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ABSTRACT. N. VeliZko generalized the well-known result of A. D.
Taimanov on the extension of continuous functions by showing that Tai-
manov’s theorem holds when Y (the image space) is H-closed and Urysohn
and the mapping f is weakly 6-continuous. We obtain, in a more direct
fashion, an even stronger generalization of this theorem.

We proceed to show that the class of all SW spaces is not reflective
in the category of all completely Hausdorff spaces and continuous map=
pings. However, an epi-reflective situation is achieved by suitably en-
larging the class of admissible morphisms.

We conclude by establishing a number of results about SW exten-
sion spaces.

1. Preliminaries. A subset A of a space X is said to be a zero-set of X
if there exists a function f in C(X) (the set of all continuous, real-valued
functions on X) such that 4 = f~10}) = {x € X: /(x) = 0}. Complements of
zero-sets are called cozero-sets. If C*(X) is the set of all bounded func-
tions in C(X), the subset A of X is said to be C*-embedded in X if every
function in C*(A) can be extended to a function in C*(X y[11). f X and Y
are spaces, let C(X, Y) denote the set of all continuous functions from X to Y.

A mapping f of the space X into the space Y is said to be O-continuous
(weakly @-continuous) if for an arbitrary point ¥ € X and an arbitrary open
set V of Y containing y = f(x), there exists an open set U of X with x € U
and f(cl, )((U)C el,V (8], [19]). The point x is a member of the 6~
closure of the set § in X if and only if (cle) NS #@ for all open sets G
containing x. The set S is said to be @-closedif it is equal to its O-closure [25].

A space X is said to be quasicompact if every family of zero-sets of X
with the finite intersection property has a nonempty intersection [9]. The
space X is said to be Urysohn if distinct points of X are contained in dis-
joint closed neighborhoods, and is said to be completely Hausdorff if for
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every pair x, y of distinct points there is a function f in C(X) such that
f(x)# {(y). The word space, unqualified, shall henceforth mean a completely
Hausdorff space. As in [21], the space X is said to be a Stone-Weierstrass
space (or briefly, an SW space) if every point-separating subalgebra of
C*(X ) which contains the constants is uniformly dense in C*(X ).

A mapping f: X — Y, where X, Y are arbitrary spaces, is said to be
cozero-set continuous if f~!(C) is open for all cozero-sets C of Y. Cozero-
set continuous functions will be referred to as c-maps. If X is a space, let

X be the space obtained by taking on the same set X the weak topology
relative to C(X). As noted in [3], X is SW if and only if X is compact.
Moreover, a a map f from an arbitrary space X to Y is a c-map if and only if
yY/ X— Y is continuous, where y,: Y — Y is the identity map.

A Hausdorff space X is said to be absolutely closed, or simply H-
closed, if it is closed in every Hausdorff space in which it can be embedded.
This concept is a generalization of a property of compact Hausdorff spaces,
and was introduced in 1924 by Alexandroff and Urysoha [1]. In [15], Kat&tov
showed that any Hausdorff space X could be densely embedded in an H-
closed space kX, now referred to as the Kat&tov extension of X, having the
property that X is a C*-embedded subset. For a construction of kX , the
reader is referred to [18].

A filter F on a space X is said to be completely regular if F has a base
B of open sets such that for each set A € B there exist a set B € B con-
tained in A and a function f € C(X) which is equal to 0 on B and 1 on x\ A
[51. The filter ¥ is said to be free or fixed according as the intersection of
all its members is empty or nonempty.

The space Y is said to be an extension of the space X if there exists a
homeomorphism 4 from X into Y such that A(X) is dense in Y. If b is the
identity map, the reference to b is omitted. The extensions Y and Z of X
are said to be isomorphic if there is a homeomorphism of Y onto Z which
leaves X pointwise fixed.

An arbitrary topological space X is said to be realcompact if every
real maximal ideal in C(X) is fixed [6].

An open filter is a filter in the lattice of open sets. The open filter @
is said to have the countable closure intersection property (abbreviated
c.c.i.p.) provided that for each countable subset C of @, ﬂlcGC: CeCliga.
An open ultrafilter is a maximal open filter.

A Hausdorff space X is said to be almost realcompact if every open
ultrafilter with the c.c.i.p. converges.
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2. Extension of maps. The following theorem is proved by Talmanov

in [23].

(2.1) Let A be a dense subspace of an arbitrary space X, and let f:
A — Y be a continuous mapping of A into the compact Hausdorff space Y.
The mapping f bas a continuous extension from X to Y if and only if, for
every pair F |, F, of closed disjoint subsets of Y, we have cle‘l(Fl) N

cly/"(F,)=2.

