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ABSTRACT. In this paper, we prove certain one-sided Paley-type ine-
qualities and use them to study the convergence rates for the tail probabili-
ties of sample sums. We then apply our results to find the limiting moments
and the limiting distribution of the last time and the largest excess of bound-
ary crossings for the sample sums, generalizing the results previously ob-
tained by Robbins, Siegmund and Wendel. Certain one-sided limit theorems
for delayed sums are also obtained and are applied to study the convergence
rates of tail probabilities.

1. Introduction. Let Xl, X,s «.. be i.i.d. random variables, and let Sn
=X+ +X,,50=X,=0. If EX, =0, then for any ¢>0, P[|S | > en]
converges to 0 as » — . The rate at which the above convergence takes
place, and more generally, the rate of convergence for P[|S | > en], a>1/2,
have been studied by a number of authors. In [1], Baum and Katz have proved
that for any p > 1/a, a>1/2, the following statements are equivalent:

(1.1) 2 7?*2PS | > n*]< e forall €>0,

(1.2) ana”zP[suplsk/kGIZe] <o forall €>0,
k>n

(1.3) E]XIIP <, and for the case a <1, EX, =0.

The analogous situation corresponding to the limiting case a=1/2 has been
considered in [11], where it is proved that, for any p > 2, the following state-
ments are equivalent:
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(1.4 E|X,|?(log*|X,| + 1)7#/2 < and EX, =0,

(1.5) > np/2°2P[|Sn| > elnlog n)#]1< e for all large e,
(1.6) Zﬂp/z-zp[sup I$ /(& log B)%| > e] < oo for all large e.
k2n

It is natural to ask whether there are corresponding one-sided analogues
of the above results. For example, if 1/2 < a <1 and X XZ, ... are i.i.d.
random variables with EX, =0 and E(X ;)p <o for some p > 1/a, thenis
it always true that X nP%~ P[S’l > en®] < for all € > 0? The answer to this
question turns out to be negative, as will be shown in $2 by a counterexam-
ple. However, if we also assume that EX % < o0, then the answer becomes af-
firmative. In fact, the following result has been established in [2]. Let
E|X,|" <eo for some 1<r< 2, E(X])? <oo for some p>r and EX, = 0. If
ar> 1, then

(1.7) Zn"""‘zP[ max Sk>en“]<oc for all €> 0.
1<ksn

The additional requirement E|X 1|7 <eo is a natural assumption, for without
it, P[S_ > en®] may even converge to 1 under EX; = 0 and E(X)? < for
all p, as our counterexample shows. In $3, we shall obtain a sharper version
of (1.7). A corresponding one-sided analogue of (1.5) and (1.6) under the as-
sumption EX; = 0, EX2 < and E(X;)p(log(Z + X'{'))""/2 <o will also be
given in S4.

The series considered in (1.7) is closely related to the moments of the
last time and of the largest excess of certain boundary crossings for the se-
quence X and for the sequence of partial sums S . More specifically, let
us define

T(e, a) =sup{n>1:S_>en®}  (sup ¢ = 0),

M(e, a) = sup (Sn - ea?),
(1.8) n20
Ty(e, a) =supln>1: X > en®l,

M(e, a) = sup (X'z - en®).

n>0

In §5, we shall consider the relations between the series in (1.7) and
E(T(e, a))?*-1, E(T (e, a)?*~!, E(M(e, a))pa=D/a o g E(M (e, a))(pa-D/2
Our results here extend those found in [3], [8], [9] and [15].
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In $3, to sharpen the relation (1.7), we shall prove the following inequality:
If EX; =0 and EX? <o, then for a > 1/2 and p> 1/a,

00
Lo X nl’a-zP[ max S, Zn{I < Cp,a{E(x;‘ Y, (Exf)(pa-l)/(za-l)},

n=1 1<k<n
where C,  is a universal constant depending only on p and a. In fact, we
shall derive a slightly more general inequality where we consider E|X,|” in
place of EX % for some 1<7< 2. The inequality (1.9) has some interesting
applications in connection with the last time T(e, @) and the largest excess
M(e, a) of boundary crossings. In $6, we shall show that as €0,

(1.10) €2/2a=D7(e, ) 2o T¥(a),

(1.11) 17D (e o) -2u y¥(q),

where 2}’ denotes convergence in distribution, and

T*(a) = sup{t > 0: W() > %},  M*(a) = sup(W(t) - t9
t20
and W(¢#), t > 0, is the standard Wiener process. Using the inequality (1.9),
we easily obtain that if E(X ;)" <o for some p> 2, then

(1.12) lim e 2(0a=1)/ Qa=DE(T(¢, a))?2-1 - E(T*(a))P2"1,
€l0

lim €(pa.-l)/{a(2a,--l)}l._-;(1‘,1(6 aNee=D/a _ p(pM*(q))(ea-D/a
(1.13) o e .
The inequality (1.9) enables us to simplify the proof and extend the result of
Robbins, Siegmund and Wendel [15] and Kao [8] who in connection with cer-
tain statistical applications have considered the limiting relations (1.10),
(1.11), (1.12) and (1.13) in the case a = 1,
The one-sided inequality (1.9) obviously implies the corresponding two-

sided resule: If EX, =0, EX% <o, a>1/2 and p> 2, then

(-]
(1.14) Zl "M-ZP[l?ffn S, > n“] <C, LEIX |7 + (EXD) oo~/ (2a=Dy,

n= =R2

The above upper bound is sharp in the sense that a corresponding lower
bound also holds:

o0
(1.15) 1+ 3 nPa-2P[lS | >n%]1> B, JEIX 1P+ (Exf)(’“’l)/(z“’n}-

n=1 ’
We shall refer to the inequalities (1.14) and (1.15) as Paley-type inequalities
because of their resemblance to Paley’s theorem which connects the type of
integrability of a function with the rate of convergence of its Fourier coeffi-
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cients (cf. [17, Vol. 2, p. 121]). The proof of (1.15) together with other re-
lated results and applications will be presented in another paper.

