 424] the compact
sets in B*(w*) are the closed sets in B*(w*) that are bounded in B*(r*). Thus,
if A is w*-continuous (i.e. continuous w.r.t. the w*-topologies) A carries bounded
sets to bounded sets. It follows at once that A is b*-continuous.

(b) implies (c): We know [3, Theorem 6, p. 428 and Theorem 9, p. 421]
that the conjugate of B*(b*) is B, and the metric topology on B considered as
the conjugate of B*(b*) is obviously the norm topology 7. If A: B*(b*) —
E*(b*) is continuous, then, as in (a) implies (b), A is bounded and hence 7*-
continuous. Thus, the adjoint map A*: E — B is r-continuous [3, Lemma 2,

p. 478]. Clearly X is the adjoint of A*.

(c) implies (a): Easy, standard, and left to the reader.

If B = E ® F we identify {x* € B*|x*(F) = 0} with E* and {x* € B*|
x*(E) = 0} with F*. Using this identification we have:

ProrosiTiON III. 3. If B = E ® F, then B* = E* © F*, and the natural
linear map E* ® F* — E* x F* given by x* + y* — (x*, y*) is a homeomor-
phism w.r.t. the w* and b* (as well as T*) topologies.

Proor or IlI. 3. Let i: E — B, j: F — B be the inclusions and p: B —
E, q: B — F the (continuous) projections given by the direct sum B =E © F.
Then

poi:[E’ qoj:]F, and iop-{-joq:]B.

By III. 2 the adjoint maps i*, j*, p*, g* are all continuous w.r.t. the 7%,
w*, and b* topologies. Clearly, also,

i*op*=1Ig,, Jj*oq*=1Ip., proi*+qrej*=1Ig..

The proposition follows.
Finally, we establish the following proposition, which was used in §II to
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establish Theorem II. 4. The technique used in the proof, as noted in [6, Lemma
1.1], is essentially due to Bill Cutler.

ProrosiTiON III. 4. Let M be a connected (Hausdorff) paracompact mani-
fold modelled on the topological vector space F. If each open subset of F is
Lindeldf, then M is Lindelof. If also F is separable, then so also is M.

ProorF oF II. 4. Let {U,la € U} be a locally-finite open cover of X by
Lindelof sets. Then for each a, U, is regular and Lindelof and hence paracom-
pact (Morita, [9, Theorem 10]). Let {048 € B} be any given open cover of X.
For each v € U consider the cover {Op N U,YIB € B} of U,. Since U, is para-
compact and Lindelof, there is a countable, locally-finite open refinement {V7|
i=1,2,---}of {06 N U,,IB € B} with each V] meeting only finitely many
U,’s. Define a chain on X to be a finite collection of open sets {W,li=1,-- -,
n} such that W, N W, , # @,i=1,---, n— 1. W, is called the ith link of the
chain, and the chain joins x to y if x € W, and y € W,,. Given x € X, there are
at most countably many chains starting at x (i.e., x € W,) and made up of links
from {Flla€¥U,i=1,2,---}. This is because there are only countably many
choices for the ith link. The set of points that can be joined to x by such chains
is open and closed in connected X, and is therefore all of X. Thus there is such
a chain having any given V7§ as a link. This in turn implies that {Vila €Y, i =
1,2, - - } must be countable. Choosing an 0,3 containing each V7 gives the
required countable subcover of {OBI6 € 81.

The final assertion of III. 4 follows since the countable union of separable
spaces is separable.

IV. Proof of Theorem II. 1. From the Banach-Dieudonné theorem (see
§1II) sets of the form {x* € B*| |(x* —x$)(x)| <e;,i=1,2,3, -}, where
x; €B, lx;l = 1 and o; — oo, form a basis at x§ € B*(b*).

