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ABSTRACT. The objectives of this paper are to generalize the Mar-
tin’s £2-minimum problem under more general additional conditions given
by bounded linear functionals in a bounded domain D in C" and to apply
this problem to various directions.

Ve firstly define the new ith biholomorphically invariant Kdhler metric
and the ith representative domain (i =0, 1, 2, .. .), and secondly give es-
timates on curvatures with respect to the Bergman metric and investigate
the asymptotic behaviors via an 4-approach on the curvatures about a
boundary point having a sort of pseudoconvexity.

Further, we study (i) the extensions of some results recently ob-
tained by K. Kikuchi on the Ricci scalar curvature, (ii) a minimum prop-
erty on the reproducing subspace-kernel in 2(2”‘)(0), and (iii) an extension
of the fundamental theorem of K. H. Look.

1. Introduction. The Bergman’s minimum problem [3] with respect to
£2D) under some additional conditions has been extended by W. T. Martin
[15] as the following (originally posed by W. Wirtinger [21]): Find the func-
tion f(z) (belonging to £2(D) or S‘f;"(' £D)) which minimizes the Lebesgue
square integral (Q - f, Q — f), for a given function Q(z, %) € L%D). Here
L2(D) and £2(D) denote the classes of square integrable and of square inte-
grable holomorphic functions in a bounded domain D, respectively. £)2<' t(D)
denotes the class {f(z) € £XD)|f() = X, t € D}.

In §3, under more general additional conditions using bounded linear
functionals we shall get the generalized Martin’s theorem, which includes
the cases of Bergman 3], Martin [15] and others [17], [19], [20].

As an application of the minimum problem, in §4 we shall define the
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interesting quantities Qg)(z) and 55;)(2) (i=0,1,2,...) which have a
sort of positivity and play important roles throughout this paper. Using
these, we shall define the new ith biholomorphically invariant Kdhler metric
(ds{i)? = 8 d, log det K (’)(z, z) and the ith representative domain (i =
0,1,2,.. ) where the biholomorphically relative invariants K(')(z z)
(i=0,1, 2,...) are constructed by the Bergman kernel funcnon of a bounded
domain D and its derivatives. In particular, (dsg”)2 and (a’s},l))2 coincide
with the Bergman metric [3] and the Fuks metric [8], respectively, and the
Oth representative domain coincides with the Bergman representative domain,

In §§5, 6 and 7, using the results of §83 and 4, we shall give various
estimations (Theorems 5.1 and 5.2) on the holomorphic “‘bisectional’’ curva-
ture R(z; u, v), the Ricci curvature Cp(z; #) and the Ricci scalar curva-
ture S;(2) of a bounded domain D with respect to the Bergman metric and
generalize the results obtained by S. Bergman [1], [2], [3], B. A. Fuks [6],
[7], [8] and others. For our purpose, the quantity Q(DZ)(Z) and ‘“‘the method
of minimum integral” [3], [7] are used effectively.

In the case of C?2, the asymptotic behaviors of the Bergman kernel func-
tion k D(z, Z) and related biholomorphic invariants about a boundary point Q
of a domain D such that the Levi determinant L(¢) is positive at Q have
been studied minutely by S. Bergman [1] and B. A. Fuks L6], [7], L8]. But
in the case of C” (n > 3), few results are known (see Chalmers [4], for-
mander [9]). On the asymptotic behaviors of the curvatures of a bounded do-
main D in C” about a boundary point Q at which D is strictly pseudoconvex
globally representable (4] and has the normal analytic hypersurface h
(through Q) lying entirely outside itself, in §7 we shall prove that, using
a sort of domains of comparison due to B, Chalmers [4], R D(z; u) (= RD(z; u, V),
Cplz; u) and Sp(2) tend to =2/(n + 1), -1 and -7 via an A-approach:

z — Q, respectively.

In $8, some results recently obtained by K. Kikuchi L12] with respect
to the Ricci scalar curvature as an application of the theorem of E. Hopf
are extended.

In $9, using the minimum problem with the condition that 0(z, 2) =
0(z2) = k2, 7) € £4D), where k(z, t) denotes the Bergman kernel func-
tion of D, we shall show that the reproducing kernel function of a subspace
532 \(D) of £ p) (see [5], L18]) has a sort of minimum property and give
another expression of this kernel given in [sl.

Finally, in $10 a neat proof and an extension of the fundamental theo-

rem (I) of XK. H. Look [14] are given.



MARTIN’S MINIMUM PROBLEM 275

2. Preliminaries. Throughout this paper we shall use, as far as pos-
sible, matrix representations, which give us available perspectives. For a
matrix A, A, AT and A™ denote the conjugate, the transposed and the con-
jugate transposed matrices of A, respectively. The symbol x shows the
Kronecker product and [A]* denotes A x +++x A (k-times).

Let D be a bounded schlicht domain in C” and z = (z P zn)T be
a complex 7 x 1 vector variable in D. For the differential operator D =

0/9z = (8/0z 5 +++5 9/02,) (D z* = 3/0z™ = (3/92)T), we shall define two

sorts of the kth order differential operators with respect to z as follows:
[D,.,]’e =[9/92]% = (3/02) x +++ x (3/32) (1 x n* vector)

and its contraction

Dk = 9%/9z*

= (94028, oo, Rk 1o R DIF/B2EL o oe dzem, L, 04028

(1x JHe vector), where Z;.’___l k]. =k and the arrangement of {kl, vees kn¥
is lexicographical. Using these operators, the kth order derivatives of a
matrix function F(z, 2) = (f M(z, Z)) with respect to z are defined by

[D,*F(z, 2 = [D_)* x F(z, D) = ((D,1* x f, (= 2)
and
DzF(z, Z) = D: x F(z, 2) = (D'ze X /pq(z. z)).

If we define the contracted kth power of an 7 x 1 vector u=(u, ..., un)T
as

k k
uk = (u';, cees ul1 I uﬁ)T,
it holds that, for a scalar function f(z, 2),
(D¥/(z, B)uk = ([D 1%/ (2, 2Nl

The total differential of a matrix function F(z 2) (r x s type) is de-
fined by

dF(z, z) = d_F + r?:F = (D_F)dz x E)+ (dz* x E,)(D:F),

where dz = (dzl, ooy a’zn)T and Ii',e denotes the k x k unit matrix.
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In the following, we shall use some available formulas with respect to
matrices, derivatives and differentials without proof [12], [16], [17]:

@.1) D (4B) = (D_A)E, x B) + A(D_B)
(A, B are kx I, I x m matrices, respectively),
(2.2) D (AxB)=(D A)xB+(AxDB)E, xE)

(A, B are k x I, p x q matrices respectively and

where e.. (i=1,...,5j=1,...,7) is an I x n matrix which has 1 as
(i, j)-element and 0’s elsewhere),

9,(4= ) =-4"19,4A~ = -4~ 1D A)dz x A~ 1),

(2.3)
D,(A"h) =-A~1D,ANE, x A~1)

(A is a k x k regular matrix) and
(2.9 d_ log det A =Sp(A4~19, 4) = Sp{A~ (D A)dz x E})}

(A is a k x k regular matrix and Sp denotes the trace symbol). By (2.3)
and (2.4) we have the following lemma.

Lemma 2.1. For a k x k regular matrix function A(z, Z) we have
* * -1 -1
(2.5) 979, logdet A =Splldz"x E)NA -~ A A~ A  Ndz x E)ATY,

where A“ denotes D:DzA, etc.

Let H(D) be the class of holomorphic matrix functions of all types in
D and BH(D) be the subclass of H(D) defined by

BH(D) = {{(2) = (f,(2), ..., fn(z))T € HD)|J(2) £ 0 in D CC™},

where ] /(z) denotes the Jacobian determinant det (df(z)/dz) (=det(D,/(2))).
We call each-element belonging to BH(D) a biholomorphic mapping, which
is locally one-to-one in D. The subclass £%(D) of H(D), which denotes
the class of square Lebesgue integrable holomorphic functions in a bounded
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domain D, makes a complete Hilbert space with the Bergman reproducing
kernel function kp(z, 7).

3. General minimum problem. In this section, we shall generalize the
results of S. Bergman [3], W. Wirtinger [21], W. T. Martin [15] and others
for a given complex-valued rx 1 vector function Q(z, Z) € L%D) and a
general class (\'with more general additional conditions)

3,2((0) = {/(2)(rx 1 type) € £XD)|Lf = K, £ € BL(D)},

where BL(D) denotes the class of all types of bounded linear functional
matrices (see [5]) and K denotes a given constant matrix of the same type

as Sf/.

