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ABSTRACT.   Let 7? be a prime nonassociative ring.   If the set of

idempotents of 7? is a subset of the nucleus of 7? or of the alternative

nucleus of 7? then it is shown that 7? is respectively an associative or

an alternative ring.   Also if 72 has one idempotent * 0, 1 which is in the

Jordan nucleus or in the noncommutative Jordan nucleus then it is shown

that 72 is respectively a Jordan or a noncommutative Jordan ring.

Introduction.  The purpose of this paper is to demonstrate that the degree

of associativity of a prime, not necessarily associative ring can be deter-

mined from the associativity or lack thereof of thé idempotents.   Throughout

we assume that the ring contains at least one idempotent 4 0, 1.   We consider

four cases.   First, it is easily shown that if R is a prime ring all of whose

idempotents lie in the nucleus then R is associative.   This motivates con-

sideration of the case in which all of the idempotents lie in an appropriate

alternative nucleus of the ring.   Similarly, the result here is that the ring is

alternative.   We next consider a prime commutative ring in which at least

one idempotent 4 0, 1 lies in an appropriate Jordan nucleus and show that

this implies that the ring is a Jordan ring.   Finally, we consider prime flex-

ible rings with at least one idempotent in the appropriate noncommutative

Jordan nucleus with the result being that the ring is a noncommutative Jordan

ring.   Examples are given to show that the conditions assumed are necessary.

The latter two cases generalize a result of Osborn.

As usual, the associator (x, y, z) denotes (xy)z - x(yz) and the com-

mutator [x, y] = xy - yx.   Also R * is the same additive group as R, but mul-

tiplication in R+ is given by a • b = xA(ab + ba), ab being the multiplication

in R.   Of course, this is meaningful only if lia is meaningful for all a in R.

A ring is called flexible if (x, y, x) = 0, alternative if (y, x, x) = (x, x, y) = 0,
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Jordan if [x, y] = (x  , y, x) = 0 and noncommutative Jordan if it is flexible

and (x2, y, x) = 0.

1. The associative case.  Let R be an arbitrary nonassociative ring.

The nucleus N(R) of R is defined by:

N(R) a [x e R\(x, y, z) a (y, z, x) = (y, x, z) = 0    Vy, z e R}.

It is well known [9, p. 13] that N(R) is an associative subring of R.

A ring R is said to have a Peirce decomposition relative to the idem-

potent e e R if R can be decomposed into a direct sum of the Z modules

7?.. (z, /' = 0, 1) where R¿. = \x e R\xe = fx and ex = z'xj.   It is known that if

7? is an associative ring and if e is an idempotent in R then 7? has a Peirce

decomposition relative to e.   Also, if R has an identity element 1 and if we

write e   = e and e Q = 1 - e then 7? .. = e . Re . [3].

Lemma 1.   Let e be an idempotent of the ring R.   Then e e N(R) if and

only if R has a Peirce decomposition R = ®7? .. (z, 7 = 0, 1) relative to e

satisfying the property R..R..C 8..R.. for i, f, k, I = 0, 1  (8 denotes the

Kronecker delta).

Proof.  Let e e N(R).   Imbed R into the ring 7? = Z + 7? which contains

an identity element 1.   Clearly e and 1 - e are in N(R ).   From our earlier

remark   it   follows   that    R.. = e.Re. for z,  7 = 0, 1.    Thus    R..R,, =
ij 1      j ' ' ' i]    kl

(e.Re Xe, Re A a e. R(e. e, )Re, C S.. e. Re, = 8., 7?...
1      j     k     I 1       1   k       I —   jk  1      I       jk   11

Conversely, if R = 0. .   .7?.. such that R ..R,,C 8 ..R-, and a, b £ R
" wz,/ = 0     ij z;    kl —    jk    it '

then a = 2^«.., b = S^.O»*«-   Then (fl' *' b) " 21/.*.I-0(V *' 6A/) =

2¿   j,[_0(j- k)a¡bk[a 0.   Similarly  (a, b, e)= (e, a, b) = 0.   Thus,

e e (Y(R).    □

If a ring R contains an idempotent 4 0, 1 and if all the idempotents of

R lie in N(R) then we shall call 7? a nuclear ring.

Theorem 1. A prime nuclear ring is associative.

