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ABSTRACT. Let {yk! be a sequence of functions, Yp €M e Es where
S is a nonempty subset of the /[-dimensional Euclidean space and Es is an
ordered vector space with positive cone Ks. If Vi € “ses Es, sufficient con-
ditions are given that {ykf have a subsequence {hkf such that for each t €S
the sequence {hk(t)} is monotone for k sufficiendy large, depending on ¢t. If
each E_ is an ordered topological vector space, sufficient conditions are
given that {ykl has a subsequence {hki such that for every t €S the se-

quence {hk(t)f is either monotone for k sufficiently large depending on ¢,
or else the sequence !hk(z)} is convergent. If E_= B for each s and B a
Banach space then a definition of bounded variation is given so that if {ykl
is uniformly norm bounded and the variation of the functions y, is uniform-
ly bounded then there is a convergent subsequence {hkl of {yk}. In the case

Es = E for each s €S and E is such that bounded monotone sequences con-
verge then the given conditions imply the existence of a subsequence {hkf
of {ykf which converges for each t €8S.

1. Introduction. The terminology used in this paper relating to ordered
vector spaces will agree with that of Peressini [10] unless stated otherwise
or explicitly defined. In particular, the definitions of ordered vector space
E, positive cone K of E, ordered interval [a, b] in E where a < b, ordered
bounded subset of E, majorized subset of E, ordered topological vector space
E, ordered locally convex space E, and normal positive cone K of a topolog-
ical vector space E agree with [10]. An ordered Banach space B will be a
Banach space which is also an ordered vector space and thus is an ordered
topological vector space. We note that we do not require the positive cone
K of a topological vector space E to be closed as is done, for example, in
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172 J. L. THORNBURG

Shaefer [16]. The I-dimensional Euclidean space R! will be considered with
the usual norm unless otherwise stated, the open sphere will be D(¢, 8) =

{x € R%: ||t - x| < 8} with center ¢ and radius & and the order will be deter-
mined by some positive cone

Qk = i(x(”, x(z), cen s D) £ >0, x(i)z 0 for¢,=0, x(i)_<_ 0 for
t;=1where k=1+1¢,+2t,+ 2213 $oeeet Z(I‘Z)tl_ll,
1<k< 21,
The interior of the positive cone will be
0 = {xD, x®, .., D) xP> 0, xD> 0 i 1,=0, xP<0if £,=1
for k=1+12+2,+ 22t3 +oeeet 2(1-'2)‘1-1}'

The translate of any /- 1 dimensional subspace will be called a hyperplane
in R! and if it is of the form {(a(®), a®, .. a®): al ¢ for i fixed and
some constant c} it will be called a regular hyperplane. A closed interval
will be

I=la, Bl =10, x®), . 2Dy oD < xD < gD, a1, 2,..., 1

where a = (o), a@ , a®), g=(BMD), g2 . BW) and a® < g
for i=1,2,..., L The vertices of I will be {x}, x,,..., lel where
a if ¢;=0,
}’(2),--”)’(1)), y(l)= . i=172"°'9l’
B if t,=1,

and
k=14t +2,+e00+ 207D,

The set {(y(1), 2, .., yH): y™) = a(™) for m fixed and ald <5< g®
for i # m} will be called a minimum bounding edge of I and {(y(!), y(),...,
y®): ym) = B for m fixed and a(P) <y < B for i # m} will be called
a maximum bounding edge of I

Two elements x, and x; in an ordered vector space E with positive
cone K will be comparable if x, - x; € K or X, - %, € K holds. By a mono-
tone nondecreasing sequence {xkf in an ordered vector space E we mean
%, .1~ ¥ € K holds for all k. A monotone nonincreasing sequence is simi-
larly defined and a sequence is called monotone if it is either monotone non-
decreasing ot monotone nonincreasing.
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A sequence {xk} in an ordered vector space E will be said to be even-
tually monotone nondecreasing if there exists an integer k; so that x, , -
x, € K holds for all > k,. An eventually monotone nondecreasing sequence
is similarly defined and a sequence is called eventually monotone if it is
either eventually monotone nondecreasing or eventually monotone nonincreas-
ing.

If {yk} is a sequence of functions, y, €Il_.cE_ where S is a nonempty
subset of R’ and E_ is an ordered vector space with positive cone K  then
we say that the sequence {yk} is a monotone nondecreasing sequence of func-
tions on S if the sequence {y,(s)} is a monotone nondecreasing sequence in
E_ foreach s€S. A monotone nonincreasing sequence of functions on § is
similarly defined and a sequence of functions is said to be monotone on § if
it is either monotone nondecreasing or monotone nonincreasing.

If {y,} is a sequence of functions, y, €Il ¢ E_, where S is a nonempty
subset of R! and E s is an ordered vector space with positive cone’ K_ then
we say that the sequence of functions {y,} is an eventually monotone nonde-
creasing sequence on § if {y k(s)f is eventually monotone for each s € S.

Let {ykf be a sequence of functions, y, €II_ . E_ where S is a nonemp-
ty subset of R! and each E s is an ordered vector space. Sufficient condi-
tions that {yk} have a subsequence U’k‘ such that for each s €, {bk(s)} is
eventually monotone in E_ are given in Theorem 4.1. In case each E_ isa
sequentially complete ordered locally convex space, Theorem 4.4 gives suf-
ficient conditions that there be a subsequence {h,} of {y,} such that for every
s €S the sequence {h,(s)} is either eventually monotone or else convergent
in E_. Additional hypotheses are given in Theorem 5.1 to insure the existence
of a subsequence {h,} of ly,} such that {h,(s)} converges in E_ for each
s € 5. This generalizes the results in [15] and gives, in Theorem 5.4, a nec-
essary and sufficient condition that a sequence of functions from a subset of
I-dimensional Euclidean space into g-dimensional Euclidean space have a
subsequence that is pointwise convergent.

For {yk} a sequence of functions, y,: § » B where § is a nonempty sub-
set of R’ and B is an ordered Banach space, a definition of variation is
given in §3 so that Theorem 5.2 yields a generalized Helly selection theorem
asa corollax:y.

2. Preliminary results. We will refer to a result of Ramsey [11, Theorem
A, p. 264] or [12, Theorem A, p. 82] repeatedly so we will include its state-
ment here.