It is easily verified that in the above theorem we may replace *‘closed
disjoint subsets’’ by ‘‘disjoint zero-sets’’.

Lemma 2.2. Let f: X — Y be a map from an arbitrary space X to an H-
closed Urysobn space Y. Then the following conditions are equivalent:

(a) f is O-continuous,

(b) [ is weakly @-continuous, and

(c) f is a c-map.

Proof. That (a) implies (b) is obvious. A weakly @-continuous function
is always a c-map and therefore it remains to prove that (c) implies (a).

Suppose p € X and that f(p) € V, where V is open in Y. An H-closed
Urysohn space is an SW space [18] and hence completely Hausdorff. There
is for each q € Y\{/(p)} a function bq in C(Y) with b (q) Oand b (f(p)) =
1. It is clear that C ={yeY:h (y)<%} 1sopenm Y, D =1y €Y
b)Y 14} is a zero-set of Y, /(p) ¢Dq, and YQU{Cq q€ Y\{/(p)}} U V.
The space Y is H-closed, and so there exist elements ¢, 4,, 939°°°5 4,

of Y\U() with Y ST, cl,C, el V= UZ.0, velyV [16). Since

Ul 1/" (D ) E is a zero-set of Xandpe X\E there is an open set U
of X with p € UC cL, UC X\E. Clearly f(cl, U)C {(X\E)C cl,.V and thus
[ is @-continuous.

The following theorem generalizes and follows from (2.1).

Theorem 2.3. Let A be a dense subspace of an arbitrary space X, and
let f+ A — Y be a c-map from A to the SW space Y. The mapping [ has a
c-extension from X to Y if and only if, for every pair F , F, of disjoint
zero-sets of Y, we have cle'l(Fl) N cle"l(Fz) =dg.

Proof. That the condition is necessary follows from the inclusion
cl, f~ 1(F‘i) c g"l(Fl.) where g: X — Y is a c-extension of f. To see that
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the condition is sufficient, we note that disjoint zero-sets of Y are disjoint

~ ~
zero-sets of Y and hence y,/: A — Y extends to a continuous map I: X —

Y by (2.1). The function h: X — Y, defined by y,b = [, is a c-map and
hlA = .

Corollary 2.4. Let A be a dense subset of an arbitrary space X, and let
f: A — Y be weakly O-continuous where Y is H-closed and Urysohn. Then
the following conditions are equivalent:

(a) f has a weakly O-continuous extension from X to Y,

() for any pair F |, F, of O-closed disjoint subsets of Y, we have

cly/"UF ) el /() =2,
(c) for any pair F |, F, of disjoint zero-sets of Y, we have clx/"l(Fl)
Nely/~1(F,)=¢.

Proof. (a) = (b): Suppose g is the weakly @-continuous extension of f.
If p e clx/'l(Fi), then g(p) is, easily, a member of the f-closure of Fi‘

(b) = (c): We need merely observe that zero-sets are O-closed.

(c) => (a): The function f is a c-map by Lemma 2.2 and therefore has a
c-extension g from X to Y by Theorem 2.3. Again, by Lemma 2.2, g is weakly
O-continuous.

In the above corollary, there are simple examples showing that we may
not replace ‘‘weakly @-continuous’’ by ‘‘continuous’’. On the other hand,
by Lemma 2.2, **weakly 6-continuous’’ may be replaced by *‘@-continuous”’
or ‘‘c-map’’.

Veli€ko generalized Talmanov’s theorem by showing that, under the
hypothesis of Corollary 2.4, (a) is equivalent to (b) [25]). Stephenson [21]
has shown that there exists a noncompact regular SW space Y. Since a
regular absolutely closed space is compact, Y cannot be absolutely closed.
Thus, Y is seen to be an example of an SW space which is not H-closed and
so Theorem 2.3 covers a wider class of spaces than Veli¢ko’s result.

Almost realcompact spaces were defined and studied by Frolik in [10],
where he showed that in many instances they behave much like realcompact
spaces. In [7], Engelking gave the analogue of Taimanov’s theorem for com-
pletely regular realcompact spaces: Let A be a dense subspace of an arbi-
trary topological space X, and let f: A — Y be a continuous function of A
into the completely regular realcompact space Y. The mapping f has a con-
tinuous extension from X to Y if and only if, for any sequence {Fii:':l of

closed subsets of Y such that nZIFz‘ =g, we have n::lclx/“l(Fi) =dg.
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It is a simple matter to establish the counterpart of Theorem 2 for completely
Hausdorff realcompact spaces. In the same vein, we have

Theorem 2.5. Suppose Y is almost realcompact, kY is an SW space, A
is dense in the arbitrary space X, and f: A — Y is weakly @-continuous.
The mapping [ has a weakly @-continuous extension from X to Y if and only
if for any sequence iFiij.o:l of @-closed subsets of Y such that no;lF =
&, we have n:: 1Sl Fy=g.

