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GENERALIZATION OF RIGHT ALTERNATIVE RINGS
BY

IRVIN ROY HENTZEL(I) AND GIULIA MARIA PIACENTINI CATTANEO(z)

ABSTRACT. We study nonassociative rings R satisfying the conditions
(1) @b, c,d)+ (a b, [c,d]) =a(d, c, d) + (a ¢, d)b for all g, b, c, d €ER, and
(2) (x, x, x) = 0 for all x € R. We furthermore assume weakly characteristic
not 2 and weakly characteristic not 3. As both (1) and (2) are consequences of
the right alternative law, our rings are generalizations of right alternative rings.
We show that rings satisfying (1) and (2) which are simple and have an idempotent
# 0, # 1, are right alternative rings.

We show by example that (x, e, €) may be nonzero. In general, R =R’ +
(R, e, €) (additive direct sum) where R' is a subring and (R, e, €) is a nilpotent
ideal which commutes elementwise with R.

We examine R’ under the added assumption of Lie admissibility: (3)
@ b, c)+ (b c,a)+ (c,a b)=0 for all a, b, c €ER. We generate the Peirce
decomposition. If R’ has no trivial ideals contained in its center, the table for
the multiplication of the summands is associative, and the nucleus of R’ contains
R'lo + RIOI‘ Without the assumption on ideals, the table for the multiplication
need not be associative; however, if the multiplication is defined in the most
obvious way to force an associative table, the new ring will still satisfy (1), (2),

@).

1. Introduction. We study nonassociative rings which satisfy the general-
ized right alternative law:

(1) 0=4(@g b, c;d)=(@b, ¢, d) +(a b, [c,d])—ad, ¢, d)—(a, ¢, d)b
and
) 0=(x, x, x).

We furthermore assume all rings are weakly characteristic # 2, # 3, where weakly
characteristic # N, N a positive integer, means the map x — Nx is either one-to-
one or onto (or both). Both conditions (1) and (2) are consequences of the
right alternative law for nonassociative rings and so we are examining a class of
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rings larger than the class of right alternative rings. We shall call rings that satisfy
(1) and (2), as well as the assumptions on the characteristic, “GRA rings” (for
generalized right alternative rings). GRA rings are power associative, and applying
the Albert decomposition approach [1], we show

LEMMA 2. If R is a GRA ring with an idempotent e + 0, # 1, then R =
R' + H (additive direct sum) where H = (R, e, €) is an ideal of R, H* = 0, and
each element of H commutes with all elements of R. R’ is a subring of R con-
taining e.

THEOREM 2. If R is a simple GRA ring with an idempotent e # 0, # 1,
then R is a right alternative ring.

Lemma 2 is a generalization of Kleinfeld’s work where he proved the corre-
sponding result with additional hypotheses. In [6], in addition to (1) and (2),
Kleinfeld assumed the generalized left alternative law.

(€) 0=@, b, cd)+ ([a, b],c,d)—c(a, b,d)—(a, b, c)d
for all elements g, b, ¢, d. In [7], he assumed (1), (2) and the flexible law
@ 0=(s, b, a)

for all elements q, b.

We offer, as a corollary, a short and illuminating proof of H. F. Smith’s
result [10] that (1), (2) and (3), or (1), (2) and (4) is enough to show that prime
rings with an idempotent are alternative.

E. Kleinfeld [6], [7] and H. F. Smith [10] have published Peirce de-
compositions for GRA rings satisfying either (3) or (4) as additional hypotheses.
The generalized left alternative law and the flexible law are two natural conditions
to study. A further criterion to study is Lie admissibility or

) 0=B(@ b,c)=(@ b, c)+ (b, c,a)+(c,a b)

for all elements a, b, c. We call these rings generalized (— 1, 1) rings. We con-
struct the Peirce decomposition of the subring R’ and show that the multiplication
table for the summands is not an associative table. We show that if the product
in the ring is defined in the most straightforward way to get an associative table,
the new ring still satisfies (1), (2) and (5). If R’ has no trivial ideals in its center,
then again the multiplication table of the summands will be associative, and, in
fact, R}, and R}y, are contained in the nucleus of R'. As an important conse-
quence, we have

COROLLARY. If R is a prime generalized (— 1, 1) ring with idempotent
e # 0, # 1, then R is associative.
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2. Preliminaries. The associator (g, b, c) is defined to mean (g, b, ¢) =
(ab)c — a(bc). Similarly, the commutator [z, b] means [a, b] = ab — ba. Both
“ and juxtaposition will be used to express multiplication. In such expressions,
the juxtaposition product is performed first. For example, (a, b, ¢) =ab - ¢ —

a- be

In many expressions where an element should appear, a set of elements will
appear. In such a case, we mean the additive span of those elements computed
as the variables run through the indicated sets. For example, [, R] = the additive
group generated by {[a, b]| b € R}.

A ring R is called simple if R? # 0 and R has no proper ideals. A ring R is
called prime if IJ # O whenever I and J are nonzero ideals of R, An ideal / # 0
is called trivial if J> = 0, and a ring is called semiprime if it contains no trivial
ideals.

The nucleus of a nonassociative ring R = {x €ER| (x, R, R) =R, x, R) =
(R, R, x) = 0}. The center of a nonassociative ring R = {x € R| x € nucleus of
R and [x, R] = 0}.

We shall use the following identities:

0=C(a, b, ¢, d)
= (ab, ¢c,d)—(a, bc,d) + (a, b, cd) — a(b, ¢, d)— (a, b, c)d,
(7) 0=D(@b,c,d)=@b,cd)—(a bd, c)=(a b, d)k + (s d )b,

©)

OEE(E, ba c, X, y)

(8) = (@ b, C), x, ¥)—((a x, ¥), b, 0)—(a (®, x, y)’ C)

- (@, b, (C, x, ) + @ b, I)x, y] - (@ b, c[x, y]) + @ b, {x’ YDe,

9 0=F@,b,c)=[ab, c]—alb, c]—[a clb—(a, b, c)+ (a c, b)—(c, a, b),
(10) 0=G(a, x) = (g, x, x) + (x, a, x) + (x, x, a),
0=H(@, b, ¢, x)