Theorem 3.1. For a given rx 1 vector function Q(z, ) € LAD) ina
bounded domain D, the minimizing function M,’; ol2) € 5312((0), which mini-
mizes the Letesgue square integral

G K@ N=(Q-1 0-Np=5p [ (& - [(ONQ &) - [N ey

under an additional condition

(3.2) &f = K (K: a given constant matrix, £ € BL(D))

with the condition det(®*®) £ 0 for ® = QqSD (bp(2) = (¢,(2), ¢,(2),.. JT:

an orthonormal system in £XD)), is given by
(.3) My o(2) = {B + (K- BOX®*®)~10™ ¢ (2) € £X(D)
and also the minimum value of KQ, f) is given by

G4 Af o =SpiBB" - BO(@ D) "10¥B*+ K@* D)7 1KY,

where wy denotes the Euclidean volume element l'l;.’=l dZ]. A d{j/(z\/— 1)?
and

(3.5) B=(,)= [ 24 O¢pday

Proof. Given a sufficiently large real number M, we consider a class
G=1{f(2) € £,2<(D)|f,) 7/(2)]%w_ < M <-+o}. G becomes a compact family, and
it is known that there exists a minimizing function M3(2) = Mg.Q=o(z) €
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£2(p) which minimizes the integral 10, /) = [, |/(2)| 20, where MS(2) is
given by K((D*(D)'ld)*qSD(z) and det (®*®) £ 0 (see [3)).

Now, we will follow the procedure of the proof essentially due to Mar-
tin [15). Let Mg' Q(z) be the minimizing function belonging to £12<(D), then,
using an orthonormal system ¢,(2) in D, we can set Mg' ol?) = Agp(2),
where A =(a,) = [, ME‘Q({)QS;({)Q)C denotes the Fourier coefficient 7 x oo
matrix to be determined. Noting that f.Mg'Q = quSD = AQ, if we set

KA) = (Q - MK o, 0 - MK ), - Spl(4® - KIA + TH(@%4™ - KM},

where A = ()\i].) and "= (yij) (i=1,...,0;j=1,...,r and p denotes the
number of the columns of K) are the Lagrangian multipliers, as necessary
conditions we must have the Euler’s conditions

GI(A)/aai]. = Zi’. - Zij - (<I>A)ﬁ =0, ie., A¥=B*+®A
and

IMA)/da,=a, b, -([C*®", =0, ie.,A=B+T 0%

where i=1,...,737=1,2,...and ((DA)I.. denotes the (i, j)-element of
®A. Hence we have ®A = ®I". But since det(®*®) £ 0 holds in a bounded
domain, we obtain A =TI". On the other hand, as we have K= AD =

(B+A* 0™ = B + A¥(®¥D), we get
A=B+A*0* =B+ (K- BO)(®*D)~'0*.

Therefore, we must have (3.3) belonging to £,2<(D).

In order to prove that M,’;' (2) is the minimizing function required, let
us consider the class S?.S(D) = {g(2) € £UD)|gl2) = Cop(2), CD =0} If we
set F(z) = Mg. ol2) + gl2) for each g(2) € gg(D), then it is easily shown
that F(z) is an arbitrary function belonging to £12<(D). It follows from term-
by-term integrability (see [15]) that

106 &) - ¥ (D1
= [ 06 D)y C* - A [ 85D Qe C*
=BC* - AC*=BC* - (B + A*®M)C* = -AM (D) * =0,

where [, ¢p(<)¢';(é)wc = E_. Hence we obtain
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(Q-F 0-F,=Q-M . 0-M5 )+ (e g
-~ 2Re Sp fD(Q-Mg'Q)g*w;

=(Q- M5 o Q-MF o) + (& &), > Q= MF o, 0 - MF )

for any g(z) £ 0. This completes the proof.
Remark 3.1. In Theorem 3.1 it is easily verified that the minimizing
function without an additional condition (3.2) is given by

Mp,o(d) = Bop(@) = [ 00& Okplz Oy kplz, &) = 5D,

where k) (z, £) denotes the Bergman kernel function [15].

In the case that Q(z, ) = 0 in D, the minimizing function M5(z) =
Mg 0=0l2) and the minimum value AK = Ag‘Qﬂ are expressed in terms of
the kernel function of D and its derivatives [3], [20].

Let £( % (€, ..., 8,) be an element of BL(D) and £( y,e and
£ kot be the bounded lmear funcnonals £ ) and g & €valuated at a point
teD. £ )(D) and & f< (m),e(D) denote the subclasses of £%(D) such that
i/(2) € £2(D)|53 ) = K(m) = (A}, ..., A )} and {f(z) e gz(D)IQ y.f = Kim)},
respectively. dere f.’ / denotes, say, any one of [(¢), D"/ (t), (Dk/ (0))uk,
[3/(2)dz and fD/(z)a) and so on.

Theorem 3.1 gives the generalizations of (i) [15],.(ii) [15, (5.5)],
(iii) [3], [20] and (iv) [19] under the additional conditions

(i)' Q(z ) e LAD), £ myef = K(m)y t €D,

(i)' Q(z, 2) € LAD), (m)/ (f.)l R gm’tm)/-s (@) oens [C2))
=Km), t, €D (k=1,...,m),

. (i)’ (=, 2) = 0, g(,,,),,fE (gl,t’ e gm't){= K(m), where Ek't/ = .
(DZf())u,, (u,e denotes a constant H, x i, matrix (k=1,...,m) and i,
denotes an arbitrary integer belonging to {1, 2, ..., H,} (nH x° repeated
combination), and

(v) 0z 2=0,8, =& 2 )=, [p/({ey) = KQ), re-
spectively. O

In the following we shall use the abbreviated notations / (z, %) and
f[ ](z, %) instead of (D*)'(D )’/ (z, %) and [D*]’[D ]’/ (z, %), tespecnvely
In particular, f,(z %) denotes f(z, %) and f; (a, E) means (z, %), ca,x=b"

In a bounded domain D, the Bergman kemel function & (z, Z) is posi-
tive and relatively invariant under BH(D) and log k(z, Z) defines a strongly
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plurisubharmonic function. Therefore, an absolutely invariant Kdhler metric
under BH(D), which is called the Bergman metric, is defined as

(3.6) ds;‘; = dz*TD(z, 2)dz,
where the fundamental tensor

Tp(z ) = DD, log kp(z, 7)
(3.7)
={k(z, T) x b (2, ) - k(2 T) x ko (2, DV Rz, T)

belongs to H(D x D*) when k(z, T) = & D(z. 7) £ 0 and has the relative in-
variancy under BH(D), where k, (z, T) denotes kp, .z, 7), etc.
The following lemma is known [2], [3], [7].

Lemma 3.1. We consider the case that Q(z, Z)= 0 in D.
(i) Under £ ;) f= (/(2), D f()) = K(D) = (4}, A,) we have

k k

01 -1 k(Zp t-)
10 k“ Ielo(z. 1)’

| (k km)-l Vk+ ko (kT /B2, —ky (RT)™1/k
3.9

(3.8) MKz, )= (A}, A) (k

where

= 9

ko k ~(kT)~ 1k o/, (k7)1

10 11

kiji=kp (6 7) and T=Tp(t 7).
In particular, under K(2) = (0, E,) we have

(3.10) Apm(®) = Sp(kT) L,

(ii) Under £, [=(/(0), D)) = K(2) = (0, 1) we have
(3.11) AP = A N@) = 1/ku*Ta.

(iii) Under £<1).JE (f(2)) = K(1) = (1) we have
(3.12) AL = AP = 1/k.

(iv) Under £ ;) f=(f@), D (), [D 1%/ () x ) = KB3) = (0, ..., 0, 1)

we have
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(3.13) AgOI(t) = /\g’)(u, v) = )\(DZ)(u))\f.,Z)(v)/ )tg)l Au x v) *Qg)(t)(u X V),
where Qg)(t) is defined in (4.5).

Remark 3.2. For a regular matrix A = (ﬁ k), if Kand Z= N-MK~1L
are regular, then we have

K-l4+ xz-1ly, -xz-1
(3.14) A-1l= *Xz ),
-z-ly, z-1

where X = K~!L and Y= MK~L

4, New invariant Kidhler metrics.
Definition 4.1. We define the two sorts of matrices:

'k'g'”(Z. z), PU-D
(4.1) Kg)(z, Z) = = ~..