LEMMAIV. 1. Let U= {x* € B*| |(x* - x})(x)| <¢o;,i=1,2,3,---},
where x; € B, Ix;| = 1 and a; — o, be a basic open neighborhood of x§ in
B*(b*). Let UQ2) = {x* € B*| I(x* — x3)(x)| <20, i=1,2,3, -+ }. Then
there exists a (C*, b*)-morphism ¢: B* — [0, 1] C R such that (B¥*\U(2)) =
0 and ¢/U = 1, where U is the closure of U in B*(b¥).

PrOOF OF IV. 1. We may assume x} = 0. It follows from IIL. 1(c) that
U= {x*€B* Ix*(x)|<a,i=1,2,3,--}. Foreachi,let §;: R — [0, 1]
be a C* map such that §/[~ ;, &;] = 1 and &;/(R\(- 2o, 2¢;)) = 0. Define
¢;: B* — [0, 1] by ¢; = $, o ®; where £;: B¥(w*) — R is the continuous linear
functional £,(»*) = y*(x;). Then ¢,: B* — R is a (C*, b*)-morphism. Define
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¢: B*— [0, 1] by ¢ = II;_, ¢;. Since a; —> °°, given any r > 0, ¢ restricted to
B reduces to a finite product. It follows easily that ¢ is a (C™, b*)-morphism
satisfying the conditions of the lemma.

PRroPOSITION IV. 2. Let A be a closed subset of B*(b*) and U an open
subset of B*(b*) such that A C U. Then there is a (C*, b¥)-morphism \: B* —
[0, 1] C R such that \J/A = 1 and \/(B¥\U) = 0.

PROOF OF IV. 2. For each integer n > 1,let A, = A N B}. Since A4,(b*)
is compact (Alaoglu theorem), there are finitely many basic open sets in B*(b*),
say Vy,15° " Vx> covering A, such that Vy (2)C U, i=1,-* -, k. For
every x* € A,\B} let V,, , . be a basic open neighborhood of x* in B*(b*) such
that V, ,«(2) CUNBY. Then ¥y 1, "+, Vy is (V3 celx* € A,\BT} cover the
b* compact 4,, so we may select a finite subcover, say Vy 4, **, Vy 4
Va1 V2 x,- Continuing inductively, we obtain a sequence Vy 4, - -, Viky
Va5 s Vigs® "+ Vigp "+ - of basic b* open sets covering 4 such that each
V;(2) CU\BY, i> 1. Fixi Define ¢;: B* — [0, 1] as follows. By Lemma
IV. 1 foreachj=1,: -, k; there is a (C*, b*)-morphism ¢, ;: B* — [0, 1]

such that ¢, /V,; = 0 and ¢, /B* = V;(2) = 1. Let ¢, = IliZ 9, ;. Then let
¢ = II;2 ;¢;. Then, since ¢/BX = M., ¢, it follows easily that ¢ is a (C*, b*)-
morphism. Clearly, also, ¢/4 = 0 and ¢/(B*\U) = 1. Defining A(x*) = 1 — ¢(x*)
gives the required (C*, b*)-morphism.

ProoF oF THEOREM II. 1. Having established Proposition IV. 2, Theorem
II. 1 follows in rather standard fashion. We omit the proof.

V. Proof of Theorem II. 3.

ProprosITION V. 1. Let f: M —> N be a local split (C°, b*)-embedding,
-1 < p < o, which is also a topological embedding M(b*) — N(b*). Then fis
a split (C°, b*)-embedding.

ProoF oF V. 1. We must show that f(M) is a (C°, b*)-submanifold of N
and that f~1: fiM) — M is a (C°, b*)-morphism. Let m € M. Since f is a local
split (C®, b*)-embedding there is a (C?, b*)-chart (U, ¢) at m such that f: U —
AU) is a (C°, b*)-isomorphism onto a (C°, b*)-submanifold of N. By the defining
property of (C°, b*)-submanifold there is a (C°, b*)-chart (V, ) about f{m) in
N such that (V) =V, ® V, C B*, y(V N flU)) = V,, where ¥, is open in
E¥(®*),i=1,2,and B=E, ®E,. Since f(U) is open in f{M) regarded as a
subspace of N(b*), AU) = fiM) N W for some b*-open set W in N. Certainly we
" can require ¥ C W. Then y(V N fiM)) = Y(V N fU)) = V,. It follows that
fiM) is a (CP, b*)-submanifold of N,
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To see that £~ is a (C?, b*)-morphism let (V', ¥') = (V N AM), ¢,/V N
f(MD) where Y, is the composite of Y and the projection ¥, & V, — V,. Then
V', ¥') is a (CP, b*)-chart at f(m) in f(U), and hence (since f: U — f(U) is a
(C?, b*)-isomorphism), ¢fy' ! is a (C°, b*)-morphism. But (¥, ') is also a
(C?, b*)-chart at f{(m) in fAM), so this shows f~1: fAM) — M is a (C°, b*)-
morphism at f{m).