11
@ =[a, ([5, c], x, )] + [x, ([b, €], a, x)] + [x, ([}, ], x, @)],

(12) 0=1Ia, b, c, x)
=([a, [b, c]}. x, x) + ([x, [b, c]], 4, x) + ([, [b, c]], x, @).
ProoF. Item (6) is the Teichmiiller identity which holds in any nonassoci-
ative ring. Item (7) is equivalent to (1) since C(g, b, ¢, d) = A(a, b, ¢, d) +
D(a, b, d, ). Item (8) is given in [11, equation 6)]. It is a consequence of (1)
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since
E@, b, ¢, x, y) = A(ab, ¢, x, ) + A(a, b, x, y) - ¢ = A(a, b, ¢, [x, ¥]D
— A(a, be, x, y) —a - A, ¢, x, y) — D(a, b, [, y], ©).
Item (9) holds in any nonassociative ring. Item (10) is a linearization of (2).
Items (11) and (12) are linearizations of 0 = [x, ([a, b], x, x)] and 0 =
([x, [a, b]], x, x), respectively, which are proved next. 0 = E(x, x, x, a, b) +
G((x, a, b), x) = (x, x, [a, b])x — (x, x, x[a, b]). Continuing, 0 = (x, x, [a, b])x
- (%, x, x[a, b]) + D(x, x, x, [a, b]) = (x, [a, b], x)x — (x, x[a, b], x). Now,
using the two preceding equations,
0 = G(x[a, b, x) - G([a, b, x) - x = (x[a, b], x, x) - ([a, b], x, x)x.
From (1) we have x([a, b], x, x) = ([a, b], x, x)x, which is linearized to give (11).
We get [x, ([a, b], x, x)] = ([x, [a, b]], x, x) from (1), and this is linearized to
give (12).

THEOREM 1. GRA rings are power associative.

ProOF. For a € R, define a! = a and a'*! = g'a. The proof is by induc-
tion on the hypothesis a’a® = a"** for all 7 + s <N. The hypothesis holds by
definition for N = 2, and by (2) for N = 3. Assume N >4 and d'a® = a"** for
all positive integers r and s where r + s <N — 1. This means @ d,d)=0if
i+j+k<N,and [@, @1 =0ifi+j<N. Furthermore, from (1),

(@a, &, d*) = -, q, [@, d¥]) + d'(a, &, d*) + (@, &, ).
So (&, @, a*) = 0ifi +j + k = N, provided that i > 2. Thus
ddV -1 = d@ 10y = @ Ve - @ i1, g) = o
for 2<i<N-2.

We have shown ¢a” ! = 4" for 2<i<N-2. The case i=N—1is by

definition. The remaining case, i = 1, is given next. From (10)
@ad"H+@d%4a+@ %aa=0.

Expanding, remembering N — 2 = 2 implies @2, a, a) = 0, we have a?dV-2 -
20a¥-! + 4" = 0. Since we have already shown that a>¢" —2 = 4", we have
202V~ = 24V, Weakly characteristic not two implies az™ ~! = ¢". This com-
pletes the proof by induction.

LEMMA 1. The additive group I spanned by all associators of the form
(a, b, b) where a and b range over a GRA ring R is a two-sided ideal of R.

ProoF. We first show IR C I by showing (g, b, b)x €I for all g, b, x ER.
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0=D(a, b, x, b) - D(a, x, b, b) + A(a, b, x, b) + A(a, b, b, x)
+ A(a, x, b, b) + a - G(x, b)
= (a, b, xb) + (a, xb, b) — (a, b2, x) — (a, x, b?)

+ (ab, x, b) + (ab, b, x) + (ax, b, b) — 3(a, b, b)x.
We have shown 3(g, b, b)x is a sum of associators which are in I; by weakly
characteristic # 3, (g, b, b)x € I This proves I is a right ideal, and (1) shows that
I is also a left ideal. It is possible to show that if ¢ is any element satisfying 0 =
([x, c], x, x) for all elements x in R (see (12)), then the additive subgroup gener-
ated by all associators of the form (c, x, x) as x varies over R is a right ideal.

Furthermore ([R, R], x, x)(c, x, x) = 0. We do not need this result and we do
not prove it here.

3. GRA rings with idempotent. We shall now consider GRA rings with an
idempotent e # 0, # 1. We give examples of GRA rings with an idempotent e
which do not satisfy (x, e, €) = O for all elements x in the ring. However, if R is
a GRA ring, the set of elements (R, e, e) can be isolated from the ring. They
form an ideal of R whose square is zero, and they commute with every element
of R. Furthermore, R = R’ + (R, e, e) (additive direct sum) and R’ is a subring
of R. After we show this, we proceed and examine the structure of R'.

GRA rings are power associative and have an Albert decomposition [1] with
respect to an idempotent e. Thus if e is an idempotent of a GRA ring R, then
R =R, + Ry, + R, (additive direct sum) where x; € R; <= ex; + x,e = 2ix;.
One has the symmetric products

XYy tVix, €Ry, xg¥g T VoXg ERy X4y T YyXy ER, TR,
One also has ex;, = x,e = x,, ex, =xye = 0. In [1], the hypotheses on the
characteristic are stronger than weakly characteristic # 2, # 3, but the proofs for
the decomposition properties listed above are valid under these weaker hypotheses.
For readers verifying this, let R* be the ring with the same additive structure as
R and with the symmetric product x o y = xy + yx for multiplication. (R*,+,0)
is a commutative power associative ring. If 2¢ = e, then 2¢2 is an idempotent
of R*. The decomposition of R* with respect to the idempotent 2¢2 has the
required properties with respect to e. The proof given in [1] for R,R, =
RyR, = 0 requires characteristic not 5. We shall prove this property in the re-
mark following Lemma 4 for GRA rings without this extra hypothesis.

Let H = {h € R|[e, h] = 0 and 2eh = 2he = h}. It is immediate that
HC Ry, and that 4(e, e, h) = —4(h, ¢, ) = h for all A € H. We claim (R, ¢, €) =
H. From Dfe, e, xy, €) we get (¢, e, x,)e = (¢, ¢, exy,). By Cle, ¢, ¢, xy,) we
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have e(e, e, x,,) = (e, e, ex,;). This shows that [e, (e, e, x,,)] = 0. Ase is the
identity on R, and annihilates R,), we have actually shown

13) (e, e, x)e=ele, e, x)=(e, e, ex) forall x ER.

