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ABSTRACT.  Let \yA  be a sequence of functions, y.  e TlseSE    where

S is a nonempty subset of the /-dimensional Euclidean space and 77    is an

ordered vector space with positive cone X . If y, £"sfji,i sufficient con-

ditions are given that \y A have a subsequence \hA such that for each t e S

the sequence {A.(i)| is monotone for k sufficiendy large, depending on  i. If

each   E    is an ordered topological vector space, sufficient conditions are

given that \y A has a subsequence \h,\  such that for every  í eS the se-

quence   {¿z,(i)j is either monotone for k sufficiently large depending on  t,

or else the sequence |zz,(t)i is convergent. If E   = 73 for each  s and  B a

Banach space then a definition of bounded variation is given so that if \y. j

is uniformly norm bounded and the variation of the functions y,  is uniform-

ly bounded then there is a convergent subsequence \hA of \yA.   In the case

E   a E fot each s eS and E is such that bounded monotone sequences con-

verge then the given conditions imply the existence of a subsequence \h,\

of \y A which converges for each  t e S.

1. Introduction. The terminology used in this paper relating to ordered

vector spaces will agree with that of Peressini [lO] unless stated otherwise

or explicitly defined. In particular, the definitions of ordered vector space

E, positive cone  X of E, ordered interval [a, b] in E where a < b, ordered

bounded subset of E, majorized subset of E, ordered topological vector space

E, ordered locally convex space E, and normal positive cone  X of a topolog-

ical vector space E agree with [lO]. An ordered Banach space B will be a

Banach space which is also an ordered vector space and thus is an ordered

topological vector space. We note that we do not require the positive cone

X of a topological vector space E to be closed as is done, for example, in
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Shaefer [l6]. The /-dimensional Euclidean space 72   will be considered with

the usual norm unless otherwise stated, the open sphere will be D(t, 8) =

[x e R : \\t - x|| < <5| with center t and radius 5 and the order will be deter-

mined by some positive cone

Ö/fe = i(x(1), x(2), ...,x(/)): x(/)>0, xU)> 0 for rf = 0, x(i)< 0 for

«,-= 1 where k= 1 + ij + 2z*2 + 22r3 + ... + 2(/-2)r/_1},

l<k<2l~l.

The interior of the positive cone will be

Ql = {ix{1), x(2),...,xay): xll)>0, x(,)>0 if ^.= 0, x(n<0 if t. = 1

for k= 1+ tx + 2r2 + 22r3 +•••+ 2(Z-2)7/_1}.

The translate of any 7-1 dimensional subspace will be called a hyperplane

in Rl and if it is of the form {(a(1), a^.a(Z)): a(,)=  c tot i fixed and

some constant c\ it will be called a regular hyperplane. A closed interval

will be

7 = [a, ß] = Kx(1), x(2),.... x(n): a(i) < x(i) < j8(,'\ 7 = 1, 2, ... , /}

where a = (a»>, a<-2\..., a«>), ß = (73(1>, 73<2)./3(/)) and a«></3^

for 7= 1, 2,..., /.  The vertices of 7 will be {x,, x~,...,x ,j where

\aU) if /.= 0,
^ = (y(1),y(2),...,y(/)),   y(i) = i = 1, 2,

ßwi£ti-l,

and

= l + r1 + 2í2 + ... + 2(/-1)í/

The set i(y(1), y(2 >,..., /"):y(m)=a<m' for m fixed and a») < y<«> < 73(i>

for 7 ?¿ m! will be called a minimum bounding edge of I and {(y( , y( ',...,

y(/>):y(«)Ä|3(w) for m fixed and a(iy < yU) < ß(i) fot i4m\ will be called

a maximum bounding edge of I.

Two elements x,   and x. in an ordered vector space E with positive

cone X will be comparable if xk - x. £ X or x. - x,   £ X holds. By a mono-

tone nondecreasing sequence [xfe| in an ordered vector space E we mean

xk + i~ xk € ^ h°lds for all k. A monotone nonincreasing sequence is simi-

larly defined and a sequence is called monotone if it is either monotone non-

decreasing ot monotone nonincreasing.
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A sequence {x.} in an ordered vector space E will be said to be even-

tually monotone nondecreasing if there exists an integer kQ so that xk  ^ -

xk e X holds for all k > kQ. An eventually monotone nondecreasing sequence

is similarly defined and a sequence is called eventually monotone if it is

either eventually monotone nondecreasing or eventually monotone nonincreas-

ing.

If \y, } is a sequence of functions, y, fill eCEs where S is a nonempty

subset of 7? and E is an ordered vector space with positive cone Ks then

we say that the sequence \y^\ is a monotone nondecreasing sequence of func-

tions on S ii the sequence {y,(s)} is a monotone nondecreasing sequence in

Es fot each s £ S. A monotone nonincreasing sequence of functions on S is

similarly defined and a sequence of functions is said to be monotone on S ii

it is either monotone nondecreasing or monotone nonincreasing.

If \yk\ is a sequence of functions, yk e H^^E^, where S is a nonempty

subset of R   and Es is an ordered vector space with positive cone' Ks then

we say that the sequence of functions \y A is an eventually monotone nonde-

creasing sequence on S it \yAs)\ is eventually monotone for each s e S.

Let {ykï be a sequence of functions, yk eIIseSEs where S is a nonemp-

ty subset of 7?   and each Es is an ordered vector space. Sufficient condi-

tions that \yk] have a subsequence \hk\ such that for each s e S, \hkis)} is

eventually monotone in E^ are given in Theorem 4.1. In case each E    is a

sequentially complete ordered locally convex space, Theorem 4.4 gives suf-

ficient conditions that there be a subsequence \hk\ of \y A such that for every

s eS the sequence \hkis)\ is either eventually monotone or else convergent

in Es. Additional hypotheses are given in Theorem 5.1 to insure the existence

of a subsequence [hk\ of {yk\ such that \hkis)} converges in Es for each

s e S. This generalizes the results in [15] and gives, in Theorem 5.4, a nec-

essary and sufficient condition that a sequence of functions from a subset of

/-dimensional Euclidean space into ^-dimensional Euclidean space have a

subsequence that is pointwise convergent.

For ty^j a sequence of functions, y, : S -, B where S is a nonempty sub-

set of 7?   and B is an ordered Banach space, a definition of variation is

given in §3 so that Theorem 5.2 yields a generalized Helly selection theorem

as a corollary.
*

2.  Preliminary results. We will refer to a result of Ramsey [ll, Theorem

A, p. 264] or [12, Theorem A, p. 82] repeatedly so we will include its state-

ment here.