2. A counterexample. Let 0 <8 < 2 and define ¥(x) = le'z(loglxl)"l's
for x < —-c, and let a, b, ¢ be positive numbers such that ¢ > e and

a f:: Yx)dx +b=1, a f_—: xip(x)dx + b = 0.

Suppose X, X,, «+« are i.i.d. random variables with P[X; = 1] = b and
PIX,<xl=a [ ¢(x)dx for x< ~c. Then EX,; =0 and E(X])? <eo for all

p> 1. Let X =X,1I S, =Xj+ .-+ X, It is easy to see

[an-n(log n~ 8/2] ’

that
.1) PIX, # X, i.]=0,
(2.2) ES! ~(a/8)n(log n)~ 8 as n—w,

2.3) 0(5;) = (var S;)l/2 ~ (a/Z)l/zn(log n)=1/2=38/4 45 n o,

Since 6 < 1/2 + 30/4, it follows from (2.2) and (2.3) that 0(S)) = o(ES)).
Therefore using the Tchebychev inequality, it is easy to see that S’ /(ES 2
— 1. This, together with (2.1), in turn implies that

(2.4) (8/a)S (log m)¥/n —L 1.

Hence lim _, P[S’l >en®] =1 for any 1> a > 1/2, and so in contrast with
(1.1, = n'lP[Sn > en®] = o, It is interesting to note that in the case a = 1,
S n7'P[S_> enl <oo for all €> 0 by Spitzer’s theorem [ 16].

We remark that our counterexample also gives a negative answer to the
following question. The Marcinkiewicz-Zygmund strong law of large numbers
states that if X, X,, ... are i.i.d. with EX; = 0 and E|X,|? <o for some
1<p<2, then n"l/pS — 0 a.e. It is natural to ask whether the one-sided
analogue, i.e., lim sup__ l/"S <0 a.e., would hold if EX1 =0 and
E(X )? < oo, We note that thxs fazls to hold in our example, since (2.4) im-
phes that
(2.5) lim sup(8/a)$ (log n)%/n >1 a.e.

. n—s00

3. A one-sided Paley-type inequality and its application to the conver-
gence rate of tail probabilities. Let X, X, ... be a sequence of random
variables. Henceforth we shall use the following notation: For any real num-
bers t,r> 1,
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[ _
S = X, = max §. X = max X
t ,‘:':1 Pt g T T qgia T

(3.1)
= E X, S =—maxS_, So=S5,=X,=X
rej<lel+e J

We first prove an inequality of which (1.9) is a special case.

Theorem 1. Suppose X,, X,, ... are i.i.d. with EX, = 0 and E|X |"<e
for some 1<r< 2. Let a> 1/r and p >1/a. Then there exists a universal
constant C,, , > 0 depending only on p,a and r such that

00

El nP*2P[S >n®]< Cp'a’r{E(x:)P + (E|X, |")(paD/ Ga=Dy,
Proof. Let k& be the smallest positive integer > (pa — 1)/(ra - 1). We

note that

P[S, >n®1< PIX_>n%/(26)] + P[f"l >n%, X_<n%(2k)]

2 ’
-2 <nPlX, > 0% + PIS, >n%, X <n®R)].

For each fixed n, define
ry =1 < inflj > 1: S > n*/(20)},
=7 L infli> 1 - 2
T,=715" = inf{j > 1: S’ﬁi S,,l > n%/(2k)}, etc.
Without loss of generality, we can assume that E|X,| # 0.Since EX, =0, it

follows from the Chung-Fuchs theorem that P[r1 <] = 1. Also Tis Toy ees
are i.i.d. random variables. Hence

P[fn > na',xn < n*/(2k)] SP[TI oo kT, < n]
(3.3)
< P"[rl <n]l= P"[fn > n*/(2k)].

Now there exist positive constant A and B, depending only on 7 such that

5.4 PIS, > n*/QR)] < A (2R)n~"@E|S |7 (cf. [4, p. 317])

< Br(Zk)'n- (ra-Dp ‘xl‘r‘

The last inequality above follows from the Marcinkiewicz-Zygmund inequali-
ties (cf. [13]). Letting A= &k -(pa - 2)/(ra - 1), we have A> 1/(ra = 1)
and it follows from (3.4) that if E|X,|” > 1, then
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> npa-zpk[s-'n > %/ (2k)] Sfp,a,r(Elxxlr)k > n~Mra=1)
n"’""l>E|Xl|' n'a'°1>E‘Xll'

(3.5) { (Elx 'r)k-M-(I/(ra.-l))

)

7\ (pa~1)/ (ra-1),
o0 EIX41N

Also obviously

> n”'sz[S_’n > n*/(2k)] < > nba=2

(3.6 =™ l<Ex |’ al<p|x |7
< ”p,a(El X, |)(pa=1)/ (ra=1),

3.7) > #Pe7lPIX, > n%/CR < 6, | E(X])P.
n=1 ’
Using (3.2), (3.3), (3.5), (3.6) and (3.7), we then obtain the desired conclu-
sion for the case E|X,|"> 1.
If E|X,|”< 1, then it follows from (3.4) that

00 00
> nba=2 pk[g‘n > n/(2k)] < }’p,a,r(Elxllr)k E n—Mra=1)
(3.8) n=1 n=1

< D, .'r(E Ix 1 ] ")(pa-l)/(ra‘.l).