From D(e, xy, e, €) we get (e, Xy, e)e = (e, exy,, €). We use G(exy, ) =0=
G(xy, €) - e to show (exy,, e, €) = (x4, e, e)e. From (1) we have e(xy,, e, €) =
(exy,, e, €) and so [e, (xy,, €, €)] = 0. Using (1),

(xy, € €) = (exy, +xye, e, €) = e(xy, e €) + (xy, ¢ e)e = 2(xy, ¢, e)e.

This shows (R, e, €) C H. Since we initially showed H C (R, e, €), we have H =
(R, e, e).

LEMMA 2. Let R be a GRA ring with idempotent e. Then H is an ideal of
R, H?> =0, [H, R]=0,and R = R' + H (additive direct sum) where R’ is a sub-
ringof Rand e €R'.

PROOF. LetR' = {r €RI|(r, e, €) =0}. Nowe €ER',and by (1) R’ isa
subring of R. If r is any element of R, the summand of 7 in R' is 7 + 4(7, e, €);
the summand of 7 in H is — 4(r, e, €). The proof that this decomposition is
additively direct is left to the reader. We will now show H? = 0. Let x and y
be any elements of R. Letx = (x, e, €) and ¥ = (¥, e, €). We shall expand
8(xp, e, €) in two different ways. First, by (1), 4(x), e, €) = 4, e e) +
4(52: e, e)}v= -2557 Here we used that x and y are elements of H and 4(h, e, €)
=—h for all h € H. This shows 8(x), e, €) = —4xy, and it also shows that 2xy €
(R, e, ) CH But Xxy €EH implies 8(35;: e e)= 4(2}3;: e e)= -2xy. Com-
parison of these two expressions for 8(x, e, €) gives 2y =0, and so
2(x, e, )7, e, €) = 0. Weakly characteristic # 2 implies (x, ¢, e)(», ¢, €) = 0
for all x and y elements of R. Since H = (R, e, €), then H? = 0.

To show H is an ideal, let » €ER and h € H. Then

th=—4r(h, e, e) =—4(rh, e, ) + 4(r, e, e)h + 44A(r, h, e, ) C (R, ¢, €)

since (r, e, e} C H?> = 0. The proof that hr € H is similar. The proof that
[H, R] = 0 makes use of the fact that H is already known to be an ideal and so
(e, h, r) EH.

[n r] = 4(e, e, [, r]) = 4e(e, h, 1) + 4(e, h, e — 4(e, h, r) +.44(e, ¢, h, ) = 0.

We now give an example of a GRA ring possessing an idempotent e for
which (R, e, €) # 0. Let A be any commutative associative ring with identity 1
and element %. Let M be any module over A. Our GRA ring R consists of the
set A x M under coordinatewise addition, but multiplication in R is given by
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(@, m)d', m') = (ad', Y%am' + %a'm). We leave it to the reader to verify this. The
element (1, 0) of R is the idempotent, and (R, e, €) = {0} x M.

This example is characteristic of the relationship in any GRA ring between
H and the rest of the ring. This paragraph gives a summary of these results. The
proofs, which are often quite involved, are not given. f R=R' + H= R'l +
Ry, + R, + H (Lemma 2), then R,,H = 0. One can verify that if A is the sub-
ring of R’ generated by R, then for all a, B € A, h € H, (ef)h = 2a(Bh). This
means that if a new product # is defined between A and H, a * h = 2ah, H be-
comes a module over A with all the properties of an associative module except,
of course, that the ring A itself is not associative. It may be further verified that
if Q is the ideal of A generated by all associators and commutators of A, then
OH = 0, and H is a module over the associative and commutative ring A/Q.
Identical results can be obtained for the subring B generated by R:) inR'.

LeEMMA 3. If R is a GRA ring with idempotent e, then (e, x, x) C H for
all x ER.

Proor. If ay, € Ry, then [e, [e, a,,]] = ay, + 2(ay, €, €) — 2(e, ¢, ay,).
This equality becomes evident by expansion as

le. [e, ay,]1 - 2(ay, e, €) + 2(e, €, ) =—€ o (e 2 ay) + 2e 0 ay, =ay,.
We next show [e, [e, (e, x, x)]] = 0. -
0=[e, A(e, x, &, x) + A(e, x, x, ) — A(x, ¢, e, x) — A(x, e, x, €)]
- H(x, e, x, €) — [e, [x, G(x, &)]} + [e, [e, Gle, x)]]
=le [e (& x 0~ [x, ([e, x], &, )] — [e, [x, (x, ¢, €)]]

and, by Lemma 2, 0 = [e, [e, (e, x, x)1].
From (1), (e, x, x) € Ry, and combining the above results,

0=[e, [e (e x, x)]] = (& x, x) + 2((e, x, x), e, €) — 2(e, ¢, (e, x, x)).

Using Lemma 2 and (13), e commutes with (e, x, x) and since (e, x, x) € Ry,
we must have (e, x, x) € H.

LEMMA 4. If R is a GRA ring with idempotent e, then (Ry, x, x) C H
for all x ER.

Proor. From (1), for all a,, € R,, and x € R, we have
@y, x, x) = (eay, + aye, x, x) = e o (ay, x, x) +ay, ° (¢, x, x).

Since a,, © (e, x, X) € (R, + Ry) N H, we have a,, © (e, x, x) = 0, and so
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(ay, x, x) ER,,. Continuing, 0 = H(e, e, [e, ay], x) - [x, Ix, ¢, ay, €)] =
[e, (Ie, [e, ay,]], x, x)]. We have shown ([e, [e, a,]], X, x) commutes with e.
From the first sentence in the proof of Lemma 3,

(le, [e, ay1], x, x) = (ay, x, x) + 2((ay, e, €), x, X) — 2((e, &, ay), x, X).

From Lemma 2, Lemma 3, 0 = Ee, e, ay,, x, x), and (13), we have that (a,,, x, X)
commutes with e. This means (ay,, X, x) € H, and so (Ry,, x, x) C H for all
XE€R

REMARK. RR, =R,R, =0.

PrROOF. By (1), (x4, €, ¥o) + (X1, Yo, ©) ER,, (g, € X;) + (Vg X, €) €
Ry, (e, x4, ¥o) + (e, Yo, X;) ER,,. Yet (2) implies the sum of all six associators
is zero. Therefore, all three pairs are zero. This gives

X Yo + (xy0)e =0, gx; = @ox1des X1V — e(xyq +yox,)=0.