Theorem 2.1.  Let T be an infinite class, u and r positive integers,

and let those subclasses of Y which have exactly r members, or, as we may
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say, let all r-combinations of the members of T be divided in any manner in-

to u   mutually exclusive classes €. (7= 1, 2,..., u), so that every r-combin-

ation is a member of one and only one C..   Then, assuming the axiom of se-

lections, T must contain an infinite subclass A such that all the r-combin-

ations of the members of A belong to the same C ..

Corollary 2.2.  Let ] be a nonempty subset of R   and \f,\ be a sequence

of functions, f.  £ FI e, E   where each E   is an ordered vector space with pos-

itive cone  X .  If ¡At) and f (t) are comparable for each t £ J and k, j =

1, 2.then either there is a subsequence \h.]  of \f A suchthat \h.! isa
t * 7

monotone subsequence on ] or else there is a subsequence \h \ of {¡A such

that if i 4 j there are t, r e J depending on i, j with hi.t) - h.(t) £ K(, hi.t)

4 h.(t) and h.(r) - h¿r) £ Kr h.(r) 4 hi.r).

The proof of this corollary follows in a similar manner to that of Corol-

lary 2.3 in [14].

Corollary 2.3. Let ] be a nonempty subset of R   and {/, ¡ be a sequence

of functions, fk £ II €. E , where each E   is an ordered topological vector

space.   If W   is a circled neighborhood of 9   in E   then either there is a sub-

sequence \h.\ of \fk\ such that for i 4 j, h.(t) - hi.t) £ W( for all t £ J or

else there is a subsequence \h X of \f A such that for i 4 j, hit) - h (t) i W.
J * Jit

for some t £ ] depending on i, j.

The proof of this corollary follows in a similar manner to that of Corol-

lary 2.3 in [14].

3.   Variation. In [14] where sequences of functions from the real numbers

into the real numbers were considered, a result yielding the Helly selection

theorem as a corollary was given.  Then in [15] where the functions were from

the real numbers into ordered Banach spaces, a generalized Helly selection

theorem was given as a corollary. Browne [l] considers functions from /-di-

mensional Euclidean space into the real numbers and with one definition of

variation gets another generalized Helly selection theorem. Four definitions

of variation are given here and their relationship considered when the func-

tions are from /-dimensional Euclidean space into an ordered Banach space.

Consider the interval 7 = [a, ß] C Rl and a, b £ I with a(,) < b(-l) fot

7=1,2,...,/, then / = [a, b] will be a subinterval of 7.  A subdivision of

[a, ß will consist of a finite number of subintervals /,, /,,..., /    of /

such that U^lj ]i = I and for k 4 j, ]k C\ /• is either empty, a point, or is a

p-dimensional interval where 1<P</— 1. A refinement of the subdivision

{/j, }2,..., Jm\ will be a subdivision obtained by subdividing one or more
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of the J.'s into two or more subintervals. A subdivision \]y J2,.... Jm\

will be called regular if all of the minimum bounding edges of /   = [a , b ],

Ky(1), y(2), ••., yU)): y0) = «f, «(0<y(i)< *(i) f<« 'V /I

and the maximum bounding edges of / ,

j(y(1), y(2), ... , y(/)): y™ = b<¿\ af < y(í> < bU) fot i 4 f\

for n = 1, 2,..., 7?z are extended to

\(y(1), y{2), ..., y(/)): y0) = «W, ct(¿)<y(l) </3(i) for f 4f\

and

i(y(1), y(2), ..., ya)): y{j)ab«\ a<*><y«><ßW for 7^;!,

respectively, and the subdivision is not refined. A set X = |x. = a, x2, x,,

..., x     j, xn = ß\ C I = [a, ß] will be called a partition of 7. The subdivi-

sion whose bounding edges are formed by the intersection of I with all the

regular hyperplanes through {xj, x2,.. ., x  \ will be called the subdivision

determined by the partition J*,, x2,..., x \. The set of vertices of all the

subintervals of a subdivision i/j, J2, . . ., ]m\ will be the partition deter-

mined by the subdivision. A partition X will be called regular if the set of

vertices of the subintervals in the subdivision determined by X is again X.

A partition XQ will be said to be regularized to X if X consists of the ver-

tices of the subintervals in the subdivision determined by the partition Xn.

For a function f: I -* B where B is an ordered Banach space, 7 = [a, ß]

CRl, a = (a(l)ia(2),...,a(')),/3 = (/3(1),/3(2>,...,73(/')and a™ < ß™

for 7=1,2,...,/ consider the following definitions of the variation of / on

7.

Definition 3.1. Let X= ,x,( x2<  .... x } be called an allowable parti-

tion of 7 if X is such that x,   , - x^ £ Q. foi k = 1, 2,..., n - 1, Q. is a

fixed positive cone and x,  is the smallest vertex of 7 and x    is the largest

vertex of 7 as determined by Q.. The variation of / on 7, denoted by V.(f; 1),

is given by

n-l

vx (/;/)= sup z ll/(**)-/u*+i)ll
X   fe-1

where the supremum is over all allowable partitions X ordered by a positive

cone Q. fot j = 1, 2,..., 2 . The function / will be said to be of bounded

variation, denoted / £ BV., if Vj(/; 7) <+«.
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An interval 7 = [a, /3] C R   with the operation * given by

x*y = (rnax!x(1), y(1)j,  max,x(2>, y<2>}, ... , maxU<», y(/)J)

forms an idempotent semigroup with identity Q., For x £ I, the conventions

x   = x and x   = a will be assumed. Thus a special case of the definition of

variation given in [9] is given in the following:

Definition 3.2 (Newman). Let T    denote the Boolean algebra of all n-

tuples of zeros and ones. Let a, r £ T    be such that r > o if r(z) > oii) fot

i a 1, 2,... , n and

(a, r) a J

(.0,

i(-l)M-H,   r>a,

otherwise,

where |a|  denotes the number of ones in the «-tuple a. Then for X = jx,, x-,

..., x j any partition of 7 with Xj = a and x   = 73 define

UX, a)/ = £
TeT,

where II is the product under the operation * making / an idempotent semi-

group. Then the variation of / on 7, denoted by  V2(f; I), is given by

V2(/;/) = sup   £   ||UX,a)/||

X   creTn

where the supremum is taken over all finite partitions X of 7.  The function

/ will be said to be of bounded variation, denoted / € BV2, if VAf; I) < +<».