(PU=1)* k..
11
i

i=0,1,2,...,and

. %g-l)(z, ), pli-1 . (ko,; o1
@) KD =~ , PE=D ;
i1
(PO, ki i (k;_1,i-Do1

where (kpq)01 denotes Dz{(D:)t’ngD(z, z)}, etc., and 'I\fg) and K(Di) are
s(i) x s(2) and {s(i = 1) + nt(i -~ 1)} x {s(i = 1) + nt(i = 1)} matrices, respec-
tively. ilere #(i) and s(i) denote  H, and 2;;=0t(k) (Y ?)), respectively.

Lemma 4.1. In a bounded domain D, we have

(4.3) det ?(Jg)(z, 2)>0, det Kg)(z, z)=0 (i> 2 in the latter),

a9 = fhy, - (BU- D) RE-1)-1BG- DYk 5 0
and

Qi) = k,_, ;_ ), = (PU=I)*KE-1)=1pt- Dy,

(4.5) .
@™ x B, 1905 @ x Eyy_y) >0
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for i>0, where t(i-1)= H, .
Proof. det 'I\(‘g”(z, Z) =kp(z, 2) > 0 in D is clear. Since kb’l exists,
then we have det K(Dl) = k'l')‘”(z, Z)det TD(z, Z)> 0 in D.
Now, let us suppose that det %g" Xz, 2) > 0 in D. Under the condi-
tion (f(s), D_f(2), ..., (Di[(t))v) =(0,...,0,1) = K(i + 1), where v de-
notes any nonzero nHi x 1 vector, we obtain, from (3.4),

Tli-1) Pli-1)
VK(i+1) Rii=1) Kpmh P
Ap tTNe) = det K /det -~
(4.6) v¥PE-D)* ¥k

123
= 1/kv *ﬁg)(z)v >0

and hence ag)(z) is positive definite and also det ﬁg)(z) > 0 follows.
Therefore, we have, from (4.1) and (4.4),

det Kz, 3) = k det K&~ 1z, 2) det A¢A2) > 0.

Under the condition (f(8), D_{(2), ..., Di~1(9), D DI-Y(2)|,_ (u x v))
=(0,...,0,1) = K(i + 1), where « and v are nx 1 and "Hi_lx 1 con-
stant vector respectively, we have, by the same procedure as above,

(u x u)*Qg)(t)(u x v) = v (™ x Et(i_l))Qg)(t)(u x E,;_ v >0,
which shows (4.5).

Lemma 4.2. In a bounded domain D, we have
a:az log det 'l\(‘g)(z, z)
(4.7)
= Sp{(Qg))“l(dz* X Et(i))Q(D“l)(z)(dz X E‘(i))} > 0.

~N, . .
Proof. Noting that Qg)(z) and (2™ x Ez(i))03+ D(z)(u x E,;y are
positive definite from (4.4), we have by Lemma 2.1

a:az log det ’l\('g)

~, . Ny . ~, . ~, . ~Ny .
= Sp[(Kg))"l(dz* x Es(i)){Kg')“ - Kg?lo(Kg))'lngmi(dz X Es(,.))]

* * dz* 0 0 o dz 0

=S .
P\ (lc*.'f\i(i))'1 0 dz* x E 0 AQU*D [\o dzxE
D (i) D t(i)

= Spl(ag))' Ydz* x E )Qgﬂ)(dz x E

(i) >0,

(i)
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where s(i) =1 + i+t JHi= (? 1'" ) and (i) = .H;» since Sp(HlHZ) >0
follows when H, and H, are positive definite Hermitian matrices.
Definition 4.2. Suchan H. x o'1; matrix o(A) that

WINT ALY = W) To(A)d

holds for arbitrary nonzero vectors u = (2}, «.., un)T and v = (”1’ cees vn)T
is called the o-contraction of an n' x n* matrix A.

Further, for a linear transformation v = Au we define another contrac-
tion S[A]% of [A)* as follows: v* = (8[A1%¥)u*, where u, v and A denote
nx 1, mx 1 vectors and an m x » matrix, respectively.

Lemma 4.3. Let g(z, Z) and w(z) be a scalar function and a biholo-
mor phic mapping in D, then we have

(4.8) S4Bk = (8[41*)(8B1M),

in particular, 8lulk = u* and 8lAul* = (8LAI®)u*, and further we have
ole;;]) = &y

4.9 ol((Dw}) *gp, LD, wli} = 8D w]) *g, oD ul.

For an n x n matrix C and a natural number k we have

k-
(4.10) det 8[CI® = (det O)S*-1),  s(k-1) = ("; . 1).

Proof. (4.8) and (4.9) are evident from Definition 4.2.
By the triangulation of C we have C = PSP~ ! where P and S denote

n x n regular and 7 x n triangular matrices, respectively. Since [cl =
[PI*LSIFP=1]% and 8[P~11* = 8([P1¥)~! = (8[P]*)~! hold, then we obtain
det (3[C]* — AE ) = det (8[S]* - AE ), which derives (4.10). s(k - 1) is ob-
tained from (k) x k/n= H k/n=_ H, = (";_’f 1 1),

Lemma 4.4. Under w(z) € BH(D) we have the relative invariances:
(4.11) det RSz, 3) = det K{w, D[], |2ND,  ix0,
and have the absolute invariants:
(4.12) 190z2) = det Kz, B/(kp(z VD, i20,

where A = w(D) and N(i) = (** : +1,
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In particular, for i = 1 we have a known absolute invariant:
(4.13) I{(z) = det T,z 2/kp(z, 2 [3].

Proof. The Bergman kernel function k(z, Z) has the relative invariancy:

(4.14) kp(z, 2) = Thy(w, )] for wlz) € BH(D),

where ] =] (2) = det(D,w). Let us set k(z, Z)= k;, and kalw, W) = ky;

then we have

(01200 1%, = ([0 1) *(D 171D, 1% D u]".

Since

[D}17LD 1%, = [D}17[D 19T, )

p q . —
(4.15) =3 2(Cx LD w1~ * x Tr o}

j=0 i=0

. kA’[p_].’q_i]{['Dzw a-iy ][01-]3,

using the elementary theorems with respect to the determinant and the con-

traction
(4.16) o(lD1°[D,1%,) = &(D,w]?)*k, , 80D w}4,
we have, by (4.10),

det ’I\(‘g)(z, 2 = det< (]kA])pq . )

_ mzzi:ot(k) < . 8(lD, w]p) ky pqs[D w] )

(4.17)

22k_01(k)

n det 8[D w]?| det K(’)(w, w)

q=1

=]l

2B =gt + B @) | XXw, T,

=|J|
where (k) = oHj and s(&) = (" + k), Since

i i-1 A .
SR+ Y sB) = ("“)+ ('_’*’)= <”+’,+ 1) = N(d),

k=0 k=0 : i-1 :
we have (4.11) and thus (4.12).
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Theorem 4.1. Iz a bounded domain D
(4.18) (dsg))z = a:r?z log det 'E(Di)(z, z), i=0,1,2,---,
define the new invariant Kihler metrics under BH(D) (see (4.7)).

Proof. The positivity of each (a’sg))2 is given by Lemma 4.2.
From Lemma 4.4 we can obtain the invariancy of (dsg))2 under BH(D),
since we have

log det ?ég)(z, z) = log det 'I\<‘(A’.)(w, w) + Y(2) + :,b(—;),

where $(z) denotes the scalar analytic function N(3) log ] (2), and d_{(2)
= (D, f(z(w))(D w))dz = (D, F(w))dw holds for a holomorphic function f(z) =
f(z(w)) = F(w) under w(z) € BH(D).

Remark 4.1. (ds(DO))2 and (a’s(Dl))2 coincide with the Bergman metric
[3] and the Fuks metric [8], respectively.

Corollary 4.1. In a bounded domain D, we have
419)  —(R_ )+ (n+ DT, = D}D, log det K{P  (cf. [13)])
and for any nonzero vector u
(4.20) u*(D:Dz log det Kg))u = SpiTp Y(u* x E n)Q,()Z)(z)(u x E)}>0,

)

where, for the Hermitian curvature tensor (~R___ ),
aB7y 8

= oz & -
2 R )= (g 7% RE,B?S)> —-D*D_logdec T,, (179 =T3,

[13]) denotes the Ricci tensor with respect to the Bergman metric.

Proof. By Lemma 4.2 we have

373, log det Kg) =379, log(k” *1det T) = dz™*(- (RE,B) +(n+ 1T)

= spl@) - Wdz* x E)QPN=)dz x E )}

= SpiT~Mdz* x E_ )N 2)dz x E )} > 0
since '1\(‘81) = Kg) holds, where k= kj(2, 2) and T = T (=, 2).