Theorem 2.1. Let I" be an infinite class, u and r positive integers,

and let those subclasses of I" which have exactly r members, or, as we may
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say, let all r-combinations of the members of I' be divided in any manner in-
to u mutually exclusive classes €, (i=1, 2,..., u), so that every r-combin-
ation is a member of one and only one C, Then, assuming the axiom of se-
lections, I must contain an infinite subclass A such that all the r-combin-
ations of the members of A belong to the same C,

Corollary 2.2, Let | be a nonempty subset of R' and {/ki be a sequence
of functions, fp € H,e] E, where each E, is an ordered vector space with pos-
itive cone K. If {,(t) and /].(t) are comparable for each t € | and k, j=
1, 2,..., then either there is a subsequence {b].} of i} such that {h} is a
monotone subsequence on | or else there is a subsequence {h]¥ of {fkl such
that if i# ] there are t, 7 € | depending on i, j with b )-h (t) €K, hf1)
;éh(t) and b(r) b(r) €K, b(r);éh(f)

The proof of this corollary follows in a similar manner to that of Corol-
lary 2.3 in [14].

Corollary 2.3. Let | be a nonempty subset of R' and {1,} be a sequence
of functions, f, € H‘ €] E,, where each E, is an ordered topological vector
space. If W, is a circled neighborhood of 0 in E, then either there is a sub-
sequence {b } of Uf,} such that for ifj, b (t) h (t) €W, forall t €] or
else there is a subsequence {h }oof i} sucb that /or i ;é ih (t) -h) ¢ W,
for some t € | depending on i, j.

’l'he proof of this corollary follows in a similar manner to that of Corol-
lary 2. 3 in [14].

3. Variation. In [14] where sequences of functions from the real numbers
into the real numbers were considered, a result yielding the Helly selection
theorem as a corollary was given. Then in [15] where the functions were from
the real numbers into ordered Banach spaces, a generalized Helly selection
theorem was given as a corollary. Browne [1] considers functions from /-di-
mensional Euclidean space into the real numbers and with one definition of
variation gets another generalized Helly selection theorem. Four definitions
of variation are given here and their relationship considered when the func-
tions are from /-dimensional Euclidean space into an ordered Banach space.

Consider the interval I=[a, B1CR! and @, b € I with a® < b for
i=1,2,.4., 1, then ] =[a, b] will be a subinterval of I. A subdivision of
[a, A will consist of a finite number of subintervals JpJypeees ], of 1
such that U"’ 1 J;=1andfor k£j, Jx N J; is either empty, a point, or is a
p-dunensmnal mterval where 1< p<1- 1, A refinement of the subdivision
/4 I+ ++s I,} will be a subdivision obtained by subdividing one or more
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of the ],’s into two or more subintervals. A subdivision {J, J, .-, ] )}
will be called regular if all of the minimum bounding edges of | = [an, bn],

{(y(l), y(Z), e y(l)): y(j) = aizj)’ a(i) < y(l) < b(i) for Z;é ]}
and the maximum bounding edges of ] ,

D, Y@, L, y D) YD 2 b, 2D <y D <D for i £ j}
for n=1, 2,..., m are extended to

{(),(1), y(Z)’ e y(l)): y(i) - aij), a(i)S y(i)sﬁ(i) for i £}

and

(D, y@, L,y D) y D2 b, 0D <y D < g6 gor 141,

respectively, and the subdivision is not refined. A set X = {xl =, x, X3,
cer %, %, =B} CI=[a, B] will be called a partition of I. The subdivi-

sion whose bounding edges are formed by the intersection of I with all the
regular hyperplanes through {xl, Xoypeees xn} will be called the subdivision
determined by the partition {x,, x,,..., x_}. The set of vertices of all the
subintervals of a subdivision {J,, J,, ..., ]} will be the partition deter-
mined by the subdivision. A partition X will be called regular if the set of
vertices of the subintervals in the subdivision determined by X is again X.
A partition X, will be said to be regularized to X if X consists of the ver-
tices of the subintervals in the subdivision determined by the partition X,.

For a function f: I » B where B is an ordered Banach space, I = [a, 8]
CrRLa=(am,a®  a®), =D, 2, .., BD) and o)< g
for i=1, 2,..., I consider the following definitions of the variation of { on
L

Definition 3.1, Let X ={x;, x,, ..., x,} be called an allowable parti-
tion of I if X is such that Xpo1 =% € Q,. for k=1,2,00e,n~-1, Q]. is a
fixed positive cone and x, is the smallest vertex of I and x_ is the largest
vertex of | as determined by Q].. The variation of { on I, denoted by V,(f; I),
is given by

n-1
VifiD=sup 20 I/(x}) - (e, DI

X k=1

where the supremum is over all allowable partitions X ordered by a positive
cone Qj forj=1,2,..., 2/=1, The function [ will be said to be of bounded
variation, denoted f € BV, if V (f; I) < +eo.
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An interval I=[a, 8] CR! with the operation * given by

(l)

xxy = (maxix®D, yO} max{x®), y@N, ..., max{xD, yD}

forms an idempotent semigroup with identity @. For x € I, the conventions
1= x and %= o will be assumed. Thus a special case of the definition of
variation given in [9] is given in the following:
Definition 3.2 (Newman), Let T ,, denote the Boolean algebra of all n-

tuples of zeros and ones. Let 0, 7 € T, be such that 7> 0 if 7() > o(i) for

(- 1)|’|~|'7|, >0,
#(09 T) =

0, otherwise,

i=1,2,i0.,7 and

where |o| denotes the number of ones in the n-tuple 0. Then for X = {x,, x,,
.+, x,} any partition of I with x; = & and x, = B define

L(X,0)f = 2 plo, D H"T(l)

TeT,

where II is the product under the operation * making I an idempotent semi-
group. Then the variation of f on I, denoted by V,(f; 1), is given by

Vi =sp ¥ ILX o)
X oeTy

where the supremum is taken over all finite partitions X of I. The function
[ will be said to be of bounded variation, denoted [ € BV,,if V,(f; I) <+