Definition 3.3 (Arzela). Let X = {x., x2>..., x \ be called a permissible

partition of 7 if X is such that x. = a, x   = ß and x,   . — x,  e Q    fot k =

1,2.n - 1.   Then the variation of / on 7, denoted by  VAf; I), is given

by
n-l

V3(/; 7) = sup £  »/<**>-/(**+i>l
X   x=l

where the supremum is taken over all permissible partitions X of 7.  The

function / will be said to be of bounded variation, denoted / £ BV,, if

V3(/; /)<+«.

Definition 3.4 (Lebesgue). Let / = [a, b] be a subinterval of 7 and

A/U'1', x<2>, ....xt'-», x(r+1), ...,*a))

=/(*(i>, ...,x<'-»,6n*(r+i), ...,*(/))

-/u(I),....»<r-n.«<,).*(r+1).....*<,))



CONVERGENT SUBSEQUENCES FROM SEQUENCES OF FUNCTIONS     177

for r = 1, 2,..., / and A./ = A jA2 • • • A¿/.  The variation of / on I, denoted

V ¿f; I), is given by

V4if; I) = sup £ IIA//II
Z   JeZ

where the supremum is taken over all subdivisions Z of 7. The function /

will be said to be of bounded variation, denoted / £ BV,, if V4(/; 7) <+oo.

If X = \x., x2, . .., x ! is a permissible partition for the calculation of

VAf; I) it is also an allowable partition for V.(f; I) so the calculation of

V.([; 1) is the supremum over a larger set than is the calculation of VAf; I).

Thus / £ BVj implies that / £ BV\. The converse of this statement does not

hold however.   Consider the function f: 1 -* R, 7 = [O, l] C R    defined by

isin(l/x)   if x + y = 1,

0, otherwise.

Since sin(l/x) is not of bounded variation on [0, l] C R, f(x, y) is not of

bounded variation by Definition 1. However any partition ordered by Ql con-

tains at most one point where j(x, y) is nonzero so that   V AJ; I) < 2.

To determine the relationship between VAf; I) and V,(/; 7) some pre-

liminary results are necessary. In the calculation of VAf; /') the elements of

Tj will be denoted tr* J) = (1) and ff(,2)= (0).   Assume that the elements of

Tn   j have been numbered, then those of T'    will be given by tr*'■((/•   j, l),

a(2)"= (o-(1\, 0),..., a<*> = (o-<m> , 1) for * = 2m - 1 and a<*> " io<?\,'0)
n n—l n n—l n n— i

for ka 2m where k = 1   2,..., 2". The 7th coordinate of o'fe) will be de-

noted tr(   (i). The subscript n will be deleted from cr(  ' when it is clear that

a<*> £ T .

Note 1.  Let /: 7 -► B, / = [a, 73] C /?' and X = {xj, x2<..., x2¡\ be the

vertices of 7 with Xj = a, x2/= ß and x. = (y'   , y^2 ,..., y^ ') where

|a(l)    if t{ = 0,

ßu)    ifr.= l

for 7= 1, 2,..., / and z^= l+r1+ 2<2+...+ 2('-1)r/.  Then L(X, ct2(2/-1))/

Í where A./

Proof. Let

= A./ where A./ is as in Definition 5.4

(i) r.-^^.r.fn^o,.2/'
¿=1
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for z/z = 1, 2.2l, let trlPm) £ Tm be such that ff(fe) < alPm) for all o{k)

£Tm, and let 77 = tr2^-U. Since cr(fe)(l)= 0 for k > 2(2'-1) and 77(1) = 1,

have that /z(t7, o{k)) = 0 for * > 2(2'-1).
m

we

ax,a2(2/-n)/= £ ^2(2Z_1wfn<(oV z c<*')/fn-n
creT2/ V=l /     o-eTi \ial }

+ Z tf* o)/(IT "fi + •• • + £ 4* «Mil«?,})-
crer2 V=l / trer2; \z=l /

Hence it will suffice to show that

(2) £   fé?, a)/( fi *f° ] = (- l)rf-/(xm)
crerm \ial J

where d    is the number of t .= 1 for m = 1 + r. + 2/, + • • • + 2(     * 'r z.
Z7Z Z 1 Z *

For d   a 0, 1, 2./ and « = 0, 1,..., 2l - 1 let N(d  , n) be the
Z7Z J7, Z7Z

number of distinct elements cr^' £ T such that p(r], o^') 4 0 and a^'(i) =

1 for n values of i 4 1. The number of z 5¿ 1 such that a^t'm\i) = 1 is 2 m

- 1 and 2    ~    7V(if  , n) is the number of elements a £ F     such that u(n, o)
tt= U Z7I Z72 '       '

4 0 for dm = 0, I, 2./. Thus 7V(0, 0) = 1 and

*** -j - C'Y Mi)**- - *■n) - C")^- - 2>w)

for « < 2 m - 1  and /VUm< w) = 0 for rz > 2rfm - 1. Now suppose a{k) > n

and contains n + I ones so that p(r), o^  ') = (-1)". Hence the note will hold

if

2Í-1-1 2'-l

(3) Z    rV(rf„, 2j) -   £   N(z7m, 2/ - 1) = (- 1)^
7=0 7=1

for z7   = 0, 1, 2,..., 7 since then (2) is true.

For dm = 0 it holds.  Assume that (3) holds for d    < r- 1. Then for

c7   =r,
m
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2(2'-l)_i 2'-1

Z Mr, 2;) -   £   N(r, 2/ - 1)
7=0 7=1

2'-1-1

z
7=0

2;-i

- z
7=1

where we define

( V)- (0Mr - *■2/) - (r2)N{r -**>—- (;><°. *»]

(2^:;)-(^(r-l,2/-l)-(^-2,2,-l)

-Q/V(0, 2/1 1)

Thus we have that

_K- iy-' - . ; ; - (T_ \-1)l - 1 = -[(-1) + i]r + (- Dr + l - 1 = (- Dr

so the desired result holds.

Note 2. Let /: 7 - B, I = [a, ß] C 7?' and let X = [xy x2<.. ., x2,} be

the vertices of 7 numbered as in Note 1. For T     as in (1), o^rA ep  ;• Q^Pml

> o(k) for all a{k) er    we have that L(X, o^^f = A./    where 7    is the
— m '/mm

interval whose vertices are {x: x— x    £ Q,\.
1     1       m     "-1

Proof. By definition

L(X, oPm)f =      £     p(a^\ o<k >)/( fi «^H
¿»eT2i \'=1 /

We need only consider those a'  ^>o^Pm' since ^(a'i'm', a(  ') = 0 otherwise.

The set \xriYP¿xxfk*nmxt\ for some o(k) > o^ = \xf-. Xf - xm eQx\.