Hence the desired conclusion also follows in this case.

Corollary. Suppose X,, X,, ... are i.i.d., EX; =0 and E|X,|" < oo for
some 1<r< 2. Let a> 1/r and p > 1/a. Then (1.7) is equivalent to each
of the following statements:

(3.10) zn”"'zP[sup k=S, > e] <o forall e>0.
k>n
(3.11) ana-Zp[Sn >en*1< e for some €> 0.

Proof. Replacing X; by X /e in Theorem 1, it is easy to see from Theo-
rem 1 that (3.9) = (1.7). By Lemma 2 in $5 below, (1.7) = (3.10). Obviously
(3.10) = (3.11). By an argument due to Erdés [5] (see also Lemma 3 below)
we can prove that (3.11) =» (3.9).
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The results in the above corollary have been partly established in [2] by
different methods. In[2], the case a = 1/r and p > r for 1< r< 2 have also
been considered and it is proved that in this case, (3.9) still implies (1.7).
The following one-sided theorem on the convergence rate of tail probabilities
deals with the case a > 1. In this case, when ap >1, it follows immediate-
ly from Theorem 3 of [1] and the fact that S < X7+ ++++ X! while the situ-
ation ap = 1 can be proved by using Theorem 1(iii) and Lemma 3 of [2].

Theorem 2. Suppose X,, X,, ... are i.id., a > 1 and ap > 1. If
E(X:)t’ < oo, then (1.7) holds, and consequently (3.10) also holds when ap> 1.

We remark that in Theorem 2, the relation (1.7) does not necessarily im-
ply E(X])? <oo. To give an example, let 0<p < 1, a> 1/p, y > paZ(pa-1.
Setting g = pa/{{pa - 1)}, we have 0< g < p. Choose 0<v < 1 such that
y<{dpa - D} Let X, X,, ... be i.i.d. random variables such that E(X})?
<o, E(X +)" o and X7 has the stable distribution with exponent v, i.e.,
the Laplace transform of X7 is given by E exp(-AX7) = exp(-A¥), A >0,
Since E(X 5 < oo, it follows from the \iarcmkxewxcz-Zygmund strong law of
large numbers that

(3.12) lim ﬂl/qmax(x++--~+x+) 0 a.e.

n—00 j<n
In particular, (3.12) holds along the subsequence [m?¥ #a=D , p1/(a-1}
and so

lim m~7 ax (X:+--.-.+ X;)=0 a.e.

m
(3.13) pow j<mpa/(pa.—l)+ml /(pa~1)

This in turn implies that

(3.14) lim m=7S¢ pa/(pa-l) 1/(pa-1)‘° a.c.

m —00

-1/vg(=)

where we define S(+) =2, 1+ X +, and S(") =32, i)+ X7+ Nowj N

has the same dxstnbunon as X7 1 and it is well known that P[X T<tl=
olexp(~t~)) as ¢ 0. Since y < {v(pa - 1)}~!, it follows from the Borel-
Cantelli lemma that

-Yg(=~)
(3.15) Jim m=75C) /0a=D ,1/(pa-D) = 2-€:
From (3.14) and (3.15), we obtain

im m~7
(3.16) lim Smpa./(pa.-l) 1/(pa-n = =% &€

m —+00

Since a/(pa - 1) <y, (3.16) implies that

(3.17) lim sup m~% (Pe-1F <0 a.e.

m— 00

" 1% (Pa-l) ml/ (Pa~1) =
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By Lemma 3 of [2], (3.17) is equivalent to (1.7). We remark that the above ex-
ample is similar to the one given by Baum [18] in another context.
Thus we have seen that in Theorem 2, (1.7) does not necessarily imply

E(X :)" < oo, A sufficient condition which would guarantee this implication is
E|X,| /8 < o, Under this additional condition, lim _  #P[X >en*]1=0, and
by the Marcinkiewicz-Zygmund strong law of large numbers, lim_ P[SnZEna]
= 0. Hence it can then be shown by the Erdés method that, in this case, (1.7)
implies E(X])? < w.

4. One-sided limit theorems for delayed sums and their relation to the
convergence rate of tail probabilities. The quantity S, , defined in (3.1) is
called a delayed sum for the sequence X (cf.[17, Vol 1, p. 80]). In[2], the
following strong law for delayed sums has been proved: If X,, X,, ... are
i.id. with EX| = 0 and E|X,|? < for some p > 1, then for every 0< 8<
min(1, 2/p),

lim »~1/? max s, | =0 a.e.
(4. 1) 77 —00 l<]<n
The corresponding one-sided limit theorem has also been obtained: If E|X,|”
<o for some 1<r< 2, E(X;')" <o for some p >r and EX, =0, then for
every 0< B <7/p (or for every 0 < B< 1/p in the case r= 1),
(4.2) lim sup n~1/#5 g<0 ae.

n—00 n,n

For ar> 1, obviously (4.2) implies (3.17) which is in turn equivalent to (1.7).
Thus based on the equivalence between (1.7) and (3.17) which holds for any
a>0 and ap > 1, we can prove theorems concerning the convergence rate of
tail probabilities from the corresponding limit theorems for delayed. sums.