Proof. To prove that the condition is necessary, we need merely argue
as in (a) = (b) of Corollary 2.4. We now establish the sufficiency of the
condition and first note that f may be regarded as a weakly @-continuous
function from A to kY. If H, and H, are disjoint 0-closed subsets of kY,
then H, N Yand H, N'Y are disjoint O-closed subsets of Y, and therefore
ch/'l(Hl) Nl /Y H,) = el f~YH, N Y) Nl /"1 (H, N Y)=@. By
virtue of Corollary 2.4, f has a weakly O-continuous extension g from X to
kY. It remains to show that g(X)C Y.

Suppose, on the contrary, that there is a point p of X\A such that g(p) =
@ € kY\ Y. Now @ is an open ultrafilter on Y which does not have the

c.C.i.p., and so there exists a countable subset € = fGlil , of Q@ with
nl 1€lyG,; =& . Since kY is H-closed and Urysohn, cl,,G, is 0-closed for
all positive integers i [24], and letting F,=cl,G, it follows that

ﬂ:" lcle'l(F' )=g. There exists a positive integer j such that

pe X\ch/'l(F ), and we observe that G U {®} is open in kY and contains
G K¥Uisan arbitrary open subset of X whxch contains p, choose a point s
of [X\clx/‘l(F’.)] NUNA. Now s ¢ cle'I(Fj) and hences £ [~ l(clYGj)
so that g(s)=[f(s) ¢ CIYG]'° It follows that g(s) € Y\clYG]., an open subset
of kY which does not intersect G, U {@}. Hence g(U)¢ CIKY[GjU {®1), and
so g is not weakly f-continuous at p.

Remarks. Porter and Thomas have given necessary and sufficient con-
ditions on X for kX to be an SW space [18].

It is easily verified that Lemma 2.2 is still valid if it is required merely
that kY be Urysohn; thus in the above theorem, ‘‘weakly 6-continuous’’ may
be replaced by *'0-continuous’’ or *‘c-map’’.

3. Reflectiveness of SW spaces. Many extensions such as the Stone-
Cech compactification, the Hewitt realcompactification, and the Banaschew-
ski zero-dimensional compactification have, on account of their similar
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mapping properties, been studied from a categorical standpoint and classi-
fied as epi-reflections in appropriate categories. For a thorough discussion
of this theory, the reader is referred to [13].

We will not distinguish among isomorphic objects of any category, and
for any category, 1, will denote the identity morphism for the object X. For
categorical notions not specifically defined, the reader should consult
Mitchell [17].

Definition. If ¥ is a full subcategory of a category B and if for each
object X in B there exist an object Xy in ¥ and a morphism (tesp. epimor-
phism) 7: X = Xy such that for each object Y in ¥ and each morphism f:

X — Y, there exists a unique morphism f:X g — Y such that the diagram

-

~
~

\l

is commutative, then ¥ is said to be a reflective (resp. an epi-reflective)
subcategory of B and r is called a reflection morphism (tesp. epimorphism)
from X to Xg.

In establishing our next theorem, the techniques employed in Theorem
1 of [12] were most useful. We will furthermore lean heavily upon the fol-
lowing modification of Niemytski’s classic example [11, 3K]. Let X = =
{(x, ¥): 0<x<1,0< y< 1} be the unit square with the usual topology 7,
and let A ={(x, 0): (x, 0) € X}. To each (¥, 0) € A define V,_=1(x, O)} U
{@,v)eX:v>0and (u- :c)2 +v2< (1/4)2}. Let r, be the topology on X
generated by the collection of sets 7, U (V, ), ¢ @s a subbase. It is easily
verified that (X, '2) is H-closed and Urysohn and hence SW, and that A with
the induced topology is discrete.

Theorem 3.1. Let B be the category of all completely Hausdorff spaces
and continuous functions, and let U be its full subcategory of all SW spaces.
Then U is not reflective in B.