Definition 3.3 (Arzela). Let X ={x,, x,,..., x,} be called a permissible
partition of I if X is suchthat x; =@, x, = and x, ,, - x, €Q, for k=
1, 2,..., 2~ 1. Then the variation of { on I, denoted by V3(/; D, is given
by

V3(/; I) = sup Z “f(xk) /(xk+l)|l

X x=1
where the supremum is taken over all permissible partitions X of I. The
function f will be said to be of bounded variation, denoted f € BV3, if
V3(/; I) < 4000
Definition 3.4 (Lebesgue). Let | = [a, 4] be a subinterval of I and
A S, 2, L x=D, 14D, D)
= /(x(l), ooy x("'l), b('), x(""l), cees %)

—/(x(l), ey 2D, a(’), x(r+l)’ vy x(D)
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for r=1, 2,e0., ] and A/] =A,A,---A,f. The variation of { on I, denoted
V4(f; D), is given by

ViD= s T 1A
Z JeZ
where the supremum is taken over all subdivisions Z of I. The function f
will be said to be of bounded variation, denoted f € BV, if V ,(f; I) < +oo.

If X={x, x,,..., x,} is a permissible partition for the calculation of
V3([; D) it is also an allowable partition for V,(f; I) so the calculation of
V,(f; D) is the supremum over a larger set than is the calculation of V3(/; D.
Thus f € BV, implies that f € BV;. The converse of this statement does not
hold howevet. Consider the functxon f:1- R, =10, 11 C R? defined by

(s, 5) sin(1/%) if x+y=1,
%, y) =

0, otherwise.
Since sin(1/x) is not of bounded variation on [0, 11 CR, f(x, y) is not of
bounded variation by Definition 1. However any partition ordered by Q, con-
tains at most one point where f(x, y) is nonzero so that V3(/; n<a2,

To determine the relationship between V,(f; I) and V ,(f; I) some pre-
liminary results are necessary. In the calculation of V,(f; I) the elements of
T, will be denoted 0( D_ (1) and 0(2) (0). Assume that the elements of
Tn have been numbered then those of T, will be given by a“) (0(1) )

o=, 0),..., 0% = (a!m), 1) for k = 2" -1 and a<'°> (o<"'> o)
for k= 2m where k= l 2,000, 2 The ith coordinate of szk‘) wxll be de-
noted O(k)(l). The subscript 7 will be deleted from Uff') when it is clear that

(k) € T

Note 1. Let f: I+ B, I=[a, BICR and X =1x;, x, ..., x,} be the
vertices of I with x; = a, x,/= and x, = GV, y@, ..., y) where

oD if t,=0,
(@)
yP=1 .

B ift,=1

. l"
for i=1,2,,00,l and k= 1+ Ly + 2, 4ot Z(I'I)tl. Then L(X, 02(2 1))/
= A/I where A,I is as in Definition 5.4.

Proof. Let

21
_) (). (k) (k)(3)
1 L, ={o": 0" T,p (H ) I

=1
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for m=1,2,..., 2, let o?m el be such that o(")<a(p’" for all ¢'®

el o and let 7= 02(2 -1, Since a(k)(l) 0 for k> 2(2 -1) and 7(1) = 1,
we have that p(n, 0®?) = 0 for &> 2(2 -1,

21 21
Lx, o2 Vye 3 u(oz(zl'l)o)/<n "?(i)> = 2w, 0)/<H x?(i)>

oeT,] i=1 o€l =1

+ Z #(77, 0)f<n xo'(z)> oo+ Z #(77, 0)/<on(l))°

el oel,; =1

Hence it will suffice to show that

() > uly, o)f (H x"") (- 1)%my (x,)

oely,

where d is the number of ¢;=1 for m= 1+ t1 + 2y ket Z(I'l)tl

For a' =0,1,2,000, 1 and n=0,1,..., p L 1 let N(d,, n) be the
number of dxstmct elements o?) ¢ F such that p(n, o) £ 0 and o®Xi) =
1 for values of i # 1. The number of i# 1 such that 0®m)i) = 1 is 2%m
-1 and 2;31 N(dm, n) is the number of elements ¢ € ' such that u(y, o)
#0ford =0,1,2,..., L Thus N(0, 0)= 1 and

2%m 4, 4,
N(dm, n) =< n )—( 1 )N(dm -1,n - ( 2 )N(a’m -2,n
dm dm
—ee = <dm _ 1>N(l, n) —<dm>N(0, n)

for n < 2°m _ 1 and N, n)= 0 for n> 2°™ _ 1. Now suppose o*)> g
and contains 7 + 1 ones so that (), 6#)) = (~1)"”. Hence the note will hold
if

2l-1_1 2l-1
3) T N, 2% - X Nd, 2~ D= (=D
=0 j=1

for dm =0,1, 2,..., ! since then (2) is true.
For d =0 it holds. Assume that (3) holds for d, <r- 1. Then for
d = 7,
m
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202l-1 2l-1
Y Nr2)- X N 2i-1)
=0 =1
el R
- T . r R r R
= on [( 2 )—(1>N(r- 1, 2j) -—(2)N(r- 2, 2]) —ee —<r)N(0’ 2])]

2l-1
27 -1 r . r ,
- JE [<2j i 1)- <1>N(r -1,2-1- <2>N(r- 2,2 -1
r .
—-—ee —(r)N(O, 2j - 13]
_ <1>(_ H7-1_ <;>(_ n-2-.. .. - (r : D(_ 1)1 -

where we define
2"~ . ”
= -1
( b ) 0 if h>2

Thus we have that
-r-pr-t ---’4—<r: l)(-1)1 -1=-[-D+ U+ (D + 1-1=(-D"

so the desired result holds.

Note 2, Let f: 1+ B, I=[a, BICR! and let X ={x,, x,,..., x,1] be
the vertices of I numbered as in Note 1. For F'm as in (1), ofPm) el" " o(Pm)
> o®) for all o®) € [, we have that L(X, olem))f = A [ where I is the
interval whose vertices are {x x;-x €0, L

Proof. By definition

2l
TRV S ) a<k>>/<Hx:~"W>'

O(k)eT 1 =1

We need only co;:mdetlethose o®) > o'®m) since ;L(o(p'” o'®)) = 0 otherwise.
The set {x: 1'12 U( )(')—x¥ for some o(#) > g(Pm) = fx:x -x, €0}
Now let

r
=1

21
(k). olk)i) _ (k) (&) . (Om)
A -_-{o : T #¢ =x, 07 €T, jando™ 20 .

