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NECESSARY CONDITIONS FOR ISOMORPHISM
OF LIE ALGEBRAS OF BLOCK

BY
JOHN B. JACOBS

ABSTRACT. Two algebras of Block, £(G, §, /) and £(G’, &, f'), are
isomorphic only if m(G) = m(G'). This is not sufficient for isomorphism.

Let £ be a simple finite-dimensional Lie algebra over ®, an algebrai-
cally closed field of prime characteristic p. Simplicity allows the identifica-~
tion % «» ad x for each x € £. (That £ be centerless is sufficient for the
identification.) Then if D(£) denotes the derivation algebra of £ we have
£ (=ad &) cD®). For each x €L, (ad x)? is a derivation of £ and, if
(ad £)?* is the vector space spanned by {(ad x)l’klx €8}, then R(®)=ad &
+@d £ + (ad £)2% 4 -+ is a subalgebra of D) which is restricted. We
will call R() the restricted algebra of £. .If £ is restricted, then ad £ =
R(®), or under the identification, £ = R(L). Thus, for any arbitrary center-
less algebra £, £ CR(®) c D). Clearly, any two isomorphic simple alge-
bras £ and £’ over ® must have R(E) = R(E€") and D) = D). We will
use this relationship to determine isomorphism conditions upon the algebras
of Block.

Let G be an elementary abelian p-group written as a direct summand of
elementary abelian p-groups, G=G,® G; ® «:: ® G . Let ® be analge-
braically closed field of characteristic p > 3. For each i =0,1, ..., m de-
fine f: G x G — @ such that ”G,-=fi: G;x G, — ® is a skew-symmetric,
nondegenerate biadditive form. Then f=/fy+f; +++++f . Foreach i=1,
««s 5 m, assume that there exist additive functions &y ] it Gi—' ® such that
f{a, B) = gfa)h (B) - g (B (a). Pick 8,€G, for which g(8;) =0, and set
8=08;+++++0,. Define £(G, 8, f) to be the Lie algebra over ® with basis
{u,|a € G, a# 0, -5} where multiplication is given by

Uytg = 20 AR Bi)ua.+,3-8i'
i=
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Here o and B; denote the ith components of a and B, respectively, in G
and 8, is assumed to be zero. £(G, 8, f) is then a simple algebra over ®
called an algebra of Block.

The derivations of the algebras of Block have been completely deter-
mined in [1]. As they will be utilized later, a brief description follows.

Since G is an elementary abelian p-group it is an n-dimensional vector
space over (the prime subfield of ® = GF(p)), each of the G 's being a
subspace of dimension, say, 7. Pick a basis {04, 0, +-- oono} for G,
8} for G,i=1,...,m, suchthat f(0,,8) =
Lo, 31.) # 0. Such is possible since [ is nondegenerate. For each a €G,
write a =2 .s. (a)o; + Z; 5 (a5 The coefficients s (a),s{a) of the

i,j " ij
o, ’s and 3 s are umque since the o, ’s and 8 s forma ba51s of G. The der-

and {oil, cees Oy 1

ivations of g(G 8, /) are linear combmatxons (over ®) of the elements in
the following sets:
(i) R ={ad u,]a € G, a # 0} (ad u_g is included although not an ele-

ment of £(G, 3, f)).

(ii) § = {D(oy,-8,), D(8,, -8 )|k =1, ... , m} where u,D(y,,-8,) =
f(a, yk)ua_ for y, in G,.

(ii1) T={D(00k, 0), D(aii’ Ok=1,..., nypi=l,eee,mj=2,...,
n, - 1} where G # {0} and T = {D(5, 0), D(aii’ Oli=1,cee,mj=2,0e0,
n, - 1} when G = {0}; where uaD(ail., 0) = sij(a)ua and

506,00 = (-1 + T 5 ()

(D(o, i 0) is a linear combination of ad us, and the remaining D(c ., 0)’s.),

The set § is, of course, empty when m = 0. The dimension of E(G 5,1)
is np” -1 for m =0 and np™ - 2 for m > 0, and it follows that the dimen-
sion of its derivation algebra, D(E(G, &, f)), is

(i) np” +n~-1 when G=G, or when G, # 0 and m > 0.

(ii) np™ + n when G,=0.