From 2y,x; = (vox,)e, we get (¥oX,, €, €) = 2yox;. By (1), (¥ox,, €, €) = 0.
Thus yox; = 0. We know x,y, = e(x,y, + yox;) = e(x,¥0); s0 e(x,y,) +
(x1Yo)e =x.¥9 =%,y = 0. Therefore x,y, € Ry, and yet (x,¥o)e = —X,¥,;
this implies x,y, = 0.

THEOREM 2. If R is a simple GRA ring with an idempotent e # 0, # 1,
then R is a right alternative ring.

ProoF. If R is simple, then H = 0. It follows from Lemma 2, Lemma 3,
and Lemma 4 that (b, e, €) = (e, b, b)) = (Ry,, b, b) = 0 for all b € R. Using
(1) we find (a, b, b) = (a,, b, b) + (@y, b, D) ER; + Ry foralla, bER. IfR
is not a right alternative ring, by Lemma 1, R C R; + R,. By (1) (xq, yo, €) €
R,. This implies (xyv4)e € R, and since we already know Ry, = 0, it follows
that (xoyg)e = 0. Therefore R, is closed under multiplication. By the previous
remark, R, is an ideal, and since e ¢ Ry, Ry = 0. Since R = R, e is an identity;
contradiction.

CorOLLARY (KLEINFELD). If R is a simple flexible GRA ring with idem-
potent e # 0, # 1, then R is an alternative ring.

CorOLLARY (KLEINFELD). If R is a simple GRA ring with an idempotent
e # 0, # 1 which also satisfies the weakly left alternative law, then R is alternative.

COROLLARY. If R is a simple, Lie admissible GRA ring, then R is associa-
tive.

ProoFs. The proofs are immediate. In the first corollary, R is a right
alternative and flexible ring; thus R is alternative. In the second case, we have
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the mirror form of Theorem 2 which says that if R satisfies (3) and (2) and R is
simple with idempotent e # 0, # 1, then R is left alternative. R is then both left
alternative and right alternative and consequently alternative. It is well known
that simple alternative rings are either associative, or Cayley-Dickson algebras [5],
[9]. The first two corollaries were proved respectively in [7] and [6]. In both
papers the ideas we have presented were used, but stronger hypotheses were used
throughout so that the generality of the theorems was obscured.

If R is a simple, Lie admissible GRA ring with idempotent e # 0, # 1, by
Theorem 2, R is a simple, Lie admissible, right alternative ring. Such rings are
simple (- 1, 1) rings, and by [8], they are associative.

4. The structure of R'. If R is any GRA ring with an idempotent e # 0,
# 1, we may write R = R’ + H (additive direct sum) as in Lemma 2. We have
studied the ideal H, and now we will examine the subring R’. R’ has the idempo-
tent e, and so R’ has the Albert decomposition: R' = R} + R}, + R;,. From
Lemma 4 and Lemma 3 and the fact that R’ is a subring, we have

(14) xee)=(x,x)=R, x,x)=0 forall xER'.
As a consequence of (1) and Lemma 1, we have the following lemma.

LEMMA S. Ifa, b ER', then (a;, b, D) ER,, (ay,, b, b) =0, (ay, b, b) €
R,. Furthermore {(a, b, b)la, b € R'} is an ideal of R’ contained in R, + R,.

Since the summands of R’ are determined by the multiplication by e, it is
immediate that R, =R}, Ry =R, Ry, =Ry, + HandR=R, + R}, + Ry +
H (additive direct sum).

The remainder of this paper will be concerned with the structure of R' =
R, + Ry, +R,. It will be assumed that when we write elements, as for example
in the associator (R, x, x), the element x comes from the ring under discussion,
namely R'. The only exceptions to this are Lemma 9, the first part of the proof
of Theorem 3, the corollary to Lemma 13, Theorem 6, Theorem 7, and Theorem
8. All these exceptions are clearly indicated in the proofs.

LEMMA 6. The subring generated by e and R'% is a right alternative ring.

ProoF. The result follows immediately from (1) and (14).

We are interested in the linearized form of the right alternative law: (g, b, c)
+ (@, ¢, b)) = 0. We can show that (g, b, ¢) + (g, ¢, b) = 0 if any of the argu-
ments is in R},.

LEMMA 7. (x, e, )+ (x,y,e)=0forallx,y €ER'.
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ProoF. We will consider the summands of the elements x and y. By (2),
0 = (xi’ yj’ e) + (xi’ er y]) + (e’ xi: J’,) + (e’ y]: xi) + O)i’ e’ xi) + 0’]: xiy e)'
By Lemma 5, (x;, y;, €) + (x;, ¢, ¥;) ER; and 0}, x5 € + (;, € x;) € R; where
i,j€{1,%,0}. Ifi=j=%ori#]j, then, using (14), (x; ype)t(x,ey)=
0=@; x,e) + (yj, e, x;). The only remaining case is fori=j=1ori=j=0.
Fori=0ori=1,(x; e y) =0, and it remains to show that (x;, y;, €¢) = 0.
We see this from 0 = A(x,, e, ¥;, €) — D(x,, y,, e, €) = x(x;, y,, €).

LemmA 8. If (a; by, ) +(ay, ¢, b) # 0, theni=j=k=1ori=j=
k=0.

PROOF. Let us assume that (4, b;, ¢;) + (a;, ¢, b)) # 0. By Lemma 5,
(a;, by, ) + (a;, ¢, b)) # 0 implies i # %. Using i # %5, Lemma S and Lemma
7, we calculate the following:

0 =D, by, e, ¢;) + D(a;, ¢, €, b) — D(a; e, b i» ¢x) — D@, e, ¢y, b))
- D(a;, ¢, b p»e) + D(a;, b j» Cies €)

= 2(k i) {(ap j» ck) + (ap Cr» ])} + (ai, Ck> [e, bi]) + (ai, [e, bj], ck).

If we interchange the roles of b; and ¢, we get

0=2G~-){@a;d j» ¢x) +(a; ¢, b,')} + (ajr bj, [e, ci]) + (a;, [e, ci], B).

If j # %, then from the first formula i = k, and consequently k¥ # %. Now, from
the second formula j = i. This shows thatj # % =i =j = k. If k # %, working
first from the second formula, we also would have gotten i =j = k. We know
that (a;, b i €) T (@ ¢, b)) =Ounlessi=j=k=0o0ri=j=Fk=1, except
for the single remaining case (a;, by, ¢y,) + (@;, €y, by,). This is zero by the
linearization of (2) and the result that (R}, x, x) =0 Vx €R’.