By a counting argument similar to that in the proof of Note 1 we have that
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21
_ ) P-(a(p”’), o(le))/<n x?(k)(i)) = (- l)d'—dm/(x)

olk)ea, i=1

where d_ and d are the number of i’s such that = g iy % and x
respecuvely. Thus L(X, o{®m))f = A
Note 3. Let f:1- B, I=Ia, B]CR’ and X =1{x,, x,,..., x,1} with X
the vertices of I numbered as in Note 1. For l"m as in (1) and o?m) € Fm.
o(p”')z o®) for all o®) el"m we have that L(X, a(k))/= 0 for k# P,
Proof. Suppose o') T '’ o) < glom),

X, oMf= X #(a(,) “"N(H a(k>(z>

olk)eT,

2l 21 .
Z }L(O'(i), o.)l'(n x:?(i)) + 2 #(a(i), 0)/<‘H xfy(l))

o€elm =1 oelm(1) =1
21
i (7)
teeet 2 o, o)/<H x7
oelp(s) =1

" 1 i
such that x,, =%, €0, for i=1,2,...,5 Now I, pld?, of (M2, x7@)

contains 2" nonzero summands where r is the number®of i’s such that
o®mX;) -~ 6UXi) = 1 and 2"~! of them are such that plo{’), 0) =+1 and 2~1
are such that p(o’), 0) = -1. Hence

21
> o, a)[(H x’;’(ij =0

o€l =1

Also 2, * o, o)/(l'l2 1 x79) contains 2° summands where s is the
number of i’s such that a“’"'(k))(z) ot )i)=1 and again 2°~! of them are such that
p.(a(’ ), 6) = +1 and 2°-1 are such that u(a(’ ), 0) = -1 so that

r
2 y(a(’), a)f chir(i) -0
o€lm (i) i=1

and the conclusion holds.

Lemma 3.5. Let f: 1+ B, I=[a, B] C R! and X = {xl, Xppeeos le} be
the vertices of | with x, = o and x,0= B. Then

T 1L, ol = 1A+ 3 1A

€Tyl Jeq
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Proof. By definition

2l
T L o] = 3 I, P+ X ILex, o
0’57’21 n=1 a(k);‘o,(l’m)

By Note 3 L(X, o®)f=0 for k# p,, for some m so that

2l
> X, of | = T 1L, oPmy).

DY m=1

But by Note 1, L(X, o'~/ = A1 and by Note 2, L(X, o®m)/ = A1, so
the lemma holds.

The following lemmas yield the equivalence of V,(f; I) and V (f; I) pro-
vided V,(f; ])=0 for ] €Q.

Lemma. Let f: 1B, I=[a, BICR. Let X= txy, %5000, x,} be a par-
tition of I and X=X Ulyl, y € X, be a second partition of 1. Then

Z L arls X L, of|.

oeTy o€Tpy1

This lemma follows since L(X, o(k))fa L(Xo, 71)f+ L(Xo, 72)/ where

o* i) for i <m,
rl(i) ={0 for i =m,
o ®i-1) for i>m,

and
rl(z') for i £ m,
41 for i =m.
Lemma 8.6, Let f:1- B, I=[a, B]C R! and X = {xl, Xoreees x’} be a

regular partition of I with {1 12 Iy o oo s 1.} the corresponding regular subdivi-
sion of 1 in the calculation of V (f; I). Then

S
2 ILx, ofl = X 1AL
oeT, m=1
assuming the variation, V (f; J)= 0 for ] €Q.

The proof follows in a manner similar to that of Note 1.

Lemma 3.7. Let {:1- B, I=[a, BICR! and V (f; )= 0 for ] €Q.
Then { € BV, if and only if f € BV .
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This follows from lemmas above.

It remains to establish a relationship between V, and either V, or V.

Note 4, Let f: 1+ B, I=[a, BICR. f€BV, and V(i D=0 for ] eQ.
Then [ € BV,.

Proof. From Lemma 3.7, BV, and BV, are equivalent when V,(f; J)=0
for ] € Q. The calculation of V, is symmetrical and the calculations of V,
and V, agree when the partition is ordered by Q, so the result follows.

The converse of Note 4 does not hold. Consider the function f: I > R, I=
[0, 1] C R? defined by

(- l)n+k(315) if x = _k;’ y= 1 = —k"a y=1- 1

denmi( L) gpxel yodieo1-Ll oL
f(x y) ={(-1) (2") fx=cny=gux=l-"0y=-
for j=1,2,...,2" -1,

\ 0 otherwise.

For N any positive integer, the regular partition P = {(k/ 2N, 1/2N): &, ji=
0,1, 2,..., 2N} we have that

2N N ; . 1 .
vz Z & i 7 )-/(ﬁz-ﬁ—l, E’Ff)"(‘z%’ ’-;N-)H(k;,vl, '—2%—1)
Fariar

211,-+ 2+ 3(N=2)

since

ko \ ksl it g k+1 J° _k_i+1)>0
I W)’(‘EN"'EN‘)- e ,ZN)/(Z,W—Z—.Ar >

and

Hence V,(f; I)>N for N> 2.
On the other hand for any partition P € P, ? the set of all finite nonemp-
ty partitions linearly ordered by either Q, or Q,, we have V (f; I) <
[2(2Y) - 11(1/2") < 2 since P contains at most 2(2")— 1 points of the form (k/2",
j/2™) with a total number less than or equal to 22N)- 1 so that [ € BvV,.
The example showing that { € BV, does not imply f € BV, also shows
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then that f € BV, does not imply feBV, or feBV,.

4, Primary results. We now address the question of giving conditions
which when satisfied by the sequence {yk}. ¥ €1l o E, where S is a non-
empty set in R! and each E s is an ordered vector space, guarantee the ex-
istence of a subsequence of {yk} which converges pointwise on S. With this
in mind we make the following definition.