Corollary 4.2. In a bounded domain D, let us set
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(4.22) Ip,(p.0)\% 2) = det(k¥(z, %) x T%(z, 2),

which is relatively invariant under BH(D) for arbitrary real number p and
integer gq; then

2 _ % = (g% -
(4.23) dsp (, y=0.0, log ID,(p,q)(z' z) (=dz To,(p,q)(z' Z) dz)

defines an invariant Kahler metric under BH(D) for each (p, q) such that

np —(n+ 1)g >0 (n=dim D). Here k¥(z, Z) takes values of the real posi-
tive branch,

Proof. Since J,, 0 q)(z, Z) = k2(z, Z)(det T (2, 2))% then
82 log Ip.(o.aY % *dz = pnTp, - q(REB) > pnTp - gln + DT > 0

follows from (4.18) and (4.19). The invariancy of dsg’( p.a) follows from
the relative invariancies of k, and T[. We can obtain the relative invari-
ance ]D'(p'q)(Z. z) = ]A,(p'q)(w. a/')l]w(z’.)lz(‘m"") for w(z) € BH(D) and
A = w(D), where |J, (2)| 2(67+4) takes values of the real positive branch.

Remark 4.2, The particular case of (p, q) = (n + 1)/n, 1) (n = dim D)
was treated by Fuks [8] and dsf),((n+l)/n,l) coincides with (dsg"))z. For
() =(2, 1), ds,?,,(z,l) coincides with the Kato metric [11], which is valid
for arbitrary n (n = dim D) and for (p, ¢) = (1, 0), dsf)'(l'o) denotes the
Bergman metric.

Under the restriction ¢ =1 and p > (z + 1)/n, (i) the possible minimum
value of p for each n (n = dim D) equals (n + 1)/n, which is the case of
Fuks, and (ii) the possible maximum value of p for all » (n=dim D > 1)
equals 2, which is the case of Kato.

If D is a bounded homogeneous domain, ds},, ®.9) is essentially equiv-
alent to the Bergman metric for pn + g > 0.

Corollary 4.3. In a bounded domain D, we have

(4.24) QX2 = K[43 .00] = Ki21,00)T " K[21,000

(4.25)  (@*xE 2N ux E) >0 (positive definite) in D
and further

o —1p* ;
(4.26) QA2 = Ky 0= Kap 00T 'K31,00> 0 in D.
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- 2

Here, K[;; o] = (R[;1 X R[gq] = RLi % KD/ %%
2
Kijse= (kij x kg, -k x ksj)/ k%

T= TD(z, Z) and k=k D(z, 2), and u and v denote nonzero n x 1 vectors.

Proof. From (4.5) we have
Q2A2) = thp,,) - POV*RID)-IPDYRL o

Noting (3.9), we have (4.24) by straight calculations.
It is known [3] that the llermitian curvature tensor (- RE 5 8) of the

first kind with respect to the Bergman metric ds? = dz*TD(z, z)dz of D is
given by

(- RE,B?S) == TZ,D(Z' E)

4.27) -1 *(orm 1

where T = ID(z. Z) and T"lDzT denotes the matrix of the Christoffel
symbols.

Theorem 4.2. The Hermitian curvature tensor with respect to the
Bergman metric has the following expression:

4.28) -T, plz D = (Thla B x Tplz DNE, x E, + E, ) - 02
(cf. [13]).

Qg)(z) is a relative invariant under BH(D).

. * *

Proof. Noting that k[ij] = R[] k{;0] X k[o;‘] = k[ o] % kol Tor=Tro
and D: H= (DzH)* for an Hermite matrix H(z, Z), we have, by differentiating
both sides of k% x T =k x ki, =k o x ko, withrespect to z and z¥,

k2 x (DXD (k% x T)) - (D} (k2 x TNT~HD (k2 x T)) = k* x (T, [, + 2T x T)
= k2 x (& x k[,5] = k[20] X *[02)
= (k x R[y1) = Rp0] % ko )T~ 1k x k5] = Ry X R[g5))
+k2xk xk (B xE —E_ )

-1
"(klo"ku‘ku"klo)T (k01"k11'k11"kox)’
since ko, x ky —k  x ko, =kx(ky x T ~Txkg,). Noting that
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(klox T) x ko, = {T x (klo X kOl)}Enn’

(klo X k01) x (klox k01) = l(klo X k01) X (klo X kOI)}E’m
and
2
ki k=T kygx ko /R,
we obtain
> 2
(ky, xky NE, x E, - E, )k
- 4
~(kgxkyy—kyyx k0T l(kmx kii—kppx ko )k
= (TxTNE,xE, -E, ).

Thus we get (4.28).
Since Tx T and T, [, are relatively invariant under BH(D) [10], [13],

[14] and [D zw] Z'E\:m = Enn[Dzwlz holds, then it follows from (4.28) that
‘Qg Xz) is relatively invariant under BH(D).

Theoren 4.3. Foreach i (i=0,1, 2,...) the mapping
(4.29) wile) = T 1) [* THNz Ddz+t,  teD,

defines the ith representative function, i.e., any domain A in the equiva-
lent class F = {{(D)|f(2) € BH(D), f(t) = ¢, Dz/(t) = En} is mapped onto
the (unique)- ith representative domain with center at t by the function

w= w(z)(z), where Tg)(z, Z) denotes the fundamental tensor D:Dz log det 'I\(‘g)(z, 2)
for the ith metric (4.18).

A bounded domain D is an ith representative domain with center at t
if and only if

(4.30) TNz, D) = TENL, ) in D
holds (see [17]).

Proof. Since T-g)(z, T) is relatively invariant under BH(D), then we
have w = wg)(z) = w$(¢) under any ¢ = {(2) € F. The latter half of the
theorem is easily obtained by wg)(z) =z in D.

5. Curvatures and estimations. For the general sectional curvature
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Rp(z; 4, v, 4, v) (which is the expression in differential geometry) and a
complex structure ], the holomorphic bisectional curvature with respect to
the Bergman metric is defined as R(z; », Ju, v, Jv) (8. Kobayashi). After
some direct calculations we can show that R D(z; u, Ju, v, Jv) coincides
with the unitary curvature R(z; %, v) due to Hua [10] (see (4.27)). Now,
we shall give the matrix expressions of the holomorphic bisectional curva-
ture Rp(z; u, v) (of course, R plz; % #) coincides with the holomorphic

sectional curvature R D(z; u)), the Ricci curvature
— * L) *
Cplz; W) =u (Raﬁ)u/u Tpu
and the Ricci scalar curvature

- -1 - aBry 8
Spla) = SpITH (R, ) = _Bz_sra T7°( Regws)
agsy

in terms of T = T (2, Z) (Bergman metric tensor) and 7'2 p=T,, plz 2
(see (4.27) and (4.28)).

Lemma 5.1. For a bounded domain D in C" and contravariant section

vectors u and v, we have

(5.1) Rp(z; u v) = —(u x ”)*TZ,D(Z‘ x v)/u* Tuv™*To,
(5.2) Cplz; u) ==SpiT~ ™ x E)T, (ux E )Y/u™Tu
and

(5.3) Sp(a) = =spl(T= 1 x T™NT, s

which are absolute invariants under BH(D).

Proof. Using the formula (2.5) and (4.19), we obtain
Cplz; u) = —u*(D:Dz log det T)u/u*Tu
= -SpiT~ 1™ x E )T, plu x EW/u"Tu.

SD(z) =3 TEBT?S(— RE,B?S) = --Sp{(T"l x T~ 1)Tz,',)} is evident.
The biholomorphic invariancies of (5.1), (5.2) and (5.3) are easily ob-
tained by the relative invariancies of T and T, ,, under BH(D) [14]. o

For an 7 x » matrix B = (bij) and 7 x 1 vectors

M,=(0,...,0,1,0,...,07,



290 SiI0OZO MATSUURA

where 1 occurs in the ith position (i =1, ..., n), we have

n
T T
(5.4) MIBM;=b,, 2 M;BM,=Sp(B).
i=1
Lemma 5.2. Let v, be the mutually orthogonal sections T‘l/le.
(i=1,...,n) such that v;‘Tvi = M;.rMi =3, ;; then we have

(5.5) CD(g; u)= 3 RD(z; u, ”i)
i=1
and
(5.6) Spla) = 2 Cplz 'v’.) =X Rp(z; v, vl.).
j=1 i,j=1

Proof. From (5.1) for v = v;, noting v:Tul. =1, we have
Rp(z; 4, v) = -M;.rT' 172, * En)Tz,D(“ x E)T™ 1/“’Mi/u*Tu.
By summation with respect to i we obtain, from (5.2),

n

Y Rplz u v) = -SpiT~Hu x E )T, plux E)W/u™Tu = Cplz; u).
i=1

By the same procedure, we have

n n n
2 2 Rylzv,v) =3 Cplz v)
j=1i=1 j=1

==SpUT~V2x T=VAT, (T~ 2% T=1/2)]

=-Spli(T~ ' x T7NT, p}=5,(2).