We now give the multiplication table of the summands of the Albert decom-
position of R'. The table is given with respect to the symmetric product x o y =
xy + yx.

o R, Ry R,
R, R, Ry, 0
Rj, Ry, R,+R, R
R, 0 R, R,

(15)

The entries except for Ry, o R; where i = 0 or 1 are discussed in the section
“GRA rings with idempotent”. We shall show R, © R'% C Ry,; the others can be
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proved similarly. We shall first show
(16) (R,R, +Ry,e©)=(R,e,R, +R;y) =0.

Now 0 = D(x, y,, e, €) implies (x, ,, €)e = 0; 0 = D(x, e, ¥4, €) implies
(x, e, y,)e=0. Also, 0 = D(x, e, e, y,) implies (x, e, ¥,) =, y,, €). From
Lemma 7, (x, e, y;) + (x, ¥,, €) = 0, and by the assumption on the character-
istic, (x, e, ¥;) = (x, ¥,, €) = 0. The proof (R', Ry, ©) = (R', ¢, Rj) =0 is
similar. Using (14), (16), and Lemma 7, it is easy to verify that e(x, o x,,) =
X,xy, and (x, ° x,)e = xy,x,. Thuseo (x; e x,,) =x, ox,, and x; o x,, €
Ry,. The proof that e(x, © xy,) = x1,x, and (X © X1,)e = XXy, is similar.

H. F. Smith generalized Kleinfeld’s work [6] and [7] by replacing the cond-
ition of simplicity with prime. If R is a GRA ring with an idempotent e # 0, # 1
and R is prime (or even semiprime), then # = 0 and R = R'. Lemma 6 says that
eand R,, = R',/2 generate a right alternative ring. We thus find' that the right
alternative law holds in a large portion of the ring. Since the half space is really
the only portion of the ring that an idempotent lets one manipulate, the products
in R, and R, are hard to explore. Lemma 5 shows that I = {(a, b, b)la, b € R}
is an ideal of R contained in R, + R,. Lemma 8 says that (g, b, b) = (a,, b,, b,)
+ (ag, by, by). This means that the only places where R fails to be right alter-
native are “internal” products of R, and “internal” products of R,. The word
“internal” is put in quotations because, although R,R, = RyR, = 0, we do not
necessarily have R,R, C R, and R,R, C R,. It would seem reasonable that the
condition of prime would force R to be right alternative, especially since we can
show that IR,, = R,, ] = 0. The difficulty is that in GRA rings, the annihilator
of an ideal might not be an ideal.

LEMMA 9. Let R be a GRA ring with idempotent e. Let I be any ideal
contained in R, + R. Then IRy, =R, I=(Ry, I, R) = Ry, R, n=0.

PrOOF. We prove this lemma without assuming H# = 0. The method of

the proof is to examine various associators. We show that each associator must
be an element of R,,. We then quote the hypothesis that I is an ideal contained
in R, + R, and this implies the associator is in R,, N I = 0. We use (1) and the
described technique to show successively that (e, I, R), (¢, R, I), (R, e, I), and
(Ry,, I, €) are all zero. From these four associators being zero and by linearizing
(2) we get (i, e, x1,) + (i, Xy, €) = O for all i €I and x,, € Ry,. Continuing,
0 = F(e, xy, i) + F(xy, e, i) = [xy, i] —e o [xy, i. We now have [Ry, I]C
R, NI=0. Thus [Ry, I] = 0. We can apply the table (15) to the quotient
ring R/H to deduce that ix,, + x,i C R}, + H=R,,. Since [Ry, I] =0, we
have x,,i = ix,, C Ry, NI =0. We have shown R,, I = IR,, = 0. Now
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Ry, I, R) C (Ry,R + Ry, I = 0 because R,/ = 0. By Lemma 4, Ry, R, ) C
(Ry, I, R) + H= 0+ H. Therefore (Ry, R, ) C R, NI=0.

THEOREM 3. The right ideal P generated by R'y, in R’ is a right alternative
ring, and P + H is a right ideal of R.

ProoF. LetI= {(R), y, »)ly €R'}. Iisan ideal of R’ contained in R, +
Ry. LetP, = {xER'|IxI=(x R,D=(x,y,y)=0forally ER'}. By (1)
P, is a right ideal of R'. By Lemma 9 and (14), R}, C P,. Since P C P, it will
suffice to show that P, is a right alternative ring. But the condition (P,, y, y) =
0 for all y € R' makes this obvious. In fact, we have actually showed that P, is
in the right alternative nucleus of R' = {x ER'|(x, y, ) = 0 for all y ER'}. The
last statement of the theorem is immediate.

We can use Lemma 9 to give an easy and illuminating proof of H. F. Smith’s
result, by showing that by adding either of the additional hypotheses of flexibility
or of generalized left alternativity, annihilators of ideals become ideals.

THEOREM 4 (H F. SMITH). If R is a prime GRA ring with an idempotent
e # 0, # 1 and R satisfies either (3) or (4), then R is alternative.

PrROOF. Let I be any ideal of R. ThenJ = {x|xI=Ix=(x,, R) =
6 RD=Ux,R)= R x)=QR, x,) = (R, I, x) = 0} is an ideal of R. We
must show x €EJ = xR, Rx CJ. The proofsof xR-I=Rx-I=1-xR=1-Rx
= ( are immediate from assumptions on associators. The proofs (xR, I, R) =
(Rx,I, R)= (xR, R, ) = (Rx, R, I) = 0 are from (1). In addition, from (1) we
also have I(x, R, R) = (x, R, R)[ = 0. The proofs of (R, I, xR) = (R, I, Rx) =
@, R, xR) = (I, R, Rx) = 0 are consequences of either (3) or (4). In addition,
R, x, I = IR, x, R) = (R, R, x)I = I(R, R, x) = 0 from (1) and the previous
calculations. The remaining cases, (R, xR, ) = (R, Rx,) = ([, Rx, R) =
, xR, R) = 0, follow from (6) and the previous calculations.