Proof.  Let R be a prime nuclear ring with e 4 0, 1 an idempotent of R.

By Lemma 1 we have a decomposition 7? = ©7?.., t, 7 = 0, 1, relative to e

with 7?..7?,,C 8.,R...   Therefore if i 4 f then R2.= 0.   Thus, for i4 j,
ij    kl —   jk   it ' ij '

a., a 0 so that e + a.. is an idempotent of 7?.   Since R is nuclear e + a.   £ij ij r ij

N(R).   But eeN(R).   Therefore a    € N(R).   Thus RlQ + RQl Ç N(R).   Since

N(R) is a subring of R it follows that Rl0R0i + RoiRlO £ N(R)*   This'

together with the property R ■ ■ Rk » Ç S ,7?      allows us to conclude that
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B = R10R01 + R10+ R01 + R01R10 is an ideal of R contained in N(R).   Let

U =\x e R\xB = 0\.   Since B Ç N(R) it follows that U is an ideal of R.

Since P is a prime ring  UB = 0 implies Í7 = 0 or B = 0.   But B = 0 implies

that R a R     © R        Thus, Rjj and 7?^ are ideals of 7? such that RjjRqo =

0.   From the primeness of 7? again Rjj = 0 or 7?00 = 0.   But e e R.    so that

R     4 0.   Also Rœ = 0 implies that c is the identity of R contrary to hypoth-

esis.    Thus, B 4 0 and (7=0.   Now, let r.,r2,r   e R and b £ B.   Then,

since b eN(R), (fv r^rjb = (r^ r^ r}b) £ (R, R, B)Ç(R, R, N(R))=0.

Therefore, (R, R, R)C 77 = 0 so that R is an associative ring.

2. The alternative case.  Following A. Thedy [lO] we define the alterna-

tive nucleus  ^(R) of an arbitrary ring R by:

NAiR) = \reR\ix,r,x) = 0 and ir, y, x) = iy, x, T) = (x,T,y)    \/x,yeR\.

If R is 3-torsion free (i.e. if 3« = 0 for a e R then a = 0) then Thedy has

shown that N. (R) is a subring of R.

Lemma 2.  Lez" e ¿>e atz idempotent -of a ring R.   Then e e N. (R) if and

only if R has a Peirce decomposition relative to e satisfying the properties:

(b)R..R..ÇR;,.

fe) RijRkl =0iff4k and (i, j) 4 (k, I).

(d) r2.= 0 for any r;. € R.., i 4 f.

Proof.  Let e be an idempotent in NA(R).   Then from the definition of

N*(R) one obtains as in [9, p. 33]

(D ^«ijhh^ + i-^ihi
and

(2) (a..bkl)e = (k + l-f)a..bki.

Thus (a) and (b) follow immediately.   Also (d) follows from (r.., r.., e)= 0

and property (b).   To obtain (c) first note that if x e R such that xe = sx

for some s e Z (ex = tx for some t £ Z) then s = 0 or s = 1  (t = 0 or t = 1).

Now in (1) and (2) let 7=1 and k = 0.   Then e(anbQ¡) = (i + l)fl¿1&0; and

(a   b0l)e a (I— T)ai bQl.   By the preceding remark it follows that 7=0 and

7=1.   Therefore if ail^0i 4 0 then (z, j) = (k, 7) = (0, 1) contrary to hypoth-

esis.    The same argument applies if j = 0 and k = 1.
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Conversely, if R has a Peirce decomposition relative to c  satisfying

(a)—(d) then it is straightforward, using the linearity of the associator, to

show that O, e, x)= 0 and (x, e, y) = (y, x, e) = (e, y, x) for arbitrary x, y

in R.   Thus, e e NA(R).

We call a ring R an A-nuclear ring if R contains an idempotent e 4 0, 1

and if every idempotent of R lies in NA(R).

Henceforth, assume that R is an A-nuclear ring, e an idempotent of R,

and R = Rii + R,o+R01 + R00 tne Peirce decomposition relative to e.

Lemma 3. The set B = R    R Q   + R    + R Q   + R0.R.Q is an ideal of R.