Definition 4.1, Let S be a nonempty subset of R! and [ be a function,
{ €Nl ¢ E_ where each E_ is an ordered vector space with positive cone
K. Consider the set P of all finite nonempty partitions P = {xl’ x , xn}
of S where n>1,x, €S for i=1, 2,ss., 7 and P is linearly otdered by
some positive cone Q for j=1,2,.0., 2=V If f(s)# 6, for some s €5
we say that (f, P) is aproper pair if (-1 )’/(x )> 0 e for i=1,2,44s,7m o1
else (—1)‘/(xl) < Oxi for i=1,2.00,n If [(s)=0_ forall s €S we say
that (f, P) is a proper pair if P contains exactly one point.

We will say that the sequence is an eventually comparable sequence if
there exists a positive integer M(t) such that y,(t) and ¥,(t) are comparable
for k, j > M().

Theorem 4.2. Let S be a nonempty subset of R' and ly,} be a sequence

of functions, y, €1l ¢ E_, where each E_ is an ordered vector space with

positive cone K_. Fsoerseach t €S assume that {y,(t)} is an eventually com-
parable sequence and that there is a number 8(t) > 0 and positive integers
N(t) and H(t) such that for each k, j > H(t) the partitions P € P such that
(y, =y P) is a proper pair, each contain at most N(t) points in the sphere
D(t, 5®)). Then ly,} contains a subsequence th,} such that {h,(t)} is even-

tually monotone for each t € S.

Proof. If ¥4(t) and y].(t) are comparable for all &, j > M(t) and M(¢) is

the smallest integer having this property we let A, =1{t:¢ €S, M(t) = i} for

=1,2,.... Forany z € A; we have y(¢) and yj(t) comparable for &, j >
i. We will prove the theorem assuming that y,(¢) and yj(t) are comparable
for all t €S and then a standard disagonalization argument where § is re-
placed by A,, A,,--+ yields the desired result.

We note that we may assume S is bounded because if the theorem is true
for bounded sets a standard diagonalization argument with § N D(0, 1), SN
D(0, 2),+-+ yields the result for unbounded sets. Also, we may assume S is
a closed interval because if the theorem is true for closed intervals I = [a, ],
then we may choose I to be a closed interval containing the bounded set §
and define a sequence of functions {Zk}, Z, el F, where F_=E_ for
s €5 and F_ =R (with the usual order) for s €1, s €S, by
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yk(t) for t€S,
Z, () ={

0 for t£S.

Then the sequence {Z k} satisfies the hypotheses of the theorem on I since
for (Z, - Zj. P) a proper pair either Z,(¢) - Zj(t) =0 forall t €l or else P
contains no points in I - §. Also, since we may assume § is a compact inter-
val there exists a finite number of ; €S, i = 1, 2,444, m, such that D(¢,, &(¢,)),
1icn HE)} and N =

27, N(t,) we have integers N and H such that for k, j > H the partitions

i=1,2,.00,n, cover S and by choosing H = max

P € ? such that (y k=Y P) is a proper pair, each contain at most N points
in S. Hence without loss of generality we may assume H = 1.

The theorem will now be proved by induction on I for § a compact inter-
val in R

Let /=1, S be a compact interval and {y,} be a sequence of functions
Yi € ns €S
For each %, j and ¢t € S assume that yk(t) is comparable with y;(t). Let N

E_ where E_ is an ordered vector space with positive cone K_.

be a positive integer such that for each %, j the partitions P € P with
Or-vp P) a proper pair each contain at most N points in S. The case for
l=1 will now be proved by induction on N. If N =1 then for each %, j either
yk(t) - yj(t) € K: holds for all £ € S or else y].(t)— yk(t) € K‘ holds for all

t €S. Thus by the mapping g, defined in the proof of Corollary 2.2, it is pos-
sible to pick a subsequence of {y k} that is monotone on S. Now assume the
theorem holds for N=1, 2,..., K. We will then show this implies it is cor-
rect for N=K+ 1,

If there are only finitely many functions in {y &} which are distinct on §
then infinitely many are identical on § and using that as the subsequence we
are done. Thus we may assume there are infinitely many functions in {y ki
which are distinct on S and, by picking a subsequence if necessary, we may
assume all the y, are distinct on S.

Let I, | be subintervals of S with U J=S,INJ=g& andlet I and
] be of the same length, We will show that there is a subsequence of {y,}
that is eventually monotone for each t €1 or else is eventually monotone for
each t €]. Nowlet I'=1{y,},u=K+ 1 and r=2 with C, ={ly, y,.}: k£ij,
proper pairs (yk =Yy P) are such that P has at most one point x € I}. Now
for n=2,3,000, K+ 1let C =1y, yi}: k # j, proper pairs (y, - Y P)
are such that P has at most » points x, x,,..., ¥, € and ly,, yj} ¢ Cop
p=1,2,...,n~ 1} By Theorem 2.1 there is an infinite subclass A of T’
such that all pairs of elements of A belong to the same C,, for some m =
1,2,..., K+ 1. If m=1,2,..., K then the induction hypothesis holds on
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I and there is a subsequence {h]} of {y,} that is eventually monotone at
each point of I. Note that if {y & yl.} € C, then proper pairs &y RV P) are
such that P has at most K+ 2~ m points x, X5, .+., Xg4,_ €] so that
if m=2,3,..., K a similar argument shows that the induction hypothesis

holds on | so there is a subsequence {gi} of {h ,-1 that is eventually mono-
tone at each point of U J =5 and the case /=1 holds, If m= K+ 1 then
the proper pairs (yk =y P) are such that P has at most one point x € |
and there is a subsequence {h].} of {yk¥ that is eventually monotone at each
point of J. In any case either the case /=1 holds or there is a subsequence
that is eventually monotone at each point of I or J. Let S, denote the inter-
val I or | on which {h j} is not known to be eventually monotone at each
point.

We now repeat the entire process described in the preceding paragragh
on §, obtaining §,, then on §, obtaining § 3» etce If the theorem does not
hold at any step in the induction, use the standard diagonalization argument
to obtain a sequence {h 7.}. Let x be the unique limit point of the set of mid-
points of the intervals S . Choose {g;} to be a subsequence of {hi} such
that {g,(x()} is monotone so {g;} now has the property that it is eventually
monotone at each point of § and the case for /=1 holds.

Assume the theorem is true for I = L — 1 so it remains to show that it
holds for I= L.