Theorem 5.1. Let AV, M2Xw) and AB3Xu, v) be the minimum values
in (3.12), (3.11) and (3.13) at z in a bounded domain D, respectively, and
€= ep(z; u, ) be |«*Tv|%/u*Tuv*Tv (0<e<1 for n>2 and €= 1 for
n=1 and €;(z; u) = 1); then we have, for any sections u and v,

Rp(z; 4,0) =1+ e—-(ux ) *Qu x v)/u*Tuv*Tv

G.7 — 14+ €= AD@ADW)/ADNN Y, ) <2 (cf. [2), 6], [19D),
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Cplz; w) =n+1-SpiT~ Wu™ x E )z x E")}/u*Tu

(5.8)
=n+1- A2y i (A3 Xz, vl.))‘l <n+1 (cf [4])
and =
Sp(a) = nln + 1) - SpUT~1 x T-1)QY
(5.9)

n
=n+1) - ¥ ()\(3)(vi. vj))"l <nln+ 1),
1,j=1
where ) = Qg)(z) and v, = T" l/zMi (i=1,...,n) are given in (4.4) and

Lemma 5.2, respectively.

Proof. By (5.1), (4.28) and Lemma 3.1 we have (5.7).
Since it follows from (3.11) that A(Z)(vi) = )t“), then we have

Cplz; u) = ZRD(z; u v)
=n +[Z|”*TI/ZM,-|2 - SpiT™Mu™ x E_)Qu x En)}]/u*Tu

=n+1-SpiT~ ™ x E )Qu x E)Y/u™Tu

for any section vector u = 2"_1 i ("” l|b |2=1). (5.9) follows from
(5.8) and (5.6).

Remark 5.1. R (z; #) = Rp(z; 4, u) = 2 - WD) 2/ AINBNy, u) <2
[2] and R (z; u, v) <2 [10] are known.

Let u; and v, be any orthogonal vectors such as uoTu0 = 0; then we

have, for » > 2,
(5.10) Rplzup v < 1.

In a bounded homogeneous domain D, the absolute invariant lg Az, )
under BH(D) (see (4.13)) equals a positive constant in D. Therefore, a
domain D with I;)I) = constant or a homogeneous domain D satisfies, for

any section vector u,

(5.11) Cplz; ) =-1 and S (z2)=-n in D.

Let G be a bounded domain in Cl, then we easily have RG(z; u, v) =
R c,.(z; u)=C G(z; u) = S(2). If G is also homogeneous, we have
Rc(z; 4, v)=-1 in G since G is symmetric by Cartan’s theorem and

hence is simply connected.
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Theorem 5.2. Let D be a bounded domain in C" (n > 2); then we

have, for any section vectors u and v,

(5.12) —n+ €+ CD(z; u) <Rp(z; 4, v) <l+e€ in D.

In particular, if D is homogeneous, then we have, for any section vec-
tors u and v,

(5.13) —(n+ 1)+e<RD(z; u, v)<1l+¢ in D,
(5.14) -n< RD(z; u) <2 in D (cf. [10])
and there exist some vectors u' and v' such that

(5.15) Rp(z; «', v") <0 in D.

Proof. Let A be a positive definite Hermitian #'x » matrix and
v'= T™1/2P be a vector with P*P = 1 i.e., v denotes a vector 20,
where P=(p Poeees pn)T andv, =T~ 1/2Mi (see (5.4)), then we have
v*Av < Sp(T~'A) (inequality for 7 > 2 and equality for » = 1). For any
vector v with v*Tv = 1, we have (5.12) from (5.7) and (5.8), since we have

(2 x 0)*Qu x v)/u*Tuv*Tv < Sp{T~ ™ x E_)Qu x.En)}/u*Tu

from (4.25).
If D is homogeneous, we have (5.13) from (5.12) and (5.11). (5.14) is
easily obtained by eD(z; u, u) =1 in D. From (5.5) and (5.11) we have

u,v u,v

niinf Rp(z; u v)i <-1 Sn;sup Rp(z; u, v)‘

and hence (5.15).

Theorem 5.3. Let D be a bounded homogeneous domain and
(™ x E )T, ,(ux E ) be nonnegative definite (resp. positive definite);
then we have, for n > 2,

(5.16) -1<Rp(z5 2, 1) <0 (resp. =1 <Rp(z; 4, v) <O

Proof. For any section vector v = T~ /2P with P*P =1, we have
Rp(z; u, v) = —P*QP/u*Tu, where Q= T~/ 2(u* x En)Tz’D(u X En)T'l/2
= U*()L +eee 2 AU (U: unitary 7 x 7 matrix and A, >+++> A >0), since
T=T, (z, Z) and (u x E T2, plux E,) are posmve and nonnegative
(resp. posmve) definite, respectively. Set UP=S=(s,....s ) , then
we have $*S=1. Let D be a homogeneous domain with Q >0, then it fol-
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lows that -1 < S (z; u) = -Sp(Q)/ *Tu = =27, )\i/u*Tu and thus 2:.’=1)L1.
=u*Tu> 0, i.e., /\1 > 0. Hence we get

n
-1<-7 /3 A <Rp(z; 4 v)

i=1

n n n
=-2Ai'sil2 > A <=2, > A <O
i=1 i=1 i=1

Example 5.1. Any classical Cartan domain D satisfies that
v*@™* x E")Tz’D(u x E n)v > 0 for any section vector v. Therefore, (5.16)
holds in D. Let R(i) (i = I, II, III, IV) be the classical Cartan domains
(four main types of irreducible bounded symmetric domains). They are homo-
geneous, and the following hold [14]:

—2/(m+n)SRR(I)(z; W <=-2/m(m+n) (m>n>1),
=2/ + 1 <Ry (25 ) <=2/nln + 1),
-1/n-1)< Rpaun'® W) <=1[n/Adn-1 (n>2),

-2/n < RR(IV)(Z; u) <-1/n.
For the n-polydisc P and the unit hypersphere E

(5.17) -1<Ry(z;u)<-1/n and Rp(z;2)=-2/(n+1) in D

hold, but in general R E(z; u, v) is “‘not constant’’ for arbitrary vectors u
“and v.

6. Domains of comparison. The basic tool used here and in the next
section is the so-called method of minimum integral [3] or the principle of
minimum problems [7].

Principle. Let Aﬁ“”’(t) and Ag(’")(t) be the minimum values defined
in §3 for two domains A and B with A C B under the same additional con-
dition K(m) at t € A; then we have

(6.1) AKX < AKmXg),

Theorem 6.1. Let A and B be domains of comparison of a bounded
domain D (ACDCB) and ¢y, v) = €p(z; u, v); then we have, for z € A,
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(1+ eglu, v) = Rg(z; u W/Ay gl v) <1+ ep(u, v) = Rp(2; 4, v)

(6.2) 5 (1 + GA(u, v) - RA(Z; uo v))\A B(ul v)’

(n+1-Cplz; u))/:\l/z(u. ) <n+1-Cplz; )

(6.3)
<+ 1= Culz; AYw, )

and

6.4) (nln + 1) - S. (z))/‘}'AB <nln+1)-S (z) < nn+1)-S5 (z))WAB’

where
A, B(u, v) = )L(BZ )(u))\g" Av)/ AX‘) )(u))t‘(q2 Xv)
= k;‘;u*TAuv*TAv/kéu*TBuv*TBv
and

Vg = ADAND = by k.
Proof. By Theorem 5.1 and Principle we have
1+ ep(u, v) - Rp(z; 4, v) = )\g)(u))t,(,z Xv)/ Af,l ))tg Nu, v)

<1+ e4(u, v) = Ry(z5 4, VDA, glu, 0),

etc. Thus we have (6.2), (6.3) and (6.4) by the same procedure. 0
By Theorem 6.1 and the biholomorphic invariancies of curvatures, we
have the following:

Corollary 6.1. (i) If A and B are image domains of the unit hyper-
sphere and A CD C B holds, then we have, for z € A,

6.5) A1 -vA 45w 4) < Rp(z; #) < 21 - v/A 4 gl u)).

(ii) If A and B are homogeneous domains of comparison of a bounded
domain D, then we have, for z € A,

6.6) =+ 1D1- v;\l/z(u, ) < Cplz; u) <(n+ D1 - /Al/z(u. u))

and
6.7) nln + (1 =¥, p) < Sp(2) <nln+ IN1 - v/¥yp).