Now let

Í 2'
Â-{a(*}: h*zU)(i) = V    *(*}£ T   .and ctU) > cr

2' f
By a counting argument similar to that in the proof of Note 1 we have that
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£    p(o(Pm\ aW)f(h xf^A a (- l)d'-d»>f(x)
;(*'£4, \z=l

where d   and d     are the number of 7's such that x^z' = ß*-*' in x   and x
r m ~ T m

respectively. Thus L(X,o(Pm))f=A.Im.

Note 3. Let /: 7 -* B, I = [a, ß] C ft' and X = ¡Xy x2,..., *2/j with X

the vertices of / numbered as in Note 1. For T     as in (1) and o^Pm' £ Y

o<.Pm)> a(*) for all o{k) £Ym we have that L(X, o(k))f = 0 for M P;

Proof. Suppose ff(y) £ T   , ct(j) < tr(p'«).

m

m'

L(X,o^)f=      £    tfa</>,a<*ty(n*í(*)(»)
o-(fe)eT^ \i=l /

=    £  ^■),a)/(n^,))+    .£      ¿o{i\o)f\T[xf\
o-eVm V=l /     °erm(i) V*1 '

+...+ £ tfa<'W)/(n<(i))
«r„(s) \*=i      /

such that xw. - xm e Qt fot i m 1, 2,..., & Now 2^ f     /¿(c/'*, aVÜI^j *f(,))

contains 2r nonzero summands where r is the number'of 7's such that

o(p™Xi) - aU)ii) = 1 and 2r~ 1 of them are such that p(a(i), a) = +1 and 2r~l

are such that /z(a(7), a) = -1. Hence

£ Ma('-W)/(n*n = °-
°-erm \z=l        /

Also £_, r    ,    u(cr" , ct)/(II._, x^1') contains 2s summands where s is the

number of 7's such that cf-Pm(k^ii)- <4^(i)= 1 and again 2s      of them are such that

pia^'K a) = +1 and 2S~x are such that /r(tr(,), a) = -1 so that

£     p(o{'\ a)/[nxf(''>j=0
°-erm(i) \i=l

and the conclusion holds.

Lemma 3.5.  Let f: I -► B, I = [a, /3] C Rl and X = \xy xr ..., x ,\ be

the vertices of I with x^= a and x ¡ = ß. Then

£  \\Ux,o)f\\ = \\Afi\\+ £1^/1.
o-eT2l JeQ
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Proof. By definition

£    IIUx. o)f\\ a £ ||L(X, t/^Vll +        £        \\UX, oM)f\\.
ae72, n=l cr<-^a(pm)

By Note 3 L(X, a{ky)f = 0 for k 4 pm for some w so that

2'

£   IIUX, o-)/« = £||L(X,a(i,-Vl|.
creTj ; ma 1

But by Note 1, L(X, a2(2 ~l))f=\fl and by Note 2, L(X, o^"»))/ = A//nj so

the lemma holds.

The following lemmas yield the equivalence of V2(f; I) and V,(/; 7) pro-

vided V2(f; ]) = 0 for / £ Q.

Lemma.  Le/ f: I -* B, I = [a, ß] C R .  Let X = ,x,, x ,..., x \ be a par-

tition of I and XQ = X U \y\, y 4 X, be a second partition of I.   Then

£   IIUX, a)/1| <     £     ||L(X0,a)/||.
creTn creTn+i

This lemma follows since L(X, o(k))f = L(XQ, rAf+ L(XQ,r2)f where

Ia{k)(i) for 7 < m,
0 for 7 = 772,

(T(fe)(7 -   1)       for   i > 772,

and

\Tlii)   for 7 ^ 772,

,<*.{;■
fot   7 = 772.

Lemma 3.6.  Let f: I -» B, I = [a, /3] C RZ W X = {*,, x2<..., xf\ be a

regular partition of I with {/,, 72,..., / ! the corresponding regular subdivi-

sion of I in the calculation of V.(f; I).  Then

£  |UX,a)/||- £«VJI
aeTr ra=l

assuming the variation, VAJ; /)= 0 for ] £fl.

The proof follows in a manner similar to that of Note 1.

Lemma 3.7. Let f: I -► B, I = [a, ß] C Rl and V\(f; ]) = 0 for ] £ Q.

Then / £ BV2 if and only if f £ BV4>
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This follows from lemmas above.

It remains to establish a relationship between  V,   and either V2 or V..

Note 4.  Let /: 7 -> B, I = [a, ß] C Rl, f £ BV2 and V2(f; I) = 0 for / £ Q.

Then / £ BV\.

Proof. From Lemma 3.7, BV2 and BV4 are equivalent when V2(f; ])= 0

for / £ ÍÍ. The calculation of V4 is symmetrical and the calculations of V2

and  V,  agree when the partition is ordered by Q,   so the result follows.

The converse of Note 4 does not hold. Consider the function /:/-»/?, 7=

[0, 1] C 7?2  defined by

(-1)»W1\     if*_J>y_J.;x.A,y.l-i_
\2n) 2" 2" 2" 2"

for k m I, 2,,.. , 2" - 1,

/(*, y) = J(-l)B+'/-A     if x = i-,y = i-;x= l-J-,y = ̂ -
'    ' *       i \2"/ 2" 2 2 2

for ;= 1, 2, ... , 2"- 1,

otherwise.

For N any positive integer, the regular partition  P = \(k/2   , 1/2   ): &, / ■

0, 1, 2,..., 2   ! we have that

v2(/; /) > £ £ |/(> ¿t) - f(^ ¿) - /(¿V *|r)+ f^ ^)

> I + 2 + 3(N - 2)

/f^v' 77) ̂ ("^T"' "P7 - °'      ̂ H^"' 2") ̂ {2" ' l73""/ - °

and

t\fr&^y-*-
Hence V2(/; 7) > N for TV > 2.

On the other hand for any partition  P £ J, J   the set of all finite nonemp-

ty partitions linearly ordered by either Q.  or Q2, we have  V,(/; 7) <

[2(2N)- lKV^)^ 2 since ? contains at most 2(2")- 1 points of the form (k/2n,

7/2") with a total number less than or equal to 2(2   ) - 1 so that / £ BV,.

The example showing that f e BV,  does not imply / £ BVl  also shows
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then that / £ BV, does not imply / £ BV2 or / £ BV4.

4.  Primary results. We now address the question of giving conditions

which when satisfied by the sequence \yk\, yk £ÏlseS Es, where S is a non-

empty set in R   and each E    is an ordered vector space, guarantee the ex-

istence of a subsequence of [yk\ which converges pointwise on S.  With this

in mind we make the following definition.