At this part of the proof we use the requirement that R is prime. If R is
prime, H=0and R =R'. ThusI = {(R, x, x)|x € R} is an ideal contained in
R, +R,. By Lemma 9,R,I=IRy =Ry, ], R)= Ry, R, 1)=0. By (3) or
@) weget(R,I,Ry)=(, R Ry)=0. By Lemma 8, (R, Ry, D) C(R, I, Ry)
=0and (/, Ry, R) S, R, Ry) =0.

By assuming R is prime, we conclude either R,, =0or/=0. IfR,, =0,
then, by (16), R = R; ® R, (direct sum); thus R = R, and e is an identity;
contradiction. If I = 0 and R is flexible, then R is right alternative and flexible
and clearly alternative. If I = 0 and R is generalized left alternative, by the
mirror form of this proof, R is left alternative, and left alternative and right
alternative imply R is alternative.
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We have shown that a simple GRA ring with an idempotent e # 0, # 1 is
right alternative. If the idempotent e also satisfies (e, R, R) = 0, then Thedy’s
result [11] for right alternative rings implies that the ring is alternative. The
structure of simple GRA rings not possessing an idempotent, as well as the struc-
ture of simple right alternative rings, is still an open question.

The multiplication between the summands has been studied by [12] and
others for the right alternative ring, and unless some further condition on the
idempotent is made, usually (e, e, R) = 0, even with full right alternativity, the
multiplication for the summands is unmanageable. The tables for GRA rings sat-
isfying (3) and (4) have been constructed in [6] and [7}. We now construct the
tables for Lie admissible GRA rings; i.e. GRA rings with idempotent # 0, # 1
satisfying (5). Such rings are called generalized (- 1, 1) rings.

5. Generalized (— 1, 1) rings. We have studied the structure of rings satis-
fying identities (1) and (2). We shall now study rings satisfying identities (1) and
(5). In this section, we assume characteristic # 2 and characteristic # 3, so that
we can apply the results of [3]. We shall call such rings generalized (-1, 1) rings.
Since identity (5) implies identity (2), all the results obtained so far will apply to
generalized (- 1, 1) rings. In particular, if a generalized (- 1, 1) ring R has an
idempotent, then R' = {x € R|(x, e, €) = 0} is a subring of R. We show that
R’ has a decomposition R' = R, ; + R’y + Ry, + Ry, and if there are no trivial
R’ ideals contained in the center of R’, then the multiplication table for the sum-
mands will be the same as if R’ were associative.

@17 (R, R,R)CR, +R,,
(18) [e, R, R,R)]=0=(e e (R, R, R"),
(19) (e R,R)C(e e R).

ProOF. By Lemma 5 in [3], (17) is true if R were a (— 1, 1) ring; con-
sequently, (R, R, R) CR, + R, + I where I = {(x,y, y)lx, y ER'} isan
ideal by Lemma 1. By Lemma 5,7 C R, + R,,. Statement (18) follows from
the Albert decomposition since ex; = x,e = ix; fori = 1 ori = 0. Using the
same argument as in Lemma 4 of [3] (last four lines) and also (1), (17), (13),
(16) of this paper, we can prove that (e, x, y) = (e, ¢, [e, [x, ¥]1), which tells us
that (¢, R, R') C (e, &, R').

Let us consider an element x,, € R),. Then

Xy, =exy, + (e ¢ [6 x, D) +xye + (e, [, x4, €).

If wesetx, o =exy,, +(e e [6 x,])and x5, =xye + (e, [e, xy], €), it is
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easily seen that x, o, Xo, € R}, that x, ;e €R,, and that ex,, € R,,. If we call
Rio= Y ER'ly =exy + (e ¢, [e, x,]) for some x,, ER}}, Ry, = {y ER'|
¥y =xye+ (e [e xy), €) for some x,, ER,}, thenR' =R, + R, + Ry, + R,
where the sum on the right-hand side is an additive direct sum.

Before proving the next lemma, we shall need the following:

(200 O0=[a (b c d]-b (cd a)]+]c @ab)]-[d @b, ),
1) RR, CR,, RyR,CR,.

PROOF. The expression on the right-hand side of (20) equals C(a, b, ¢, d) —
C®, ¢, d, a) + C(c, d, a, b) - CWd, a, b, ¢) — B(ab, c, d) + B(bc, d, a) — B(cd, a, b)
+ B(da, b, ¢). (21) is immediate from -0 = B, (16) and Lemma 7.

LEMMA 10. (e, e, R') is a trivial ideal in the center of R'. Furthermore
Ry(e e, R) = (e, ¢, R)R,, = 0.

The proof is divided into five stages. In (a) we show [R’, (¢, ¢, R")] = 0.
In (b), we show (e, e, Ri,)R}, = Ri, (e, e, R}) = 0. In (c), we show that (e, e, R)
is an ideal by showing (e, e, x)a = (e, €, (a; + a,)x). To show (e, e, R') is in
the nucleus, in (d) we show (R, R', (e, e, R')) = 0 and in (¢) we show ((¢, ¢, R'),
R, R') =0. From 0 = B, it is clear that (R', (¢, ¢, R'), R') = 0. This will com-
plete the proof that (e, e, R") is an ideal in the center of R'. The fact that
(e, e, R') is an ideal in the center implies (e, e, R')(e, e, R') = 0.

Proor oF (a). By (20), [x, (e, e, )] —[e, (e, y, X)] + [e, (0, x, €)] —
¥, (x, e, €)] = 0 from which it easily follows from (17) that [x, (¢, ¢, )] =0
for every x, y €ER'.

PRrOOF OF (b). By (15) and (17) we derive (e, e, R') o R}, C R}, whereas by
Lemma 2 in [3], part (a), and Lemma 5, we have (e, e, R) o R}, C R, + R,,.
So (¢, &, R") ° R}, = 0. By part (a) again we have R}, (e, e, R) = (¢, ¢, R')R},
=0.

PROOF OF (). We shall first show (e, xy, a, + ag)e = (e, exy,, a, + ay).
By 0 = C‘(al + ay, xy, e, e) it is easily seen that (g, + a,, exy, €) =
(@, +ay, xy, e)e. But then B(a, + ag, exy, €) = 0 = B(a, + a;, xy, €) and
(16) tell us that (e, a; + ag, xi,)e = (e, a, + a,, ex,,). Equation (14) gives us
(e xy, a, +ag)e = (e, exy, a, +a,). From 0 =D(e, ¢, a, + ag, x,,) we get
(e e, (ay +ay)xy,) = (e e xy,)a, +agy). By part (b), (16) and (21) we can say

(22) (e, e, x)a = (e, e (a; +ag)xy) = (e, & (a; +ay)x).