Here and in the following, v denotes (n+ 2)/(n + 1).
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Corollary 6.2. If A and B are hyperspheres of radii r and R (r <R)
with the same center at the origin, respectively, and D (A CD CB) isa
homogeneous domain, then we have, for any section vector u and x € D,

©.8) A1 - UR/DN M) < Rp(x; w) < 21 - Ur/RYAP),

Proof. For such a homogeneous mapping A(z) of D that h(#) = 0 holds
for any fixed point ¢ € D, we have R(t; ) = R(0; v), where v = D_h(f)u.
On the other hand, from (6.5) we have

21 -vA, v 0) SRL(0; v) < 21 - v/A, 5o, V)

The Bergman kernel function k& A(z, Z) and the Bergman metric tensor
T ,(z, Z) of a hypersphere A =lzl|z| <7, z= (2}, ..., zn)T} are given by

(6.9) kA(z, 2) = nlr¥/ a2 - 2¥ )71
and
(6.10) Tplz B = (n+ D22 x E, - 22") 71/ - 272)

as is well known (see [14], [16]). Therefore, we have
)tl(f)(o; v) = 1/k (0, O)v*TA(O, 0o = 27 %2 /1y *y

and hence A, 5, 4) = (R/7) 2n+2)2  Thys we obtain (6.5).

Remark 6.1. The holomorphic sectional curvatures of the classical
Cartan domains are always negative as was stated before. All bounded sym-
metric domains are homogeneous but the converse is not true for 7 > 4
(E. Cartan). K. H. Look gave an example of a homogeneous but nonsymmetric
domain D having a section # such that R D(z; u) has a positive value,
which is the negative solution on the Hua’s conjecture. For any homogene-
ous domain D, which satisfies A CD CB and (R/1)%"*4<v in Corollary 6.2,
we have R (z; ) <0 for any u in D.

7. Asymptotic boundary behaviors of curvatures. Now, we shall study
the behaviors of curvatures about a boundary point of a bounded domain D
with a sort of convexity in C" using the domains of comparison of D.
Definition 7.1. Let D be a domain in C”. Suppose that there exists an
analytic change of coordinates, one-to-one in a neighborhood I" (I D D) of
a boundary point P € dD, so that, with respect to this change of coordinates,

D—A P— Q=1{0} (Q € dA) and
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(7.1 A:{z|z1+21>z*z+ olz*z2)}

in the neighborhood of Q = {0}. Then A and also the original domain D are
said to be strictly pseudoconvex globally representable (simply SPCGR) at

“‘normal’’ co-

Q0 and also at P, respectively. We call the new coordinates
ordinates and the analytic hypersurface 2z, = 0 (with respect to the normal
coordinates) is called the normal analytic hypersurface (simply NAH) [4],
[o].

If D ={z|f(z, 2) <0, ¢ € C2<class in a neighborhood of D, grad (¢)
# 0 on dD} in C" is a strictly pseudoconvex domain in the sense of Levi
at a point Q = {0} € 9D, i.e., ¢ satisfies L($(Q)) = z*(92¢(Q)/z*z)z > 0
when (9¢(Q)/9z)z = 0 and z £ 0, then by the Taylor’s expansion of ¢ at
0 = {0} and by suitable changes of coordinates (properly affine in C” and
biholomorphic in a neighborhood of D), we have the image domain of the
type of (7.1) (see [9, Theorem 3.5.1 and its proof]). Therefore, any strictly
pseudoconvex domain (in the sense of Levi) with one-to-one ‘‘normal’’ ana-
lytic change of coordinates is a SPCGR domain. If D is a SPCGR domain,
for the sake of estimates on curvatures, we can use A in (7.1) instead of
D from the beginning, since curvatures are biholomorphically invariant,

The hypersphere
(7.2) Ry=1{8|¢, + £, > £*¢+ 8L*¢ 8 (<1< 5 <1): real constant number}

is biholomorphically equivalent to the unit hypersphere E = {z||z| < 1} under
the transformation

(7.3) Ty z=(1+8¢-(1,0,...,0T.

B. L. Chalmers [4] has given the domains of comparison Rff and
R:"'B' (e > 0) for a strictly (p, q) pseudoconvex globally representable do-
main D with the normal analytic hypersurface b = {{|{| = 0} lying entirely
outside D. In the following, we shall treat a strictly (1, n) pseudoconvex
(usual pseudoconvex) globally representable domain (7.1) with the normal
analytic hypersurface b lying entirely outside itself, which is called a
SPCGR-NAH domain at Q.

Rf‘f and R:'B " are equivalent to the hypersphere R__ and R, (see
(7.2)) under biholomorphic mappings

Wz, =¢/(1- al)), z, =M1+ (B-a) /- al)),
(7.4)

k=2,...,mn,
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and
Wiz = /+a'l), z, = {1 +a'd )1+ (@' + BN

(.5) k=2,...,n,

respectively. In particular, for sufficiently large numbers a, 3, a' and B,

we have

(7.6) R“'ﬁ' CACR®,

where A denotes a SPCGR-NAH domain at Q = {0} [4].

Definition 7.2. We shall write lim?_.o, or sometimes simply limA, to
indicate a limit is being taken as { — 0 in the set 0<a <Re({,)/|{] (a:
positive constant number) and say { — 0 via an A-approach after Chalmers

[4].
Lemma 7.1. For a hypersphere Ry (0 <8< 1) we have

7.7) LimA(g, + £)" ke (4 O) = mi1+ 8 /am
{—o0

and /or any constant nonzero vector u = (u UREEY un)T

(7.8) hmA(g1 + é'l)zu*TR & Z)u =

{(n + Dlu|? for u 40,
gﬂ

(2 + 11 + 8u|? for u,=0.

Proof. Let E be a unit disc in C®. Since % (z, Z) = nl/7(1 - z*2)" 1
(6.9) and kRS(C, C) =kg(z 2)|], )?= kg(z, z)(l + 82" for (7.3); then we

have

kel O = nlll + O V"G,

where 1-2z%2=(1+8)A; and A; = ¢+ Zl - (1 +9)|¢|?% Noting that
hmg_,oA f/A = 1, we obtain (7.7).

Let us set z= U(2) (p, 0, ..., 07, where U(z) = U(z({)) denotes a
unitary matrix and p (p>0) — 1 (for z—(-1,0,...,07) is equivalent
to ¢ —0 under (7.3). If we set U*(z)u= U u=v= Wpeees v )T
and lim4v = vy = (vg. cees ¥ )T, then we have |v| lvol = l2| and v =-u,,
because z*u=(p, 0, ..., O)U (2)u = pv; — v9 and

{1+ -(1,0,.... Q=0+ 8u-u; —-u;
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for an A-approach. Further, we have, from (6.10) and TRS({, Z) =
(DL'Z) *TE(z. E)Dcz,

Tpid &)=+ DUGILE (1+ DA+ -+ + (1+9AJU*(2)/A]
and thus
W*Tp(& Du=(n+ DPYAL  Py=|v |24 (1+8A; T |v,|%
i=2

Since we easily have lim‘g__.oPs = ‘ullz and thus (7.8) for u, # 0.
If u; =0, we have

LindP /(L + &) =(1+8) X 1012 =1+ Ou|?

i=2

because we have z*u = pr,=(1+ N *u—u =1+ 5)2:;24_;.111. for u, =0,
and hence

2 n
Py = +(1+8)({1+Zl—(1+8)|§|2) Z‘V,'lz

i=2

(1+8) X Zi",-/P

i=2

=1+, + Zl) 2 lvd?+old + Zl)
i=2
follows from

(1+90) Y Ziui/p
i=2

2
/(c1 2D <+ I YpUL + L) — 0

and (1 + S)ZICIZE;;Z lv |2/, + Zl) — 0 for an A-approach. Now, noting
@.7), limAA_/A =1 and lim*35/({; + {)) = 1, we obtain (7.8) for u, = 0.

Lemma 7.2. Setting R:"B' =A and Rf'? = B, we have

(7.9) cuf’oA‘P“({’ )= zrimof‘ze,,(g, O/kg(& ) =11+ /(1=

and for any constant nonzero vector u= (U, .., un)T
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LA ANHG O = Lim k(& Du*T (& Duskg(d Du*T (L Du

{—0 {—o0
(7.10) {1+ /(1 -1 for u, £0,
e+ /- foruy=0,

where € denotes an arbitrary constant number in the interval (0, 1).

Proof. By the relative invariancies of k; and T, under BH(D), it
suffices to prove that (7.9) and (7.10) for R, and R_,
B are shown, respectively, since we have d{/dz — E  and |]§(z)| -1

in place of A and

for each mapping (7.4) or (7.5) via an A-approach. Therefore, (7.9) and
(7.10) are obtained by Lemma 7.1.