Proof. Suppose, on the contrary, that ¥ is reflective in 8. Consider
the space (X, 72) described above, and let 7 be the reflection morphism
from A to the SW space Ay. If it A — X is the identity map, there is a
unique morphism i Ay — X such that i=i ©r. Since 7 is a homeomor-

phism into, it follows readily that 7 is a homeomorphism into.
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Let D, be the discrete space composed of two elements, 1 and 2, let
P=XxD,, and for n=1, 2, let j : X = P be the map defined by j, (¥)=
(/s ). For each y € i(A) identify j, () and j,(¥), let Q be the corresponding
quotient space, and let ¥ be the quotient map from P to Q. Now X and D,
are H-closed and it follows that P and hence Q is H-closed. One can easily
check that Q is Urysohn and therefore SW.

It is now possible to proceed exactly as Herrlich and Strecker have done
in [12] to show that A is homeomorphic to the SW space Ag: this is a con-
tradiction since A is not quasicompact.

Let ay be the set of all nonisomorphic SW extensions Y of X such that
X is C*-embedded in Y, and let e, denote the set of all those members of
a, with the property that each trace filter is completely regular.

Stephenson [21] introduced and studied a particular member of ey, which
we denote by 0X. Specifically, if l is the set of all free maximal completely
regular filters on X, then 0X is the space whose points are the elements of
X Ul and whose topology is generated by all sets V* of the form V U
{F €MV € F} for V open in X. The space 0 X enjoys many of the properties
of the Stone-Cech compactification of a Tychonoff space and is, in fact,
homeomorphic to BX in case X is completely regular.

In [20], Raha has described an extension of a space X, which we denote
by 8X, whose points are again the elements of X U Jl and whose topology
is similar, in construction, to the topology of the Katétov extension. In
particular, any set, open in X, is also open in 8X, and if F € ], basic neigh-
borhoods of F are sets of the form G U {F} for G € F. It is easily verified
that 0X € ey.

Lemma 3.2. If Y €ay and {: X = Z is a c-map from X to the SW space
Z, then there exists a unique c-map g: Y — Z with g|X = {.

Proof. Let F, and F, be disjoint zero-sets of Z. The sets 4, =
f‘l(Fl) and 4, = /'I(Fz) are disjoint zero-sets of X, and so there is an
element [ of C*(X) which is 0 on A andlon4, [11]. Now ! can be extended
to a function in C*(Y) which implies that CIYAI N clYA 2= & . By Theorem
2.3, there is a c-map g: Y — Z with g|X = f. The uniqueness of g follows
from the uniqueness of y,8.

Theorem 3.3. Let B* be the category of all spaces and c-maps. If

U* C B* is the full subcategory of all SW spaces, then the natural mappings
r: X — oX and riX— 8X are reflection epimorphisms for ¥,
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Proof. The composition of c-maps is a c-map, the identity function is
a c-map, and therefore B* is a category. Since X is C*-embedded in 0X and
8X ([21], [20]), the proof now follows directly from Lemma 3.2.

4. Projective extrema. If Y is an extension space of X, the trace filters
of Y are the filters JI(y), y € Y\X , where JU(y) is the filter on X generated
by the traces U N X of the open sets U of Y which contain y. If X is
Tychonoff, then the trace filters J(y) of BX are precisely the free maximal
completely regular filters on X ([2], [5]).

The extension Y of X is said to be projectively larger than the extension
Z of X, denoted Y > Z, if there exists a continuous surjection f: Y — Z
which leaves X pointwise fixed. If 7 is a class of extensions of X, an ele-
ment Y of 7 is said to be a projective maximum (resp. projective minimum)
if Y>Z (tesp. Z> Y)for all Z in . Projective maximums (resp. projective
minimums), if they exist, are unique [4].

We are now in a position to give a simple proof of the following theorem
due to Stephenson [21, Theorem 4(vii)l.

Theorem 4.1 (Stephenson). The projective minimum of ey is oX.

Proof. If Y €e xo let ;]J(y) denote the trace filter of ';" corresponding to
y € ;"\')\(J Noting that B% =Y and that ’7;()') is a subset of the completely
regular filter n(y), we must have 7(y) = '1;()'). Let g: Y — 0X be the func-
tion defined by g(x)=x for x € X and g(y) = n(y) € Meory € Y\X. FVu
{8 €MV €8l =T is a basic open set of 0X, then g~ (T)=V U
{y € Y\X: Ve n()} which is open in Y by Lemma 4.1 of [18]. Thus, g is
continuous.

It is clear that g(Y) is quasicompact and thus SW [3]. It follows that
g(Y) is closed in 0X [21], and therefore g is onto.

Stephenson also proved that the function g in the above theorem is 1-1.
From the manner in which we have defined g, this follows immediately from
the fact that Y is completely Hausdorff.