DEFINITION V.2 (CF. [7]). Let ZB* be the countable direct limit of B*.
Again we have two topologies on ZB*: the 7* topology obtained by regarding
ZB* as ZB*(r*) and the b* topology obtained by regarding TB* as TB*(b*).
For every n > 1, ZB* = (B*)" © ,B* where (B*)" = Z]_ B* and ,B* =
{x = {x}} € ZB*|x}¥ = 0,i <n}. Let E be a Banach space. A continuous
linear injection x: TB*(b*) — E*(b*) will be called a (r*, b*)-Banach completion
of ZB* if, for every n,

(@) x/(B*(d*))" is a closed b*-embedding.

(b) there is a b*-closed linear subspace ,E* of E* such that E* = x((B*)")
® ,E* where x((B*)") ® ,E* is of the form F} , ® F} , withE=F, , ®F, ,,
X(,B*) C ,E* and (,,, | ,E* C E*.

Note that by III. 2, if x is a (7%, b*)-Banach completion, then x/(B*)" is
also an embedding w.r.t. the metric topologies.

PROPOSITION V. 3. If there is a closed linear split embedding (metric topol-
ogies) B ® B — B, then there is a (v*, b*)-Banach completion ZB* — B*.

PrROOF OF V. 3. The lemma of [7] asserts that our hypothesis implies the
existence of a continuous linear injection p: £B — B (metric topologies) such
that for n > 1, p/B" is a closed embedding and, writing B = B" ® B, there is a
closed linear subspace of B, ,E, such that B = p(B") ® ,E, (,4)E C ,E, and
p(,B) C ,E. Forn=1,letp, = p/B". Define x: ZB* — B* by x/(B*)" =
(p; 1)*. (Here we identify (B*)" with (B")*.) One checks that x is well defined
and gives the required (7*, b*)-Banach completion.

DEFINITION V. 4. Let M be a (CP, b*)-manifold, ~1 < p <. A closed
(C®, b*)-embedding f: M — ZB* is a closed topological embedding f: M(b*) —
ZB*(b*) such that for each x € M there is a neighborhood U of x in M(b*) and
an integer n (U, n depending on x) such that f{U) C (B*)" and f: U — (B*)" is
a split (C°, b*)-embedding as defined in §II. Here we identify (B*)" with (B")*
and regard (B*)" as a (CP, b*)-manifold modelled on (B")*.

THEOREM V. 5. Let M be a (C°, b*)-manifold modelled on B* such that
M(b*) is regular and Lindelof. Then there is a closed (C°, b*)-embedding f: M
—> ZB* such that if x: TB* — E* is a (t*, b*)-Banach completion, then
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x ° f: M — E* is a closed split (C°, b¥)-embedding, -1 <p < .

Combined with Proposition V. 3, Theorem V. 5 immediately implies Theo-
rem II. 3. Note that the proof of Theorem II. 4 given in §II shows that here,
too, if B is separable we may replace the hypothesis “M(b*) is regular and
Lindelof™ by “M(b*) is paracompact with at most countably many components”.

PROOF OF V. 5. In this proof closures of sets will always be taken in the
b* topology.