Let S = [a, B] be a compact interval in RE and {y,} be a sequence of
functions, y, €Il_ ¢ E, where each E_ is an ordered vector space with pos-
itive cone K_. For each %, j and t € S assume that ¥,(t) is comparable
with y].(t). Let N be a positive integer such that for each %, j the partitions
P €? with (y E=Yp P) a proper pair each contain at most N points in S.
Now the case for /= L will be proved by induction on N. If N =1 then for
each &, j either yk(t) - y].(t) € K, holds for all £ €S or else y].(t)— yk(t) €
K, holds for all ¢ € S. Thus it is possible to pick a subsequence as in the
proof of Corollary 2.2 which is a monotone sequence on S. We now assume
the theorem holds for N=1, 2,..., K and will show this implies it is cor-
rect for N=K+ 1.

If there are only finitely many functions in {y k¥ which are distinct on §
then infinitely many are identical on S and we are done. Thus we may assume
there are infinitely many functions in {y kf that are distinct on S and, by
picking a subsequence if necessary, we may assume all the y,’s are distinct.
Let I, ] be subintervals of S with IUJ =S, 1IN =@, I=la,y,1-X, J=
Iy, B] where ¥, = (4at) + 1), gD, B3, .., L)), y, = (oD + D),
a?, a3, .., aP) and X,= {BaM® + g, x2), ., x(D): (1) < (D
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<BY for i=2,3,..., L} We will show by the same argument as for [ =1
that there is a subsequence of {y,} that is eventually monotone for each ¢ €
I or else is eventually monotone for each ¢ € J. Since all yk(ﬁ) are compa-
rable there is a subsequence of fyk}, denoted again by {yki, such that {yk(ﬁ)}
is monotone. Now using Theorem 2.1 with I' = {ykL u=K+1and r=2
where C, ={ly,, y].}: k # j, proper pairs (y, — Ypr P) are such that P con-
tains at most one point x € I} and C,= “yk. yjh k # j, proper pairs (yk -
Y P) are such that P has at most n points Xy Xy 000, x, €1 and {yk. y]-§
¢ Cn-p' p=1,2,.cc,n=1} for n=2,..., K+ 1 there is an infinite subclass A of
I" such that all pairs of elements of A belong to the same C_ for some m =1, 2,...,
K+1.If m=1, 2,..., K then the induction hypothesis holds on I and there is
a subsequence {b].} of {yk} such that U)jl is monotone at each point of I
Again if 1y, y;} € C_ then the proper pairs (y, =y, P) are such that P has
at most K+ 2—m points X, X5 eev) Xpyy €] Soif m=2,3,..., K
then the induction hypothesis holds on | so there is a subsequence fgi} of
U)J.} that is monotone at each point of I U J = § and the theorem holds. If
m= K+ 1 then the proper pairs (y; ~y,, P) are such that P has at most one
point x € ] and there is a subsequence fbjf of {y,} that is monotone at each
point of J. In any case either the theorem holds or there is a subsequence
that is monotone at each point of I or is monotone at each point of J. Let
§, denote the interval I or | on which {bi¥ is not known to be eventually
monotone.

Now repeat the entire process described in the preceding paragraph on
§, to obtain §, so that we obtain a sequence that is eventually monotone on
s - Sz)' Continuing, we repeat the entire process on S, to obtain §;, on §,
to obtain §,, etc. If the theorem does not hold at any step in the induction,
then by a standard diagonalization argument we obtain a sequence {b } that
is eventually monotone on S = s - n+°° S; ). But ﬂ 1S; isan L— 1 di-
mensional interval so by the inducnon hypothesxs on the dlmension of the do-
main it is possible to choose {g;}, a subsequence of th;}, such that {g,(x)}
is eventually monotone for x € ﬂ*°° S;» Now {g } has the property that it
is eventually monotone at each point of S CRY so the conclusion of the theo-
rem holds.

In the next theorem, by further restricting E_, we obtain a subsequence
{hi} of {yk} such that U)j(S)l is eventually monotone in E_ or else converges
in E_ for each s €S. The proof will again be done by induction on the dimen-
sion of the domain. The following is the case for /=1,

Theorem 4.3. Let S be a nonempty subset of real numbers and {y,} be a
sequence of functions, y, €ll_ ¢ E_, where each E_ is a sequentially com-
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plete ordered locally convex space with positive cone K_. Foreach t €S
assume that {y,(t} is an eventually comparable sequence. Assume E_ has
a nested countable basis of circled sets at 0_ denoted by {U_(n)}. For each
t €S and each positive integer n assume that there are nonnegative integers
N(n, t), H(n, t) and a number &(n, t) > 0 such that for all k, j > H(n, t) if
by~ Yjr P) is a proper pair then P contains at most N(n, t) points x such
Y ) -y (¥) ¢ U, () and t - 8(n, t) <x <t +8(n, t). Then {y,} contains a
subsequence 1h.} such that for each t €5, {bi(t)} is either eventually mono-

tone or else is convergent.

Proof. See note following Theorem 2.2 in [15],
Now for the case /> 1 the following theorem yields the desired conclu-

sion.

Theorem 4.4. Let S be a nonempty subset of R' and ly,} be a sequence
of functions, y, €ll_ ¢ E_, where each E_ is a sequentially complete ordered
locally convex space with positive cone K_. For each t €S assume that
ly, (&)} is an eventually comparable sequence: Assume E_ has a nested
countable basis of circled sets of O  denoted by {U_(n)}. For each t € S and
each positive integer n assume that there are nonnegative integers N(n, t),
Hn, t) and a number 8(n, t)> 0 such that for all k, j> H(n, t) if (y,~ yp P)
is a proper pair then P contains at most N(n, t) points x such that yk(x)—
yj(x) ¢ U, (n) and x is in the sphere D(t, 8(n, t)). Then {y,} contains a sub-
sequence {h,} such that for each t €S, {h, (t) is either eventually monotone
or else is convergent.

Proof. As in the proof of Theorem 3.1 we may assume that ¥, (t) and
y,(t) are comparable for all &, j and t €. Also we will again assume § is
a bounded closed interval, S = [a, B] and H(n, t) will be replaced by H(n)
and N(n) respectively.