Definition 4.1. Let S be a nonempty subset of R   and / be a function,

/ £ ïlses Es where each Es is an ordered vector space with positive cone

X . Consider the set J  of all finite nonempty partitions  P = (*,» x2> .... x }

of S where n > 1, x. £ S fot i = 1, 2,..., n and P is linearly ordered by

some positive cone Q . for 7=1,2,..., 2"      . If f(s) 4 0   fot some s £ S

we say that (J, P) is a proper pair if (-l)'/(x.) > 0     fot i = I, 2,...,n or

else (-lYf(x.) < 9x. fot i a 1, 2.n. U f(s) = d's fot all s £ S we say

that (/, P) is a proper pair if P contains exactly one point.

We will say that the sequence is an eventually comparable sequence if

there exists a positive integer M(t) such that yk(t) and y .(f) are comparable

for k, j >M(t).

Theorem 4.2.  Let S be a nonempty subset of R   and \y, \ be a sequence

of ¡unctions, y,  £DscS Es, where each E    is an ordered vector space with

positive cone X .  For each t £ S assume that \ykit)! is an eventually com-

parable sequence and that there is a number ¿5(f) > 0 and positive integers

Nit) and 77(f) such that ¡or each  k, j > 77(f) the partitions  P £ ÍP such that

(yk - y., P) is a proper pair, each contain at most N(t) points in the sphere

D(t, S(t)). Then \y A contains a subsequence \h A such that \h At)\ is even-

tually monotone for each t eS.

Proof. If ykit) and y.(t) are comparable for all k, j > M(t) and M(t) is

the smallest integer having this property we let A. = if : f e S, M(t) = 7} for

7=1, 2.For any z e A. we have yk(t) and y .(f) comparable for k, j >

i. We will prove the theorem assuming that y, (f) and y .(f) are comparable

for all f £ S and then a standard disagonalization argument where S is re-

placed by Ay A-,">  yields the desired result.

We note that we may assume S is bounded because if the theorem is true

for bounded sets a standard diagonalization argument with S n D(0, 1), S O

D(0, 2), « • •  yields the result for unbounded sets. Also, we may assume S is

a closed interval because if the theorem is true for closed intervals 7 = [a, /3],

then we may choose 7 to be a closed interval containing the bounded set S

and define a sequence of functions \Z, ], Z. e T\  e¡ F    where F   = E    for

seS and Fs = R (with the usual order) for s e I, s 4 S, by
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tyk(t)    iott£S,

Zk^ ={
*0 iottflS.\

Then the sequence \Z, j satisfies the hypotheses of the theorem on 7 since

for (Zk - Z., P) a proper pair either Z^'t) - Z.(t) = 0 for all f £ 7 or else P

contains no points in 7—5. Also, since we may assume S is a compact inter-

val there exists a finite number of t, £ S, i = 1, 2,..., n, such that D(t -, 5(f.)),

i = 1, 2,..., n, cover S and by choosing 77 = maxl&i<n {T7(í¿)i and N =

S"=1 7V(r.) we have integers N and 77 such that for k, j>H the partitions

P £j such that (y. — y., P) is a proper pair, each contain at most N points

in S. Hence without loss of generality we may assume 77 = 1.

The theorem will now be proved by induction on / for S a compact inter-

val in Rl.

Let /= 1, S be a compact interval and {y, Î be a sequence of functions

y,  £ DseS Es where Es is an ordered vector space with positive cone  X^.

For each k, j and t £ S assume that y^f) is comparable with yj(t). Let N

be a positive integer such that for each k, j the partitions  P £ J   with

(y, — y -, P) a proper pair each contain at most N points in S. The case for

7=1 will now be proved by induction on N. If N = 1 then for each k, j either

yk(t) - y .(f) £ Xt holds for all f £ S or else y .(f) - yk(t) £ K( holds for all

t e S.  Thus by the mapping g, defined in the proof of Corollary 2.2, it is pos-

sible to pick a subsequence of \y r j that is monotone on S. Now assume the

theorem holds for N = 1, 2,..., X. We will then show this implies it is cor-

rect for N a K + 1.

If there are only finitely many functions in [yk\ which are distinct on 5

then infinitely many are identical on 5 and using that as the subsequence we

are done. Thus we may assume there are infinitely many functions in \y, 1

which are distinct on S and, by picking a subsequence if necessary, we may

assume all the yk ate distinct on S.

Let 7, / be subintervals of S with I U J = S, I n ] = 0 and let 7 and

/ be of the same length. We will show that there is a subsequence of \y, \

that is eventually monotone for each f £ 7 or else is eventually monotone for

each t e ]. Now let Y = \yk\, u = X + 1 and r = 2 with Cl = \\yk, y.}: k 4 j,

proper pairs (yfe - y., P) are such that P has at most one point x el\. Now

for 72 = 2, 3,..., X + 1 let Cn = \\yk, y A: k 4 j, proper pairs (yk - y., P)

are such that  P has at most 72 points x,, x2,..., x   el and \y k, y \ i C     ,

p = 1, 2,..., 72 — lj. By Theorem 2.1 there is an infinite subclass A of Y

such that all pairs of elements of A belong to the same C    for some  t?2 =

1, 2,..., X + 1. If 772 = 1, 2,.,., X then the induction hypothesis holds on



CONVERGENT SUBSEQUENCES FROM SEQUENCES OF FUNCTIONS     185

/ and there is a subsequence [h.} of \yk\ that is eventually monotone at

each point of 7. Note that if [yk, y j £ Cm then proper pairs (yk — y., P) ate

such that  P has at most  X + 2 — m points x,, x2,. .., xK+2_     £ / so that

if 772 = 2, 3,..., X a similar argument shows that the induction hypothesis

holds on / so there is a subsequence \g.} of \h\ that is eventually mono-

tone at each point of 7 U / = S and the case 7=1 holds. If m = X + 1 then

the proper pairs (yk - y-, P) ate such that P has at most one point x e J

and there is a subsequence \h A of \y¡J that is eventually monotone at each

point of /. In any case either the case  / = 1 holds or there is a subsequence

that is eventually monotone at each point of 7 or /.  Let S^ denote the inter-

val 7 or / on which \h.\ is not known to be eventually monotone at each

point.

We now repeat the entire process described in the preceding paragragh

on Sj obtaining S2, then on S2 obtaining S,, etc. If the theorem does not

hold at any step in the induction, use the standard diagonalization argument

to obtain a sequence \h .\.   Let xQ be the unique limit point of the set of mid-

points of the intervals 5 . Choose ig} to be a subsequence of {/>.! such

that IgfOOi is monotone so {g^l now has the property that it is eventually

monotone at each point of S and the case for /= 1 holds.