By Morita’s theorem [9, Theorem 10], M(b*) being regular and Lindelof
implies M(b*) is also paracompact. For each m € M, let (U,,,, ¢,,,) be a (C°, b*)-
chart with m € U,,,. Choose G,, open in B*(b*) such that

¢.(MEG,, CG,, C¢,U,).

Note that for any set U C ¢,,'(G,,) we have ¢,,,(0) = ¢,,(0). Using this together
with the fact that M*(b*) is paracompact and Lindelof, one obtains a countable
(C®, b*)atlas {(U;, ¢p)li = 1,2, -} for M such that {U;} is a locally-finite
collection of nonempty sets, and each ¢; extends to a closed b*-embedding E

U, — ¢,U). Let {(W;}, {0;}, {V;} be precise b*-open refinements of {U;} such
that for each i,

g+ W,CW,C0,C0,CV,CV,CU,.

By IV.2 there is for each i a (C°, b*)-morphism A;: B* — [0, 1] such that

N6 (W) = 1 and N/(B¥\¢(0,)) = 0. Define \;: M —> [0, 1] by NIU; =

;o ¢;, NJM\D,) = 0. Then ), is a (C°, b*)-morphism with A,/W, = 1 and
N/(M\O,) = 0. Similarly, using the V;, construct for each i a (C?, b*)-morphism
;s M —> [0, 1] such that p/0; = 1 and p,/(M\U;) = 0. Fix a nonzero element

a* of B*. Define a (C°, b*)-morphism ¢;: M — B* x B* by
$i(m) = A(m)p,(m), \(m) - a*), mEU,
0,0, mée0,

Since A, = 1 on W,, each g; restricted to W, is a split (C°, b*)-embedding. Define
f: M — ZB* by

ﬂm) = (i i “i(m)a*a al(m)9 az(m)s e > .
i=1

The local-finiteness of the U; insures that the sum is finite and that f{m) € ZB*
(i.e. at most finitely many ;5;.(m) are nonzero for each m).

Let my € M. Find an integer j such that my € W; and then a b* neighbor-
hood V of mg, such that ¥ C W, and V intersects only U,, - - -, U, some n.
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Then for every m € V,

fim) = ( > ium)a*, ,(m), - - -, d?.(m)) €@B*)* L.

i=1

For convenience, define f;: V— B*,i=1,---,2n + 1, suchthat
n ~ ~
flm) = (Z iu(ma*, ¢1(m): R ¢n(m)) = (fl(m), o fant 1(’"))-
i=1

Note that f, (m) = ¢;(m). Let G = 71X, where X; = B*,i # 2j, and X,; =
¢{(V). Define Y: G—>G by ¥(¥y," ", Yapt1) = @15 " *» Z3,41) Where
2=y, 8] ', ), i# 2 and z,; = y,;. Then y is a (C°, b*)-isomorphism
onto G, and (G, V) is a (CP, b*)-chart at fim,) in (B¥)2"*!. Clearly Y(AV)NG)
=0x--"x0x¢(V)x0x---x 0, which shows (V) is a (C°, b*)-submani-
fold of (B¥)2"*1. The map (V) — V given by (¥,," " *, Van+1) — ¢i‘1(yzi)
is f~1 and is clearly a (CP, b*)-morphism. Thus we have shown that each my €
M has a neighborhood ¥ in M(b*).such that f{V) C (B*¥)?"*!, some n, and such
that f: ¥V — (B*¥)?"*! is a split (C?, b*)-embedding.

To finish the proof that f: M — ZB* is a closed (C?, b*)-embedding it is
only left to show that f: M(b*) — ZB*(b*) is a topological closed embedding.
Clearly f is injective. Let 4 be closed in M(b*). Let {fim,)la € A} be a net in
f(A4) converging to y in ZB*(b*). (We work with nets since the b* topology is
generally not first countable, see III. 1(e).) Writingy = (v,, ¥,, * *) we then
must have {Z2 iu(m )a*|la € A} converging to y, in B*(b*). Hence, for some
p € ¥ and some integer n, T~ ,ip(m,) < n for a > p. Since Uz A7 1{1} D