Theorem 7.1. Let D be a bounded SPCGR-NAH domain at Q; then we
have, for any constant nonzero vector u = (ul, ceey un)T,

(7.11) lim?AR (23 0) = =2/(n + 1)
z—Q

(cf. Bergman [3] for n =1, Fuks [7] for n=2),

(7.12) limACD(z; u)=-1
z—Q
(cf. Fuks [8] for n=2) and
(7.13) limAs (2) = - .
z—Q

Proof. Using Corollary 6.1, Lemma 7.2, (5.11) and (5.17), we conclude
(7.11), (7.12) and (7.13), since R*3, R'A, R_,
ically equivalent to the unit hypersphere and € can be taken as sinall as we

and R, are biholomorph-

need by taking sufficiently large numbers a, B, a’ and B'. O

Now, we turn to compose another sort of domains of comparison, which
is an immediate extension of domains of comparison due to Bergman for
n=1[3,p. 38

The set U() = {z||z, - 7| 2, 27,1zl 2< 72, r: positive constant} and
B(r) = {z||z, + 1| 25424 27,1z 2 r: positive constant} are biholomorphic-
ally equivalent to the unit hypersphere E under the mappings

(7.14) z=¢(/r-(1,0,...,0T

and

(7.15) 2=/ +N-(1,0,...,07,
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whose Jacobian determinants tend to r~"

and -r~" for { — 0, respec-
tively. B(r) is similar to a Siegel domain of the second kind. If we con-
sider the sections U(r; #) and B(R; t) restricted by the counter surface

27, |4'1.|2 =72 (0<t < 1), we have

Ulr; ) ={¢, 11, -7l < VT =23 C3(R; ) =1{)|I £ + R| > VRZ + 12t}

and thus U(r) C B(R) and dU(r) N dB(R) = {0} for R>r.
By the same procedure in the proof of Lemmas 7.1 and 7.2, we have the
following Lemma 7.3 and Theorem 7.2.

Lemma 7.3. If R >r, we have, for n> 1,

A 1 Ay(1 () _ -
(7.16) hm A (R/ASJ()r) hm AEI()R)/AU(r) (R/n)"-1

and for any constant nonzero vector u = (u REED un)T

Ay(2) (z) = LimAA) (2)

(7.17) (R/A""1 for u, # 0
“\w/m for u, =0.

Theorem 7.2. Let D be a bounded domain which has domains U(r) and
B(r) (UG) CD C B(r)) of comparison, then we have the same results as in
Theorem 7.1,

Example 7.1. (i) Let H be a Hartogs domain (complete multicircular
domain with center at (1(0), 0)7) {zl|z, - Wo)| < ¥llz,)), |z,] <7 r>0,
¥(p) € C2class and ¥(0) > 0, ¥'(0) = 0, ¥"(0) < O}, Set ¥(z, 2) =
|z, - y(0)|% - 2(lzz|) (H = {z|¥ < 0}). Then we have the Levi determinant
L(‘I’ = ~p2(0)N'(0), where Mp?) = Y2(p) and A'(0) denotes dA(x)/dx| 20"
Since A'(0) = Y(0)y"(0) <0, then H is strictly pseudoconvex at 0. As H is

expressed as
tzlz +2 > (2,12 = X'(0)|z,| 2/yA0) + o|z|%

(about the origin), H is a SPCGR-NAH domain at 0. Therefore, Theorem 7.1
holds in this case, i.e., lim?R (z u) =-2/3, limACH(z; #)=-1 and
lim?s a2 =-2.
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(ii) Let us set H'={z||z, - Y(0)] < y(|z,)), |z,| <, r> 0, y(p)
(0 < p-< 1) is a decreasing real valued continuous function which satisfies

Y(0) - a +al - p7 <P <yYl0) + a—al+ pi and ¥(0) > a >r}. Then
H' has the domains of comparison: U(a) = {z||z, - a|% + |z,|2 < a?} and
B(a) = {z||z, + a|? > a? + |2,|?}, since ¥(0) - a + a® - p? < Ylp) and
VaZ+ p2+ ylp) < y(0) + a imply Ua) CH' and H' C B(a), respectively,
and dU(a) N dB(a) N 9H' = {0} is evident. Hence from Theorem 7.2 we have
the same results as in (i).

Theorem 7.3. If A = U(r) and B = U(R) (or B = B(R)) are domains of
comparison such that A CD CB and dA N 9B N dD = {0} for r <R, then
we have, for any nonzero vector u=(u, ..., u) T,

(7.18)  2l1-R/D?P= V)< limAR(L; ) < 21 - /R,
{—o0

(7119) (2 + D1 -w(R/D" 1} < gum“‘c,,(g; u) < (n + DE1 = le/R)™Y
—0

and
(7.20) nln + D1 - AR/N*~ 1} < 1im?AS(2) <nln + DE1 = wle/R)- 1
{—o0
Proof. From Lemma 7.3 and Corollary 6.1, we have the results.
8. On the Ricci scalar curvature.

Theorem 8.1. In a bounded domain D we consider the quantity
]D,p(z, Z) = ]D,(p,l)(z’ 2) = det(k(z, 2) x Tp(z, 2)) (see (4.22)).

(i) For p> (n + 1)/n, which is the case that the metric dsz = dsg .1)
can be defined (see Corollary 4.2), it holds that A log Ip,» (z, Z) >0
for z € D and there is no fixed point 2% € D such that ]D p(z, z) <
Ip p(z , 2% for z € D, where A denotes the Laplace-Beltrami operator:

Sp T'DXD,.

(u) I/ there exists a maximal point 2% € D such that ] D.p (z,2) <

Ip, (z 29 for z € D, then p must be smaller than (n + 1)/n

Proof. Since S,(2z) <a(n + 1) holds for a bounded domain D,

Alog Jp , =SpiTp YonT) - (Rap)i =pn?-5Sp(2)>pn? —nlz+1) 20
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for p > (n + 1)/n. If there exists a point z° € D such that Ip p(z, z) <

Ip, p(z , 2% for z € D, then by the theorem of E. Hopf (see [22]) we obtain
]D,p = constant. Hence pnT - (REB) =0 for z € D follows and thus
Spla) = pn? > n(n + 1) for p > (n + 1)/n, which is contradictory to (5.9).
The proof of (ii) is clear.

Remark 8.1. [12, Theorem 3.10] says that in a bounded domain D, if
there exists z° € D such that Iplz 2) < ]D(zo. 2% for z € D, where Ip=
Ie.'[’)+l det T, (= Ip,tn +l)/n)’ then we have ] (z, %) = constant and Sj(2) =
n(n + 1). But this conclusion contradicts (5.9). Therefore, it seems to
be faulty. This is also an impossible case of Theorem 8.1(i) for p = (n + 1)/

For p = -1/n, we have Jp,_1/n=det T,/kp= lf)l)(z, %) which is a
biholomorphically absolute invariant (see (4.13)). Thus the following theo-
rem is an extension of [12, Theorem 3.9], which is obtained immediately by
setting p = —1/n in Theorem 8.1.

Theorem 8.2. In a bounded domain D, let S;(2) > s, (resp. S (2) <s)
for z € D, where s, is such a constant number that s, <n(n + 1). If for a
real number p<s /n (resp. p>s /nz) Ip, p(z, z) > Ip, (z , 2% (resp.
Ip=® <Ip, (z ,z%) in D bolds for a fixed pomt z° € D, then we
have Sp(z) = s in D.

Proof. If Sj(2) > s, for z € D and p < so/nz, we have A log ]D'p(z, 2)
=pn? - Spl2) <pn? - 5o <0 for z € D. Therefore, if ]D'p(z, z) >
Ip p(z ,'Z%) holds for z € D, then from the theorem of E. Hopf we obtain
Ip.s (2, 2) = constant in D and thus §(z) = < o+ On the other hand,

) (z) > s, holds from the hypothesis. Then we have Sp(z) = s in D.

Theorem 8.3. In a bounded homogeneous domain D, if |, p(z, z) >
]D‘p(zo, z%) (resp. ]D'p(z, z) < ]D‘p(zo, z%) holds in D, then we have
Ip p(z, Z) = constant in D when and only when p=-1/n, i.e., | p(z, Z) =
Iz, 2) (see (4.13)).

Proof. From (5.11) we have S;(z) =-n Therefore, if ]D,p(z’ z) =
constant, we have A log ]D,p(z' Z)=pn?+n=0 and thus p=-1/n. On
the other hand, if p = —1/2, we have A log ]D.p(z, Z) = 0 in D. Using the
hypothesis and the theorem of Hopf, we obtain J, p(z, Z) = constant.