Proor oF (d). We will show (b, ¢, (e, e, x)) = 0 when b, c,> and x are in
the summands. If b or ¢ are elements of R'yz, then by Lemma 8, (b, ¢, (e, ¢, X))
=—(b, (e, e, x), ¢) = 0 by parts (b) and (c). Let us suppose that both b and ¢
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are elements of R, or R,. By (21), (3), (22), and (18), (b, ¢, (e, €, x)) =
e (bcx)=0.

PrROOF OF (¢). We will show ((e, e, x), b, ¢) = 0 for all x, b, c €ER". From
(16), (e, &, x) = (e, €, X)) = (e, &, X1 o + Xg,) = X, g€ + €xy,, Where (¢, €, X, ()
=x,0¢ €R, and (¢, €, ;) = exy; €R,. We use 0 = B and part (d), followed
by part (b) and part (c), to get

((e’ e) x)’ bn c) = -(c, (e’ e’ x)’ b) = —(cl + Co, (e’ e: x)’ bl + bo)
=—(cy, (e e x,4), by) — (co, (& &, x41), by).
It will suffice to show that ((e, e, x,,), b;, ¢;) = 0 and ((e, e, x4,), by, ¢4) = 0.

We will prove the first. The second follows by reversing subscripts. From part
(d), Lemma 8, (21) and (16) we get

0=A(0,, ¢;, X;0. € = A(cy, by, X1 s €) — Ale, X1, By, €))
+B(e, x,4, [b1, ¢, D + B(d,, ;) x10)

=e(x,0, byy €1) + (X108 by, ;) + [eg, (By, X10, ©1—[By, (cy5 X105 €))
Using 0 = B and the results (16), (19), and part (a), both [¢,, (b, X;4, €)] =0
and [b,, (¢;, X1, €©)] = 0. From A(x,,, €, b,, ¢,), (21), (16), and (18), we
have (x, e, by, ¢;) = (X, ¢, by, ¢,)e = (x4, by, ¢;). We have shown
2(x; & by, ;) = 0 and therefore 0 = (x, 46, by, ¢,) = ((&, €, X;¢); by, €})-
This completes the proof of Lemma 10.

THEOREM S. The multiplication table for R' = R, + Ry + Ry; + Rgo

is:
Ry, Ry Ry, Roo
Ryy Ry, Rio + Ry, Roo 0
Rio Ry, Ry Ry, Ry + Ry,
Ry, Ry; + Ry Roo Roo Roo
Roo 0 Ry, Ro; + Ry Roo

ProOF. The summands themselves have been previously defined. We write
R,, for R, and R, for R,. We will prove the table summand by summand;
after one product is calculated, it will be used to compute subsequent results. It
is best to remember that R ge C R,, and eRj,, C R,,. We have already seen
in the observation following Lemma 4 that R, ;R0 = RooR;; = 0. By (21)
R;R; CR;. By (16) (R, e, R;, + Ry,) = 0 and we consequently have
Ry 1Roo S Ryo and R gR,; CR,,. By Lemma 7 and B, (x,,, €, x4,) =
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=(*;1, X1, € = (&, X4, Xg;), from which (x, ,x4,)e = 0 = e(x,,X,,) and so
R Ry, CRyo. Reversing subscripts gives RyoR} o S Ry;- From (xg,, X,,, €)
=0 and (¢, x4, X;;) =—(e, Xy, Xo,), we obtain (xq,x,,)e = xo,X;, and
e(xg1%;1) = X;1Xg; € Ryo. This gives us xy,x,, = ao, — gy, and so Ry, R,
C Ry, + Ry, Reversing the subscripts we shall have R gRoo S R} + R, ;-
From Lemma 8, (x(q, €, Xo,) = —(Xgq, Xq1, €) and (& Xqq, Xo;) ==& Xo1, Xo0)-
We thus obtain (xgoXg;)e = Xg0Xo; and e(xgoXg1) = (€Xg1)Xg0 € Rgo- SO
XooXo1 =gy — €4y and RyoRy; C Ry, + R, and by reversing subscripts,

’ ’
Ry 1Rio SRyo + Ryy-

Let Xy, Y91 € Rp;- By Lemma 10

(23) (ex01 01 = 0 =xo,(e¥0,)-

From C(xy,, Yo, & €) and (R, Rgo, €) = 0, we have (xy;, o;, €)e =0 =
=(Xo1» & Yoy)e, which together with (23) gives (x4,74,)e = 0. Since xy,7¢, =
(*o1» & Yo1) ER; + R, we have x(,74; € Ryo- Reversing subscripts gives
RyoRio S Ryy-

Let xo, € Ryy, Y10 € R}o. By Lemma 7 and Lemma 10 we derive 0 =
==010 Xo1> ©)- S0 (#10%01)¢ =Y10¥01- BY (15), X110 * Y1001 €
R, + Ry, It isseen then that xg,y,0 € Rgqg, and ¥, ¢Xo; € Ry;-

Lemma 11. [R', (R, R, e)] =0.

ProoF. From (20) we have 0 = [q, (b, ¢, €)] = [b, (¢, e, @)] + [c, (e, a, b)]
—[e, (@, b, ¢)]. Lemma 10, (19), and (18) imply [a, (b, ¢, €)] =—[b, (¢, g, €)].
Iterating this three times gives [a, (b, ¢, €)] = —[q, (b, ¢, €)], and weakly character-
istic # 2 implies [a, (b, ¢, €)] = 0.

LEMMA 12. If R’ has no trivial R' ideals contained in its center, then the
table for R = R, + R\ + Ry, + Ry is an associative table. Le. R;;R;; C
SR *.