Assume the theorem is true for / = L — 1 so it remains to show that it

holds for / = L.

Let S = [a, ß] be a compact interval in R    and \y, ! be a sequence of

functions, yk £ TlseS Es, where each Es is an ordered vector space with pos-

itive cone X . For each k, j and t £ S assume that y, (f) is comparable

with y .(f). Let 7V be a positive integer such that for each k, j the partitions

P £ j with (yk — y., P) a proper pair each contain at most TV points in S.

Now the case for / = L will be proved by induction on N. If N = 1 then for

each k, j either yk(t)-y.(t) e Kt holds for all t e S or else yit)-ykit) £

X   holds for all t e S. Thus it is possible to pick a subsequence as in the

proof of Corollary 2.2 which is a monotone sequence on S.  We now assume

the theorem holds for N = 1, 2,..., X and will show this implies it is cor-

rect for N = X + 1.

If there are only finitely many functions in \yk\ which are distinct on S

then infinitely many are identical on S and we are done. Thus we may assume

there are infinitely many functions in \yk\ that are distinct on S and, by

picking a subsequence if necessary, we may assume all the y ¡As ate distinct.

Let I, J be subintervals of S with I U J - S, I C\ J = 0, I = [a, y,]- XQ, / =

[y2,/3] where yx = (M(a(1) + |8<l>), /3<2\ /3<3>,..., /3<L>), y2 = Ma™ + /3(1)),

a<2>, a(3),...,a<L>)and XQ = \iV2ia^ + ß^), x<2>.*(*•>): a«> <*«
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< ß(1' for i a 2, 3,..., L\. We will show by the same argument as for / = 1

that there is a subsequence of \yk\ that is eventually monotone for each f £

7 or else is eventually monotone for each t £ }.  Since all y ¡Aß) are compa-

rable there is a subsequence of \yk\, denoted again by fy^i, such that \y. iß)\

is monotone. Now using Theorem 2.1 with Y = íy¿i» u = X + 1  and r = 2

where  C, = \\yk, y \: k 4 j, proper pairs (y« - y -, P) ate such that P con-

tains at most one point x £ l\ and C   = i!y¿. y \: k 4 j, proper pairs (y, -

y., P) are such that  P has at most n points x,, x2, . . ., x    £ 7 and iy,, y.{

^ C      , p = 1, 2,..., 72 - 1¡ for 72 = 2,..., X + 1 there is an infinite subclass A of

T such that all pairs of elements of A belong to the same C    for some ztz = 1, 2,...,

X+ 1. If 772= 1, 2,..., X then the induction hypothesis holds on 7 and there is

a subsequence  \h A of iy^i such that  \h \ is monotone at each point of 7.

Again if \yk, y A £ Cm then the proper pairs iyk - y -, P) are such that P has

at most  X + 2 - m points x., x2,..., xK+2_m £ /. So if 772 = 2, 3,..., X

then the induction hypothesis holds on /  so there is a subsequence Sg! of

\h \ that is monotone at each point of 7 U / = S and the theorem holds. If

77Z = X + 1 then the proper pairs (y. — y ■> P) ate such that  P has at most one

point x ej and there is a subsequence \h.\ of [y A that is monotone at each

point of /.  In any case either the theorem holds or there is a subsequence

that is monotone at each point of 7 or is monotone at each point of /.   Let

Sj denote the interval 7 or / on which \h \ is not known to be eventually

monotone.

Now repeat the entire process described in the preceding paragraph on

5.  to obtain S2  so that we obtain a sequence that is eventually monotone on

iS — S A), Continuing, we repeat the entire process on S2 to obtain S,, on S,

to obtain S ., etc. If the theorem does not hold at any step in the induction,

then by a standard diagonalization argument we obtain a sequence \h.] that

is eventually monotone on SQ = (S — Il -m, S.). But f I .  , S. is an   L — 1 di-

mensional interval so by the induction hypothesis on the dimension of the do-

main it is possible to choose IgA, a subsequence of \h \, such that (g.(x)i

is eventually monotone for x £  Il  ", S.. Now ig.i has the property that it

is eventually monotone at each point of S C R    so the conclusion of the theo-

rem holds.

In the next theorem, by further restricting E , we obtain a subsequence

\h.\ of (y, ! such that i/z.(s)} is eventually monotone in E    or else converges

in E    tot each s £ S. The proof will again be done by induction on the dimen-

sion of the domain. The following is the case for 7=1.

Theorem 4.3.  Let S be a nonempty subset of real numbers and \y, j be a

sequence of functions, y.  £^st^ E , where each Es is a sequentially com-



CONVERGENT SUBSEQUENCES FROM SEQUENCES OF FUNCTIONS      187

plete ordered locally convex space with positive cone  X^.  For each t £ S

assume that iy,(f)i is an eventually comparable sequence.  Assume E    has

a nested countable basis of circled sets at 9    denoted by \U in)\.  For each

t e S and each positive integer n assume that there are nonnegative integers

Nin, t), Hin, t) and a number Sin, f) > 0 such that for all k, j > Hin, t) if

(y,-y., P) 7s a proper pair then P contains at most Nin, t) points x such

y Ax) - y .(x) 4 U in) and t - hin, t) < x < t + 8in, t).  Then \y k\ contains a

subsequence \h A such that for each t £ S, [h At)} is either eventually mono-

tone or else is convergent.

Proof. See note following Theorem 2.2 in [15Ï.

Now for the case / > 1 the following theorem yields the desired conclu-

sion.

Theorem 4.4.  Let S be a nonempty subset of R    and \y A be a sequence

o¡ (unctions, y,  £ n    $£ , where each E    is a sequentially complete ordered

locally convex space with positive cone  K .   For each t e S assume that

\y At)\ is an eventually comparable sequence:  Assume E    has a nested

countable basis of circled sets of 9    denoted by \U in)]. For each t eS and

each positive integer n assume that there are nonnegative integers Nin, t),

Hin, t) and a number 8in, t) > 0 such that for all k, j > Hin, t) if (y.— y., P)
As J

is a proper pair then P contains at most Nin, t) points x such that y Ax)—

y Ax) 4 U in) and x is in the sphere Dit, 8in, t)). Then \y A contains a sub-

sequence \h A such that for each t £ S, \h,it)\ is either eventually monotone

or else is convergent.

Proof. As in the proof of Theorem 3.1 we may assume that yk(t) and

y .(f) are comparable for all k, j and f £ S.   Also we will again assume S is

a bounded closed interval, S = [a, ß] and H(n, t) will be replaced by H(n)

and N(n) respectively.