Proof. By Lemma 2 it is sufficient to show that R,-,-B + ^R,-,- Q B for

z = 0, 1 which reduces to R^R^R^) + (R..R.AR.. Ç B for i ¿ /. Now by

(d) of Lemma 2 a?. = 0 for ai. £ R.., i 4 j. Therefore e + a¿. is an idem-

potent. Hence a., e NA(R) if i 4 j so that (au, a.., a. A. = - («w, a^., a¿;.).

Since 17^ 7 the right-hand side is 0 and we have (a^a )a .. = a{{(a . a .).

Thus. R..(R..R..)=(R..R..)R..CR..R..CB.   Similarly, (R ..R ..)R .. C B
' ltV      IJ       Jl' V      II       Ij'      Jl —        I]      ]l — *   /»   V      j;       ;i'       It —

so that B is an ideal of R.    O

Define  I/\ = {x £ R ..|x(R10 + RQ1) = (RjQ + RQ1)x = 0i for z = 0, 1.

Then we have:

Lemma 4.  Í7. (z = 0, 1) is an ideal of R.

Proof. We prove the lemma for IL   and note that the same proof applies

for 77n.   Clearly Í7.  is an abelian group under addition.   Let u e U.f

a eRj. + R. , and r £ R.  Without loss of generality we may assume that

r £ Rjj.   Also a e NA(R).   Therefore (ur)a = u(ra) - (u, a, r).   Now ra e RjQ

and ar £ Rnj.   Therefore u(ra) = 0 = u(ar).  Hence (ur)a = 0.   Similarly

a(ur) = (au)r + (u, a, r) so that a(ur) = 0.   Therefore ur e IL.   In the same

vein ru £ Uy   Thus  i/j is an ideal of R.

Lemma 5.  Í7¿ B = B t/f = 0.

Proof. We again prove the lemma for I7j.  Clearly Uj(Rj0 + RQ1 + RQ1 RjQ) =

(Rj0 + RQ1 + R. R 0)77   = 0 by Lemma 2 and the definition of Í7j.   Let

u £ Í7j,a10 £Rj0, anda01 eRQj.   Then since a^ e NA(R), u(a1QaQ1) =

(ua a)a     + (a   , u, a  A.   But since u e U    the right-hand side is 0.

Therefore zz(Rj0R01) = 0.   Similarly (R10Roi)w = °' T^«^016 UiB = BUi m °°
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Lemma 6.  If R is a prime A-nuclear ring then R    and R     are associa-

tive subrings of R.

Proof. Since R is a prime ring, by Lemma 5 either B = 0 or U. = UQ =

0.   But B = 0 implies that R = Rjj © RQ0.   Since e e Rn, Rn 4 0.   On the

other hand, ßM=0 implies that R = Rjj so 'hat e is an identity element of

R contrary to hypothesis.   Therefore U   = UQ= 0.   Now let x, y, z e R..,

r £ Rl0 + RQ1.   Then r £ NA(R) and (x, y, z)r = [(xy)z]r- [x(yz)]r  =

(xy, z, r) - (x, yz, r) + (xy) (zr) - x[(yz)r] = (xy, z, r) - (x, yz, r) + (x, y, zr) -

x(y, z,r)= 0 since r, zr £ Rj0 + RQ1 Ç ^A(R) and if a, b-e R.., r £ Rj0 +

R01, then (a, *, r) = (b, r, a) e [R..(R1Q + R01flRM + R..KRJ + R^R^l =

0.   In the same fashion r(x, y, z) = 0.   Therefore (x, y, z) £ 77. = 0.   Thus,

Rjj and R^. are associative subrings of R.

Theorem 2.  7/ R z's a prime A-nuclear ring then R is alternative.

Proof. Let x, y £ R.   Then* = 2. •     *•■ and y =2..   „y., so that

(x, x, y) = lijm0(x, x, y..).   Now if i 4 j then y.. £ N^(R) so that, by the

definition of NA(R), (x, x, y1Q) = (x, x, y    ) = 0.   Thus, (x, x, y) reduces to

2¡=0(x, x,y/p=2z1i.w=0(x..,xyfer,y/z).     Let  5   denote   the   sum

2L*.r./=o(V **." y i?- The terms in s of the form (*/,» x¿¿' y I? are a11

zero by Lemmas 2 and 6.   The terms in S of the form (x.., x .., y..) for i 4 j

are all zero since x.. e NAR).   Finally, the other terms in S come in pairs

of the form (x.., xfe^, y[{) + (x^, x   , y;/).   Since i 4 j or k 4 r the sum of

each of these pairs is zero.   Thus S = 0 so that (x, x, y) = 0.   Similarly

(y, x, x) = 0.   Thus R is alternative.    □

It is worthwhile to note that if R is 3-torsion free then Theorem 2 can

be obtained more directly.   For, in this case, ^(R) is a subring of R.