The proof now will be by induction on the dimension of the domain. The
case for /=1 is Theorem 3.2. Assume the result holds for /= K~ 1 then
we will show that the theorem is true for /= K.

Let Ui} be an enumeration of the spheres D(¢, 8) CS in RX with ratio-
nal centers and rational radii.

Now for J, by Corollary 2.2 there is a subsequence of {yk}, again denoted
{yk}’ that is monotone on ], or else there is a subsequence of {yk} again
denoted by {y,} such that for k£ j, 7, ) > yl.(t) for some t €], and y,(r) <
y’-(f) for some 7 € J;. Now repeat the process described in the preceding sen-
tence for J,, J;,+++ and then take the diagonal subsequence, denote it again
by ly,}. This sequence has the property that on {J } it is either eventually
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monotone or else for every k # j sufficiently large, depending on i, there
exists £, 7 €], such that y,(t) >y (1) and y, (") <y,().

Now using ], and U,(1) by Corollary 2.3 there exists a subsequence of
{yk}, again denoted by {yk}, such that, for & #j, yk(t)— y,.(t) € U,(1) for all
t €], or else there is a subsequence of {ykh again denoted by {y,}, such
that, for k#j thereisa t € ], with yk(t)- yj(t) (Ut(l). Now repeat the
process described in the previous sentence using U(2), U,(3),+++ and then
take the diagonal subsequence and denote it again by {y &} This sequence
has the property that for J, and U,(n) either for all & # j sufficiently large,
depending on 7, y,(t) ~ yj(t) €U,(n) forall t €], or else for all & #j suf-
ficiently large depending on 7, there is some ¢ € J; such that yk(t)- y’.(t)
¢ Ut(n).

We now repeat the entire process described in the preceding paragraph
consecutively on the spheres J,, J;5+++ and then take the diagonal subse-
quence again denoted by {y kl. This sequence has the property that for ], and
U,(n) either for k # j sufficiently large depending on i and 7, y,(¢)~y () €
U z(") for every t € ], or else for every & #£ j sufficiently large, depending on
i and n, there exists a ¢ € J; such that y,(t) - y (¢) ¢ U (n).

Lec '}, T')seet, Ty ¢ be the bounding edges of S; then I') isa K-1
dimensional interval so by the induction hypothesis there is a subsequence of
ty ki, denote it again by {yk}, such that for x €I, ty k(x)} is either eventually
monotone or else is convergent. Then by similarly extracting a subsequence
from {yk} on I'), Fa, eeey I')p consecutively we obtain a subsequence that
is either eventually monotone or convergent for each point of the bounding
edges of §.

Now suppose A, is the set of x’s in § such that {y, (x)} does not con-
verge and is not eventually monotone. If A, is countable then by a standard
diagona'lization argument there is a subsequence of {ykl, denote it again by
{y,}, that is either eventually monotone or else is convergent for each x € S.
So suppose A is uncountable. Let I" be the set of K- 1 dimensional hy-
perplanes of the form y = {(x(1), x(2), ..., x); (D = ¢ for i fixed, a ¥ <
¢ < B} which have nonempty intersection with A o+ Consider the set ¥ of

sets B of the form
2%t 0 0
B={(y, a,y): yel, a,yerny, @y =Gy, € rL=jl [Qi u(—Qi)] .

Now order the sets B in ¥ by B, <B, if and only if B, C B,. Then the

union of any linearly ordered chain in ¥ is an upper bound of the chain and

is again in ¥ so by Zorn’s lemma there must be a maximal element B, in ¥.
If B, is uncountable and ('yl. a,},l), ()'2' a')‘z) are in B then (a,y1 -
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)e Uf___Kl'l [} RV M) Let A, = {a,y: (y, a,y) € By}. Now for x €4,
let {F .} be the subsequence of {J,} consisting of the spheres which contain
x. There must be a smallest positive integer 7, such that y,(t) - y (1) ¢
u z(”xi) for all k #j sufficiently large, depending on i, for some ¢ € F,; for
otherwise {y k} would be Cauchy on F_; and hence would be convergent at
x which is contrary to the choice of x. If hmt_.,,,w i = +oc then there is a
xi(ay) Of ;) such that lim _, 7 . . =+ec and by the def-
xi(ay and the nestedness of {U,()} we have that y,(t) - y;&) €
- 1) for all k £ j sufficiently large, depending on a, and all ¢ €

subsequence {r
inition of n
U,

xi(a)
F,i(ay This implies that {yk(x)} is Cauchy and hence convergent which is
contrary to the choice of x so that hml_m,c n,;=c, <+oa. Let ¢ <d_bean

upper bound for the set {n,}.

Since there are uncountably many values of x in A, at which {y,(x)} is
not convergent nor eventually monotone then there is some fixed positive inte-
ger d such that 4 <d holds for uncountably many values of x in Al. Call
this set A so that A is an infinite set of distinct elements, Let I =

=21 and r=2 with C, =Hla, , a, a), —a, (@) UCO) ))} for

=1,2,3,..., 2K"1 Then by Theorem 2.1 thete 1s an infinite subclass A
of I’y such that for x, y €A, x~y € (—Q: v (- le)) for m fixed. Also for
x €A and k # j sufficiently large, depending on i, there exists a t € F;
such that yk(t)- Y; (2) éU @).

Choose N >N(d) and 2(1) eANS% and F w(1)i(1) € Fy(1y} such that
(S=F, 1)1y N A is infinite. Choose u(2) € (S~ F 2y NAN 5% and
Fui2y € IFuayi} suchehat Fo 5,00y NFy)0)=2 and (= (Fy 0,
V) Fu(z)l(z))) N A is infinite. Continuing in this manner we get {u(1), u(2),
cees uN+ Db in AN S and {F, )y Fuyiay +++» Fun+nrion+n)}
which are mutually disjoint. Now by renaming if necessary we may assume
that 2(j + 1) - u(j) € Q2 for j=1,2,..., 2N. Let

p= min {aV0) - 2+ D), |«@) - 2@ G+ D)
1<i<2N

coey |uBN) = 2K 4 DY

so p > 0, Choose Gu(].)i(].) G{Fu(,):
radius of G, ..., is less than p/2, Now {Gu(l)l(l)' G2y