We note that while B ranges from 0 to min(1, 2/p) in (4.1), the range of
B in (4.2) is from 0 to r/p. Our example in $2 shows that we cannot extend
the range of B in (4.2). In that example, r = 1 and we can take any p > 1
since X1 is bounded. Now for any 0< 8< 1, since S iy has the same dis-
tribution as § o B it is easy to see from (2.4) that mr
(4.3) lim sup (S/a)S (B log m)%/nP >1 a.e.

7n—00

Therefore if B> 1/p, then lim sup,_ n’l/pS’2 o8 =% a.e. This shows
that we cannot extend the range of B in (4.2) beyond r/p. It is interesting
to note that in spite of (2.4), we have for any 0< 8 < 1,

(4.4) lim inf S LB (log m)3/nP = 0 a.e.

n—00
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To prove (4.4), let Z = (X, + -+ X 1 g} (log 0P, Y =X (log /P
Suppose (4.4) is not true. Then by the zero-one law, there exists a constant
¢ such that liminf _ (Y +Z )>c a.e. Since Z, is independent of
(Y,...,Y) and Zn—-L-»a/S, it follows from Lemma 1 in [11] that
lim inf,_ Y >c-(a/d) a.e. But liminf,_ Y, =~ since I:'Xl(lo'gl)(ll)8
= ~o0,and so we have a contradiction.

The proof of the equivalence of (1.4), (1.5) and (1.6) in [11] is based on
the following analogue of the law of the iterated logarithm for delayed sums:

If X,,X,,... are i.i.d. and 0< B < 1, then

Exl =0, EX% = 02 and EIX[]Z/,B(log'F |X1| + l)-l/‘B < o0

(4.5) 1/2
= lim sup max |[§, jl/{Z(l ~BmP logBt’? =0 a.e.

nT% 1gj<n
Theorem 3 below gives the one-sided analogue of (4.5).

Theorem 3. Let X 1» Xgs <. be ii.d. random variables such that EX 1 =0,
EX% =0%<w). Then for 0< B< 1, the following statements are equivalent:

, 2/8 ~1/B 4P < oo
(4.6) I[X1>e] X37F (log X ) dP < e,
4.7) Iix:j:p S_'n'nﬁ/{Z(I—,B)nﬁ logn}’2<o  ae.,

(4.8) lim sup § ﬁ/iZ(I— ,B)n'B log 22< 0 ae.

n—oo N0

Lemma 1. Let X be a nonnegative random variable such that Eg(X) < e
for some nonnegative Borel function g. Then there exists a positive nonde-
creasing function Y on [0, 0o) such that lim,_, , ¢(1) = o, lim,_ , w(t?)/ (1)
=1 forall p> 0 and EY(X)g(X) < .

Proof. Let F be the distribution function of X. Let (n,), 5, be ase-
quence of integers such that n, > 2,7, ,, > 2" and Jink 00) g() dF (1) < 27%,
Let 7y = 0 and define (1) = k12 for n,_y <t <n,. Obviously () To as
t T and

Jo woswara - B fi ) VOB F()

k=1°

n o0
< [ eare + > /2= (k=D ¢
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Proof of Theorem 3. First suppose that (4.6) holds. To prove (4.7), we
shall use the idea of Hartman and Wintner [7] in truncating the random vari-
ables from below. By Lemma 1, we can choose a positive nondecreasing func-
tion ¥ on [0, ») such that lim,_ , ¥(2) = oo, lim, Y(?) /(1) = 1 for all
p>0 and EX Z!II(IX ll) < oo, Without loss of generality, we can assume that
0> 0. Given 8 > 0, we pick an integer k> 1 such that £~ 8k > 1 and then
choose € > 0 such that €k < 8. Define

xM_ox
n n [-nﬁ/Z(IOB n)-1/2(‘#(71))-I/ZSXnSnﬁ/z/(los n)] ’
X(Z) X 1
n n [X <-n/3 / 2(log n)"l/z(ll’(n))’l/ 2y
xB®ox
n %[22 /10g m<X <enP 20105 V2V’
XM -x 1

7 x >€n'3/2(105 n)I/Z].
Let U, = XD~ EXD, Then EU,_ =0, EU2=02 —0? and
|U,| < 2B/ %{(log n)~! + (log )=/ 2(m)) =V 2} = y_ = o(nP log m)=1/?),
Hence for |t|y}.5 1
exp{tzo;‘.’(l =1t )/ < E exptU) < exp{tzo;‘.’(l + %|t|y].)/2}

(cf. [12, p. 255]). Therefore by Theorem 1 of [11],

(4.9)lim sup max IU,,H teeet U N2A1= PP log n}/2 =0 ace.
n—00 1<

We note that, since EX| = 0, we have for all large =,

E|X() = X,dP

X.dP +
f [x,5n#/2/00g m] " ! .[ [X < —nP’ 20105 m~V 2pan1/2]
<2 ;(2//3) Y8 B 2~11og ¥-1f el X¥B(1og X )~VA 4P

+ 2P 2log n) Y/ 2Y(m)) =Y/ 25x}¢(|x1|)2.
Therefore

A
(4.10) lim 2 E|x{})|/tnP log n}1/? =

n—00 ]=
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It is obvious that
(4.11) lim sup max (Xfﬁ)l 4 oot X(Z).)/{nﬁI log n}l/2 <0 a.ey;

ntj
n—9  1<<n

(4.12) lim  max (Xf,?l +oeet Xf,?i)/{n/s logn}l/2=0 a.e.

n—% 1<i<n

Since 0< Xff) < enﬁ/z(log n)1/2, it can be shown as in the proof of Theorem
2 in[11] that

P[ max (X3) + .-+ Xils:j) > 8(nP log n)l/z]

1<j<n
(A1
<Pl ¥ X£133]./{erzﬁ/2(log 2>k
=1

= 0(nP*{(log n)3/B/n}k),
Since k - Bk > 1, an application of the Borel-Cantelli lemma gives
(4.13) lim sup max (X:}g1 +oeeet ng_)j)/{n's log n}1/2 <& a.e.
n—=®  1<j<n
As 8 is arbitrary, we obtain (4.7) from (4.9), (4.10), (4.11), (4.12) and (4.13).
Obviously (4.7) implies (4.8). Now assume (4.8). By the zero-one law,
there exists a finite constant ¢ such that the lim sup in (4.8) is <c a.e.