Thus B is an ideal of R contained in NA(R).   Then by Lemma 3 of [lO]

(x, x, y) £ Bx and (y, x, x) £ Bx where Bx ={r £ 7?|rB = Br = 0!.   Since Bx

is an ideal of R and BBX = B±B = 0 while B ¿ 0, it follows that B1 = 0.

Thus R is alternative.

Theorems 1 and 2 assume that R is prime and that all of the idempotents

of R lie in N(R), NA(R), respectively.   The following examples show that

these conditions are necessary.

Example 1.  Let F be a field and R an algebra over F with basis ele-

ments e, b, b', c, f with multiplication given by: e   = e, f   = f, eb = bf = b,
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eb a b f a h , ce = fe = c, be a e, cb'a f, and all other products zero.   It is

straightforward to see that e e N(R) and that R is a simple algebra, hence

a simple ring.   However, R is not even alternative since (b, c, b ) + (b , c,

b)a h' — b 4 0.   This is due to the fact that e + b is an idempotent of R but

e + b £ NAR).   Note also that R does not satisfy the Jordan identity

(x2,y,x)= 0 since ((f + b')2, c, f + b') = - b'4 0.

Example 2.  Let R be a 3-dimensional algebra over a field F with basis

e, a, b and multiplication given by: e   = e, ab = a - b, ba = b, and all other

products zero.   Then e e N(R) and e is the only idempotent of R.   Thus, R

is a nuclear ring.   In addition, R is a semiprime ring.   However, R is not a

prime ring since the ideals Fe and Fa + Fb are orthogonal.   R is not alter-

native since (a, b, b) = a — b 4  0.   Thus, the assumption that R is prime

is necessary.   Here again, R does not satisfy (x , y, x) = 0.

3. The Jordan case.  Henceforth we must assume that all of our rings R

satisfy the condition that to each a £ R there exists a unique b £ R  such

that 2b = a.   We write b = V2a.   It is known [2], [4] that if R is a Jordan ring

and if e is an idempotent of R then R has a decomposition R = Rj + R^ +

R„ where R . = \x £ R\xe = ex = z'x¡.   Also, the modules R . satisfy the multi-
0 Z ' l '

plicative properties:

(i) R2 Ç R. for i =0,1; R2AÇR1 + R0, RjR0 = 0, RMyC R^ for i =

0, 1.

Thus, if a, b £ Ruthen ab £ R   + R Q.   We denote this by ab = (ab)^ +

(ab)Q.   It is also known that products of elements of the different R. satisfy:

(ii) (a) xy2(y.z.)= (x1Ay.)z.+ (x^zjy., i= 0, 1.

(b) x.(yyzlÁ)a [(x.ylA)zl/2+ (x¿zH)y^]., i = 0, 1.

(c) [(Xjy^)zH]0=[(XjZ^)y^]0.

(d) ^0y^zy2\ = ^xozyAyy)v

(e) (^1y^)2o = xi(y^o)-

We define the Jordan nucleus, N .(R), of a commutative ring R by:

7V;(R) = {a £ R\(ab)(cd) + iad)ibc) + iac)ibd) = [bicd)]a + [biac)]d+[biad)]c

= [aibc)]d + [aibd)]c + [aicd)]b for all b, c, d £ R\.

Thus, an element a £ R is in N ,(R) if it satisfies the linearized version

of the Jordan identity.

Lemma 7.  Let e be an idempotent of a commutative ring R.   Then e £

N,(R) if and only if the elements of the spaces R. relative to e satisfy (i) aTza" (ii).
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Proof,  (i) and (ii) are established for Jordan rings in L4J.   Since the

procedure in all cases is to linearize the Jordan identity and to specialize

by setting one of the elements equal to e we may conclude immediately that

e £ N.(R) implies (i) and (ii).