From the dimensions of the derivation algebras and their derived alge-
bras, Block concludes in [1, Theorem 14, Corollary 1] that necessary condi-
tions for two algebras £(G, 8, f) and £(G’, &', f') to be isomorphic are that
either G =0, GO_ 0, and m(G) = m(G"); or G, # 0+ Gy and min{2, m(G)}
= min{2, m(G )}. By considering the restricted algebra of Q(G 8, f) we will
show that it is necessary that m(G) = m(G') for isomorphism and that, indeed,
this is not sufficient.

For u,, ug € £, 5, f) it is easily shown by induction on m that
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m
tlad ugh? = 3° fla, B (a;=8, B -+ [ay = (p = 18,5 Buy
i=0
The following lemma then shows that

u{ad u? = go /(0 B - (o B (5,0 BYP My

Lemma 1. Let a, b€ ®, char ® =p > 0. Then
ala = b)a -2b) -+ (@a=(p - 1)b) = a? — ab?~1,

Proof. The polynomial x? — xb?~! has roots ib for i =0, ..., p - 1.
Hence, x? — xb?~! = Hf__’__é (x — ib). Substituting a for x yields the desired
result.

It is evident that

4, (ad uﬁ)"z 13 1(a, B)? - flay BG, B "
i=0

= in: {f(a; Bi)pz'_'/(ai, B, Bi)p(p-l);ua,
i=0

and more generally that

ylad )P z f(ap B <o, " 16, B TPl

Suppose that a =327 o a, =27 (2 i si].(a)al. j+sfa)s) + 2::1 s ooy, .
Then

i U(ai’ Bi)pk —»/(ai, 'Bi)pk-lf(‘si’ :Bi)pk-l(p-l)}

f; ( > s (oo, B - (o, B T 166, )" 0D

j=1
+s (alf @, Bi)pk -16; .Bi)pk-ll 6, B)? k-l(p-l)}) ,

or

m

adu Z(E {/(OIJ,B)

@ k-1 k=1
-1lo,, B 26, By ‘P-‘)w(a,.,.,O),
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where ¢, =7y and g, = n;~1 for i= 1, ..., m. The restricted algebra
RE&(G, &, 1)) is therefore contained within the span of R U T. In the follow-
ing discussion we will show that a basis for R(£(G, 8, 7)) is R UT\fad u_g}
when G # {0} and R U T\{ad u_g, D(5, 0)} when G ={0}. It follows that
dim R(L(G, 8, 1)) = dim £(G, 8, f) + n - 2m.

Definition. The column rank over (I)p of a matrix A with entries from ®
is the dimension of the vector space over ® o spanned by the columns of A.
Denote this dimension by col tank% A).

Lemma 2. If G =G, then col rauk’p (f (ooi, 00].)?) =n, the dimension
of G over @,

Proof. Suppose col rank,p /(o ooj)t') < n, that is, suppose that there
exist elements @, a,, ..., a, € (I>p, not all zero, such that

n
E a,./(a(,i, oo].)" =0

for i =1,...,n Then from the biadditivity of / we conclude that
flog, 2;‘_:1 a].oo].)" =0, or (o, 2;.’=1 “jao,') =0 for i=1,...,n This
contradicts the nondegeneracy of f, whence the lemma is proved.

Lemma 3. Suppose G =G,. Let {B, ..., B,, 8} be a basis for G where
[(By:8) # 0, and let

0 /(Bl’ Bz)p -I(B]’ BZ)/(BI’ S)P—l b /(B]’ ﬁk)p—/(ﬂl, Bk)/(Bl’ 8)9-1

A= | 1B B =By BY By 87 o [(B By ) = 1B B (B, 8P 0

I /6, B . . . 16,8

Then col rank’ A) =%
b

Proof. Suppose col rankop(A) < k. Then there exist @, ..., a, € (Dp,
not all zero, such that

S 4118 B~ By BB 07 10

ji=1

for i=1,...,% and E?:l aj/(s, Bj)p = 0. For each of the first k£ equalities
we have
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k 2 k
/(Bi’ Z aij) =/(.Bi’ 2 ajﬁ>f(ﬁi, 5)p-1
i=1 i=1
k p=-1
(/(Bi’ Zl aij)//(ﬁp 8)) =1,
J=

if /(B 8) # 0. Thus, for each i =1, ..., k, there exists c; ed) such that
/(ﬁ 2 F=19;B; )=c,[(B;>8) (if {(B;8)=0, then c,=0). Now define