The proof now will be by induction on the dimension of the domain. The

case for 7=1 is Theorem 3.2. Assume the result holds for / = X - 1 then

we will show that the theorem is true for / = X.

Let í/¿j be an enumeration of the spheres D(t, 8) C S in R     with ratio-

nal centers and rational radii.

Now for /.by Corollary 2.2 there is a subsequence of iyA, again denoted

fy^i, that is monotone on /j or else there is a subsequence of íy, Î again

denoted by iy^l such that for k 4 j, ykit) > y At) for some f £ / j and ykir) <

y At) for some r £ /j. Now repeat the process described in the preceding sen-

tence for /2< ],,"'   and then take the diagonal subsequence, denote it again

by iy^t- This sequence has the property that on {/.j it is either eventually
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monotone or else for every k 4 f sufficiently large, depending on 7, there

exists t, t e]t suchthat ykit)>y.it) and yk(r) <y (r).

Now using /,  and  77,(1) by Corollary 2.3 there exists a subsequence of

iy¿!, again denoted by iyfe}, such that, for k 4 j, y^)- yM) e Ut(l) for all

t e J. or else there is a subsequence of \yA, again denoted by íy¿i> such

that, for k 4 j there is a t e]x with yk(t)- y At) 4 U t(l). Now repeat the

process described in the previous sentence using (7,(2), 7/(3), • • •   and then

take the diagonal subsequence and denote it again by iy^l- This sequence

has the property that for /j  and U (n) either for all k 4 j sufficiently large,

depending on n, y k(t) — y At) £ U t(n) for all f £ /j or else for all k 4 j suf-

ficiently large depending on 72, there is some t e] y such that y^t)— y At)

4 Utin).
We now repeat the entire process described in the preceding paragraph

consecutively on the spheres J2, ],,•'•   and then take the diagonal subse-

quence again denoted by \y¡A' This sequence has the property that for ]i and

Ut(n) either for k 4 j sufficiently large depending on i and n, yk(t) - y At) £

U (n) tot every f £ } ■ or else for every k 4 j sufficiently large, depending on

7 and 72, there exists a f £ ]i such that yt(f)-y(f) 4 U iji).

Let T., Y2,..., Y2K be the bounding edges of S; then Tj is a X — 1

dimensional interval so by the induction hypothesis there is a subsequence of

iy^i, denote it again by iy^l, such that for x £ T,, fy¿,(*)l is either eventually

monotone or else is convergent. Then by similarly extracting a subsequence

from iy¿} on Y2, I\,..., T2K consecutively we obtain a subsequence that

is either eventually monotone or convergent for each point of the bounding

edges of S.

Now suppose A. is the set of x's in S such that iy¿(*)} does not con-

verge and is not eventually monotone. If A. is countable then by a standard

diagonalization argument there is a subsequence of íy¿J» denote it again by

iy,}, that is either eventually monotone or else is convergent for each x e S.

So suppose AQ is uncountable. Let Y be the set of X — 1 dimensional hy-

perplanes of the form y = i(x(1), x(2).x(íí)): x(l) = c fot i fixed, 0(/) <

c < p*1'} which have nonempty intersection with A.. Consider the set f of

sets B of the form

t 2K-1 )

Bahy,ay):y£Y,ay£A0ny,ayi-a72e   U   [ß?u(-ßM.

Now order the sets B in V by Bj < B2 if and only if Bj C B2. Then the

union of any linearly ordered chain in ? is an upper bound of the chain and

is again in f so by Zorn's lemma there must be a maximal element BQ in W.

If B0 is uncountable and iyv a     ), (y2, a     ) ate in BQ then (a      -
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ay) e U-Ji"1 ÍQ°i U (-Q0)]. Let Aj = [ay: (y, ay) e BQ\. Now for x £ Aj

let {F   A be the subsequence of i/¿} consisting of the spheres which contain

x.  There must be a smallest positive integer nxi, such that ykit) - y it) 4

U,inx) for all k 4 j sufficiently large, depending on 7, for some t £ F   . for

otherwise iy.} would be Cauchy on FXf. and hence would be convergent at

x which is contrary to the choice of x. If limf_+0€ nxi = +<* then there is a

subsequence I^.^J of 5«XI-I such that lima_+oc nxiia\ = +oc and by the def-

inition of n„... and the nestedness of [U An)\ we have that y At) —y it) €
xz(a; t * k ' j

UfoxUa)— l) for all k 4 j sufficiently large, depending on a, and all f £

Fxi,ay This implies that iy^Cx)} is Cauchy and hence convergent which is

contrary to the choice of x so that lim.  ,*„ «„. — c„ < +«>. Let c„ < d   be an
J l—.TOC      XI X XX

upper bound for the set <nxJ'

Since there are uncountably many values of x in A,  at which {y,(x)j is

not convergent nor eventually monotone then there is some fixed positive inte-

ger d such that d   <d holds for uncountably many values of x in A,. Call

this set A so that A is an infinite set of distinct elements. Let YQ = A,

« = 2K-1 and r=2 with Cm = \\ay^ ByMa^-a     £ ((Q°m ) U i-Q°J)\ tot

772 = 1, 2, 3,.. •, 2        . Then by Theorem 2.1 there is an infinite subclass A

of rQ such that for x, y £ A, x - y £ (-Q^ U (-0° )) for t?2 fixed. Also for

x £ A and k 4 j sufficiently large, depending on 7, there exists a f £ F   .

such that yk(t)-y.(t) 4U((d).

Choose N> N(d) and uil) £ A n S° and FBa)f(1) elF„(i)¿i such that

^"F«(l)¡(l)'n^ is infinite. Choose u(2) e (S - Fu(1)¿(1)) D (A n S°) and

Fu(2)l(2) e ÍF«(2)/í suchthat FB(,)i(1)nFu(2).(2) = 0 and (^ - (F„(1)¿(1)

U ^a(2)i(2))) H A is infinite. Continuing in this manner we get \u(l), u(2),

...,u(2N+l)\ in An 5° and \Pu(imy Fu(2)i{2y .... P u(2N+l)i(2N+ly

which are mutually disjoint. Now by renaming if necessary we may assume

that u(j + l) - u(j) £ 2°   for /' = 1, 2.2/V.  Let

p =    min   i|a(1)(/) - «(1Xi + 1)|, |a(2)(7) - */2> (," + i)|,
l<z<2N

..., \ulKXí)-uiK\i+ 1)|¡

so p>0. Choose GuU).U) e\Fu{j).\ suchthat G8(/)i(/) C F8f/)f(/) and the

radius of G^.j-yj is less than p/2. Now ÍGu(1)¿(1), Gu(2).(2y ....