} such that Gu(])z(y) C Fu(])l(]) and the

Gu(2N+l)z(2N+1)} are mutually disjoint and if x € G, .\ . ¥ €G, (i+1)i(j+1)
then y - x € Q Choose k # j, k, j > H(d), sufficiently large that for each

odd positive integer a, 1 < a < 2N + 1, yk(xc) yj(xa) foG(d) for some x
€ Gu(a)i(a) and for each positive even integer a, 2 < a < 2N, yk(t a)— y].(t a)



190 J. L. THORNBURG

< 0 holds for some ¢t € Gu(a)i(a) and yk(fa)— yi(fa) > 60 holds for some 7

u(ayi(a)’ Now consider the partition Py ={B,, B,s+e., B,} where B =

x, if a is odd; B, is omitted from P if a is even and either yle(x(a-l) -
¥ (amyy) <0 and y,0x 441y = (% 447)) > O or the opposite inequalities
hold; B, is taken to be ¢, if yk(x(a_l))- y,.(x(a'_l))> 0 and yk(x(aﬂ))-
/& as1)) > 0 and B, is taken tobe 7, if y,(x 5 1) =y, (x, 1)) <6 and
Ye& (at1)) = ¥j((a41y) < O- Then the partition P is such that (y, -y, Py)
is a proper pair and y,(x ) - y]-(xa) ¢ Uxa(d) for a odd, x, € P, and there
are N + 1 such points x , which is contrary to the hypothesis of the theorem.
Hence it cannot be the case that B, is uncountable.

Let B, ={(y,, a‘)’l)’ (v, an),---} and p, i=1,2,... be the count-
able number of regular K — 1 dimensional hyperplanes through the points of
By s Doy Suppose y € I' with y;épi, i=1,2,+¢+ and @y, ¢y for
i=1, 2,+++ then [ﬂ‘};"l yn B‘i)] N A, =g since otherwise B, would not
be maximal. Then A C Ut:l p; so apply the induction hypothesis to the
sequence {yk} on p,,p,s*+ consecutively, take the diagonal subsequence
and denote it again by fykl- This sequence has the property that it is either
convergent or eventually monotone at every point in S.

5. Corollaries and other results. By restricting the range of the sequence
of functions so that eventually monotone sequences in E_ converge in E,
the conclusion of Theorem 4.4 can be changed to read pointwise convergent.
The following is an example of such a theorem.

Theorem 5.1, Let B be a reflexive ordered Banach space with normal
positive cone K and S be a nonempty subset of RL If {yk} is a sequence
of functions that satisfies the hypothesis of Theorem 4.4 and {y (s} is a
norm bounded set for each s €S then there is a subsequence of {yk} which
converges for every s € S.

Proof. This follows directly from Theorem 4.4,

Theorem 5.2 (Helly selection theorem). Let {y,} be a sequence of func-
tions, Vit I>R, I=[a, ,B] CcRrL Suppose there is a positive constant K with
ly N such that |y, (x)| <K for k=1,2,+++ and x €l and V (y,; ) <K
for k=1, 2,-+.. Then there is a subsequence {h,} of {y,} that converges
pointwise on I.

Proof. Since V,(y,~y; DSV, (y,; D+ V ;3 D < 2K the hypotheses
of Theorem 5.1 are satisfied and the conclusion holds.

Since [ € BV, and f € BV, implies f € BV, the above Helly selection
theorem holds if V,(y,; I) <K is changed to V,(y,; D<K or V,(y,; D<K
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In the case where the sequence of functions fyk} is such that y,: § -
R, S C R}, we obtain a characterization of those sequences of functions which
have pointwise convergent subsequences.

Definition 5.3. Let S be a nonempty subset of R! and {yk} be a se-
quence of functions, y,: S » R. We say that the set {yk} is equioscillatory
if for each s € § there exists a nested neighborhood basis of 0 of radii
€ln, s) and for each positive integer n there exist positive integers H(n)
and N(n) such that if %, j> H(n) and (y,e =Yp P) is a proper pair then P
contains no more than N(n) points x for which |y, (x) - y,.(x)l > eln, x).

Theorem 5.4. Let S be a nonempty subset of R! and {yk} be a sequence
of functions, y,: S » R. The sequence {y,} has a subsequence which is
pointwise convergent if and only if it has a subsequence {bk} which is point-
wise bounded and {hg)} is equioscillatory for i =1, 2,404, q.

Proof. Apply Theorem 5.1 to {y,} coordinatewise to get a convergent
subsequence. On the other hand if iy,e} has a subsequence {bk} which con-
verges pointwise to y, then it must be pointwise bounded. By letting €(n, ¢)
=supy .. {lp, @) =h ()|}, N(z) = 0 and H(N) = n, then for &, j > H(n) we
have |5, ()~ b].(t)" < eln, t) for all ¢t so that {bii)} is an equioscillatory se-
quence for i=1, 2,.4., 9.

The following two notes relate sequences equioscillatory and sequences
being Cauchy.

Note 1. The sequence {yk}, SR, SC R, is equioscillatory with
N(n) = 0 if and only if fyk} is pointwise Cauchy.

Proof. If {yk} is equioscillatory with N(z) = 0 then for 8(x) > 0 there
exists a positive integer 7 such that |y, (x) - yj(x)l < dn, x) < 8(x) for all
k, j > H(@). If {y,} is pointwise Cauchy choose €z, x)= supk'iznﬂyk(x)-yj(x)l},
N@)=0 and H()=n so that {y,} is equioscillatory.

Note 2. The sequence {yk}, Yi: S 2R, S CR, is equioscillatory with
N(n) = 0 and eln, x) = €, a nested neighborhood basis of zero if and only if
ly,} is uniformly Cauchy.

Proof. If {y k} is equioscillatory with N(z)= 0 and the nested neighbor-
hood basis of 0 is €ln, x)=¢_ then for 8> 0 there exists a positive integer
n such that €, <8 and ka(x)—yi(x)l <e¢, = €ln, x) for all k, j > H(n). Con-
versely if {y ki is uniformly Cauchy then for the nested neighborhood basis
of radii €(n, x)= 1/n there exists an H(n) such that for &, j > H(n), y, (%) -
yj(x)l <1/n=¢en, x) so {y,} is equioscillatory with N(z) = 0,
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