:G—® and h: G — ® by gla) = /(a, 5) and ha) = =/By> (B,
whence f(a, B) = gla)h(B) - g(B)h(a). Now

or

h(,g af~c, ) (/31, a ’ﬁ) 7B, N - 1By c, N/ (B, O
= {/(}31, ):;1 a pj) -,/ By a)}[/(/sl, =0
=

and
g ﬁlajﬁj—c@) (Z B -c,5, )—Za/(ﬁ 8).
J=

But 24 G ,3 )? =0, so g(zl‘__l a;B;-c 18) = 0. This implies the contra-
diction / (a, = ";-1 a, B -¢,9)=0 for all a, implying that col tanko (A) =k,
Now suppose G is atbxtraryand 10012eees G0pgs Op1s v 3 01y ys 81,

TERX ARTRPRI ) } is a basis of G over ®,. Equation (1) shows that
ﬁ(SE(G, 5 /Nc (D(ai]., 0), ad x| x € £(G, 8, f)) and for the special case k=1
we have a matrix equation of the form:

ad ”0-01 D(o,,, 0)
: Co 0 :
v
ad uOOno . D(aono, 0)
E = * . )
p L]
ad u"ml | D(C’ml’ 0)
: 0 Cp :
14
ad “§ D(am.nm_l, 0)
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where C =([(aol.,00j)p) and, for i >0, C; isan n,x (n; - 1) matrix of the
form of the matrix in Lemma 3. Denote this matrix by C. To determine the
coefficient matrix of the D(s ., 0)’s for higher powers of p, one merely
raises the elements in C to the appropriate pth power.

Lemma 4. Let A = (a ) be an r x s matrix over a field ® of character-
istic p>0 and let Ay, = (ai’ ) for t>0. If colranky A =s, then

P
ranky (A A A )7 =s /or su//zczently large t (T denotes transpose).
Proof. Since rankQ(A A ) < rank, 4. +1) <s forall i
there exists some ¢ such that rank Aa-... A ,) —rankQ(A pt+l) I

rank, .. A ) <s, then there exist b, .. bs € ®, not all zero, such
that X u. b a" =0 forall i, 1<i<r, and all v, 0<v <t Note that this,
and the cho1ce of ¢, implies Els.=1 b]a"i';"1 = 0. Assume that the b’s have

been chosen so that the number of nonzero b]. is minimal. In addition, assume
bl = 1. Then

(E ba u) Z b;’af] .

. 1
On the other hand, since 2‘]?__:1 b].alev+ =0 for 0 <v <t we have

S v+l
b _ 14 -
jgl (b]. b].)ai]. =0.

Extracting pth roots and using the minimality of the b’s (recall b, = 1) gives
- b]. =0 for all j, that is, b].e (I)p for all j. This contradicts the assump-
tion that col rankg A =s.
Returning to C, recall that the nondegeneracy of [ guarantees that
col ranky Cy =7, and col ranky C,=n,-1 for i>0. Lemma 4 then allows
b 1 ]
us to conclude that

(D(a,» 0), ad x| x € £(G, 8, 1)) C RE(G, 5, /).

Inclusion in the other direction was illustrated earlier, completing the proof
of the main theorem.

Theorem. Let £(G, 8, ) be a simple Lie algebra of Block. Then
dim RE&(G, 8, /) = dim £(G, 8, [) + n - 2m.

Corollary. Two algebras of Block of the same dimension, £, 8, () and
8, &', 1", are isomorphic only if m(G) = m(G").

From the preceding discussion it is evident that for £(G,8, /) and
£(G', &', f') of the same dimension isomorphism is not guaranteed by the
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equality m(G) = m(G'). This follows from the fact that R(£(G, &, /)) need
not be isomorphic to R(L(G’, 8', /')). For example, let m(G) = m(G') = 0 and
n'= 4. Supp.ose {By» B, Bs» }34} and {8}, B3 B3 B} ar,e ba;ses for G and
G', respectively, where the matrices (f(B,, B; ) and (/(B} B; ) are

"0 1 0 x| 0 x 0 1]
-1 0 0 0 -« 0 1 0
and ,
0 o0 0 1 0 -1 0 ~1/x
|- 0 -1 0] | -1 0 1/x 0

respectively, x ¢ ®,. In the first case, RE(G, 8, [) = ad £ + (ad £)? while
this is not true in the second.
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