CIz(2zV+l)z(2zV+l)! are mutually disjoint and if x £Gu{.)i{.y y £ Gb(;.+1 )¿(;.+1)

then y - x £ g^. Choose ¿ ^ ;', ¿, ;' > H(d), sufficiently large that for each

odd positive integer a, 1 < a < 27V + 1, y Ax )- y .(x ) 4Ur (d) fot some x„

e Gu(a)z(a) anc* ̂ or eacn positive even integer a, 2 < a <2N, y^tj - y (f a)
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< 9 holds for some f a £ G  .a...a. and yfe(ra)- y.-(ra) > $ holds for some  ra

£ G        .     . Now consider the partition  Pn = Í/3,, 73,,..., ß  ! where jQ   =
"(a)'(a) . i \

x    if a is odd; ßa is omitted from  PQ if a is even and either y¡Ax(a-iy~

y.(x._j.) < 9 and y^^za+n^- y/*(a+i)^ > ^ or tne °PPosite inequalities

hold; ßa is taken to be  ta if y*Cx(a_n)- y/*t«.l)) > 9 and y*^(a+lp"

y7(r(a+i))>0 and /3a is taken to be ra if yfe(x((X_ ,y)- y;U(a_n) < 0 and

yfe(x.+1))-y .(x(a+1)) < Ö. Then the partition  PQ is such that (y^ - y ., PQ)

is a proper pair and y¿(*a) - yMJ 4 U% id) fot a odd, xo £ PQ, and there

are N + 1 such points xa which is contrary to the hypothesis of the theorem.

Hence it cannot be the case that  BQ is uncountable.

Let BQ = \(yy a     ), (y2> z?     ),... ! and p{, 7 = 1, 2,...   be the count-

able number of regular X — 1 dimensional hyperplanes through the points of

ay , ay  ,••••. Suppose y £ Y with y ^ p¿, i = 1, 2,-..   and   a      /y for

7 = 1, 2,. • •   then  [fl^j (y O p ¿)] n AQ = 0 since otherwise BQ would not

be maximal.  Then AQ C U^i P¿ so apply the induction hypothesis to the

sequence fy^i on pl,p2,'— consecutively, take the diagonal subsequence

and denote it again by íy^í- This sequence has the property that it is either

convergent or eventually monotone at every point in S.

5. Corollaries and other results. By restricting the range of the sequence

of functions so that eventually monotone sequences in E    converge in E

the conclusion of Theorem 4.4 can be changed to read pointwise convergent.

The following is an example of such a theorem.

Theorem 5.L Let B be a reflexive ordered Banach space with normal

positive cone  K and S be a nonempty subset of R .  If [y,} is a sequence

of functions that satisfies the hypothesis of Theorem 4.4 and iy,(s)i is a

norm bounded set ¡or each s £ S then there is a subsequence of \y, \ which

converges for every s £ S.

Proof. This follows directly from Theorem 4.4.

Theorem 5.2 (Helly selection theorem). Let \yk\ be a sequence of ¡unc-

tions, y, : 7 -» R, I a [a, ß] C R .  Suppose there is a positive constant  X with

iyfe(x)i such that  |yfc(x)| < K for k - 1, 2,« ••   and x el and V y\y ̂  l) < K

for k = 1, 2,. ••■. T7?e?2 there is a subsequence \h,\ of [y A that converges

pointwise on I.

Proof. Since V,(y¿-yy; l)<Vxiyk; /) + Vj(y;.; 7) < 2X the hypotheses

of Theorem 5.1 are satisfied and the conclusion holds.

Since / £ BV.  and / £ BV2 implies / £ BV.  the above Helly selection

theorem holds if Vxiyk; 7) < X is changed to V4(yk; /)< X or V2iyk; l) < X.
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In the case where the sequence of functions fy^i is such that yk: S -*

R, S C R, we obtain a characterization of those sequences of functions which

have pointwise convergent subsequences.

Definition 5.3. Let S be a nonempty subset of R   and \yk\ be a se-

quence of functions, y. : S -» R.  We say that the set iy^i is equioscillatory

if for each s £ S there exists a nested neighborhood basis of 0 of radii

ein, s) and for each positive integer n there exist positive integers H(n)

and N(n) such that if k, j > H(n) and (yfe - y., P) is a proper pair then P

contains no more than N(n) points x fot which   |y¿(*) - y.-(*)| > An, x).

Theorem 5.4.  Let S be a nonempty subset of R   and [y A be a sequence

of junctions, y,: S -» Rq.  The sequence \y, \ has a subsequence which is

pointwise convergent if and only if it has a subsequence \h A which is point-

wise bounded and \h,'\ is equioscillatory for 7 = 1, 2,..., q.

Proof. Apply Theorem 5.1 to [yk\ coordinatewise to get a convergent

subsequence. On the other hand if iy^i has a subsequence \h A which con-

verges pointwise to y, then it must be pointwise bounded.  By letting ein, t)

= supk^n\\\hk(t)-h.(t)\\}, 7V(tz) = 0 and H(N) = 72, then for k, f > H(n) we

have  \\hk(t)— h .(t)\\ < e(n, t) fot all f so that \h\*'] is an equioscillatory se-

quence for 7 = 1, 2,..., q.

The following two notes relate sequences equioscillatory and sequences

being Cauchy.

/Voie 1. The sequence \yk\, yk'- S -, R, S C R , is equioscillatory with

N(n) = 0 if and only if iy^} is pointwise Cauchy.

Proof. If \yk\ is equioscillatory with N(n)= 0 then for 8(x) > 0 there

exists a positive integer 72 such that  |yz,(*)- y(x)| < An, x) < 8(x) fot all

k, /> 77(72). If \yk\ is pointwise Cauchy choose ein, x)=supA¡ .  „i|y¿(x)-y (x)|j,

Nin)=0 and Hin) an so that iy^l is equioscillatory.

Note 2. The sequence íy^l. y¿: S -> R, S C R, is equioscillatory with

zV(tz) = 0 and ¿(72, x) = e^ a nested neighborhood basis of zero if and only if

iy^i is uniformly Cauchy.

Proof. If iy^} is equioscillatory with N(n)= 0 and the nested neighbor-

hood basis of 0 is ein, x) = en then for 8 > 0 there exists a positive integer

n such that (n < 8 and ly^U) - y .(x)| <(n = Án, x) fot all k, j > H(n). Con-

versely if iy^l is uniformly Cauchy then for the nested neighborhood basis

of radii €(72, x) = I/72 there exists an 77(t2) such that for k, j > H(n), |y¿(#) -

y.(x)\ < I/72 = e(n, x) so \yk] is equioscillatory with /Vi«) = 0.
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