One may verify directly that if (i) and (ii) are satisfied then e e N,(R)

by setting a = e in the definition of N ,(R) and decomposing b, c and d into

their components.   The proof is straightforward but the computations are

lengthy.   We do not present the computations here,    a

If R is a commutative ring with at least one idempotent e 4 0, 1 lying

in N .(R) then we call R a /-nuclear ring.   Osborn has shown [6], [7, Proposi-

tion 6.7] that if R is a commutative ring satisfying (i) and (ii) then R is a

Jordan ring if and only if R. and R. are Jordan rings.   Thus if R is simple

then R is Jordan.   The following theorem draws from and generalizes

Osborn's result.

Theorem 3.  7/ R is a prime J-nuclear ring then R is a Jordan ring.

Proof.  Let e be an idempotent 4 0, 1 in R such that e £ Nj(R).   By

Lemma 7 we have (i) and (ii).   Let A = (R^R^)j + R¡A + (RyR^AQ.   It fol-

lows from (i) and (ii) (b) that A is an ideal of R.   Also, let C. =  jx £

R¿|xRy= 0| for z = 0, 1.   It follows from (i) and (ii)(a) that C\, i = 0, 1, is

an ideal of R.   Also, from (i) and (ii) (b) ACj = ACQ = 0.   Since R is a prime

ring either A = 0 or Cj = CQ = 0.   But A = 0 implies that R = Rj © RQ.

This, however, is impossible as in Theorem 2.   Therefore C   = C. = 0.

From (ii)(a) we have a homomorphism <p¿ from R¿ into Hom(R^, Ry)

with Ker <p. = C for z = 0, 1  [2].   Since C   = CQ = 0 we have R   and RQ

imbedded in the Jordan ring Hom(Rw, R   )  .   Therefore Rj and RQ are

Jordan rings and by [7, Proposition 6.7] it follows that R is a Jordan ring.

4. The noncommutative Jordan case.  Recall that a ring R is a non-
2

commutative Jordan ring if it is flexible and satisfies the identity (x , y,

x) = 0.   It is known [l], [5] that if e is an idempotent of a noncommutative

Jordan ring R then R has a decomposition R = R+R+RQ relative to e

where R. = {x £ R|xe = ex = ix\ for z = 0, 1 and R,,= {x £ R|xe + ex = x\.

Multiplication among the R . is given by:

(iii) R2.ÇR.,RiRlA+RlARiÇR,A, z = 0, 1, RjRQ = RnRj = 0 and if

x, y £ Ry then xy + yx £ Rj + RQ.

Assume now that R is a flexible ring in which for every a in R there is

a unique b in R such that 2b = a.   We define the noncommutative Jordan
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nucleus, NN.(R), of R by:

NN](R) a \a £ R\[Eax+xa, FJ + [Eaz + za, Fj + [E^, Fj = 0

for all x,y,z in R}

where E, F = r, I and r   (I ) denotes right (left) multiplication by the element

x.   It is a straightforward matter to show that N    (R) Ç N ,(R   ).   The prop-

erties (iii) are obtained for noncommutative Jordan rings by linearizing the

Jordan identities and setting one of the variables equal to e.   McCrimmon

[5] has shown by the same method that

(3) e(zy + yz) = zy,     (yz + zy)e a yz    if y £ RQ and z £ R j^2

and

zl     = zl I   + zr I      and zr     = zl r   + zr r
xy y x x y xy y x x y

(4)
if x, y £ RQ  and z £ Rj >2.

If R contains an idempotent e /= 0, 1 such that e £ NN](R) then we

shall call R an N/-nuclear ring. Thus, in an N/-nuclear ring (iii), (3)

and (4) hold.   Similarly, we have

(3)      e(zy + yz) = yz,       (yz + zy)e = zy    if y£Rj  andz£Rj/2

and

z/     = zl I   + zl r ,      zr     = zr r   + zr I
xy y x x y1 xy x y y x

(4')
if x,y £ R     andz£Rj.