Define
1/2
Y, =X, /{2A1- B)nP log n}!/2,

Z, = (X +eeet Xn+[n/3])/{2(1 - B)n'B log n}l/2,

Since EX; =0 and EX% =02, zZ, N 0. Obviously Z_ is independent of
(Y,, ..., Y). Since lim sup"_,oo(Yn +Z ) < c a.e., we obtain using Lemma
1 of [11] that lim sup,_ Y, <c a.e. From this, (4.6) follows easily.

By using a similar argument as the proof in[11] of the equivalence of
(1.4), (1.5) and (1.6), we can obtain from Theorem 3 the following one-sided

theorem on the tail distribution of sample sums.

Theorem 4. Suppose X, X,, ... are i.i.d., EX| = 0, EX2 = 0%(<w).
Then for any p> 2, the following statements are equivalent:

(4. 14) f[xl>e] X‘l’(log Xl)"'P/z dP < 00,

(4.15) an/z‘zp[fn >eln log n)l/zl <o forall e> O(P- 2)1/2,
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p/2-2 -1/2 - _ 172
(4.16) X n P[s:ﬁ(k log k) S,2 e] <o forall e>alp-2)""%

4.17) Eni’/z'zP[Snz €(n log D21 < for some €> 0.

5. Applications to the moments of the largest excess and the last time
of boundary crossings. In this section, we shall consider moments of the last
time T(e, @) and of the largest excess M(e, @) of certain boundary crossings
for the sample sums §_ as defined in §1. These are related to the moments
of Tl(e, a), M l(e, a) for the original sample observations X n+ We now intro-
duce the following notation: For p> 0, a > 0,

6.1 Jp, a) =f0°° tP*=2P[S, > et*] d,

(5.2) «e; p,a) = fow t"“"zP[zv;lf E=® $.2 6] dt,

(5.3) mle; p, @) = E(M(e, a)®"D/e,  M(e, @) = sup (S, - en®),

n>0

(5.4) T(f; Ds a) = E(T(G, a))Pa—l’ T(e, ) = SUP{ﬂZ I‘S,,Z tﬂa} (sup ¢ _ 0)’
(5.5) sle p,a) = E(E-T(e.a))(t’a—l)/a’

(5.6) J (e p, @) = f0°° t?2-2P[X, > e*1dt,

(5.7) Il((; v, a) = fo'” tpa.-ZP[skup k-axk > 6] dt,
2t

(5.8) m,(e; p, @) = E(M (e, a))(pa-n/a M(e, @) =sup (X~ ™),

n20
(5.9) 7,(e; p, a) = E(T (e, a))pel, T (e @) = supin > 1: X > e},

(5.10) sl(e; b, @) = E()—(Tl(f’a))(pa—l)/a.

Lemma 2. Let S,,S,, ... be any sequence of random variables (not nec-
essarily sample sums). Define S, =5,=0,5, = S[4) = max i} Si’ and de-
fine J(e; p, @), I(€; p, @), mle; p, ), 7(e; p, @) and s(e; p, @) as in (5.1)=(5.5).
Then, for any positive constants €, p, a with pa > 1,

(pa - De(P2=1/21(2¢; p, a) < mle; p, a)
(5.11)
< (2(pa-l)/a_ 1)'1([70.- l)e(pa"l)/a'](e/Z; 2,9,

(5.12) 7(e; p, @) < (pa = Dile; p, @),
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(5.13) 29D/ 1 (e; p, a) < sle; p, @) < Kp'a{e(”‘l)/“r(e; b, @)+ mle; p, )},
where K, o= 1if pa-1<a and K, = 2a=D/a)-1 jr po _ 1> a,

Proof. Let 7 = (pa -~ 1)/a. We note that

e~ mle; p, ) = fow P[sup (S, -en™) > etl/'] dt

n>1

<X J.O” P[ sup (S,-en) 2 et”’] dt
k=1 (2k=11yV/7¢ nas(Zk-l)tl/'

< i f * p[S > 2k=lg V) 4
=& Jo (zkll/r)lla =

= 3 27 Mpa - D) [ w0t 2PIS, > (/D ldu
k=1

To complete the proof of (5.11), we have

1(2¢; p, @) = J-ooo tPa"ZP[iup k"‘"Sk > 26] dt
>t

< Iooo t"“'zP[su% (s, -en™) > cta]dt = (pa- DEM(e, a)/e).
n2

Since P[T(e, @) > 1] < Plsup,,, k~%S, > €], it is easy to see (5.12). Finally,

(5.13) follows immediately from the fact that

(5.14) €T%e, @) <8 oy < eTe @) + sup(S_ - en®).

a
€% n>0

We remark that if Xl » Xp oo areiiid. random variables with EX, =0 and

(§,) is the sequence of partial sums, then Lemma 2 and inequality (1.9) im-
ply that for a > 1/2, p> 1/2 and € > 0,