Porter and Thomas [18] and Liu [16] have shown that the Katétov ex-
tension is a projective maximum in the class of H-closed extensions of a
Hausdorff space X. In view of its affinity with the Katétov extension, it is

natural to inquire about the role of X as a projective maximum.

Theorem 4.2. If Y € o, then X > Y if and only if Y € e,.

Proof. If X > Y, then for any y € Y\X there is an @ € M such that
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7(y) C @. Since ;l(y) is a maximal completely regular filter and ;(y) C n(y),
it follows that 7(y) = @. Hence Y € €xe

On the other hand, suppose Y € e,. The identity map i: X — Yisa
c-map, 6X is a reflection epimorphism for 21*, and therefore i can be extended
to a c-map f: §X — Y. We claim that /(1) C Y\X. For if (@) =x¢ X, let
9D be the class of all cozero-sets of X which contain x. Since f is a c-map
and X is C*-embedded in Y, it follows that P C @. Now 9 is a base for a
fixed maximal completely regular filter, and so ( is fixed which is a contra-
diction.

It is clear that { is continuous at each point of x. If /(@) =1y € Y\X,
let U be an open set Y which contains y. Since 7(y) is completely regular,

;(y) =n(y) which entails the existence of a cozero-set C of Y containing y
with C N X C U. Since f is a c-map, there is a member G of & with
fGui@hHCC. Clearly, /(G U{®})C U and so f is continuous at y. That /
is onto follows as in Theorem 4.1. Thus X > Y.

The following corollary is analogous to a result of Banaschewski in [4].

Corollary 4.3. If X is a space, then 6X < Y<8X forall Y ine,.

Remarks. The set ey (and hence also ay) may have substantial cardi-
nality. We shall make use of the fact that any Hausdorff extension Y D X
such that 0X < Y < 8X belongs to e,. Let N be the space of positive inte-
gers with the discrete topology, let Y = N U, and if @ e M, let 7@ be the
topology on Y generated by the topology of 0N together with {N U {({}}.
Clearly oN< (Y,74) <8N and so (Y, 7g) € ey. If @ and B are distinct
members of M, a routine argument shows that (Y, re) and (Y, 7¢) are non-
isomorphic extensions of N. Finally, since o N is the Stone-Cech compac-
tification of N, it follows that 2° = card I < card e N [11].

It is natural to ask if 0X is a projective minimum in ay. We shall
answer this question negatively, but we will first need to describe another
SW extension of a given completely Hausdorff space X. Let O be the set of
all free zero-set ultrafilters (see [11])on X, and let 7 X = X U . We define
a topology for 7 X by taking as a base for the open sets the family of all
sets of the form G U{Q®@ € ®: 34 € @ with A C G} where G is any open set
of X. It is readily verified that 7 X is SW and that X is a dense, C*-embedded
subset.

Let I= [0, 1], let 7 be the usual topology on I, let ] be the subset of I
consisting of all irrational numbers, and choose disjoint dense subsets J,,
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Jyof Iyr)suchthat J=J y J,- Let I = N\ J,» let 7 be the topology
on I, induced by 7, let 51 be the topology on I, generated by Y Ul}’

and denote the space (I, 51) by P. A routine argument shows that (Il, rl)

and P have the same continuous functions, and so 7_ is the collection of

1
cozero-sets of both ('1’ rl) and P.

Suppose g € C(wP, oP) and g|X is the identity map. Since no cozero-
set of P is contained in | 1 the set | 1 is open in oP. However, if p € UC
J, where U € 51, then U contains a member of a free zero-set ultrafilter on
P, and hence g'l(]l) =], is not open in #P. This is a contradiction, and
it is now evident that 0P is not a projective minimum in a .

Clearly nP € a P\e p» and it follows from Theorem 4.2 that 8P % P.
Therefore 8X is not necessarily the projective maximum of a,, and this
disproves a theorem of Raha [20].

Although 06X is not in general a projective minimum in a, we do have the
following result.

Theorem 4.4. If X is Tychonoff, then 0X is the projective minimum in a..

Proof. If Y € Qy then Y- BX = oX; hence y,: Y—"}\" is the desired map.
However, even if X is Tychonoff, 8X need not be the projective maxi-
mum of ay. For in [21], Stephenson has described a Tychonoff space X
with a one-pomt noncompact SW extension Y. Moreover, X is C -embedded
in Y. If Y=X Uiy} and (y) were completely regular, then one could check
the various cases to show that Y would be Tychonoff and hence compact
(3], [14]). Hence Y € ax\ex.
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