PROOF. #* is a compact way of expressing the product. It is to be under-
stood that R, and R, are to be primed, R, and Ry, when they appear. The
Kronecker &;; is defined by 8;; = 1,8;; = 0if i #j. The table is called an associa-
tive table because any associative ring has such a table. We have shown (e, R', R')
C (e, e, R') is a trivial ideal in the center by Lemma 10 and (19). This implies
* holds except for the cases R 4R, and R, Ry,. We will show R R} is a
trivial ideal in the center; the case Ry, Ry, is obtained by reversing subscripts.
Since X, V10 = (10> ¥10» €)> Lemma 11 tells us that [(R) )%, R'] = 0. Since
(R} 0)*R), = R}, (Ro)* SR, Ry, + RjoRy, =0, we have (R o)*R), =
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RY,(R}0)? = 0. To show (R} ,)? is an ideal, it suffices to show R, ,(R}0)?> €
(R}0)?. Now

a11(10C10) = B10€10011 = b10(€1011) = (B1o: 115 €10)
=b,(@1,¢10) € R} R} o-
29 ay1(b10¢10) = (B10€10M11 = b10(@11¢10)-

We now will show that (R’ ,)? is contained in the nucleus of R'. If x and
¥ are not both in R, ,, we have just proven that (x, (R} ,)? ») = 0. By Lemma
8 and (21), (x, y, (R},)?) = 0, and by 0 = B, (R} )% x, ») = 0. To show
(R},)? is in the nucleus, it is sufficient to show

Ry Ryys (R'lo)z) =Ryy» (R'lo)z' Ry, = ((R'lo)z’ Ry, Ry)=0.

Using (24) we have (a,y, by y, €10d10) = €10(@11, D11, d1o) ==€10(0y dy» Byy)
=0. Thus (R),)? is in the right nucleus. By 0 = B(e, ¢, o, d;,) We get ¢;od1 o
=d,oC10> and by (24) a,(c,0d,0) = (@,,€10)d,o- This means

@1, ¢109100 D11) = @11€10)B11d10) = (@;,610X011d19) =0,

and (R o)? is in the middle nucleus. By 0= B, (R),)? is in the center, and con-
sequently (R’ )’(R}o)? = 0.

LeMMA 13. If R’ is a generalized (— 1, 1) ring with no trivial ideals in the
center, then R\ 4Ry, + R + Ry, + Ry R ¢ is an ideal in the nucleus.

PrROOF. The proof is the same as Theorem 2 in [3].

COROLLARY. If R is a prime generalized (- 1, 1) ring with idempotent
e # 0, +# 1, then R is associative.

ProoF. From Lemma 2, R = R’. The proof follows because if I isan R
ideal contained in the nucleus of R, then the annihilator of I is an ideal containing
all associators. Thus if R is not associative, then R,, = 0 and e is an identity.

One would hope that the results of Lemma 12 and Lemma 13 would be
true for R itself and not just for R'. We would like to say that if R has no trivial
R ideals in its center, then R has an associative table, or equivalently, that e is in
the nucleus of R. In finite dimensional (= 1, 1) algebras, this result is true, and,
in fact, finite dimensional (= 1, 1) algebras without trivial ideals contained in their
centers are associative [4]. In generalized (- 1, 1) rings, showing that e is in the
nucleus is impossible. (H, e, €) = H shows that, while H is a trivial ideal and
[H, R] = 0, H is not contained in the center and so will not be forced to be zero
by the hypotheses. At the same time, since H = (H, e, ), it will be impossible to
show that e is in the nucleus of R. The example following Lemma 2 is actually a
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generalized (— 1, 1) ring, so there is no hope of proving that H = 0 from the basic
generalized (— 1, 1) ring hypotheses. We can see that the existence of H means
that Lemma 12 cannot be automatically generalized. But as the next theorem
shows, H is the only obstacle, and in fact Lemma 12 and Lemma 13 can be ex-
tended except for the obvious impossibilities involving H.

THEOREM 6. If R is a generalized (— 1, 1) ring without trivial R ideals con-
tained in the center of R, then e is in the nucleus of R' and R'| (R, + Ry +
Ry, + Ry R is an ideal in the nucleus of R.

Proor. The same proof given for Lemma 12 will apply here if we can
show that the appropriate ideals in the center of R’ are also in the center of R.
Please refer to the proof of Lemma 12. By expansion, (e, H, R") = 0. Applying
this to three of the four terms of D(e, H, R', e), we get (e, e, R)H = 0. Thus
(e, e, R') is a trivial ideal in the center of R and is zero by hypothesis. Let k,, €
H, ry, €R),. From Lemma 2 and the Albert decomposition for power associative
rings, 2hy,ry, = hyry, +ryhy, C (R, + Ry) N H = 0. Therefore Ry, H = HR), =
0. Using (1) we have (R} 4R} + RpRoy + RoRoy + Ro1R oo 6 H)=0
and hence (R} oR 0)H = Ry Ro)H = (R oRo1)H = Ry R )H = 0. This
implies that (R 5)? and (R{,)? are trivial ideals in the center of R. It also im-
plies R} 4Ry, + R + Ry; + Ry R}, is an ideal in the nucleus of R.

Except for the ideal H, generalized (- 1, 1) rings have a Peirce decomposi-
tion, and again, very minor hypotheses will bring this out.

THEOREM 7. Let R be a generalized (— 1, 1) ring with an idempotent
e # 0, # 1. Furthermore, assume that R has no trivial ideals I such that [I, R] =
0. Then R has a Peirce decomposition R =R, + R,y + Ry, + Ry and
R,oRo1 + Rig + Ry + Ry R, is an ideal in the nucleus of R.

ProoF. From Lemma 2, H = 0. Thus R = R'. The theorem follows
from Lemma 12 and Lemma 13.

6. Truncation. We now add a result which is of a different nature than
the preceding results. In those, we showed that if R were a generalized (— 1, 1)
ring, then a homomorphic image of R has a Peirce decomposition. The kernel of
this homomorphism was, among other things, a nilpotent ideal. We now show
how to get a Peirce decomposition in another way, not by considering a quotient
ring, but by changing the multiplication in R slightly. Welet H* R=R * H =
0, and for the products in R', where x;;y;; = ayy +a,o +ag, +ay, let x;; *
Vi1 = 8,a;. We call » the truncation product. Such a product will obviously
give R’ an associative table, but the interesting result is that R + * remains a gen-
eralized (— 1, 1) ring. Furthermore, the variation of the product from the original
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product is contained in the ideal K = (R, R', e) + H which satisfies [K, R] = 0,
K% C (e, e, R") C center of R and K3 = 0.

THEOREM 8. If R is a generalized (— 1, 1) ring with idempotent e + 0, # 1,
then R under the truncation product is still a generalized (- 1, 1) ring.

PrROOF. The proof that R remains a generalized (— 1, 1) ring is a case-by-
case procedure. We will not present it here.
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