(5.15) mle; p,a) < Ap af(pa"l)/a{E(X+/€)p + (E(xl/‘)Z)(pa-l)/(Za.-l)}

where A, , >0 isa universal constant depending only on p and a. In the
case p=2 and @ = 1, this reduces to E(sup_,,(S - en)) < Ac'lEX“I’, a re-
sult obtained by Kingman [10] by a different approach. In fact, Kingman
showed that the constant A in the above upper bound can be taken to be 1/2.
This is a very sharp bound for small € in view of the fact that

. 2
lim ¢E (sup(Sn - en)) = YEX}]
€10 n20

(see Theorem 7 below).
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Lemma 3. Suppose a >1/2 and X, X,, ... are i.i.d. random variables
with E|X || 178 ¢ w0, Assume further that EX | = 0 in the case a < 1. Letting
S,=X;+---+X_, we have forany y> 0,¢> 0,

n’

E(T(e,a))” <o = E(Tl(Ze, a))? < oo,

Proof. Set A, =[X, > 2%k%], B, =[|S,_,| < k™. By the Marcinkiewicz-
Zygmund strong law of large numbers, n'aSn —0 a.e., and so lim,_, . P(Bk
= 1. Since E|X,| 1/8 ¢ o, lim P(U‘;.°=mAj) =P(A, i.0) =0, and so we
can choose m such that P(B,) ~ PUT_, A)2 % if k> m>m;. By an ar-
gument due to Erdés [5], we then obtain that, for m > m,,

P[T(e,a) > m] > f; 1P(Akan)—P(Akﬁ kol Aj))i

k=m i=m

1 & 1
Z -2— k;m P(Ak) 2 -i- P[TI(ZG, a) _>_ m].
The desired conclusion then follows.

Lemma 4. Suppose X, X,, ... are i.i.d. random variables and a.> 0,
p> 1/a. Then forall €> 0,

(pa-1J (& p,a) <7 (27%; p,a) and pa] (e p,a) < e‘pE(XI)P.

Furthermore, if ] (e; p, ) <oo for some € > 0, then E(X:)" < oo and
(5.16) 1,1 p,0) 2 (E(X])? = 1)/{2pal1 + EX]/*).
Proof. We note that

r(27% p,0) = (pa=1) [~ 22-2P[T (2%, 0) » s
=(pa-1) f0°° t#22=2P[X > 2%en™ for some n > tldt
t<n<2t

> (pa-1) f0°° tPa-Zp[ max X > eta] dt

> (pa-1) f o°° t?2%2P[X, > e¢*1dh.

It is also easy to see that

pa] (& p,a) = pa fl" t"""‘zP[)_(t >ea*ld

<pa f T 1#9IPIX, > @®dt < PEX DR,
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To prove (5.16), for any ¢ > 0, define X (c) = X, I[x <l X,(c) =
max; ., X Lc), X(c) = X (c) = 0. Put n = [t] and note that for t>1,

P[X () > £%]1 = PIX,(c) > t%] + PIX (c) > +*1PIX | (c) < %]
+e00+ PIX (c) 2 ¢%1PIX__ (c) <% -+ PIX (c) < 7]
> nPIX () > ¢*IP"[X () < 7]

= nP[X (c) > ¢*(1 - PIX, > ¢°D.
Therefore, for ¢t > 1,

%tPIX (0) 2 %1 < nPIX ((c) 2 1*1 < PIX () 2 ¢*1{1 + nPX () 2 ¢* 1}

<PIX () > %11+ IE:'(X‘;’(C))I/CL }, by the Markov inequality.

From this, it follows that
E(X:'(c))p -1<pa floo t29-1P[X (c) > +*1dt

(5.17)
< 2pa il + BTNy [ 2 2PIR (o) » 11 dr

Suppose E(X;)" = oo, Then E(XI(C))I/G' = o(E(X](c))?) as ¢ — w0, and so
it easily follows from (5.17) that ] (1; p,a) = eo. Hence J,(1; p,a) < oo im-
plies that E(X ;)p < o, and in this case, letting ¢ T o in (5.17), we obtain
(5.16).

Lemmas 2, 3 and 4 together with the results in $3 give the following
theorem.

Theorem 5. Suppose X,, X,, ... are i.i.d. random variables, S =X, +
eer+ X, , and 0.>0, p >0 such that ap > 1.
(1) If E(X+)" < o, then for every €>0,1,(¢; p,a), J (& p,a),
m (€ p,a), 7,(; p,a) and s (¢ p,a) are all finite. Conversely, if one of the
above five quantities is /zmte for some €> 0, then E(X ) < o,

(ii) Suppose E(Xl)" <o and a > Y. In the case a. = 1, assume fur-
ther that EX| = 0. In the case a <1, assume further that EX,=0 and
E|X,|" < oo for some 2>r> 1/a. Under these assumptions, 1(e; p, ),

J (& p, @), mle; p,a), 7(e; p,a) and s(e; p, ) are finite for all €> 0.