For, since R is flexible, I     - I  I   = r     - r r   for all a, b £ R.   In par-
l» Jf Jr       t* •** J'       "

ticular, if a = e, y £ R    and we allow this to act on z £ R   we get yz -

e(yz) a zy - (zy)e or yz - zy = e(yz)- (zy)e.   Add and subtract e(zy) to

the right side of this equation to get yz - zy = e(yz) + e(zy) - zy.   There-

fore yz = e'yz) + e(zy).   The second half of (3 ) follows in a similar manner.

For the first half of (4*) let E = l, F = r, a = e, x £ Rj, and z £ R,^

in the definition of NNJ(R) to get 2[/x, rj + Uz, rj + [/xjr+#Jti %1 = 0

which, by flexibility, reduces to Ux, r^] + [»'JCZ+jrx, %] =0.   If we allow

this to act on y £ R j we get (xy)z — x(yz) + [(xz + zx)y]e - (xz + zx)y = 0.

Again, in the definition of ^N]iR) !« x £ Rj5 a = z = e to obtain 2[Fx, F ] +

2[Ee, Fj + 2[Ex, F] = 0.   By flexibility [Fx, Fj + [Eg, Fj = 0.   There-
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fore, we have

(5) lEx, Fe] = 0 if x£Rj.

Therefore [(xz + zx)y]e = [(xz + zx)e]y = (zx)y by (3').   Thus, we now have

(xy)z - x(yz) - (xz)y = 0 which reduces to z7     = z/  ¡x + zlx r .   Similarly

if we let Ear, F = /, x £ Rj, z £ Ry, and a = e we get the second half

of (4').

Lemma 8.  Let R be an N]-nuclear ring with  K. = {x £ R¿|xR,, = RyX =

Ol for i = 0, 1.   Then K. is an ideal of R.

Proof. If i = 0 this follows from (iii) and (4) while if i = 1 it follows

from (iii) and (4').

Lemma 9.  If R is an NJ-nuclear ring and C . = [x £ R \x • R    = 0\, i =

0, 1 then K.= C..' i        i

Proof. Clearly K. Ç C\. Let y £C., z £ R   .   Then yz + zy = 0.   Then

if z = 0, (3) gives yz a zy = 0; whereas, if i = 1, one gets the same result

from (3').   Thus, y £ K..    □

We have noted earlier that if x £ Rj and z £ R^ in an N/-nuclear ring

then [7x, rj + [t'JejK+iX, re] = 0.   From flexibility we also get [lz, rj +

[7 , Txz+Zxi =0.   If we allow these to act on y £ Rw we obtain:

(6) (xy)z - x(yz) + [(xz + zx)y]e - (xz + zx)(ye) = 0

and

(7) izy)x - z(yx) + (ey)(xz + zx) - e[y(xz + zx)] = 0,

if y, z £ Ry and x £ R .

Similarly, if x £ RQ, z £ R   and a = e in the definition of NN,iR) we

set [E , F ] + [E , F ] = 0.   If we allow this to act on y £ R., we
6 z1    x xz+zx'    e '        n

obtain:

(6') xiyz) - ixy)z + e[yixz + zx)] - (ey)ixz + zx) = 0

and

(7 ) (zy)x - z(yx) + [(xz + zx)y]e - (xz + zx)iye) = 0,

if y, z£Rj/2 and x £RQ.

We are now able to prove:

Theorem 4. A prz'Tzze N¡-nuclear ring is a noncommutative Jordan ring.

Proof. We first show that KQ = K1 = 0.   As in Theorem 3 let A =
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(Rj/R1/)0 + Ry + (RyRy ) .   Then as in [5, Lemma 2] A is an ideal of R.

Now by (iii), (6), and (7), AKj = 7<jA » 0; whereas by (iii), (6'), and (7'),

AKQ a KQA a 0.   Now, if A = 0 then R,, = 0 which is impossible since R

is a prime ring.   Therefore K. = KQ =0.   Thus, by Lemma 9, C   = C   = 0.

Therefore R   is a /-nuclear ring in which Cj = CQ = 0.   As in Theorem 3 it

follows that Rj and RQ are Jordan rings.   Therefore by [6], [7], R   is a

Jordan ring.   Since R is flexible and R   is Jordan, it follows [8] that R is a

noncommutative Jordan ring.

Finally, note that our Example 1 earlier shows that it is not true that

in a prime nonflexible ring e £ NN,(R) implies that R = NN](R).
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