/= 1W; D M and p; > A, it now follows that {m,la>p} CA7 {1} U---
U A;1{1}. It follows that for some k < n and some cofinal ® C U, {m,la € D}
C A1 {1}. Since {f(m,)la € D} converges to y, we then have {p,(m,)la € D}
converging to y,,. But on 7\;1 {1}, ¢ is a closed b*-embedding. It follows that
V2 = O(m),some m € A\ {1} N 4,and {mla € D} converges to m in M(b*).
The continuity of f then assures us that {f(m,)la € D}, and hence {f(m )la €
A}, converges to f(m) in B¥(b*) so that y = f{m). Thus fl4) is closed in
ZB*(b*), and we have shown that f: M(b*) — ZB*(b*) is a closed embedding.
This completes the proof that f: M —> IB* is a closed (C?, b*)-embedding.

Now suppose x: ZB* — E* is a (r*, b*)-Banach completion. Let m € M.
Since f: M — ZB* is a closed (C? b*)-embedding there is a b*-neighborhood V'
of m in M and an integer n such that AV) C (B*)" and f: ¥V — (B*)" is a split
(C®, b*)-embedding. But x/(B*)" is a linear split (C?, b*)-embedding, so (x ° H)/V
is a split (CP, b*)-embedding into E*. Thus, x o f: M — E* is a local split
(C?, b*)-embedding.
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By V. 1, x o f will be a closed split (C?, b*)-embedding if x o f: M(b*) —
E*(b*) is a closed topological embedding. In order to show this let 4 be closed
in M(b*), and let {m,loa € A} be a net in A such that {x o f(m,)} converges to
y EE*. Let fi(my) = = iu(m )a* and let m: E* — x((B*)!) be the natural
projection, where E* = x((B*)!) ® E*. Since x(;B*) C ,E* we obtain

(BN o mo x 0 f)my) = £1(my).
Hence

f1(my) — (J(B*)™! o m)(y) = ya* some y > 0.

Thus, there is a p € ¥ and an integer n such that u,(m,) < 1, and hence A\,(m,)
=0, for @ > p and i > n. Therefore, f{m,) € fld) N (B*)2"+! if & > p. Since
x/(B*)*"*! is a closed embedding it now follows that y € (x o f)(4). We have
shown that x o f is a closed split (C?, b*)-embedding. This completes the proof
of Theorem V. 5 (and hence also Theorem II. 3).

VI. Remark. Given a differentiable map g: B* — E* and x* € B*, let
Dg(x*): B¥ — E* be the derivative of g at x*. Note that the (C*, b*)-morphism
¢: B* — R constructed in the proof of Lemma IV. 1 satisfies the property that
Dg(x*): B* — R is also a (C”, b*)-morphism for each x* € B*. This is because
for each 7 > 0 there is an integer n such that ¢/B* = TI_ ¢, © %, (¢; and %; as
defined in the proof of IV. 1) and each

D(8; © 2)(x*) = D(x*(x)) ° % B*(»*) — R

is continuous. Similar reasoning establishes that the A constructed in Proposition
IV. 2 also satisfies the property that DA(x*): B* — R is a (C™, b*)-morphism
for each x* € B*.

Now define a S(trong)-(C?, b*)-manifold M by requiring that M be a
(CP, b*)-manifold such that the transition maps ¢,¢;” 1 also satisfy the requirement
that D(¢l¢,-")(x*): B¥(*) — Bl‘-"(b*) be continuous for each x* € BY. Similarly
define S-(C®, b*)-morphisms, etc. We have just indicated that the A constructed
in Proposition IV. 2 is an S-(C*, b*)-morphism. Using this, the proofs given
in this paper yield analogous theorems about S-(CP, b*)-manifolds.

In reference to the remark at the end of §II, observe that there is no dis-
tinction between (CP, b)-manifolds and S-(C?, b)-manifolds. This is because any
linear map between Banach spaces which is continuous with respect to the metric
topology is automatically continuous with respect to the weak, and hence also
bounded weak, topology (cf. Proposition III. 2).
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