(iii) Suppose o >Y% and E|X,|'/* < oo, Assume further that EX, =0
in the case a < 1. If one of ](e; p,a), ] (¢ p,a), m(e; p,a), 7(e; p,a) and
sle; p,a) is finite for some €> 0, then E(X])P < co.
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6. The limiting distribution and limiting moments of the last time and
largest excess of boundary crossings for sample sums. The following theorem
gives the limiting distribution of T(e,a), M(e;a) and Sy 5y as €10,

Theorem 6. Suppose W(t), t >0, is the standard Wiener process and X |,
X,, ... are i.i.d. random variables with EX, =0, EX} = 1. Let §_ =X, +
ceet X ,a> Y4, and define M(e,a) and T(e,a) for any €> 0 by (5.3) and
(5.4). Let M*(@) = sup,, o (W(2) - £%), T*(a) = suplt > 0: W(e) > +*}. Then
as €10,

(6.1) 2/Qa=Dy(e, 0) s 7¥(q),
6.2) e/ 2a=Dy(e, ) 2. M*(a),
©6.3) /asds =2 (THa)C

Proof. (6.1) and (6.2) can be proved by an argument similar to that of
Robbins, Siegmund and Wendel [15] or that of Mitler, [19], who considered
the problem in the case a = 1. Alternatively we can use a result of Robbins
and Siegmund [14, Theorem 2] in the following way. For any x > 0,

Ple?/2a=Dr(e, a) > ]

= P[Sn > en® for some n > -2/ (2a=1,]

=P[s_> Vmin/m)® for some n>xm), where m = ¢-2/(2a-D,

— P[W(z) > t* for some t>x] as m — oo,

Similarly, given any x > 0, if we apply part (ii) of Theorem 2 in [14], where
we set g(t) =% + x, then

P[el/(z""l)M(c, a)>x] = P[m‘l/z sup(Sn - \/r;(n/m)a') > x]a

n>1

where m = ¢=2/(20-D,

= Plm~ l/zsn > (n/m)* + x for some n > 1]

— P[W(¢) > t*+ x for some t> 0] as m— oo,

To prove (6.3), we note that Sy 4y < €(T(e;a) + D* = Xy, 5y, andso

2/(2a-1) @ _ ¢l/(2a-D)
te?7122=N(T(e, @) + DI* = € /H4070K 0 vy

(6.4)
> 61/(2a-1)sr(e,a) > (52/(2“’I)T(6, a)?.
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. . -1/ .
Since EX% <o implies that n~ !’ ZXn — 0 a.e., it follows that

-1/2 p
(T(e, aD™ V' 2X 1y g — 0

By (6.1), !/ (@a=D(p(e, 0.))1/2—9—> (T*(@) 2. Therefore

1/(2a-1 P
(6.5) el/(2e )‘XT(G,a.)+1 —0.

From (6.1), (6.4) and (6.5), it is easy to see that (6.3) holds.
By making use of the inequality (1.9), we now obtain from Theorem 6 the
limiting moments of T(e,a), M(¢;a) and S, o) as €] 0.

Theorem 7. With the same notations and assumptions as in Theorem 6,

if E(X;)" < oo for some p > 2, then for any a >4,

lim €2(a=D/2a-Dp( (¢, a))P2~-1 = E(T*(a))p2-1,
€lo

lim t,(pcz-l)/{c'»(Za.--l)}E(M(G’ a)i(pa—l)/a. - E(M*(a))(pa.-l)/a.
€lo ’

- (pa-1/{al2a-1)} (pa-1)/ * -1
Lim ¢4 (S (e, 0) PO = E(THa)Pe1,

The above relations also hold for 2> p > 1/a.

Proof. In view of Theorem 6, we need only show that (e 2/(2a=Dp(¢, o))p2-1
and (¢!/2a=Dp(e, a))®2=D/2 0 < ¢ <1, are uniformly integrable, as this will
in turn imply that (el/(za.—l)ST“'a))(pa.—l)/a’ 0<e<1, is also uniformly in-
tegrable by the inequality (5.14). First consider the case p > 2. Let 0< 8
<Y and define

6:6) X; =XI[|x|<k] = EXl|x|exl  Xi=XiM|x|>k] = EXiI|x |>kD
where K > 0 is so chosen that
6.7) E((xlll/a)+)p + (E(X';/a)Z)(pa-l)/(Za—l) < S.

Let
' ] ' " " "
S"=X1+...+xn,sn=X'l+...+Xn

and define T'(e, @), M'(¢, @) for S:l, T"(e, @) and M"(e, @) for S:. Using
Lemma 2 and (1.9), we obtain that for 0 <e< 1,
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62(pa'1)/(2°'-1)E(T"(3e, a))pe-1

<A ez(pa-l)/(Za—l) Z ntm—zp[ max S >(5£/4)n]
j
n=1 1<]<n
(6.8)
< Bp.a€2(pa.-l)/(Za.-l){E((x"l/se)*)P + (E(X';/ae)z)(pa-l)/(h-l);

<B, 0 noting that p < 2pa - 1)/(20 - 1) since p > 2.

The constants A ,q and B,  above depend only on p and a. Now take any
q>p and by a smxlar argument as in (6.8), we have

E(e2/2a=D7!((1 = 8)e, a))ae-1
(6.9) <€ IEXDN + (E(x})?) aomD/ 2a-Dy

where C_  is a positive constant depending only on 4 and a. Hence setting
Z(e, 8) = (¢2/2a=DT'((1 - 8)¢, 2))?*!, we have the uniform integrability of
Z(e, 3), 0< €< 1, and so we can choose 7> 0 such that if P(A) <7, then
EZ(e, 8)14 <3 for all 0<e< 1. Since T(e, a) < T'((1 - 8¢, a) + T"(8¢, a), we
have established the uniform integrability of (¢2/(2a=DT(¢, a))?%~1 0<e< 1,
in the case p > 2,

Now let 2> p > 1/a. Then by what we just proved, (¢2/(2a=DT(¢, a))>-1
is uniformly integrable, and so (€2/(2%=DT(¢,a))?*~! is also uniformly inte-
grable. The desired conclusion for M(e, @) can be similarly proved.