Example 8.1. In the case of the first type R(I) of the classical Cartan
domains, which are homogeneous démains, we have

(z, 2) = k27" det Tpm= (m + n)™"/V det (Em — z¥z)mtn)pmn+l)

Tray,p R(D)
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(dim R(I) = mn), where V denotes the Euclidean volume of R(I). Therefore,
Jry p(z, %) = constant = (m + 7)™*/V holds when and only when p =-1/mn
(see [16]).

Theorem 8.4. Let D be a bounded domain in C2, whose Levi-expres-
sion L(¢p) (¢ € C2-class) is positive at every point on D and let
Ig Az, ) = det Tp(z, 2)/k (2, Z) be nonconstant. If there exists a point
2% € D such that Il()l)(zo, 2% > on?/2 (resp. I(D1 X2% 2% < 972/2), then
Sp(2) cannot be bounded by -2 from above (resp. below).

Proof. In a bounded homogeneous domain G, I(Gl Xz, Z) = constant in
G. Therefore, the domain D mentioned here is a nonhomogeneous domain.
By the result of Bergman (3], Ig )(z, Z) must assume its maximum (or min-
imum) in D with L(@) > 0. If there exists a point z® € D such that
I(Dl Xz9 2% > 9772/2, ID(z, Z) must have its maximum in D. In this case, if
A log Il()ll)(z, Z) =-2-S,(2) >0 in D, we have, by the theorem of Hopf,
I(D1 Xz, Z) = constant in D. This is a contradiction. Therefore, § D(z) can-
not be bounded by -2 from above.

9. Reproducing kernel functions of subspaces. Recently, B. L. Chal-
mers [5] has shown that the Riesz representation of any bounded linear
functional in a Hilbert space with kernel function is obtained by operating
with the linear functional on the kernel function itself and that, using this
representation, one can display, in terms of the kernel function of the orig-
inal space, the kernel function of any closed subspace defined as the inter-
section of the null spaces of at most countably many bounded linear func-
tionals. In [S] he gives the following

Proposition 9.1. Let kp(z, @) be the reproducing kernel function of a
bounded domain D and f’,(m) = (.‘31, sees fm)’ be any bounded linear func-
tionals with respect to z in D which are linearly independent. Then the
kernel function of a subspace g(zm )(D) ={f € £2(D) lﬁ(m)/= Km) =(0, ..., 0)}

is given by
k D(z, w), g(m )kD(z, D)

k. (z, @) = det — —
©.1) o Stolz s L2020 otz @)

. (det g?m)g(m )kD(z, ) 1,_

where an)g(m )kD(z, w) = (g(m )(f.(m)kp(z, @) *)* [5], [18].
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The kernel function & D(z, W) has interesting minimalities as is well
known (see (3.12)). We shall give another expression of kD'm(z, W)=
km(z, W) as a minimizing function and show a sort of minimality of it by
making use of the general minimum problem for Q(z, 2) = Q(2) = kp (2, ).

Theorem 9.1. For any fixed point w € D, under the additional condi-
tion Q(z, 2) = Q(2) = kD(z, w) and S‘Z(m)f = K(m) = (0, ..., 0), we have the
minimizing function

9.2) MT)z w) = kpla D) - ) (@D )10 () € £2 (D),

m m m
= (m) — mK(m)
where O = £(m \bp and MD'k(z, w) = MD.kD(z,E)(z’ w) (3.3).
The function Mg"z(z, w) coincides with the reproducing kernel function

— 2 * ) K(m)
km(z, w)elf tm )(D) and equals the minimum value AD,kD(Z, ;)(w) at (3.9

with K(m) = (0, ..., 0). Further Mg'.',)c(w. w) = km(w. w) < kD(w, w) holds.

Proof. In Theorem 3.1 if we set Q(z, 2) = kp(z, @) € £2(D) (w: fixed)
and £ (m)/ = K(m) = (0), we have, from (3.3),
Mg'f,)e(z. w)={B-Bd (d*® )~ 1@;}¢D(z) € f.(zm )(D),

m m m

where B = [ k(4 Ta')qS;(C)mz =/p ¢;(W)¢D(€)¢;(Ow('= ¢>;;(w). Noting
qS;(w)qSD(z) = kD(z, w), we have (9.2).
Since, for any [(z) € Q(zm )(D),

I, 1O®@E _p (& N oy = [, (@b (N oy =€, =0
follows from the Riesz’s theorem, then we have

[, 1M  wo, = [ (@ Do, +0= (),

which shows that Mg’f z(z, w) has the reproducing property in Sf(zm (D). And
further, Mg’f,)e(z, w) coincides with km(z, w) by means of (9.1), since, in
general, det(Z 2)(det D)~! = a = BD™C holds for a scalar a and a non-
singular matrix D. Last parts of the theorem are easily obtained by (3.3)
and (3.4).

Remark 9.1. If we set

£

m)= (gr(l),t P’ gr(m).t,,,)’
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where

f= d&®(2)/dz"®)| (k=1,...,m

g'(k)’tk z"—'tk

and
dr(k)/dzr(k) = 3'(’°)/6z’("' D), .. gg7tk,n)
- 1 n
with X7_ 7 (k, i) = r(k) > 0, we have another expression of Example 1.5 [5].

10. Fundamental theorem (I) of K. H. Look. In this section we shall
give a neat but essentially equivalent proof of the fundamental theorem (I)
given by K. H. Look [14] and an extension of this theorem using the mini-
mum problem.

Proposition 10.1 (Fundamental theorem of Look). Let D be a bounded
schlicht domain and {(2) = (f (2), ..., /n(z))T be any holomorphic mapping
with the condition |f(z)| <M in D, then we have

(10.1) (df(2)/d=) *(df(2)/dz) < MZTD(z, Z), =ze€D,
and ,
(10.2) |7 ,(2)12 <M det T (2, 2), zeD.

Proof. Let M,’g(z)(z, t) be the minimizing function with the condition
Q(z, 2) = 0 and K(2) = (A, 4,), and F(z) be a holomorphic mapping
kD(z. 7)/(z) € £2(D), then by (3.8), (3.9) and the Riesz’s theorem for
bounded linear functionals, we have

(10.3) [ F() x MK®*(z, Do, = (AT - [,(0T Wk ga k"1 = 42),
where { () = D_f()) and T = Tp(t, 7). Setting (4, A,) = (0, Tp,(, )

(this is possible since f(2) = T (¢, T)z belongs to g?o,r)(D))’ we have

¥ =T* ; [ My "z 0 x F*Ra, [ F&) x My, t)wziT-

For an arbitrary 7» x 1 vector u, we have, by the Schwarz inequality,

0E,, 0F,*
w*fifu g fDIF(z)|2wz(u*TfD My "My cozTu>

< kM%*T(RT) ™ 1Tu = M% ™ Tu.
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This shows (10.1) and therefore (10.2).

Theorem 10.1. Under the same hypothesis as in Proposition 10.1, we have

(10.4) (@@ + [(DTp 2 D) <M X E,, z €D,

and

(10.5) 17 (2)|2 < M?" det T (2, 21 - |/(2)|/MD), =z € D.
If f(z) belongs to BH(D), we have
(10.6) IT(Z)iEn + fRf*(2)/(M?% - If(z)lz)ill(z) < MzTn(;, Z), =ze€ D.

Proof. In (10.3), setting F(2) = k(2 T)/(2), which belongs to £(D),
and (A v Az) = (F(2), dF(t)/dz), we have

[ B x Mp 2%z, Do = kY + 1,7,

where k= k2, 7). By a way similar to that of the proof‘of Proposition 10.1,
we obtain

R+ £, T D2 < MRS + £, T

By the diagonalization of Hermitian matrices, we have (10.4) and thus (10.5)
(cf. (10.1) and (10.2)).

Let us assume that f(2) belongs to BH(D) in (10.4). Since [lT'lfr <
M2x (E,_ - [/*/M?) follows from (10.4), we obtain [J(E, - [/*/M})~] <
M?T by taking the inverse on both sides of the above. If A and B are pos-
itive definite Hermitian matrices and satisfy A < B, we have A~!> B~ L
because, from a known theorem of matrices, A and B are simultaneously
brought to diagonal matrices with positive diagonal elements by operating
suitable regular matrices P* and P oneachof A and B as P*AP and
P*BP. Noting that (E_ - f{*/M)~1=E_+ ff*/(M2 = |7, we get (10.6),
which is an extension of (10.1) for f(z) € BH(D).
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