Theorem 7 gives the asymptotic behavior of 7(€; p,a) and mle; p,a) as
€lo. It is also interesting to investigate the asymptotic behavior of J (& p, )
and I(e; p,a). This is given in the following theorem.

Theorem 8. With the same notations and assumptions as in Theorem 6,
define J(&; p,a), I(e; p, @) by (5.1) and (5.2), and let ® denote the distribu-
tion function of the standard normal distribution. If E(XI)’ < oo for some
p > 2, then for any a >%,

lim e2(Pa=D/Qa~Dy(¢. 5 q) = 2 f0°° 1272(1 — (¢(29-D/2)) gy

€lo

6.10) = 2 lim €2(pa~1/(2a-D f < pam2p[s > %) dy,
€10 0 t=

(6.11) lim(pa - De2(0a=D/(2a=Dy(¢; p, a) = E(THa))?>"1,

Proof. To prove (6.10), we note that by a change of variable, we can write
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J(&; p,0)
(612)  _ -2(pa~1/(2a-1)

R ba-2 1/ Qa-1,a
fo u P[Suf-z/(za n2 u*1du.

By Donsker’s invariance principle, for any z > 0,

lim P[5 - >€-l/(2a-l)ua.]
611“(1) ue 2/(2a-1) <

6.13)
_ p[ max W(D) > 4o ] = 21 - B(u5 %)),

0<e<1

It then follows from (6.12), (6.13) and Fatou’s lemma that

(6.14) li;nl (i)nf 2(pa=D/Qa=Dy(c. 5 o)

>2 [7 uPo1 - @u2a-D/2) gy,

To obtain the reverse inequality with lim inf replaced by lim sup, we
let 0<8< 1 and define X; ! X" by (6 6) with K> 0 so chosen that (6.7) is
satisfied and 0< 0 < 1+8, where o2 = E(X' 2. Let S =X\ +-eet X!
S” = X" +oeeet X and define J'(¢; p,a) for S' , ] p, a) for S Obv1ously
](6 b a.) <J'((1- 3)6, b,a) + J"G¢; p, ). Usmg the inequality (1 9) as in
(6.8), we obtain that

e2(pa~1)/(2a-1) ]"(3‘; P a)

(6.15) <&, qe2tpa-/(2a-D 2 n?%=2p [lmax (57/(80) 2 n ]

n=1 <j<n
< dp’a& where fp.a and gp.a depend only on p and a.
Choose B > 1 large enough that 2%~ (2u)”% > %u® for all « >B and
% ba=2 1/, 0~Y%
sz uPo=4(1 ~ ®(%u*=")) du < 6.
Let ¢ = (1-8)/0. As in (6.12), we have

> 2ba~D/2a=D1(1 _ 8)e; 5, )

- fooo upaf-ZP[ max (s /a)>'\o-l/(2a;-l) a.]du.

i
j<ud™ =2/ (2a=1)

(6.16)
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By the dominated convergence theorem,

jSu?-Z/(za"l)

j;B u"a‘ZP[ max (S;. /o) > ?"I/(Za"l)u{, du

0<e<l1

(6.17) = foB upa-Zp[ max W() > ua'-%] du (as e = 0)

<2 7wt 21 - $u?eD/2) .

Using the Lévy inequality [12, p. 248], we obtain for z > B,

p max (s* /o) > >-1/(2a-1,a
jcue=2/(2a=D 7

(6.18)

< 2P[s! /o> yo-1/2a=0,a] gince 4®—(2u)% > Yu®

[u?‘ =2/( 20-1)]

We now apply an estimate, due to Esseen [6], to the above probability:
Let k be a positive integer such that & — 2> 2(pa - 1). Then there exist

positive constants ¢, ¢, depending on the absolute moments E|x%|%,E|XY)3,
ceey E]X'llk such that for all =1, 2,--+ and all real x,

. 2
lP[S,: < oy/nx] - ®(x)] < cln"% (1+]x|3)e~* /2, czn'(k"Z)/z

(cf. [6, pp. 73-76]). Set n=[42~2/(2a=D] for 4 > B, Then n>1 if & <1,

Therefore applying the above estimate, we have for € <1 and « > B,
PIS) Jo > yo-1/2a~Dya] < Pls; > %0 \nu®=*]
(6.19) < 1= 0%u® %) 4 cn™ (1 + u3%) exp((1/8)u?%"1)

4 2k=D/2; (k=D (a0~ (k=22

Since (k =2)/2> pa -~ 1, it then follows from (6.19) that

. <]
lim o 2 f B P[S['u?""z/(ZG.-I)]/ o he-l/Ga-D e)00-2 gy
(6.20)

<2 71— @C4uHNub*2du < 5,

It then follows from (6.15), (6.16), (6.17), (6.18) and (6.20) that
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HTIS()UP ez(pa-l)/(Za-l)](c; pra)

< 4p.a5 +(0/(1 = §))2(pa=D/(2a=D {2 fom u"a“z(1—®(u(2a'n/2))du+8}.
Since 0 < 1+ 08 and 8 is arbitrary, we therefore have

lim sup 2(Pe-D/Q2a=Dy(c; 5 a) < 2 fooo uP®=2(1 - B(u(29-D/2)) gy,
€l0

In a similar way, we can obtain the asymptotic behavior of

[ e2Pls, 2 et *1ar

as € |0 given in (6.10). Finally, we note that

P[sup kS, > e] > PlT(e,a) > ¢] > p[sup k2S, > e]
k>t k>t

and so (6.11) follows immediately from Theorem 7.
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